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ABSTRACT In this paper, a novel joint continuous power and rate adaptation scheme is proposed for
doubly selective fading channels in orthogonal frequency division multiplexing (OFDM) systems, based
on terminal velocity and perfect or imperfect channel state information (CSI). The analysis and simulation
results show that the continuous power and rate adaptation scheme is very effective and improve the
performance of OFDM systems substantially under time-varying fading channels, as compared with the
traditional adaptation schemes operating without a priori knowledge of velocity and mobility adaptation
without CSI.
INDEX TERMS OFDM, time-varying fading channels, average spectral efficiency, velocity variation,
inter-carrier interference.
I. INTRODUCTION

OFDM has become an important transmission technique [1],
because of its impeccable ability to counteract the
inter-symbol interference (ISI) resulted from the frequency
selective fading channels. Many wireless communication standards have adopted OFDM scheme, such as the
IEEE 802.16 family (WiMAX) and the Third-Generation
Partnership Project (3GPP) in the form of its long-term
evolution (LTE) project. However, OFDM is sensitive to the
inter-carrier interference (ICI) when the loss of orthogonality
among subchannels is destroyed under the rapidly varying
time-selective fading channels, causing the performance of
OFDM systems to be sharply deteriorated, [2], [3].
Adaptive transmission is an effective technique to improve
system performance [4]–[7]. In [4], the authors proposed
a variable-rate and variable-power adaptive transmission
method based on CSI. The authors proposed a multiobjective optimization for the bit and power allocation problem based on CSI in [5]. Adaptive techniques are widely
employed in 3G (third-generation), such as high-speed
downlink packet access (HSDPA) and high speed uplink
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packet access (HSUPA) [6]. Even for a promising candidate
as a new multiple access scheme for future radio access,
the adaptation is also very important to improve the system
performance [7].
Adaptive techniques can also be employed to improve
the performance of OFDM systems under fast time-varying
channels because of its effect on reducing the impact of
ICI. Many researchers have concluded that adjusting the
system parameters (bit rate, transmit power, subcarrier bandwidth, etc.) based on the instantaneous CSI is effective under
average power and instantaneous bit error rate (BER) constraints [8]–[13]. In [8] and [9], the authors investigated the
power and rate allocation based on imperfect and perfect
CSI. The authors in [10] investigated the subcarrier and rate
allocation based on perfect CSI. In [11], a subcarrier bandwidth, power and rate adaptation based on perfect CSI are
also proposed. On the other hand, the main cause of the ICI
in OFDM-based systems is high mobility due to the rapidly
moving terminals connected to the system [2], [3], [8]. It is
well known that the ICI is directly proportional to the terminal
velocities and the system performance degrades substantially
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as the channel rapidly changes due to high mobilities of
terminals [10]. For systems whose velocities change rapidly
in time, velocity variations can be taken into account to
improve the spectral efficiency as well as the system performance based on the instantaneous velocity and its probability distribution [13], similar to the traditional adaptation
schemes based only on CSI. Consequently, as the adaptation
algorithm allocates more power to lower velocities, it tends
to allocate less power to larger velocities under the assumed
power constraints. To the best of our knowledge, the mobility
adaptation1 based on the use of velocity variations has not
been considered in the above references before. However,
a subcarrier bandwidth and rate adaptation scheme based
only on velocity has been studied in [12] and in [13], the
authors studied the power adaptation based only on instantaneous velocity and the prior knowledge of velocity. The
CSI, although not accurate under high mobility scenarios,
is normally available with the help of pilot symbols. But
CSI is not utilized at all in [12] and [13]. In this paper,
we propose a new continuous power and rate2 adaptation
scheme for OFDM systems over fast fading channels that
adjusts the transmit power and the rate based on both terminal
velocities and the perfect or imperfect CSI in OFDM systems.
The proposed scheme makes use of the complete knowledge
of the velocity and the perfect or imperfect channel gains.
Hence, the adaptation can utilize the advantage of channel
and velocity variations jointly. Computer simulation results
show that the proposed adaptation scheme is very effective
for OFDM systems in the presence of time-varying channels,
as compared with a traditional adaptation scheme that does
not use the prior knowledge of the velocity [8] and mobility
adaptation that does not use CSI [13]. If the velocity of a
terminal is low,3 performance of the proposed adaptation is
close to the traditional adaptation. If the velocity of terminal
is high, the performance of proposed adaptation is close
to mobility adaptation. However, if the velocity of terminal
stay an intermediate level, the proposed adaptation based on
velocity and imperfect CSI should be employed.
The rest of the paper is organized as follows. The system
model is introduced in Section II. The adaptation based on
mobility and perfect CSI is presented in Section III while
the adaptation based on mobility and imperfect CSI is investigated in Section IV. Some typical simulation results and
discussions are provided in Section V. Finally, Section VI
concludes this work.

1 It is a new kind of adaptation based on the terminal velocity instead of
CSI [12], [13].
2 In practical system, the constellation point must be an integer number.
The real-valued continuous constellation size can be truncated to the nearest
integer practical value.
3 In this paper, the velocity is a variable and a truncated normal probability
distribution is adopted to model the velocity variations. The probability that
a terminal velocity falls in a given velocity range is different for different
parameter settings. In this paper, the mean µ ≥ 200 km/h denotes high
velocity. 100 ≤ µ < 200 km/h means intermediate velocity and 0 ≤ µ <
100 km/h presents low velocity.
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II. SYSTEM MODEL

In this paper, particularly, a downlink transmission scenario
for OFDM systems is considered in which the transmitter
is a ground base station and the receiver is on the terminal
vehicle. Both the CSI and the terminal velocity are assumed to
be time-varying random quantities having certain probability
distributions. Specifically, in real-life applications, the terminal velocity variations in time are quite slow as compared to
the variations in wireless channel gains between the terminal
and the base station. Thus, the terminal velocity is assumed
to be constant during a data block consisting of a ceratin
number of OFDM symbols but to change from data block to
data block following a truncated normal distribution [14]. The
transmitter (ground base station) obtains information about
the channel state and terminal velocity to achieve power and
rate adaptation. The velocity and the CSI can be estimated
at the receiver using different techniques, such as those presented in [15]–[17] and then are fed back through a dedicated
feedback channel [18] to the transmitter of the OFDM system
for making handover and power as well as rate adaptations.
For an OFDM system, the discrete time-domain received
signal at the input of the discrete Fourier transform (DFT) can
be written as [19]
y (m) =

