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Abstract: In this paper, a new broadband matching net-
work design approach based on reflection modeling is
proposed, which has two parts: impedance data genera-
tion and modeling. In the approach, firstly the output
impedance data of the matching network is obtained to
get the desired flat transducer power gain in the pass-
band. Next the output reflection data are calculated using
the obtained impedance data, then they are modeled as a
bounded real function. Then this function is synthesized
and the desired lossless matching network with initial
element values is obtained. A double matching example
is solved to illustrate the use of the proposed approach. It
is seen that proposed approach provides suitable initials
for CAD tools for final trimming.

Keywords: broadband matching, real frequency
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1 Introduction

Let us investigate the double matching problem seen in
Figure 1. Since the matching network is lossless, on the
imaginary axis of the complex frequency plane, input
and output reflection functions (ρ1 and ρ2) are related
by the following equation [1]

ρ1j j2 = ρ2j j2. (1)

Then the transducer power gain (TPG) can be defined as

TPG ðωÞ= 1− ρ1j j2 = 1− ρ2j j2. (2)

Here the reflection function ρ2 = a2 + jb2 at port 2 is
defined by

ρ2 =
Z2 −Z*

L

Z2 +ZL
(3)

where Z2 =R2 + jX2 is the output impedance of the match-
ing network and ZL =RL + jXL is the load impedance. Then

by means of (2), (3) and open forms of Z2 and ZL, TPG can
be expressed in terms of ZL and Z2 as follows [2]

TPG=
4R2RL

ðR2 +RLÞ2 + ðX2 +XLÞ2
(4):

While designing broadband matching networks, the fun-
damental problem is the determination of a realizable
impedance function Z2; which must maximize TPG
given by (4) inside an interested frequency band. If
such an impedance function can be found, then it is
easy to obtain the desired matching network with initial
element values.

In the literature, there are lots of works aiming to
obtain a realizable impedance function Z2. In the real
frequency line segment technique (RF-LST), Z2 is formed
as a minimum reactance function and line segments are
used to represent its real part R2. Then, these line seg-
ments are used to optimize the gain performance of the
matching network [3], [4].

In direct computational technique (DCT), the real
part (R2) is expressed as a real even rational function
[5]. Then the unknown coefficients of this function are
optimized to get optimum gain performance.

In another method proposed by Fettweis, Z2 is
expressed as a partial fraction expansion, and then the
poles of Z2 are optimized to obtain optimum gain perfor-
mance of the system [6].

In the Simplified Real Frequency Technique (SRFT),
the lossless matching network is described by means of
the scattering matrix which is represented by three real
polynomials [7], [8].

In [9], a ratio (α=R2=RL) is defined under the perfect
cancellation condition of the imaginary parts (i. e.,
X2 = −XL). Then the output impedance Z2 = αRL − jXL is
modeled as a minimum reactance function, and then (if
necessary) a Foster impedance is used in series.

In the method proposed in [10], [11], the input or
output impedance of the matching network is written in
terms of the input or output reflection coefficient,
respectively.

But in the proposed approach here, the real part of
the output impedance (R2) is expressed in terms of the
real part of the reflection function (a2), the real part of the
load impedance (RL) and the desired transducer power
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gain (TPG). In the next section, the rationale of the
proposed approach is explained.

2 Rationale of the proposed
approach

As mentioned above, a ratio (α=R2=RL) is defined in [9]
between the real part of the output impedance (R2) and
the real part of the load impedance (RL). In this approach
it is assumed that there is a perfect cancellation at the
imaginary parts (i. e., X2 = −XL).

Under perfect imaginary part cancellation, TPG can
be written via (4) as

TPG=
4R2RL

ðR2 +RLÞ2
(5);

then the ratio α is obtained as

α=
R2

RL
=
ð2−TPGÞ+ 2μ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−TPG
p

TPG
(6)

where μ= ± 1 is a uni-modular constant.
A similar ratio can be defined between the real parts

of the output and load impedances without any assump-
tion, i. e., perfect imaginary part cancellation. In the deri-
vation, output reflection function (ρ2 = a2 + j b2) will be
employed.

From (3), the output impedance can be derived as

Z2 =
ρ2ZL + Z*

L

1− ρ2
(7)

If ZL =RL + jXL is substituted in (7), then the real and
imaginary parts can be written as

Z2 =RL
1 + ρ2
1− ρ2

+ jXL
ρ2 − 1
1− ρ2

(8)

Now, let us substitute ρ2 = a2 + jb2 in (8) and use TPG =
1− ρ2j j2, then the real and imaginary parts of the output
impedance are calculated as

R2 =
TPG

2ð1− a2Þ−TPGRL (9a)

X2 =
2b2

2ð1− a2Þ− TPGRL −XL (9b)

It is clear that the real part of the output impedance (R2)
depends on the real part of the load impedance (RL). But
the imaginary part of the output impedance (X2) depends
on both the real and imaginary parts of the load impe-
dance (RL and XL), not only on XL.

