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Abstract—In this paper, the system performance of M -ary code
shift keying (MCSK) impulse modulation is studied in detail and
compared to M -ary pulse position modulation (MPPM) under
single- and multi-user scenarios. For that, bounds on the semi-
analytic symbol-error rate (SER) expressions are derived and
simulation studies are conducted. When practical implementa-
tions of MCSK and MPPM are considered, it is shown that
MCSK can provide about 2 dB performance gain over MPPM as
it reduces the effects of multipath delays on the decision variables
by randomizing locations of the transmit pulse.

Index Terms—M -ary code shift keying (MCSK), impulse ra-
dios (IRs), ultra wideband (UWB) communications, randomized
locations of the transmit pulse.

I. INTRODUCTION

ULTRA wideband impulse radio (UWB-IR) technology
[1] is an attractive choice to support high-rate data

communications and low-rate precise location and ranging.
Time-hopping M -ary pulse position modulation (TH-MPPM)
has been considered as the main modulation format to meet
the demand for higher data rates [2]. In the conventional
implementation of MPPM, a single pulse is transmitted in one
of the fixed M consecutive pulse positions. In a multipath
channel, energy collected from consecutive pulse locations
may be interfered by a large portion of multipath-delayed
received pulses. This may generate noticeable interference
components for the M decision variables, and hence may
affect the system performance.

To reduce the effect of interference components, one ap-
proach is to randomize the consecutive pulse transmit locations
using M orthogonal TH codes. With this approach, (i) the sep-
aration between consecutive pulse positions can be increased
while the data rate is fixed, and (ii) multiple-access capability
can still be maintained with the random selection of user-
specific TH codes. We refer to this new modulation format
as M -ary code shift keying (MCSK) impulse modulation.
We initially proposed MCSK as a combined modulation with
binary PPM (BPPM) in [3] in order to increase the data
rate of the conventional TH-BPPM. Combined MCSK/BPPM
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provided improved system performance at higher data rate if
the system design parameters were properly selected. In this
paper, MCSK impulse modulation is considered by itself, and
studied in detail for comparison to TH-MPPM.

MCSK is considered here for both single- and multi-user
cases. In the study of single-user case, the effect of multipath-
delayed pulses on M decision variables is explicitly provided
in terms of channel impulse response coefficients. In the
study of multi-user case, an accurate semi-analytic symbol-
error rate (SER) expression is derived by considering the
generalized Gaussian distribution (GGD) presented in [4] for
multi-user interference (MUI) modelling. Some approxima-
tions to MUI modelling are provided in the Results Section.
These approximations increase the computational efficiency of
numerical analysis significantly with respect to simulations,
while still providing accurate results. For both single- and
multi-user cases, it is shown that MCSK can provide about
2 dB performance gain over MPPM as it reduces the effects
of multipath delays on the decision variables by randomizing
locations of the transmit pulse. This performance gain is
mainly a result of separated M decision variables experiencing
less interference due to the decaying power delay profile.

II. SYSTEM MODELS

An analogy can be made between MCSK and MPPM as
they both use one of the M pulse locations to transmit
information. Therefore, the signalling structures should be
clearly defined for a fair comparison. Let us initially start
with TH-MPPM. The signal that is used to transmit the i th
symbol of the k th user using conventional TH-MPPM can be
modelled as

s(k)
MPP M

(t) =
√

Es

Ns

iNs−1∑
j=(i−1)Ns

w
(
t−jTf−c

(k)
j′ Tc−di

(k)δd

)
(1)

where w(t) denotes the transmitted pulse, which includes
the effects of transmitting and receiving antennas, with unit
energy and pulse width Tp, Tf is the frame time (in av-
erage, one pulse is transmitted every frame time), Ns is
the number of pulses used to transmit one symbol, Ts =
NsTf is the symbol duration, and Es is the symbol energy.
c(k) = [c(k)

0 c
(k)
1 · · · c

(k)
Np−1]

T is the k th user’s Np-long TH
code consisting of integers, where Np ≥ Ns and j′ = (j
mod Np). For reduced collisions, it is assumed that c

(k)
j′ is

uniformly distributed over [0, Nh−1]. To prevent inter-symbol
interference (ISI), NhTc +Mδd+Tm ≤ Tf , where Tc ≥ Tp is
the chip time, δd is the time shift parameter of MPPM and Tm

is the maximum delay spread. di
(k) ∈ {0, . . . , M − 1} carries

the i th symbol information of the k th user and δd = Tc is
selected to allow for orthogonal pulse locations. Using MPPM,
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Fig. 1. Illustration for TH-MPPM and MCSK transmit structures.

a pulse is initially shifted to one of the Nh TH locations, and
further shifted to one of the M consecutive data-bearing pulse
locations within a frame time Tf .