L−1
X

h (m, `) x (m − `) + w (m) ,

(1)

`=0

where h (m, `) denotes the channel impulse response of the
`th path at discrete-time m. The number of multipaths of
time-varying channel is L. w (n) is complex additive white
Gaussian noise (AWGN) with mean zero and variance σw2 .
The signal x (m) is the time-domain transmitted signal at
time m, which can be expressed as
N −1
1 X
d(n)ej2πmn/K ,
x(m) = √
K n=0

−LCP ≤ m ≤ K − 1,
(2)

where N is the number of useful subcarriers per OFDM
symbol, K is the FFT size. d(n) represents the data symbols
generated from a set of multi-level signal constellations such
as M-level quadrature amplitude modulation (MQAM) to be
transmitted in the frequency domain over the nth OFDM
subcarrier. LCP denotes the number of cyclic prefix. It is
assumed that the maximum number of multipaths of timevarying channel L is less than the number of cyclic prefix to
eliminate the ISI. Also, the average transmitted signal power
on each OFDM subcarrier is denoted by S = E{|d(n)|2 }. The
signal on the nth subcarrier in the frequency domain can be
expressed as [19]
K −1

1 X
Y (n) = √
y (m) e−j2πmn/K
K m=0
= d(n)H (n) + I (n) + W (n),

(3)

where I (n) denotes the ICI power, defined as
P −1
PK −1
j2πm(k−n)/K ,
I (n) = 1/K N
k=0,k6=n d(k)
m=0 Hk (m) e
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PK −1
H (n) = (1/K )
m=0 Hn (m), Hn (m), being the Fourier
transform of the time-varyingP
channel at time m for an OFDM
system, defined as Hn (m) = L−1
`=0 h (m, `) exp (−j2π `n/K ),
PK −1
and W (n) = √1
w
exp
(m)
(−j2π mn/K ).
m=0
K
Assuming the L-path time-varying channel is modeled
as a wide-sense stationary uncorrelated scattering Rayleigh
fading channel, the autocorrelation of the channel frequency
response Hn (m), at discrete time n, can be determined for


E{Hn (m)Hn∗ (m0 )} = J0 2πfmax TOFDM (m − m0 )/K ,
where J0 is the zeroth-order Bessel function of the first
kind [19]. TOFDM represents the OFDM symbol duration,
defined as TOFDM = KTs + LCP Ts , Ts being the sampling
duration. The maximum Doppler frequency, fmax , is defined
as fmax = fc v/c, where fc is the carrier frequency, v is the
terminal velocity in [km/h] during a data block period and c
denotes the speed of light.
Since the ICI power, PICI , generated in each subcarrier is
approximately independent of the subchannel index when
the number of OFDM subcarriers is large [8], [19], it can be
expressed as
PICI = E{| I (n) |2 } = PN S,

0 ≤ n ≤ N − 1.

(4)

where PN denotes the normalized ICI power that can be
determined from [2],
α1
1
PN ≤
(2π fc vTOFDM )2 =
(2π fc vTOFDM )2 . (5)
2
12c
24c2
where α1 = 1/2 [2]. Note that, according to Eq. (5),
PN increases with velocity v, quadratically.
III. ADAPTATION BASED ON MOBILITY
AND PERFECT CSI

It is easy to see from (4) that the ICI power at different subcarriers are approximately independent of the
OFDM subcarrier indices when the number of subcarriers is
large [8], [19], [20]. Consequently, the instantaneous effective
signal to interference plus noise ratio (SINR) for the nth
subcarrier of the OFDM system can be expressed as
SINR(n) =

γ
γ |Hn |2
=
,
PN γ + 1
PN γ + 1

(6)

where γ = S/σw2 and γ = γ |Hn |2 denotes the instantaneous
received SNR.
In most of the highly mobile real systems, such as high
speed trains, the speed of vehicle is a time-varying random
quantity. Mostly, a truncated normal probability distribution
N (µ, σv2 ) is adopted to model the velocity variations in such
systems [13], [14], where µ and σv2 denote the mean and
the variance of the variations, respectively. Probability density function (pdf) of the velocity, f (v), can be expressed
as [13], [14]


2
2 exp − (v−µ)
2σ 2
 √
v
√
 ,
f (v) = √
2(vmax −µ)
min −µ)
σv (2π ) erf
− erf 2(v2σ
2σv
v
VOLUME 4, 2016

(7)
where
√ erf(.)
R x is the error function defined as erf(x) =
2/ 2π 0 exp(−t 2 )dt, vmin and vmax denote the minimum
velocity and maximum velocity, respectively. If there is no
special instructions, vmin = 0 km/h and vmax = 300 km/h in
this paper.
In this paper, both the channel fading and the velocity
are assumed to be time-varying quantities having some specific probability distributions. However, since the velocity
varies much slower than the variations in channel gains, it is
reasonable to assume that the terminal velocity is constant
within the duration of a data block [13]. However, each data
block consists of a large number of OFDM symbols which
undergoes the greater effect of doubly-selective fading channels. Therefore, different subcarriers of an OFDM symbol
experience different channel gains in the frequency domain.
For adaptation schemes based on channel gains, it is very
hard to evaluate the exact ICI. However, since time-varying
channels produce a nearly-banded channel matrix, adjacent
subcarriers have almost the same channel gains [17]. Also,
it is assumed that the coherence bandwidth is large enough
so that the channel coefficients are approximately the same
for most of the significant (neighboring) subcarriers causing
ICI [10].
Let P(v, γ ) denotes the power level allocated to each
OFDM subchannel, as a function of the CSI γ and the
velocity v. Then, the effective SINR for the nth subcarrier of
the OFDM system can be expressed as [10]
SINR(n) =

γ P(v, γ )
.
PN γ P(v, γ ) + 1

(8)

We now present the details to obtain the optimal P(v, γ )
that maximizes the average spectral efficiency (CASE ) in
bits/sec/Hz. It is obvious that P(v, γ ) is determined with the
help of the prior knowledge provided both by the terminal
velocities and the channel gains as opposed to the traditional
adaptation schemes where only the knowledge of channel
gains would be sufficient [4], [8], [21]. Consequently first
time in the literature, in this work, the power and rate are
adjusted on each OFDM subcarrier based on the terminal
speeds as well the channel variations. The resulting novel
adaptation scheme have potential applications for high mobility wireless communications systems.
Based on (8), the BER can be bounded as [4], [8]–[11],
[20], [22]
!
−C2 γ P(v, γ )