As can be seen the ratio α is obtained as

α=R2=RL =
TPG

2ð1− a2Þ −TPG . (10)

Under perfect matching conditions (TPG= 1 and ρ2 = 0),
R2 =RL and X2 = −XL can be obtained via (9a) and (9b),
respectively, as expected.

Once Z2 data is generated, the corresponding reflec-
tion coefficient data are calculated via S2 = ðZ2 − 1Þ=ðZ2 + 1Þ
and modeled as a bounded real function. Finally, the
reached reflectance model is synthesized and the desired
matching network with initial element values is obtained.
If necessary, the performance of the matched system can
be optimized using the commercially available CAD
packages.

3 Reflection coefficient data
modeling

The output impedance Z2 =R2 + jX2 must be positive real.
Although the real and imaginary part expressions are
obtained (eqs (9a) and (9b)), it is not guaranteed that the
obtained output impedance data are realizable or belong
to a positive real function. So only the calculated real part
data will be employed, the imaginary part data will be
disregarded. From now on, it is going to be assumed that
the output impedance Z2 is a minimum reactance function
and its imaginary part is calculated by using the Hilbert
transformation relation such that [1]–[3]

X2ðωÞ=H R2ðωÞf g. (11a)

The required numerical Hilbert transform can be realized
as follows [2]:

X2ðωÞ=
XN − 1

j= 1

BjðωÞΔRðjÞ
2 (11b)

where

BjðωÞ= 1
πðωj −ωj+ 1Þ Fj+ 1ðωÞ− FjðωÞ

� �
(11c)

ΔRðjÞ
2 =RðjÞ

2 −Rðj+ 1Þ
2 (11d)

Figure 1: Double matching arrangement.
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and

FjðωÞ= ðω +ωjÞ ln ω+ωj
�� ��� �

+ ðω−ωjÞ ln ω −ωj
�� ��� �

.

(11e)

Then the reflectance data specified by S2 = ðZ2 − 1Þ=ðZ2 + 1Þ
will be considered as the input reflection coefficient of a
lossless matching network and it will be modeled as a
bounded real scattering coefficient as follows [12]

S2 = SR + jSX = S22 +
S12S21SG
1− S22SG

(12)

where SR and SX are the real and imaginary parts of S2,
and SG is the source reflection coefficient written as

SG =
ZG − 1
ZG + 1

(13)

where ZG =RG + jXG is the generator impedance.
The other parameters in (12) are the scattering para-

meters of the lossless matching network and they are
described in terms of three real polynomials as follows [1]:

SðpÞ= S11ðpÞ S12ðpÞ
S21ðpÞ S22ðpÞ

� 	

=
hðpÞ=gðpÞ μ f ð− pÞ=gðpÞ
f ðpÞ=gðpÞ − μhð− pÞ=gðpÞ

� 	 (14)

where g is a strictly Hurwitz polynomial, h is a real
polynomial, f is a real monic polynomial and μ is a
unimodular constant (μ= ± 1), p= σ + jω is the frequency
variable. If the matching network is reciprocal, then the
polynomial f is either even or odd and μ= f ð − pÞ=f ðpÞ.

These three polynomials f , g, hf g have the following
relationship, which is known as the Feldtkeller equation [4]

gðpÞgð− pÞ= hðpÞhð− pÞ+ f ðpÞf ð− pÞ. (15)

It can be concluded from (15) that the polynomial
gðpÞ is a function of the polynomials hðpÞ and f ðpÞ. This
means that if the polynomials f ðpÞ and hðpÞ is known,
then the strictly Hurwitz polynomial gðpÞ is formed by
using the left-hand side roots and then the matching
network can be completely defined.

Since the designer has an idea about the transmis-
sion zero locations, the designer construct the polyno-
mial f ðpÞ on the transmission zeros of the matching
network. For practical problems, the transmission zeros
can be put on the imaginary axis of the complex p-plane,
then the following form of f ðpÞ can be used,

f ðpÞ= pm1
Ym2

i=0

ðp2 + a2i Þ (16)

where m1 and m2 are nonnegative integers and ai’s are
arbitrary real coefficients [1].

4 Proposed approach

The proposed approach can be divided into an impe-
dance data generation algorithm and reflectance model-
ing algorithm.