As opposed to consecutive fixed pulse positions in MPPM,
MCSK transmits pulses at randomized locations determined
by M TH codes. Accordingly, MCSK combines the TH shift
and the PPM shift in (1) and achieves data transmission
through one of the M TH codes as

s(k)
MCSK

(t) =
√

Es

Ns

iNs−1∑
j=(i−1)Ns

w
(
t − jTf − c

(k)

d
(k)
i , j′

Tc

)
(2)

where

{
0 ≤ c

(k)

d
(k)
i , j′

< Nh + M − 1; ∀j′, ∀k

}
is equivalent

to the combined TH and PPM shift effect in MPPM and
d
(k)
i ∈ {0, . . . , M − 1} selects one of the M TH codes of

user k. Contrary to a single TH code c(k) being assigned
to each user in TH-MPPM, a TH code set consisting of M

TH codes C(k) = [c(k)
0 c(k)

1 · · · c(k)
M−1] is assigned to each

user in MCSK, where c(k)
m = [c(k)

m,0 · · · c
(k)
m,Np−1]

T . Each
TH code set is generated independently for each user to
allow for multiple access. In each TH code set, the codes
are designed to satisfy {c(k)

0,j′ �= . . . �= c
(k)
M−1,j′ , ∀j′, ∀k}

to ensure orthogonal locations for the transmit pulse. For
reduced collisions, it is further assumed that c

(k)
m,j′ is uniformly

distributed over [0, Nh + M − 2] while conforming to the
TH code design constraints above. With these TH code sets,
MCSK randomizes locations of the transmit pulse within
each frame time. For better understanding of the differences
between TH-MPPM and MCSK, their signalling structures are
illustrated in Fig. 1 for a single-user when Nh = 8, M = 4,
Ns = 2 for the given TH codes.

For a multiple-access system consisting of Nu users with
perfect power control, the received signal r(t) at the output
of the receive antenna can be modelled as

r(t) =
Nu∑
k=1

s(k)(t − τ̃k) ⊗ hk(t) + n(t) (3)

where hk(t) is the k th user’s channel impulse response (CIR),
⊗ is the convolution operator, τ̃k is the time asynchronism
between the users and n(t) is the additive white Gaussian
noise (AWGN) with two-sided power spectral density N0/2.

hk(t) is given as [5]

hk(t) =
L−1∑
l=0

hk,lδ(t − τk,l) (4)

with the normalization assumption
∑L−1

l=0 h2
k,l = 1, ∀k that

removes the path loss factor, where hk,l is the k th channel’s l th
multipath coefficient, τk,l is the delay of the k th channel’s l th
multipath component and δ(·) is the Dirac delta function. For
the accurate τ -spaced channel model, {τk,l} and {hk,l} take
the exact values for the given CIR, whereas for the commonly
used approximate Tc-spaced channel model, {τk,l}’s are quan-
tized to the nearest integer multiple of Tc (i.e., l ·Tc) with the
corresponding {hk,l} summed up and normalized accordingly
[6].

Assuming a partial-Rake receiver with Lp fingers, perfectly
estimated CIR coefficients for user 1 and Tc-spaced channel
model for simplicity in analysis, the correlator output statistics
of the first user {D(1)

m } for the first symbol transmitted in a
multipath channel are computed as

D(1)
m =

√
Ns

Es

Ns−1∑
j=0

Lp−1∑
l=0

h1,l

∫ (j+1)Tf

jTf

r(t)w(1)
m,temp

(t) dt (5)

for {m = 0, . . . , M − 1}, where w(1)
m,temp

(t) = w
(
t − jTf −

c
(1)
m,jTc − lTc

)
is the template waveform used by MCSK. For

MPPM, c
(1)
m,j should be replaced by (c(1)

j +m) in the template

waveform. Given that d
(1)
0 is transmitted,1 (5) can be simplified

for both MCSK and MPPM as

D(1)
m

= Sm + Im + Nm (6)

where Sm is the output signal term, Im is the MUI term and
Nm is the output noise term. Sm and Nm can be given for
MCSK as