 ≤ C1 exp
,
(9)
2R(v,γ ) − 1 (PN γ P(v, γ ) + 1)
where C1 = 0.2, C2 = 1.5, γ = γ |H (n)|2 , and R(v, γ ) is
the data rate in bits/sec for any subcarrier with channel gain
γ and during a data block with velocity v. Using the upper
bound for BER according to (9), the maximum R(v, γ ) can
be obtained easily as follows.
R(v, γ ) = log2 (

ξ γ P(v, γ )
+ 1),
PN γ P(v, γ ) + 1

(10)
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where ξ = −C2 / log(C3 /C1 ) = −1.5/ log(5C3 ) and C3 is
the target BER.
The average spectral efficiency, CASE can be obtained by
simply averaging R(v, γ ) over the probability distributions of
velocity v and channel gain γ as follows


Z vmax Z ∞
ξ γ P(v, γ )
+1
CASE = ξ
log2
PN γ P(v, γ ) + 1
vmin
0
pγ (γ ) f (v)dγ dv,
(11)
N
, pγ (γ ) = 1/(γ ρ) exp(−γ /(γ ρ))
where ξ = (N +LCP )1fT
OFDM
[2], [8], [19] and 1f is subcarrier spacing in Hz for an OFDM
system.
To maximize CASE , the following constrained optimization
problem is formulated as


Z vmax Z ∞
ξ γ P(v, γ )
+1
max
log2
P(v,γ ) vmin
PN γ P(v, γ ) + 1
0
×pγ (γ ) f (v)dγ dv
(12a)

subject to
Z

solution for it. However, it can be computed easily through a
numerical search4 [4].
The optimal power adaptation, based on channel gain γ
and velocity v, can be obtained by solving the equation
∂La {P(v,γ )}
∂P(v,γ ) = 0 to yield
√
−2 ln(2)λPN γ − ln(2)λξ γ + C5
P(v, γ ) =
, (15)
2 ln(2)λPN γ (PN γ + ξ γ )

where C5 = ln(2)λξ γ ln(2)λξ γ + 4γ ξ PN γ + 4γ 2 P2N .
Taking the upper bound of normalized ICI power
1
(2π fc vTOFDM )2 in (5) equal to PN , the optimal power
24c2
distribution in (15) is a two dimension joint scheme based
on velocity v and CSI gain γ . It can be seen that when
P(v, γ ) ≥ 0, there exists a cutoff γoff = ln(2)λ
ξ , below which
no data is transmitted.
According to the velocity v and channel gain γ , the corresponding optimal rate adaptation can be expressed from (10)
as,
R(v, γ )
(

vmax

vmin

= max 0, log2

∞

Z
0

P(v, γ )pγ (γ ) f (v)dγ dv = 1,

(12b)

P(v, γ ) ≥ 0,

(12c)

where the constraints (12b) and (12c) indicate that the power
allocation based on CSI γ and the velocity v must meet the
average power constraint and that the power allocation based
on CSI γ and the velocity v must be positive quantities,
respectively.
In Appendices A and B, it is proved that Eq. (12a) is
concave with respect to P(v, γ ) and that Eq. (12b) is affine,
respectively. It is then straightforward to show that Eq. (12c)
is convex with respect to P(v, γ ). Hence, the optimal solution
can be obtained easily by the Karush-Kuhn-Tucker (KKT)
conditions.
We define the Lagrangian for the optimization problem
as in (13), as shown at the bottom of this page, where λ is
Lagrange multipliers for the equality constraints, and ϑ is
multiplier for the inequality constraint.
In Appendix C, it is proved that ϑ acts as a slack variable
and it can be eliminated. Consequently, the equality condition
along with elimination of the slack variable yields the optimal
λ∗ and P∗ (v, γ ) that can be obtained by the optimization
formulation in (14), as shown at the bottom of this page [23],
where λ is a Lagrangian constant and there is no closed form

"

#)
√ 
C5 (PN γ + ξ γ )
,
√ 
ln(2)λξ γ + C5 PN γ
(16)

− ln(2)λξ γ −

1
2
where PN = 24c
2 (2π fc vTOFDM ) is the upper bound in (5).
It can be seen from (16) that the optimal rate distribution is
also a two dimensional joint scheme based on velocity v and
CSI gain γ .
The adaptive algorithm based on mobility and perfect CSI
is implemented by the following steps.
1. Estimate the mobile terminal velocity v and perfect
channel gain γ .
2. Achieve the optimal power P∗ (v, γ ) according
to Eq. 15.
3. Achieve the optimal rate R∗ (v, γ ) according
to Eq. 16.

IV. ADAPTATION BASED ON MOBILITY
AND IMPERFECT CSI

In a real wireless communication system, it is impossible
to obtain perfect CSI due to error-prone channel estimation
and an unavoidable delay between channel estimation and
4 Substitute power distribution P(v, γ ) in (15) into (12b), then get λ by
solving equation (12b). Since there is no closed form expression for the
integral of (12b), we cannot obtain a closed form expression for λ. However,
we can solve numerically using fsolve command of Maple [24].


Z vmax Z ∞

ξ γ P(v, γ )
+ 1 pγ (γ ) f (v)dγ dv − λ
P(v, γ )pγ (γ ) f (v)dγ dv − 1
PN γ P(v, γ ) + 1
vmin
0
vmin
0
−ϑP(v, γ ).
(13)


Z vmax Z ∞

Z vmax Z ∞
ξ γ P(v, γ )
La {P(v, γ )} =
log2
+ 1 pγ (γ ) f (v)dγ dv − λ
P(v, γ )pγ (γ ) f (v)dγ dv − 1 .
PN γ P(v, γ ) + 1
vmin
0
vmin
0
(14)
La {P(v, γ )} =
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vmax

Z

∞



log2
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feedback to the transmitter for actual transmission [25], [26].
We now extend the results obtained in previous section to the
case in which the adaptation based on mobility is achieved in
the presence of imperfect CSI.
The channel estimator at the receiver provides the transmitter with an imperfect CSI, Hk0 (n + 1n), which is assumed
to be in the form Hk0 (n + 1n) = Hk (n + 1n) + k (n),
where 1n = dτD /TOFDM e is an integer-valued delay, greater
than zero, between channel estimation at the receiver at
time nTs and using the estimation result at the transmitter
at time nTs + 1nTOFDM [27]. τD denotes the unavoidable
delay between the channel estimation at the receiver and
using at the transmitter. The channel estimation error, denoted
by k (n), is independent of the actual channel gain Hk (n)
and is distributed according to CN (0, σp2 ) [28]. For the sake
of analysis, we assume that σp2 and 1n are statistically
independent.

