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Onsoz

Sonlu metrik uzaylar, sonlu bir X kimesi Uzerinde tanimli bir d uzaklik
fonksiyonu ile karakterize edilen uzaylardir. Bu uzaylarin siniflandiriimasi gerek
matematiksel gerekse dzellikle filogenetikte ortaya ¢ikan uygulamalari agisindan
da ilgin¢g bulunmaktadir. Projede sonlu metrik uzaylarin siniflandiriimasi, gizge
temsilleri ve filogenetik siniflandirma problemlerine “Gromov c¢arpimlar”
vasitasiyla yeni bir yaklagsim getirilmigtir.

Sonlu metrik uzaylarin siniflandinimasi, bu  kimenin, “hipersimpleks
bélimlemesi” olarak adlandirilan kanonik bir boélimlemesi ile yapilmaktadir.
Literatirde n>6 elemanli uzaylar i¢in herhangi bir sonu¢ bulunmamaktadir.
Calismamizda, Gromov c¢arpimi yapisi ve doértgen yapisi ile tanimlanan
siniflamalarin siniflamasinin hipersimpleks bélimlemesi ile ilintisi incelenmis, 8
elemanli uzaylar icin Gromov ¢arpimi siniflari ve 6 elemanl uzaylar i¢in dortgen
yaplilari elde edilmistir.

Filogenetik uygulamalar konusunda da, verilen bir aga¢ yapisi ile temsil edilip
edilmeyecegdi/ne Olcekte temsil edilebilecedi konusunda kriterler getirilerek
incelenen drneklerde agac yapisindan ayrilan déngulerin varhigi gosterilmigtir.

Bu proje Mart 2019 ve Mart 2021 tarihleri arasinda TUBITAK ARDEB, MFAG
118F412 numarali proje destegi ile gerceklestiriimistir. Proje yuratucusa,
arastirmacilari ve bursiyerleri katkilari icin TUBITAK’a tesekkur ederler.
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Ozet

Sonlu metrik uzaylar, sonlu bir X kimesi Uzerinde tanimh bir d uzaklik
fonksiyonu ile karakterize edilen uzaylardir. Projede, sonlu metrik uzaylarin
siniflandiriimasi ve gizge temsilleri problemlerine “Gromov ¢arpimlarl” vasitasiyla
yeni bir yaklagim getirilmis ve filogenetik analiz hesaplarina uygulanmistir.

Sonlu metrik uzaylar, tggen egitsizliklerini saglayan ve negatif olmayan noktalar
kimesi ile tanimlanir ve bir polihedral koni olustururlar. Sonlu metrik uzaylarin
siniflandiriimasi, bu kiimenin, “hipersimpleks boélimlemesi” olarak adlandirilan
kanonik bir bélimlemesi ile yapilmaktadir. Literatirde, n=4,5,6 icin hipersimpleks
bdlinlemesi bilinmektedir ancak n>6 elemanh uzaylar i¢in herhangi bir sonug
bulunmamaktadir. Calismamizda, n-elemanli metrik uzaylarin, siniflandirma
problemine, Gromov ¢arpimi ve doértgen yapisi yontemleri ile yaklagilarak n<6
icin dortgen yapisi siniflamasi ve n<8, icin Gromov c¢arpimi siniflamalari elde
edilmistir.

Biyolojik sistemlerin incelenmesinde bir arag olarak kullanilan filogenetik agaclar,
bir tirin varyantlari arasindaki mesafelerden hareketle, birbirleri arasindaki
gegcisleri ve olusum asamalarini temsil eden gizgelerdir. Literatiirde, bu gizgelerin
agac yapisinda oldugundan hareketle gesitli ydntemler gelistiriimis, ancak agag¢
yapisi varsayiminin gegerli olmadigi durumlarda zorluklarla karsilagiimistir.
Projede, aga¢ varsayimi yapilmadan, verilen bir ailenin gen/protein yaisindaki
dizilimlerden hareketle hesaplanan mesafe fonksiyonlari hesaplanmis, sonlu bir
metrik uzay olarak Gromov ¢arpimi ve dortgen yapilari ¢ikarilmis, agacg yapisina
sahip olma/olmama ve doéngulerin varhdina karar verme konusunda yaklasiklik
kriterleri getirilmigtir.

Anahtar Kelimeler: Sonlu metrik uzaylar, Optimal temsiller, Filogenetik
siniflamalar
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Abstract:

Finite metric spaces are characterized by a metric d defined on a finite set X. In
the framework of the project, we propose a new approach to the problem of
classification and graph representation of finite metric spaces in terms of
“Gromov products” and apply these methods to phylogenetic analysis problems.