Sm =
Ns−1∑
j=0

Lp−1∑
l=0

h1,lh1,(l+cm,j−cd0,j)

Nm =
Ns−1∑
j=0

Lp−1∑
l=0

h1,ln(j,l+cm,j−cd0,j) (7)

where h1,l = 0 for l < 0, and
{
n(a,b); ∀a, ∀b

}
are in-

dependent noise random variables with σ2
n = Ns

2Es/N0
. For

MPPM, (cm,j − cd0,j) should be replaced by (m−d0) for the
calculation of Sm and Nm. The common interference term Im

for MCSK and MPPM is

Im =
√

Ns

Es

Ns−1∑
j=0

Lp−1∑
l=0

Nu∑
k=2

h1,l

×
∫ (j+1)Tf

jTf

(
s(k)(t − τ̃k) ⊗ hk(t)

)
w(1)

m,temp
(t) dt. (8)

The transmitted symbol d0 is then estimated as

argmax
{

D(1)
m

}
⇒ m ⇒ d̂0. (9)

1The user index (1) of d
(1)
0 and c

(1)
m is omitted in the following text for

notational convenience.
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III. ANALYSIS OF THE SYMBOL-ERROR RATE

The transmitted symbol d0 will be detected correctly at
the receiver if D

(1)
d0

> D
(1)
m , ∀m, m �= d0. Accordingly,

the probability of error given that d0 is transmitted, can be
formulated as

P (e|d0) = Pr
[M−1⋃

m=0
m �=d0

Sd0,m + Id0,m + Nd0,m < 0
∣∣∣ d0

]
, (10)

where Sd0,m = (Sd0−Sm), Id0,m = (Id0−Im), and Nd0,m =
(Nd0 −Nm). For convenience, we here define Pe(m|d0), the
pair-wise error probability of receiving m, given that d0 is
transmitted, as

Pe(m|d0) = Pr
[
Sd0,m + Id0,m + Nd0,m < 0

∣∣∣ d0

]
. (11)

Since the M − 1 pair-wise error probabilities {Pe(m|d0)}
are mutually dependent, an exact SER expression, Pe, is
difficult to obtain. Hence, the upper bound on Pe can be
obtained as

M−1∑
d0=0

M−1∑
m=0

m �=d0

Pe(m|d0)P (d0) ≥ Pe (12)

where P (d0) is the probability of d0 being transmitted.

A. Single-user case

In MCSK, each distinct (d0, m)-pair refers to the selection
of independent TH codes. Therefore, Pe,MCSK(m|d0) is a
function of

(
cd0,j−cm,j

)
, where

{
cm,j , ∀m, ∀j

}
are assumed

to be uniformly distributed over [0, Nh + M − 2] with the
condition cd0,j �= cm,j . Hence, the difference Cj =

(
cd0,j −

cm,j

)
has the probability density function (pdf)

fCj(x) =
Nh+M−2∑

Cj �=0
Cj=−(Nh+M−2)

(Nh+M−1) − |Cj |
(Nh+M−1)(Nh+M−2)

δ
(
x − Cj

)
(13)

when considered for every j value. Since Cj is independent
∀j, j ∈ [0, Ns − 1], Sd0,m and Nd0,m become functions of{
Cj |j = 0, . . . , Ns − 1

}
, which indicates the combinations

of different Cj values. Accordingly, the instantaneous error
probability Pe,MCSK(m|d0) (i.e., for one channel realization)
can be derived as

Pe,MCSK(m|d0) =
Nh+M−2∑

C0 �=0
C0=−(Nh+M−2)

(Nh + M − 1) − |C0|
(Nh + M − 1)(Nh + M − 2)

· · ·
Nh+M−2∑
CNs−1 �=0

CNs−1=−(Nh+M−2)

(Nh + M − 1) − |CNs−1|
(Nh + M − 1)(Nh + M − 2)

× Q

(√
SNRd0,m

({
Cj

}))
(14)

where Q(·) is the Q-function and SNRd0,m

({
Cj

})
is the

output signal-to-noise ratio (SNR) of the decision variable. As-
suming the channel coefficients {h1,l} are known and a partial-
Rake receiver with Lp fingers are used, SNRd0,m

({
Cj

})
can

be computed using (7) and is given by

SNRd0,m

({
Cj

})
=

|Sd0,m

({
Cj

})|2
σ2

Nd0,m({Cj})

=
2Es

N0
H

({
Cj

}
, Lp

)
(15)

where H
({Cj}, Lp

)
=

[∑ Ns−1
j=0

∑ Lp−1
l=0

(
h2
1,l−h1,lh1,(l−Cj )

)]2

Ns
∑ Ns−1

j=0
∑

l′1,l′2,l′3

(
h1,l′−h1,(l′+Cj)

)2 .