FIGURE 1. Insertion of pilots in frequency domain for an OFDM symbol.

Equally spaced piloted symbols are inserted in the OFDM
subcarriers for channel estimation, as is shown in Fig. 1,
where P and D denote the pilot and data symbols, respectively. We employ a pilot-aided minimum mean squared error
(MMSE) channel estimation technique that results in a mean
square error (MSE) σp2 given by [29]
σp2 =

1
trace(Ree ),
Kp

(17)

where Kp is the number of pilot symbols and δ = Kp /N is
the percentage of pilot symbols in one OFDM symbol [29].
If there is no special instructions, we assume δ = 1/10
and Kp = ceil(N × δ) in this paper, where ceil(x) denotes
the smallest integer bigger than or equal to x. The correlation matrix of the error vector, Ree , can be calculated
as [29]
−1

1
(18)
RH
Ree = RPP − RDP RPP + IKp
DP ,
γP

N)
where γP = γγ(1−P
PN +1 , which is the average effec5
tive SINR. and RPP = rt (0)Rf , where rt (0) =
P −1 PN −1
1/K 2 N
m1 =0
m2 =0 J0 (2π fmax TOFDM (m1 − m2 ) /K ) and
P
rf (1k) = ca l exp(−l/L) exp(−j2 π 1kl/K ), where
ca ,Pis a normalization constant, is chosen to satisfy
ca l exp(−l/L) = 1 [19], as shown at the bottom of this
page, and

Rf



=


rf (0)
rf (1/δ)
..
.

rf (−1/δ)
rf (0)
..
.


... rf ((−Kp + 1)/δ)
... rf ((−Kp + 2)δ) 

.
..

...
.

rf ((Kp − 1)/δ) rf ((Kp − 2)/δ) ...

The cross-correlation matrix, RDP
∈
RKp ×Kp ,
in (18) is a Toeplitz matrix with its first row being
[rt (0)rf (−1/δ + u), rt (0)rf (−2/δ + u), · · · , rt (0)rf (−Kp /δ +
u)] and the first column is [rt (0)rf (−1/δ+u), rt (0)rf (u), · · · ,
rt (0)rf ((Kp −2)/δ+u)]. IKp is Kp ×Kp identity matrix. Hence,
σp2 is a function of the velocity v, the percentage of the pilot
symbols δ and the average pilot transmission power γ .
The correlation between Hk and Hk0 can be expressed
as in (19) [27].
Due to the fact that fmax = fc v/c, the correlation r is a
function of velocity v.
Assume now that for k = 0, 1, · · · , K − 1, Hk0 is the
only CSI perfectly known by the OFDM kth subcarrier
at the transmitter. Since the instantaneous BER for each
subcarrier  ( [k]) is determined by the true value of CSI,
γ [k] = γ | Hk |2 , which is assumed unknown, it would
not be possible to fix  ( [k]) to be the BER requirement.
However, we can define a conditional average BER given Hk0 .
The instantaneous BER of each subcarrier, considering both
channel estimation error and outdated CSI, can be obtained
as [27]
"
#
−C2 γ P0 (v, γ )

 ( [k]) ≤ C1 exp
, (20)
0
2R (v,γ ) − 1 (φP0 (v, γ ) + 1)
where φ = PN γ + γ (N − 1) σp2 /N [8], [27].
5 The authors did not consider the impact of ICI on system performance
in [29]. However, the impact of ICI cannot be ignored for OFDM under fast
fading channels. Hence, the ICI power is modeled as a Gaussian noise in this
paper, having the average ICI power equals to γ PN .




N −1
2π fmax Tsys 1n
1 X
2π fmax TOFDM (n + 1n)
+ 2
(N − n) J0
K
K
K
n=1


N −1
1 X
2π fmax TOFDM (n − 1n)
+ 2
.
(N − n) J0
K
K
†

r = E{Hk Hk0 } =

N J0
K2

rf (0)



(19)

n=1
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#
(
) 


−C2 z2 γ P0 v, γ 0
2z
z2 + |µ|2
2z |µ|

exp −
I0
dz
 ([k]) ≤
C1 exp
0
0
σ2
σ2
2R (v,γ ) − 1 (φP0 (v, γ 0 ) + 1) σ 2
0
!


  R0 v,γ 0
C2 |µ|2 γ P0 (v,γ 0 )
0
0
)
(


− 1 exp −
C1 φP v, γ + 1 2
R0 (v,γ 0 )
2 0
0
0
0
Z

"

∞

C2 γ σ P (v,γ )+ 2

=
C2

γ σ 2 P0 (v, γ 0 ) +

For the special case when the probability distribution of Hk
given Hk0 is a complex Gaussian with mean µ and variance
σ 2 [8], [20], it follows that z = |Hk | conditioned on Hk0 is a
Rician distribution [20]. Based on (20), the average BER for
the kth subchannel is defined as  ([k]) = Ez|Hk0 { ([k])}, as
shown in (21), as shown at the top of this next page, where
I0 (·) denotes the zeroth-order modified Bessel function of the
first kind.
Using the Gaussian assumption, it can be shown that Hk
given Hk 0 is a Gaussian distribution with mean [20], [27]
r
H0,
(22)
u=
ρ0 + σp2 /N k
and variance
σ 2 = ρ0 −

r2
.
ρ0 + σp2 /N

(23)

where ρ0 denotes the correlation between Hk and Hk 0 when
there is no delay (1n = 0) between the channel estimation
performed at the receiver and the time using this estimate
at the transmitter. That is ρ0 = r with 1n = 0 in (19).
Consequently, the above mean and variance expressions take
ρ0 (σ 2 /N )

ρ0
the forms, u = ρ +σ
Hk0 and variance σ 2 = ρ +σp 2 /N [8],
2
0
0
p /N
p
respectively. On the other hand, if there is no estimation error,
σp2 = 0, Hk given Hk 0 has mean u = (r/ρ0 )Hk0 and variance
σ 2 = ρ0 − r 2 /ρ0 [8].