In a metric space with n elements, distances are positive numbers satisfying
triangle inequalities; they form a pointed polyhedral cone in R"™"72  defined by
the triangle inequalities among the d(x,y). The “hypersimplex” classification of
finite metric spacies is a canonical decomposition of the metric cone via an
auxiliary polyhedron. In the literature, hypersimplex decomposition is given for
n=4,5,6.but there is no systematic analysis for n>6. In the present work we
approached the classification problem in terms of Gromov product structures
and qquadrangle structures and we obtained the quadrangle structure
decompositions for n<6 and the Gromov product structure decomposition for
n<8.

Phylogenetic trees, as a tool for the study of bilogical systems, are graphs that
aim to represent the evolution and interelation in biological systems, sytarting
from their dissimilarities. In the literatlirde, methods based on the assumption of
the exsitence of a tree representation failed to explain certain evolutionary
mechanisms and researchers were interested in more general network models.
In the framwork of the project we started from gene/protein sequences to
compute metric functions, we computed Gromov product and quadrangle
structures and we obtained criteria for deciding on the existence/non-existence
of tree structures and on the niumbers and places of loops in the graph
representation of these metrics.

Keywords: Finite metric spaces, Optimal representations, Phylogenetic
classifications

*



TUBITAK

Girig

Sonlu metrik uzaylar, n elemanh bir kiime Uzerinde mesafe fonksiyonlar
tanimlayarak olusturulan yapilardir. Noktalar arasindaki mesafeler, Ug¢gen
esitsizliklerini saglayan pozitif sayilar olup N=n(n-1)/2 olmak lzere, RN uzayinda,
‘metrik fan” adi verilen polihedral bir koni olustururlar. Metrik uzaylarin
siniflandiriimasi konusunda literatiirdeki genel yaklasim, Ug¢gen esitsizlikleri ile
tanimlanan bu polihedral koninin bdélimlenmesinin incelenmesidir. Projede,
metrik konunun boélimlenemesi igin Gromov ¢arpimi yapilari, dértgen yapilar
kullanilarak metrik siniflarinin parametrize edilmesi, Is Paketi 1 kapsaminda
incelenmistir. Bu is paketi ¢cercevesinde elde edilen sonuglarin ayrintilari Ek 1.1-
7 de verilmistir.

Sonlu metrik uzaylarin incelenmesinde, optimal temsil adi verilen, metrik uzayin
toplam kenar uzunlugu minimum olan bir ¢izgeye gdmulmesi problemi énemli bir
yer tutmaktadir. Literatirde, optimal temsilin varligi ve bazi 6zel durumlarda
nasil elde edilecegi konusunda bazi sonuglar bulunmaktadir ancak bu konu hala
acik ve zor bir problem olarak goriilmektedir. Projede, is Paketi 2 kapsaminda,
verilen bir Gromov ¢arpimi veya dortgen yapisi i¢in, metriklerin “lokal optimal”
olarak adlandirdigimiz temsilleri ve benzer optimale yakin indirgeme yontemleri
incelenmistir. Bu is paketi cercevesinde elde edilen sonuglar Ek 2.1-3 de
verilmistir.

Biyolojik sistemlerde tirlerin arasindaki farkhliklar c¢esitli yéntemlerle bir
“farkliliklar matrisi” (dissimilarity matrix) ile ifade edilmektedir. Bu farklilikladan
hareketle, turler arasindaki ilintiler bir hiyerarsik agac¢ yapisina oturtulmaktadir.
Bu amacla, tirlerin DNA veya protein dizilimlerinin uygun bélgelerinden alinan
ornekler karsilastirilarak cesitli farkhlik matrisleri olusturulmaktadir. is Paketi 3
kapsaminda, cesitli érnekler icin literatirde kullanilan cgesitli farklihk matrisleri
hesaplanmis, bunlarin Ug¢gen esitsizligi kosullarini saglayip saglamadiklari
kontror edilmis, matematiksel anlamda metrik uzay olusturanlar icin Gromov
carpimi yapilari incelenmistir. Bu is paketi gergevesinde elde edilen sonuclar Ek
3.1-3 de verilmistir.

Biyolojik sistemlerin farklilik matrislerinin bir ¢izge olarak yapilandirimasinda,
literatlirde kullanilan hiyerarsik agac yapisi olusturma yerine, farklilik matrisinin
tanimladigi metrik uzayin gizge temsillerinin indirgenmesi yontemi kullaniimigtir.
Ancak, ders kitaplarinda verilen basit 6rnekler disina cikildiginda, incelenen
turlerin genel olarak jenerik metrikler oldugu ve matematiksel kesinlik
cercevesinde agacg benzeri yapilara indirgenmedigi gérilmustir. Ote yandan, bu
metriklerin belli bir yaklasiklik cergevesinde agac¢ yapilarina yakin temsilleri
oldugu gérulmistir. is Paketi 4 gercevesinde, filogenetik analizde karsimiza
cilkan metriklerin hangi kriterlere goére, hangi yaklasikliklar dahilinde agdag¢
yapisinda kabul edilebilecekleri konusunda somut olgutler getirilmistir. Bu is
paketi cercevesinde elde edilmis olan sonuglar Ek 4.1 de verilmigtir.