Here, the summation regions l′1, l′2 and l′3 are defined as
{l′1| − Cj ≤ l′ ≤ −1}, {l′2|0 ≤ l′ ≤ Lp − 1} and {l′3|Lp ≤
l′ ≤ Lp − 1−Cj}, where these regions may or may not exist
depending on the value of Cj . Also, it should be noted that
h1,l = 0 for only l < 0, whereas h1,l′ = 0 for l′ < 0 and
l′ > Lp − 1.

For TH-MPPM, Cj =
(
cd0,j − cm,j

)
should be replaced

by (d0 − m), which has a fixed value for a given (d0, m)-
pair. Accordingly, (14) takes the form Pe,MPPM (m|d0) =
Q

(√
SNRd0,m

)
where SNRd0,m = 2Es

N0
· H(d0, m, Lp),

and H(d0, m, Lp) =

[∑ Lp−1
l=0 (h2

1,l−h1,lh1,(l−(d0−m)))
]2

∑
l′1,l′2,l′3(h1,l′−h1,(l′+(d0−m)))

2 with the

similar summation regions given after (15) if Cj is replaced
by (d0 − m).

By comparing H
({Cj}, Lp

)
with H(d0, m, Lp), two ap-

parent advantages of MCSK over MPPM can be observed.
First of all, the interference terms {h1,(l−Cj)} in MCSK
are more distant from the desired terms {h1,l} compared to
the interference terms {h1,(l−(d0−m))} in MPPM, since Cj

can take larger values compared to (d0 − m). Accordingly,
for a decaying power delay profile, it is expected that the
interference caused by multipath-delayed pulses will have
less effect on the decision variables of MCSK. Secondly,
{Cj} are independent for {j = 0, . . . , Ns − 1}. Therefore,
combining independent {Cj} increases the time diversity and
it is expected that the performance gain of MCSK over MPPM
will increase with Ns increasing, since MPPM is independent
of Ns for the single-user case.

B. Multi-user case

One approach for the accurate modelling of MUI distribu-
tions is the generalized Gaussian distributions (GGDs) used
in [4]. For an accurate semi-analytic SER expression, each
channel realization should have its own GGD for modelling
the MUI, which makes the SER evaluation computationally
complex. With the motivation of providing a computationally
efficient and yet an accurate SER evaluation, some approxi-
mations are considered for GGDs in the Results Section when
modelling the MUI distribution.

Modelling the MUI term with the GGD is a two-step proce-
dure as proposed in [4]. For an accurate SER expression, MUI
distributions should be obtained individually for each channel
realization of user 1. For that, Id0,m = (Id0 −Im) is simulated
using (8) for the given channel realization {h1,l} with various
channel realizations {hk(t)} and time asynchronism values
{τ̃k} of Nu − 1 interfering users for {Cj}-values or for each
(d0, m)-pair depending on the modulation. The distribution of
Id0,m is then fitted into the GGD resulting in fId0,m

(x). The
details of the modelling of fId0,m

(x) can be obtained from
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[4]. Once fId0,m
(x) is determined, the characteristic function

(CF) method can be used to evaluate the error probability
as in [7]. By calculating2 the CF’s of Id0,m and Nd0,m, and
the deterministic value of Sd0,m for each channel realization,
Pe(m|d0) can be accurately evaluated.