R v, γ
0

0
CASE



vmax

max

vmin

"

∞

Z
0

log2

−1 (φP (v,γ )+1)


− 1 (φP0 (v, γ 0 ) + 1)

Z

vmax

vmin

Z

"

∞

B4 = C2 γ σ 4 and W (.) denotes the Lambert W-function that
satisfies W (x) exp (W (x)) = x, as shown in [30]. B1 and B3
are functions of v and γ 0 .
The average spectral efficiency, in the presence of the
0 , can be obtained by simply averaging
imperfect CSI, CASE
R0 (v, γ 0 ) over the probability distributions of velocity v and
channel gain γ 0 in (25), as show at the bottom of this page,
where pγ 0 γ 0 = 1/(γ ρ) exp(−γ 0 /(γ ρ)) [8], [13], [27].
0 , the following constrained optimization
To maximize CASE
problem is formulated as in (26a), (26b) and (26c), as shown
at the bottom of this page.
In Appendix D, it is proved that Eq. (26a) is concave with
respect to P0 (v, γ 0 ). It is then straightforward to show that
Eq. (26b) and Eq. (26c) are convex with respect to P0 (v, γ 0 ).
Similarly, we can also show in Appendix B that Eq. (26b) is
affine. Hence, the optimal solution can be obtained easily by
the KKT conditions.
The Lagrangian for the optimization problem can be
written as in (27), as show at the top of the next page,

(24)





#
B1 φP0 v, γ 0 + 1 + B4 P0 v, γ 0 W (B3 ) − σ 2 W (B3 ) φP0 v, γ 0 + 1

B1 − σ 2 W (B3 ) (φP0 (v, γ 0 ) + 1)

log2

0

(21)

Assume now that  ([k]) = C3 , where C3 is the target
BER. Using the upper bound for
 the average BER given
by (21), the maximum R0 v, γ 0 can be expressed as in
(24), as
bottom of this page, where B1 =
 shown at the
2

2
0
2
r γ / ρ0 + σp /N γ , B3 = B1 C3 exp B1 /σ 2 /C1 σ 2 ,





!
B1 φP0 v, γ 0 + 1 + B4 P0 v, γ 0 W (B3 ) − σ 2 W (B3 ) φP0 v, γ 0 + 1

B1 − σ 2 W (B3 ) (φP0 (v, γ 0 ) + 1)

= log2

N − Kp
=
(N + LCP )1fTOFDM

pγ 0 γ 0 f (v)dγ 0 dv,

Z
P(v,γ 0 )

0

0
0
2R (v,γ )

(25)





#

B1 φP0 v, γ 0 + 1 + B4 P0 v, γ 0 W (B3 ) − σ 2 W (B3 ) φP0 v, γ 0 + 1
0
0 γ

p
f (v)dγ 0 dv (26a)
γ
B1 − σ 2 W (B3 ) (φP0 (v, γ 0 ) + 1)

subject to
Z

vmax

vmin

Z
0

∞


P0 (v, γ 0 )pγ 0 γ 0 f (v)dγ 0 dv = 1
P0 (v, γ 0 ) ≥ 0
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(26b)
(26c)
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#
B1 φP0 v, γ 0 + 1 + B4 P0 v, γ 0 W (B3 ) − σ 2 W (B3 ) φP0 v, γ 0 + 1

=
log2
B1 − σ 2 W (B3 ) (φP0 (v, γ 0 ) + 1)
vmin
0
Z vmax Z ∞



×pγ 0 γ 0 f (v)dγ 0 dv − λ0
P(v, γ 0 )pγ 0 γ 0 f (v)dγ 0 dv − 1 ,
vmin
0
√
2 ln(2)λ0 σ 2 W (B3 ) φ − ln(2)λ0 B4 W (B3 ) − 2 ln(2)λ0 B1 φ + C6
0
0

P (v, γ ) =
,
2 ln(2)λ0 φ B1 φ + B4 W (B3 ) − σ 2 W (B3 ) φ
(
"

√  #)
σ 2 W (B3 ) φ − B1 φ − B4 W (B3 ) λ0 ln(2)B4 W (B3 ) − C6
0
0

R (v, γ ) = max 0, log2
.
√ 
λ0 ln(2)B4 W (B3 ) + C6 B1 − σ 2 W (B3 ) φ

La0 {P0 (v, γ 0 )}

Z

vmax

Z

∞

"

∂L 0 {P0 (v,γ 0 )}

a
where λ0 is the Lagrangian constant. Based on ∂P
=
0 (v,γ 0 )
0
0, the optimal power adaptation based on channel gain γ and
velocity v can be obtained as in (28), as shown at the top of this
page, where C6 = (ln(2)λ0 B4 W (B3 )+4φ 2 B1 +4φB4 W (B3 )−
4φ 2 σ 2 W (B3 )) ln(2)λ0 B4 W (B3 ). C6 is a function of v and γ 0
based on (24).
As in the perfect CSI case, there is no closed form expressions to evaluate λ0 . However, it can be computed easily
through a numerical search [4]. From Eq. (28) it can be seen
that when P0 (v, γ 0 ) ≥ 0, there exists a cutoff value
 2

2 0
1 σ λ ln(2)
σ B4 + λ0 ln(2)σ 2
ln B C+λ
( 4 0 ln(2)σ 2 )C3
0
γoff =
,
B4 B5

below which no data is transmitted. Here, B5 = r 2 / ρ0 +
2
σp2 /N γ . The optimal power distribution in (28) is a two
dimension scheme based on velocity v and imperfect CSI
gain γ 0 , which consider the channel estimation error with
MMSE and feedback delay.
According to the velocity v and channel gain γ , the corresponding optimal rate adaptation can be expressed as in (29),
as shown at the top of this page,. The optimal rate distribution
in (29) is also a two dimensional joint scheme based on
velocity v and imperfect CSI gain γ 0 , that yields channel
estimation errors when employed with a MMSE channel
estimation technique and in the presence of a feedback delay.
The adaptive algorithm proceeds based on mobility and
imperfect CSI is implemented as follows.
1. Estimate the mobile terminal velocity v.
2. Estimate the imperfect channel gain γ 0 based on
MMSE channel estimation technique with the percentage of pilot symbols δ in one OFDM symbol.
3. Achieve the optimal power P∗ (v, γ 0 ) according
to Eq. 28.
4. Achieve the optimal rate R∗ (v, γ 0 ) according to Eq. 29.
V. SIMULATION RESULTS

We now present some computer simulation results to analyze
and verify the proposed adaptation scheme based on mobility
and CSI. In all simulations presented here, the OFDM system
parameters are given in Table I according to LTE specifications [31]. Each coefficient of the time-domain channel
impulse response is considered as Rayleigh distributed with
VOLUME 4, 2016

(27)
(28)
(29)

Jakes’ spectrum. Exponential power delay profile with maximum delay spread of 7.42µs is chosen and the required
BER is assumed to be 10−3 . The proposed scheme is compared with traditional adaptation schemes without taking into
account the prior knowledge of the velocity [8]6 with mobility
adaptation schemes and without CSI [13].
TABLE 1. OFDM parameters [31].