4.1 Impedance data generation algorithm

Inputs:
– ZLðmeasuredÞ =RLðmeasuredÞ + jXLðmeasuredÞ: Measured load

impedance data.
– ωiðmeasuredÞ: Measurement frequencies, ωiðmeasuredÞ =

2π fiðmeasuredÞ.
– fnorm: Frequency normalization number.
– Rnorm: Normalization impedance in ohms.
– TPG: Desired flat transducer power gain level in the

passband.
– aðiÞ2 : Initial real numbers for the real part of the output

reflection function. The upper and lower limits of a2
can be defined as follows: By using ρ2 = a2 + jb2 in (2),

transducer power gain is written as TPG= 1− a22 − b
2
2.

Then the imaginary part b2 is expressed as

b2 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−TPG− a22

p
. Since a2 and b2 numbers must be

real, then 1− TPG− a22 ≥0. So a2 must be between

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−TPG

p
and +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−TPG

p
.

– δ1: The stopping criterion of the sum of the square
errors.

Outputs:
– The real (R2) and imaginary part (X2) data of the out-

put impedance Z2. In this approach, Z2 is assumed to
be minimum reactance impedance, since the imagin-
ary part data X2 are obtained via the Hilbert transform
of the real part data R2.

Computational Steps:

Step 1: Normalize the measurement frequencies with
respect to frequency normalization number fnorm and
set all the normalized angular frequencies

ωi = fiðmeasuredÞ=fnorm.

Normalize the measured load impedance with respect to
impedance normalization number Rnorm; RL =RLðmeasuredÞ=
Rnorm, XL =XLðmeasuredÞ=Rnorm over the entire frequency
band.
Step 2: Calculate R2ðωÞ values via (9a).
Step 3: Calculate X2ðωÞ values via Hilbert transform,

X2ðωÞ=H R2ðωÞf g.
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Step 4: Calculate transducer power gain (TPGCal) via (4)
Step 5: Calculate the error via ε1ðωÞ =TPG− TPGCal, then

δZ =
P

ε1ðωÞj j2.
Step 6: If δZ is acceptable (δZ ≤ δ1), stop the algorithm

and go to the reflectance modeling algorithm.
Otherwise, change the initialized aðiÞ2 values via any
constrained optimization routine and go to step 2.

4.2 Reflectance modeling algorithm

Inputs:
– R2,X2: The real and imaginary part data obtained

from the impedance data generation algorithm.
– ZGðmeasuredÞ =RGðmeasuredÞ + jXGðmeasuredÞ: Measured gen-

erator impedance data.
– ωiðmeasuredÞ: Measurement frequencies, ωiðmeasuredÞ =

2π fiðmeasuredÞ.
– fnorm: Frequency normalization number.
– Rnorm: Normalization impedance in ohms.
– h0, h1, h2, . . . , hn: Initial real coefficients of the poly-

nomial hðpÞ. n is also the degree of the polynomial
hðpÞ. hi can be initialized as ± 1 or the approach
given in [13] can be used.

– f ðpÞ: This polynomial is formed by means of the
transmission zeros of the matching network. The
form given in (16) can be used if a ladder type mini-
mum phase structure is desired.

– δ2: The stopping criteria, which can be calculated by
summing the squared errors.

Outputs:
– S2ðpÞ= hðpÞ=gðpÞ: Reflection coefficient in analytic

form.

Computational Steps:

Step 1: Normalize the measurement frequencies with
respect to frequency normalization number fnorm and
set all the normalized angular frequencies

ωi = fiðmeasuredÞ=fnorm.

Normalize the measured generator impedance with
respect to impedance normalization number Rnorm;
RG =RGðmeasuredÞ=Rnorm, XG =XGðmeasuredÞ=Rnorm over the
entire frequency band.
Step 2: Calculate the output impedance data via

Z2 =R2 + jX2, and then compute S2 = Z2 − 1
Z2 + 1

reflection coef-
ficient data.

Step 3: Calculate the polynomial gðpÞ via (15).

Step 4: Compute scattering parameters via (14).
Step 5: Calculate the source reflection coefficient via (13).
Step 6: Compute the reflection coefficient (S2,Cal) via (12)

by means of the obtained scattering parameters and
source reflection coefficient.

Step 7: Calculate the error via ε2ðωÞ= S2 − S2,Cal, then
δS =

P
ε2ðωÞj j2.

Step 8: If δS is acceptable (δS ≤ δ2), stop the algorithm.
The circuit topology with element values is obtained as
the result of the synthesis of S2ðpÞ= hðpÞ=gðpÞ [14]. Also
impedance based Foster or Cauer methods can be uti-
lized to synthesize the corresponding impedance func-
tion Z2ðpÞ= ð1 + S2ðpÞÞ=ð1− S2ðpÞÞ as explained in [15].
Otherwise, change the initialized hi values and go to
step 3.