For the error probability evaluation of MCSK for each
channel realization, let us rewrite Pe(m|d0) given in (11) as

Pe(m|d0) = Pr
[
Sd0,m + Λd0,m < 0

∣∣∣ d0

]
where Λd0,m =

Id0,m+Nd0,m. Due to the independence of the MUI and noise
terms, the CF of Λd0,m can be expressed as ΦΛd0,m

(ω) =
ΦId0,m

(ω) ·ΦNd0,m
(ω), where the CF’s of the MUI and noise

terms are

ΦId0,m
(ω) =

∫ ∞

−∞
ejωxfId0,m

(x) dx =
∞∑

n=0

(jω)n

n!
μn (16)

ΦNd0,m
(ω) =

∫ ∞

−∞
ejωxfNd0,m

(x) dx = e
−σ2

Nd0,m
ω2/2

(17)

with σ2
Nd0,m

= Ns

2Es/N0

∑Ns−1
j=0

∑
l′1,l′2,l′3

(
h1,l′ − h1,(l′+Cj)

)2

for MCSK. For TH-MPPM, Cj in σ2
Nd0,m

should be replaced
by (d0−m). In (16), μn is the nth-order moment of the GGD
[8], where odd-order moments are zero due to the symmetrical
distribution of a GGD around zero, and even-order moments
can be numerically calculated from [4, eq. (13)]. After taking
the inverse transform of ΦΛd0,m

(ω) as in [7], the cumulative
distribution function of Λd0,m can be expressed as

FΛd0,m
(x) =

1
2

+
1
π

∫ ∞

0

sin(xω)
ω

ΦΛd0,m
(ω) dω. (18)

For MCSK, Pe(m|d0) depends on the pdf of Cj given in (13)
for each (d0, m)-pair. Accordingly, the instantaneous error
probability Pe(m|d0) of MCSK can be evaluated as

Pe,MCSK(m|d0)= Pr
[
Sd0,m

({Cj}
)
+Λd0,m

({Cj}
)

< 0
∣∣∣d0

]

=
Nh+M−2∑

C0 �=0
C0=−(Nh+M−2)

(Nh + M − 1) − |C0|
(Nh + M − 1)(Nh + M − 2)

· · ·
Nh+M−2∑
CNs−1 �=0

CNs−1=−(Nh+M−2)

(Nh + M − 1) − |CNs−1|
(Nh + M − 1)(Nh + M − 2)

×[
1 − FΛd0,m({Cj})

(
Sd0,m({Cj})

)]
(19)

where Sd0,m({Cj}) and FΛd0,m({Cj}) can be obtained from
(7), (16) – (18). For TH-MPPM, Pe(m|d0) depends on the
unique (d0, m)-pair and can be evaluated as Pe,MPPM (m|d0)
= 1 − FΛd0,m

(Sd0,m). It should be noted that the multi-user
case SER expression given in (19) becomes equal to the single-
user case expression given in (14) when ΦId0,m

(ω) in (16) is
unity.

IV. RESULTS

In this section, the SER bounds for MCSK and TH-MPPM
are validated in the approximate Tc-spaced channel model
for both single- and multi-user cases. In all the analysis and

2For MCSK, the terms Sd0,m, Id0,m and Nd0,m are functions of {Cj}.
Accordingly, these terms should be associated with {Cj} whenever MCSK
is considered.
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Fig. 2. Bounds on the SER of MCSK when Ns = 2.

simulations, the commonly considered Gaussian monocycle of
[1] with pulse width Tp = 0.6 ns and chip time Tc = 0.6 ns are
used. For Tp = 0.6 ns, the Tc-spaced channel model does not
consider possible pulse overlappings [6]. Therefore, simulation
studies are also conducted in the accurate τ -spaced channel,
which takes into account the inter-pulse interferences. In any
case, the SER expressions derived in the commonly used
Tc-spaced channel model are accurate for shorter duration
pulses (e.g., 0.1 ns). The TH code period Np is assumed to
be infinity without loss of generality. The frame times are
selected as Tf = 60 ns and Tf = 120 ns for the IEEE
802.15.3a CM1 and CM3 channel types [9], respectively, in
order to prevent ISI. While shorter Tf would provide increased
data rate at the expense of degraded performance due to ISI,
the selected Tf values eliminate the ISI components, making
self-user interference, MUI and AWGN the only sources of
interferences.

A. Performances for the single-user case

In order to validate the analysis, the SER bound given
in (12) is evaluated for MCSK and TH-MPPM in CM1
by averaging over 103 channel realizations, and verified by
simulations for different Ns values (Ns = {1, 2, 4}) when
Lp = 8 Rake fingers are used. Maximum shift of MCSK is
fixed to (Nh + M − 2) = 31 for different M values, which
control the value of Nh.