FIGURE 2. The power distribution vs. velocity v and channel gain γ
(µ = 150 km/h, σv2 = 45 km/h, SNR = 15 dB).

Fig. 2 shows the optimal power adaptation with
γ = 15 dB and µ = 150 km/h, σv2 = 45 km/h2 , as a
function of the terminal velocity v and the channel gain γ .
This figure clearly indicates that the power adaptation P(v, γ )
6 In [8], the authors considered the impact of channel estimation error
and delay on the system performance, separately. In order to compare the
performance with the proposed scheme in this paper, the impact of channel
estimation errors and delay on the system performance is considered jointly
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increases monotonically with γ when v is fixed. However, it
has a different behavior as a function of v when γ is kept
fixed. That is, the power allocation will decrease toward
zero monotonically as v increases. On the other hand, for
traditional power adaptation schemes in which the prior
knowledge of velocity is not taken into account, [8], the
average transmission power is the same for all velocities v.
For mobility adaptation schemes in which the knowledge of
CSI is not taken into account, [13], the average transmission
power is the same for all channel gain γ . Consequently, compared with the traditional and mobility adaptation, it is clear
that the proposed power adaptation with prior knowledge of
velocity and CSI will improve the performance of the system.
More power will be allocated to the larger channel gains and
lower velocities since the wireless channel is better and the
ICI is smaller. We can see from Fig. 2 that the proposed power
adaptation scheme will allocate largest power and largest
channel gain in the vicinity of the lowest velocity region while
it allocates smallest power vice versa. This means that lower
velocity and larger channel gain play an important role in
determining the overall system performance since the ICI in
this region is low and the wireless channel is good. However,
the traditional adaptation scheme and mobility adaptation do
not have this trend.

FIGURE 3. The rate distribution vs. velocity v and channel gain γ
(µ = 150 km/h, σv2 = 45 (km/h)2 , SNR = 15 dB).

Fig. 3 shows the optimal rate adaptation with γ = 15 dB
and µ = 150 km/h, σv2 = 45 km/h2 , as a function of
the terminal velocity v and the channel gain γ . In another
words, the rate adaptation scheme, R(v, γ ), assigns higher
bit rates monotonically as the channel gain γ increases
and the velocity v is kept fixed. It can also be observed
from the same figure that the rate adaptation behaves in
an opposite way as v increases with γ is fixed. Besides
the above conclusions, we also observe that at lower terminal velocities and larger channel gains, the proposed optimal rate adaptation scheme assigns larger bit rates than the
traditional rate adaptation and mobility adaptation. However,
similar to the above case, our optimal rate adaptation assigns
6840

smaller bit rates than the traditional adaptation and mobility
adaptation, under larger velocities and lower channel gain.
This implies that the proposed scheme improves the system
performance by increasing the bit rate at lower velocities
and larger channel gain, while reducing the effect of worse
case in which larger velocities and lower channel gains are
encountered by means of the power constraint.

FIGURE 4. The power distribution vs. velocity v and channel gain γ 0 under
imperfect CSI case (µ = 150 km/h, σv2 = 45 (km/h)2 , SNR = 15 dB).

In Fig. 4, the power allocation P0 (v, γ 0 ) is plotted as a
function of the velocity and channel gain under imperfect
CSI. It can be seen that there exists a cutoff velocity above
and channel gain below which no power will be allocated
at the transmitter. The lower velocity and larger channel
gain region play an important role in determining the overall
system performance since the ICI in this region is low and
channel is good. From Fig. 4, one can see that imperfect
CSI has significant influence on the power allocation. More
specifically, it is obvious that more power should allocated
to the low velocity and larger channel gain region as the
delay 1n increases since the the system has less chance to
work in this region. However, the power is lower in larger
velocities and lower channel gain region because of the power
constraint.
In Fig. 5, the corresponding rate adaptation R0 (v, γ 0 ) is
illustrated as a function of the velocity and channel gain under
imperfect CSI. It is shown that data rate decreases as the
velocity increases. Again, the low velocity and large channel
gain region determines the overall system performance. The
data rate is higher in the lower velocity and larger channel
gain region. The reason is that the probability that the system
works in the low velocity and large channel gain region is
smaller so that the system needs to use more power to fully
utilize this region, especially for larger delay.
In Fig. 6, the ASE variation is shown as a function of
SNR for different (µ, σv2 ) values under perfect and imperfect
cases. The figure also shows that there are differences in
performance for different µ and σv2 values. It can be observed
from Fig. 6 that the proposed scheme is better than the traditional adaptation [8] and the mobility adaptation [13] for all
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FIGURE 5. The rate distribution vs. velocity v and channel gain γ 0 under
imperfect CSI case (µ = 150 km/h, σv2 = 45 (km/h)2 , SNR = 15 dB).

FIGURE 6. ASE vs. SNR.

SNRs. The performance decreases as the delay or the mean of
velocity increases. We can observe that when delay is equal
to 2TOFDM , we reach to a worst performance, compared with
the case in which delay is equal to TOFDM or the perfect CSI
is achieved. Obviously, the proposed adaptation is closed to
the mobility adaptation as the delay increases and when µ
is fixed. From Fig. 6, we observe that the performance of
(µ = 250 km/h, σv2 = 100 (km/h)2 ) is worse than that of
(µ = 150 km/h , σv2 = 45 (km/h)2 ) and (µ = 70 km/h,
σv2 = 21 (km/h)2 ) due to the fact that the probability of
the terminal velocities being in the high velocity region gets
smaller for smaller values of µ. For example the probability
of high velocity ranges ([200-300] km/h) for (µ = 250 km/h,
σv2 = 100 (km/h)2 ), ([200 − 300] km/h) for (µ = 150 km/h,
σv2 = 45 (km/h)2 ) and ([200 − 300] km/h) for (µ = 70 km/h,
σv2 = 21 (km/h)2 ) are 0.559, 0.133 and 3.00028 × 10−10 ),
respectively.
Consequently, the larger probability being in the high
velocity region would lead to worse channel estimation error
with the MMSE channel estimation method. In summary,
it is obvious that the performance of proposed adaptation
VOLUME 4, 2016

is close to mobility adaptation with µ increases because
the worse channel estimation error will result in a very
limited system performance based on imperfect CSI. Compared with traditional adaptation based on CSI only, the
improvement of proposed adaptation is determined by µ
and σv2 . The improvement increases as σv2 increases because
velocity variation increases with σv2 increases. More specifically, the improvement between the proposed scheme with
(µ = 250 km/h, σv2 = 100 (km/h)2 ) and the traditional
adaptation with (µ = 250 km/h, σv2 = 100 (km/h)2 ) is
about 2 dB which is quite significant as seen from Fig. 6.
However, when the velocity variation is small, the improvement in performance between the proposed scheme with
(µ = 70 km/h, σv2 = 21 (km/h)2 ) and the traditional
adaptation with (µ = 70 km/h, σv2 = 21 (km/h)2 ) would
be limited, especially when SNR is low.
VI. CONCLUSION