Sonlu metrik uzaylarin Gromov c¢arpimlari ve doértgen yapilan ile incelenmesi
yeni bir yaklagimdir. Bu yaklagimla, 6, 7 ve 8 noktali uzaylar i¢in bir esdegerlik
sinift dekompozisyonu elde edilmigstir. Literatirde n>6 igin de sonuglar olmamasi
nedeniyle siniflandirmaya ydénelik genel sonuglar verebilecek etkin yontemlerin
gelistiriimesi 6zgun bir katki olmustur. Gromov ¢arpimi matris temsilleri ve gesitli
invaryantlari teknik bir kolaylk olarak iglev gérmuistir. Gromov carpimlari
vasitasiyla indirgemeler yolu ile optimal/suboptimal temsiller elde edilebilecegi
gosterilmistir. Filogenetik siniflamalarin aga¢ varsayimindan badimsiz olarak
yapilmasi incelenmistir.
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Proje calismalarina iligkin literatlr 2. Bélimde tartisiimistir. 3. Bolimde, projede
kullanilan ydntemler tanitiimigtir. 4. Bolimde bulgular sunulmus, 5. Bélimde
tartisiimistir. Sonug¢ ve dneriler 6. Bolimde verilmistir. Proje sliresince 1 makale
yayina sunulmus ve kabul almigtir. Diger bir makale halen hakem
degerlendirmesi surecindedir.

Hazirlanmakta olan makaleler ve ayrintili matematisel metinler ekler halinde
sunulmustur. Proje cercevesinde elde edilen sonuglar proje grubunun uzun
sureli calismalarinin son asamasini olusturmaktadir. Bu nedenle, teorik
cercevenin bitlinlik icinde sunulmasi amaci ile, gerekli yerlerde referanslar
verilerek, 6n calismalara elde edilmis olan sonuglar da rapora dahil edilmigtir.
Proje eklerinin bir bélumu icerik olarak birbirleri ile ilintilidir ancak bagimsiz
olarak hazirlandiklari igin bir takim érttismeler icermektedirler. Proje ekleri listesi
asagidadir.

Ek-1.1 Establishing the connection between the hypersimplex classification,
Gromov product structures and quadrangle structures

Ek-1.2 Five point metric spaces, Gromov product structures, quadrangle
structures and explicit parametrizations

Ek-1.3 Parametrization of 6-point Metric Space Type 117 using Quadrangle
Structure Parameters

Ek-1.4 Gromov product decomposition of 7-point metric spaces
Ek-1.5 Gromov product structures for eight point metric spaces
Ek-1.6 Quadrangle structures for 6-point spaces

Ek 2.1 Gromov product structures, quadrangle structures and split metric
decompositions for finite metric spaces

Ek 2.2 Optimal realizations, h-optimal realizations and tight spans of metric
spaces

Ek-2.3 Tight Reductions of Finite Metric Spaces

Ek-3.1 Examples of Distance Matrices

Ek-3.2, Non-generic metrics in phylogenetics, the Bee family
Ek-3.3 A New Method for Constructing Phylogenetic Trees

Ek-4.1 Phylogenetic Data for Biological Organisms
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Literatiir Ozeti:

Literatrde, sonlu metrik uzaylar, siniflandirma (Strumfels ve Yu, 2004), Euclid
uzaylarina gémme, ¢izge temsilleri (Imrich et al. 1984) gibi. acilardan incelenmis
olup, filogenetik siniflandirmalar, internet aglar vb. alanlara uygulamalar
bulunmaktadir.

Metrik Uzaylar: Metrik uzaylar bir X kimesi Uzerinde tanimh d uzaklik reel
fonksiyonu ile belirlenir ve (X,d) seklinde gosterilir. Metrik uzaylarda uzaklik
fonksiyonu, (i) d(x,y)20, d(x,y)=0 ancak ve ancak x=y, (i) d(x,y)=d(y,x); (iii)
d(x,y)+d(y,z)=d(x,z) kosullarini sadlar. Kosul (iii) G¢gen esitsizligi olarak da
isimlendirilir. Eger d(x,y)=0 oldugu halde x ve y farkli olabiliyorsa, d “yalanci
(pseudo)-metrik” olarak adlandirilir. Sonlu metrik uzaylarin incelenmesinde
onemli bir yer tutan split metrikler bu yapidadir. Split metrikler sonlu X uzayinin
iki pargcaya bdlimlenip, farkli parcalarda yer alan noktalarin uzakliklarinin 1 ve
ayni pargada olanlarin uzakliklarinin 0 tanimlanmasindan ortaya c¢ikmaktadir.
Uggen esitsizliginden daha gugli olan “max(d(x,y),d(y,z)) 2d(x,z)" kosulunu
saglaniyorsa d, ‘“ultra-metrik” olarak adlandirilir. Ultra metrikler filogenetik
uygulamalarinda kullaniimaktadir. Bizim yaklagimimiz, metrik uzaylari, d(x,y)
uzunluklart  yanisira, Gromov c¢arpimi olarak adlandirlan A(x,y,z) =
(1/2)(d(x,y)+d(x,z)-d(y,z))  blyukliklerinden hareketle  tanimlamak ve
siniflandirmaktir. Bir diger yaklasim da, uzayin {x,y,z,w} gibi dortli alt
kimelerine, diagonal olarak tanimlanan max{d(x,y)+d(w,z), d(x,z)+d(w,y),
d(x,w)+d(y,z)} buayukliklerinden dértgenler yapisi belirleyip siniflandirmaktir.