For 2CSK and 2PPM, the upper bound becomes the error
probability Pe due to Pe(m|d0) taking a single value for every
d0. For {4CSK, 8CSK} and {4PPM, 8PPM}, the simulated
performances approach the upper bound for medium and high
SNR values. Accordingly, the derived upper bound can be
used to approximate the SER performances in the medium
and high SNR regions. In Fig. 2, the SER bounds of MCSK
are plotted for Ns = 2. When the SER range [10−2, 10−3]
is considered, MCSK can provide 1-2 dB performance gain
over MPPM. This net performance gain will be discussed in
the next paragraph.

Next, the accurate τ -spaced channel model is considered to
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provide more realistic performance results. In the simulation
studies, it is assumed that the channel coefficients are perfectly
estimated and the locations of the Rake fingers are determined
by the search algorithm presented in [6]. In Fig. 3, bit-
error rate (BER) performances of MCSK and TH-MPPM are
compared in CM1 when a partial-Rake (Lp = 10) receiver
is considered for Ns = 2. It can be observed that MCSK
can provide about 1.5-2 dB performance gain over MPPM at
BER = 2 · 10−3. When Ns = 1, while MPPM performs the
same, it is observed that the performance gain of MCSK is
decreased to 1-1.5 dB. Accordingly, this performance gain is a
result of only the randomizing effect, whereas the performance
gain for Ns > 1 is determined by time diversity as well
as the randomizing effect. When Ns = 4, MCSK provides
additionally 0.2-0.3 dB performance gain with respect to the
Ns = 2 case. While increasing Ns slightly improves the
performance beyond the case of Ns = 2, it linearly reduces
the data rate. Accordingly, Ns = 2 is a reasonable selection
for the single-user case as it provides high data rate and yet
can achieve time diversity.

Besides the line-of-sight (LOS) CM1 channel type, system
performances are compared in the non-LOS (NLOS) CM3
channel type. For the maximum TH shift considered for
MCSK (≈ 19 ns) in this study, CIR coefficients in CM1
become very small at the maximum shift.3 When a CM3
channel type is considered, the CIR coefficients are still
significant even at the maximum shift. Accordingly, the system
performance of MCSK is not expected to benefit from pulse
location randomization. However, time diversity achieved by
combining different pulse locations for Ns > 1 may increase
the performance. In the simulation studies conducted, MCSK
and TH-MPPM performed almost the same for Ns = 1,

3If the pulses were continuously transmitted at maximum separated lo-
cations, although the system performance could have improved, the PSD
would have spectral components due to limited TH randomization that would
violate the FCC spectral mask [10]. MCSK that transmits at randomized pulse
locations eliminates this problem.
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Fig. 4. The MUI distribution obtained by simulations and its equivalent
generalized Gaussian distribution.

whereas MCSK provided about 0.2-0.5 dB performance gain
at BER = 10−2 for Ns = 2, which confirm the above
explanations.

B. Performances for the multi-user case

For the multi-user case analysis, 2PPM is considered as a
special case of 2CSK, where the SER bounds for {4PPM,
8PPM} can be found similarly. SER of MCSK can also be
evaluated similarly by considering various Cj values for a
given Nh. Here, some assumptions and approximations are
given to yield the analysis computationally efficient.

For the exact evaluation of Pe,MPPM (m|d0), initially the
GGD of the MUI, fId0,m

(x), should be obtained for each
channel realization and (d0, m)-pair. Each channel realization
should have its own GGD since the values of Sd0,m and Nd0,m

change with channel realizations. However, this requires many
simulations. Therefore, it is assumed that a single MUI dis-
tribution is obtained by simulating (8) over various channel
realizations for the first-order approximation. In Fig. 4, the
MUI distribution of Nu − 1 = 7 interfering users obtained
over 103 channel realizations4 of user 1 and its equivalent
GGD fId0,m

(x) are plotted for (d0 = 0, m = 1). Using the
single distribution of fId0,m

(x) in (16) and the 103 channel
realizations of user 1 in Sd0,m and in (17), 103 instantaneous
values of (18) are obtained to calculate the average SER of
Pe,MPPM (m|d0).

In Fig. 5, numerical values for SER are compared to
the simulation values for partial-Rake and all-Rake receivers
labelled with (P) and (A), respectively. Here, analysis-1 refers
to the calculation of Pe,MPPM (m|d0) using the first-order
approximation that considers only a single GGD, which is
different for partial-Rake and all-Rake. It can be observed that
the numerical values for analysis-1 deviate from the simulation
values for the medium and high SNR regions.