Due to the time-varying nature of doubly selective wireless
channels, the performance of system is determined not only
by the CSI, but also by the terminal velocities. The proposed
power and rate adaptation by adjusting perfect and imperfect
CSI and velocity is an effective way to improve the average
spectral efficiency. The proposed scheme always chooses the
better strategy (lower velocity and larger channel gain) to
improve the system performance. The improvement of the
proposed scheme, compared with traditional adaptation without knowing the prior knowledge of velocity and mobility
adaptation without CSI, is quite effective.
Not surprisingly, the proposed adaptive scheme, which is
based on velocity and CSI, is proposed with different mobility
scenarios. For the stationary or low mobility, the proposed
adaptive scheme is close to the traditional adaptive scheme
based on CSI only because the improvement from velocity
variation is limited. Therefore, if the terminal is stationary
or moving very slowly such as indoor or pedestrian, then
the traditional adaptation scheme based on the estimated CSI
only could be chosen because of lower complexity. However,
for the high mobility case, the proposed adaptive scheme is
closed to the mobility adaptive scheme based on the velocity
only because the improvement from CSI variations is also
limited due to the imperfect CSI (channel estimation error
and delay). On the other hand, if the velocity of terminal is
very large such as high speed train, the traditional adaptation
schemes based on CSI would be inefficient and yield poor
performance results since the estimated CSI is not usable.
Hence the mobility adaptation based on the velocity only
should be adapted because of the lower complexity. Finally, if
the velocity of terminal is in the intermediate region such as
the velocities of urban and suburban vehicles, the proposed
adaptation based on velocity and imperfect CSI should be
employed in an efficient way.
APPENDIX A

In this appendix we prove that Eq. (12a) is concave with
respect to P(v, γ ).
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From (12a), define

APPENDIX C


ξ γ P(v, γ )
C(v,γ ) (P(v, γ )) = log2
+1 .
PN γ P(v, γ ) + 1
First order derivative of C(v,γ ) (P(v, γ )) with respect to
P(v, γ ) can be obtained as
∂C(v,γ ) (P(v, γ ))
ξγ
=
> 0,
(30)
∂P(v, γ )
(ς ϕ ln(2))
where ς = (PN γ P(v, γ ) + 1) > 0, ϕ = (ξ γ P(v, γ ) +
PN γ P(v, γ ) + 1)> 0, P(v, γ ) ≥ 0 in (12c) and ξ > 0 with
the target BER C3 = 10−3 in (10).
Similarly, second order derivative of C(v,γ ) (P(v, γ )) with
respect to P(v, γ ) is


∂ 2 C(v,γ ) (P(v, γ ))
χ
 < 0,
=− 2 2
∂P2 (v, γ )
ς ϕ ln(2)

(31)

where χ = (2ξ γ P(v, γ )PN γ + 2P2N γ 2 P(v, γ ) + 2PN γ + ξ γ )
ξ γ > 0.
Based on Second-order conditions on [23, p. 71], it can
easily follows from (31) that C(v,γ ) (P(v, γ )) is concave with
respect to P(v, γ ).
Finally, based on ‘‘Integrals of concave functions is concave’’ on [23, p. 79], it can be shown that


Z vmax Z ∞
ξ γ P(v, γ )
log2
+ 1 pγ (γ ) f (v)dγ dv
PN γ P(v, γ ) + 1
vmin
0
is concave with respect to P(v, γ ).
APPENDIX B

vmax

vmin

Z

0

P (v, γ ) ≥ 0,

(33b)

ϑ ∗ ≥ 0,

(33c)

ϑ ∗ P∗ (v, γ ) = 0,
Z vmax Z ∞

(33d)

∗

vmin

0

ξγ
ln(2) (PN γ P∗ (v, γ )+1) (ξ γ P∗ (v, γ )+PN γ P∗ (v, γ )+1)
×pγ (γ ) f (v)dγ dv
Z vmax Z ∞
∗
−λ
pγ (γ ) f (v)dγ dv − ϑ ∗ = 0.
(33e)
×

0

vmin

These equations can be solved directly to find P∗ (v, γ ),
and ϑ ∗ , as follows. We start by noting that ϑ ∗ acts as a
slack variable in the last equation, so it can be eliminated.
Based on (33e), we can obtain (33f), as shown at the top of
the next page. Substituting (33f) into (33a), (33b), (33c) and
(33d) yields
Z vmax Z ∞
P∗ (v, γ )pγ (γ ) f (v)dγ dv = 1,
(33g)
λ∗

0

P∗ (v, γ ) ≥ 0,
Z vmax Z ∞
vmin

(33h)

0

ξγ
ln(2) (PN γ P∗ (v, γ )+1) (ξ γ P∗ (v, γ )+PN γ P∗ (v, γ )+1)
Z vmax Z ∞
×pγ (γ ) f (v)dγ dv − λ∗
pγ (γ ) f (v)dγ dv ≥ 0

×

vmin

0

(33i)
Z

vmax

Z

∞

0

vmin

ξγ
ln(2) (PN γ P∗ (v, γ )+1) (ξ γ P∗ (v, γ )+PN γ P∗ (v, γ )+1)
Z vmax Z ∞

pγ (γ ) f (v)dγ dv
×pγ (γ ) f (v)dγ dv − λ∗

×

vmin

0

×P∗ (v, γ ) = 0.