In impedance data generation algorithm, the load impe-
dance (ZL), and in reflectance modeling algorithm, the
generator impedance (ZG) is used. Since both termination
impedances are employed, both single and double broad-
band matching problems can be solved via the proposed
approach.

A similar algorithm can be obtained, if the generator
impedance (ZG) is used in the impedance data generation
algorithm, and the load impedance (ZL) is employed in
the reflectance modeling algorithm. In this case, the
input impedance (Z1), input reflection function (ρ1) and
input reflection coefficient (S1) must be used.

5 Example

In this section, a double matching problem is solved. The
normalized load and generator impedance data are given
in Table 1. If the given load data is modeled, a capacitor

Table 1: Gıven normalized load and generator impedance data.

ω RL XL RG XG

. . . . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
. . −. . .
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CL = 4 in parallel with a resistance RL = 1 (i. e., RL==CL

type of impedance) is obtained, and the generator data
can be modeled as an inductor LG = 1 in series with a
resistance RG = 1 (i. e., RG + LG type of impedance). The
same problem is solved here via SRFT.

In this example, using Fano’s or Youla’s relations
[16], [17], the ideal flat gain level is computed as

TPG = 1− expð− 2π=RLCLωCÞ
= 1− expð− 2π=1 � 4 � 1Þ=0.7921.

The real part of the output reflection function is
initialized as a2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−TPG

p
=0.4560. Also the upper and

lower limits of a2 are set as 0.4560 and –0.4560, respec-
tively. If the proposed impedance data generation algo-
rithm is run, the data seen in Table 2 are obtained.

The coefficients of the polynomial hðpÞ are initialized
as ± 1, so hðpÞ= − p4 + p3 − p2 + p− 1. So the number of
lossless lumped elements in the matching network is
four. The polynomial f ðpÞ is selected as f ðpÞ= 1; which
means a low-pass matching network. If the proposed
reflectance modeling algorithm is run, the following
reflection coefficient is obtained

S2ðpÞ= hðpÞ
gðpÞ where

hðpÞ= 1.4020p4 −0.6787p3 −0.4552p2 − 1.2898p−0.5145
gðpÞ = 1.4020p4 + 3.6987p3 + 4.2595p2 + 3.2826p+ 1.1246.

After synthesizing the obtained scattering parameter or
the corresponding impedance function, the matching net-
work and normalized element values depicted in Figure 2
are obtained. For the proposed approach, a transformer
with a turn ratio of 0.61 must be connected between ZG
and the input of the matching network. But for SRFT, a
transformer with a turn ratio of 1.671 must be connected
between the output of the matching network and ZL.

It is clear from Figure 3 that the obtained performance of
the matched system is satisfactorily good. However, it
can be further improved via optimization utilizing
Microwave Office [18]. For comparison purpose, the per-
formances obtained via the proposed apprach and via
SRFT are shown in Figure 3.

The performances are very close to each other as seen
in Figure 3. Consequently, it can be concluded that the
proposed approach is an alternative way for producing
initial element values for broadband matching problems.

6 Conclusıon
Commercially available computer-aided design tools are
very useful to optimize system performance by working
on the element values. But system performance is highly
nonlinear in terms of the element values. So proper initial
element value generation is a vital problem. In this
paper, a new approach has been proposed to generate
proper initial element values.

In lots of the existing broadband matching methods,
the output impedance of the matching network is
described in terms of a parameter, then this parameter
is optimized until maximum possible flat transducer

Table 2: Calculated R2 and X2 data.

ω R2 X2

. . .
. . −.
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .

Figure 2: Designed lumped-element double matching network;
proposed: L1 = 0.64056, L2 = 0.57531, C1 = 5.0001, C2 = 2.4938,
n=0.61, SRFT: L1 = 1.8021, L2 = 1.8697, C1 = 1.7871, C2 = 1.5504,
n= 1.671.

Figure 3: Performance of the matched system designed with lumped
elements.
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power gain in the interested frequency band is obtained.
But in the proposed method, firstly the real and imagin-
ary part data of the output impedance are obtained. Then
the corresponding reflection coefficient data are modeled
as a bounded real function.

Finally, this function is synthesized and the designed
matching network with initial element values is reached.
But the gain performance of the matched system can be
further improved by means of a CAD tool.

Also in this paper it is shown that the real part of the
output impedance of a matching network depends on the
real part of the load impedance, but the imaginary part of
the output impedance depends on both real and imagin-
ary parts of the load impedance, except in the perfect
match condition.

Distributed or mixed element matching networks can
be designed via the proposed approach if the necessary
modifications are made in the reflectance modeling
algorithm.

The proposed approach has two different algorithms:
Impedance data generation and reflectance modeling
algorithms. So there are two optimization parts in the
approach. This can be regarded as the disadvantage of
the approach.
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