4The number 103 is selected arbitrarily. 103 channel realizations can yet
successfully represent a GGD. With this selection, numerical analysis is
computationally more efficient than simulation studies as will be discussed at
the end of the section.
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Fig. 5. SER evaluation in the presence of Nu −1 = 7 interfering users that
are modelled by GGD.

By increasing the number of GGDs in the evaluation of
Pe,MPPM (m|d0), more accurate results can be obtained. Con-
sidering the range of Sd0,m values5 obtained from (7), more
GGDs are considered for the error probability evaluation as the
second-order approximation. For analysis-2 (using 2 GGDs)
and analysis-3 (using 4 GGDs), channel realizations that
result in Sd0,m ≈ {0.8, 1.2} and Sd0,m ≈ {0.4, 0.8, 1.2, 1.6}
are used in determining the independent MUI distributions,
respectively. For the evaluation of Pe,MPPM (m|d0), initially
the 103 channel realizations of user 1 are used in Sd0,m.
Each obtained Sd0,m value is then rounded to the nearest
value above to select the corresponding GGD to be used in
each channel realization. Then, using the selected GGD of
fId0,m

(x), the average SER of Pe,MPPM (m|d0) is calculated
similar to the first-order approximation. In Fig. 5, it can be
observed that the SER performance approximation becomes
better with increasing number of GGDs. Even with four
GGDs representing the MUI distribution, the semi-analytic
SER expression values converge to the simulation values.

The numerical analysis of the multi-user case is computa-
tionally more efficient than the simulation study. In the simu-
lation study, approximately 105 simulations should be run to
achieve convergence for 10−3 BER for each SNR value. In the
numerical analysis, 103 simulation runs are conducted for each
GGD, where each GGD can use the closed-form expression
in (16) to obtain the CF of the MUI term. Considering that
only a few GGDs are adequate for the analysis and (18) can
be evaluated numerically, the computation time of the analysis
is much shorter than that of the simulation study. Moreover,
once a GGD is obtained, it is used for all the SNR values,
as opposed to repeating the sets of channel realizations in the
simulation for each SNR value.

Next, the accurate τ -spaced channel model is considered
to provide more realistic performance results. In Fig. 6, BER
performances of MCSK and TH-MPPM are compared in CM1

5For 103 channel realizations considered, Sd0,m values were in the range
[0.4,1.6].
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Fig. 6. Performances of TH-MPPM and MCSK for practical implementation
of a partial-Rake receiver with Lp = 10 fingers in the accurate τ -spaced
channel for CM1 when Nu = 8 users are present.

for a partial-Rake (Lp = 10) receiver when Ns = 2 and Nu =
8. It can be observed that MCSK can provide about 1.5-2 dB
performance gain over MPPM for the BER range [10−2, 5 ·
10−3]. Similar to the observations made for the single-user
case, only the randomizing effect determines the performance
gain when Ns = 1, whereas the time diversity is also effective
when Ns > 1.

Finally, some comments are provided on the complexity
of MCSK compared to TH-MPPM. While the data rates and
number of supported users are the same for both modulations,
the increased performance gain of MCSK is mainly a result
of increased number of TH codes.6 The increased number
of TH codes may modestly increase the signal processing
when selecting pulse locations at the transmitter and receiver.
However, the number of correlations for the given template
waveform and the Rake processing in each frame will be the
same for both modulations.

V. CONCLUSION

In this paper, MCSK impulse modulation was studied
in detail to quantify its performance improvement over the
conventional TH-MPPM. For the single-user case, the effect
of multipath-delayed pulses on M decision variables was
explicitly provided in terms of channel impulse response
coefficients. For the multi-user case, an accurate semi-analytic
SER expression was derived based on modelling the MUI
terms with the GGD. Some approximations to MUI modelling
were made that increased the computational efficiency of
numerical analysis. The study showed that MCSK can provide
about 2 dB performance gain over MPPM as it reduces
the effects of multipath delays on the decision variables by
randomizing locations of the transmit pulse.

6A set of M distinct TH codes for MCSK can be shared among users,
where additional user-specific TH codes can be used to differentiate users.
In this case, the total number of TH codes for an Nu-user MCSK system is
(Nu + M ).
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