(33j)

∞

(θx + (1 − θ ) y)pγ (γ ) f (v)dγ dv − 1
Z vmax Z ∞

Z
=θ
(x)pγ (γ ) f (v)dγ dv − 1 + (1 − θ )
0

vmin
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vmin

vmin

In this appendix we prove that Eq. (12b) is affine with respect
to P(v, γ ).
From (12c), based on ‘‘Any line is affine’’ on
[23, p. 27], we can obtain that dom P(v, γ ) is a convex set
(Here P(v, γ ) is a function of v and γ , we can still regard of
P(v, γ ) as a whole).
For all x, y ∈ dom P(v, γ ), and θ with 0 ≤ θ ≤ 1, we can
obtain (32), as shown at the bottom of this page.
Therefore, based on ‘‘A function is linear, i.e., satisfy
n
fi (αx + βy) = αfi (x) +
βfi (y)
R vmax
R ∞for all x, y ∈ R and all α,
β ∈ R.’’ on [23, p. 1], vmin 0 P(v, γ )pγ (γ ) f (v)dγ dv − 1
is a linear function with regards to P(v, γ ).
Based on ‘‘Function always have equality in fi (αx +
βy) = αfi (x) + βfi (x), linear functions are both
convex
R vmax R ∞and concave.’’ on [23, p. 67], the function
vmin 0 P(v, γ )pγ (γ ) f (v)dγ dv − 1 is both convex and
concave with respect to P(v, γ ).
Finally, based on ‘‘any function that is convex and concave is affine’’ on [23, p. 67], (12b) is affine with respect to
P(v, γ ) [23].
Z

In this appendix we prove that ϑ acts as a slack variable.
Based on (13), we obtain the KKT conditions
Z vmax Z ∞
P∗ (v, γ )pγ (γ ) f (v)dγ dv = 1,
(33a)

0

vmax

vmin

Z
0

∞


(y)pγ (γ ) f (v)dγ dv − 1 .

(32)
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ϑ∗ =

Z

vmax

vmin

− λ∗

Z

ξγ

∞

Z

0
vmax

pγ
ln(2) (PN γ P∗ (v, γ ) + 1) (ξ γ P∗ (v, γ ) + PN γ P∗ (v, γ ) + 1)
Z ∞
0

vmin

"
C(v,γ 0 ) (P (v, γ )) = log2
0

0

(γ ) f (v)dγ dv

pγ (γ ) f (v)dγ dv.

(33f)





#
B1 φP0 v, γ 0 + 1 + B4 P0 v, γ 0 W (B3 ) − σ 2 W (B3 ) φP0 v, γ 0 + 1

,
B1 − σ 2 W (B3 ) (φP0 (v, γ 0 ) + 1)

(34)

∂C(v,γ 0 ) (P0 (v, γ 0 ))
∂P0 (v, γ 0 )
=

(φP0 (v, γ 0 ) + 1)((B1
2
∂ C(v,γ 0 ) (P0 (v, γ 0 ))
0
∂P 2 (v, γ 0 )
=−

B4 W (B3 )
2
0
− σ W (B3 ))φP (v, γ 0 ) + B4 P0 (v, γ 0 )W (B3 ) + B1

0

ξγ

×

ln(2)(PN γ P∗ (v, γ )+1)(ξ γ P∗ (v, γ ) + PN γ P∗ (v, γ )+1)
Z vmax Z ∞
∗
×pγ (γ )f (v)dγ dv > λ
pγ (γ )f (v)dγ dv,
vmin
0
or
Z vmax Z
vmin

W (ax exp (x)) < W (x exp (x)) = x

ξγ
ln(2)(PN γ P∗ (v, γ )+1)(ξ γ P∗ (v, γ ) + PN γ P∗ (v, γ )+1)
Z vmax Z ∞
×pγ (γ )f (v)dγ dv = λ∗
pγ (γ )f (v)dγ dv.
×

vmin

0

Then, if ‘‘>’’ holds in the above, based on (33j), we can
get P∗ (v, γ ) = 0, implying that there is no data transmission
since no power allocation could be made. On the other hand,
if ‘‘=’’ holds, based on (33h), we can obtain P∗ (v, γ ) ≥ 0.
When P∗ (v, γ ) = 0, there exists a cutoff value, below which
no data is transmitted and in this case, based on (33f), as show
at the top of this page, it follows that ϑ ∗ = 0. Therefore, ϑ ∗
acts as a slack variable and it can be eliminated.

(38)

(35)

when x ≥ 0 and 0 < a < 1.

C3
2 for B . Based on (35), we
Set a = C
and
x
=
B
/σ
1
3
1
can obtain
W (B3 ) < B1 /σ 2

0

(37)

in (23). W (.) denotes the Lambert W function that satisfies
W (x) exp (W (x)) = x, as shown in [30]. The related properties are as follows: 1 . W (x) is an increasing function when
x ≥ 0 [30]. 2 . The following can be obtained easily

∞

(36)

where C1 = 0.2 in (9), the target BER C3 is 10−3 and
3
0< C
C1 < 1.
First order derivative of C(v,γ 0 ) with respect to P0 (v, γ 0 ) is
obtained as in (37), as shown at the top of this page.
The second order derivative of C(v,γ 0 ) with respect to
P0 (v, γ 0 ) is obtained as in (38), as shown at the top of this
page.
Therefore, based on Second-order conditions on
[23, p. 71], C(v,γ 0 ) (P0 (v, γ 0 )) is concave with respect to
P0 (v, γ 0 ).
Finally, based on ‘‘Integrals of concave functions is concave’’ on [23, p. 79],
 it is obtained that (26a) is concave with
respect to P0 v, γ 0 .
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APPENDIX D

In this appendix
we prove that (26a) is concave with respect

to P0 v, γ 0 .
From (26a), we define (34), as shown at the top of this
 page,
B1 C3 exp B1 /σ 2
r2γ 0
where B1 = 
> 0,
2 > 0, B3 =
C σ2
ρ0 +σp2 /N

γ

1

B4 = C2 γ σ 4 > 0 in (24), φ > 0 in (20) and σ 2 > 0
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> 0.

(B4 W (B3 ))(2(B1 − σ 2 W (B3 ))φ 2 P0 (v, γ 0 ) + 2(B1 − σ 2 W (B3 ))φ + 2φB4 P0 (v, γ 0 )W (B3 ) + B4 W (B3 ))
< 0.
(φP0 (v, γ 0 ) + 1)2 (B1 φP0 (v, γ 0 ) + B1 + B4 P0 (v, γ 0 )W (B3 ) − σ 2 W (B3 )φP0 (v, γ 0 ) − σ 2 W (B3 ))2 ln(2)

‘‘≥0’’ can be considered as ‘‘>0’’ or ‘‘=0’’. Based on
(33i), we can obtain
Z vmax Z ∞
vmin

− σ 2 W (B3 )) ln(2)
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