Metrik koni siniflamasi: X kimesi eger n elemanh ise, metrik yapisi, bu
noktalarin birbirine uzakliklari olan N=n(n-1)/2 adet pozitif sayi ile belirlenir.
Ancak bu sayilar, A(x,y,z)=(1/2)(d(x,y)+d(x,z)-d(y,z))20 olacak sekilde Utggen
esitsizliklerini saglamaktadir. Dolayisiyla, n elemanl metrik uzaylar, RN boyutlu
bir uzayda d(x,y)20 ve A(x,y,z)=0 ile verilen esitsizlikleri ile belirlenen bir
polihedral koni olusturmaktadir. Her n igin, bu koninin yapisinin belirlenmesi, n
elemanli metrik uzaylarin siniflandirimasi olarak adlandiriimaktadir. Metrik
koninin  farkli  acgilardan  siniflandirlmalari  mimkinddr.  Literatlirde
“hipersimpleks” siniflamasi n=6 noktali metrik uzaylarin siniflamasina
uygulanmistir. Proje ekibinin ¢alismalarinda ise Gromov ¢arpimlari ve dortgen
yapilan esdegerlik siniflari tanimlanmistir. Her G¢ yapi acisindan da 3 ve 4
elemanl metrik uzaylarin tek bir esdegerlik sinifi, 5 elemanl metrik uzaylarin ise
3 esdegerlik sinifi oldugu bilinmektedir. 6 elemanh uzaylar ise hipersimplex
siniflandiriimasina gére 339, Gromov carpimlari siniflandiriimasina gére 26 ve
doértgen yapisi siniflandiriimasina gore 210 siniftan olusmaktadir. n=7 igin
Gromov carpimlari siniflamasina gére 431 sinif tarafimizdan elde edilmistir. n=8
icin ise 11470 Gromov carpimi sinifi bulunmustur. Literatlirde, bunlarin disinda
siniflandirmaya yoénelik genel sonuglar yoktur.

Metrik uzaylarin gizge temsilleri: Sonlu metrik uzaylar, (G,w) ile gdsterilen
agirlikh bir tam gizge olarak da dusunulebilir. Bu yapida (X,d) uzayin elemanlari
gizgenin noktalari, kenarlarin agirliklari da bu noktalar arasindaki uzakliklardir.
Metriklerin gizge olarak realizasyonlari literattrde cesitli yonleri ile incelenmis bir
konudur. Agaclar halka icermeyen cizgeler olup, bir ¢gizgenin aga¢ yapisinda
olmasi igin gerek ve yeter kosul, her 4 elemanli kimesinin aga¢ yapisinda
olmasidir. 4-nokta kosulu dedigimiz bagka bir kosulda, bir gizgenin aga¢ olup
olmadiginl sdyle vermektedir: Bir ¢izge adactir ancak ve ancak uzaydaki her
nokta icin max{d(x,z)+d(w,y), d(x,w)+d(y,z)} = d(x,y)+d(w,z) (Semple ve Steel,
2003). Bu kosul dortgen yapisindaki butin dértgenlerin dejenere, yani
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dortgenlerin birden fazla diagonale sahip olmalari ile ayni almanda ve doértgen
yapisinin énemini, gizgelerin agag¢ olup olmamalarinda ortaya ¢ikarmaktadir.

Optimal temsiller: Tam c¢izgede, butin koéseleri birbirine baglayan kenarlar
oldugu igin, kenarlarin agirliklarinin toplami, metrik uzayin noktalar arasindaki
mesafelerin toplamina esittir. Ancak, tam ¢izgede, bir noktadan ¢ikan kenarlar
birlestirmek ve dolayli olarak realize olan mesafeler varsa dogrudan baglanti
saglayan kenarlar atarak gizgenin toplam agirhgini azaltmak mamkuandar (Bilge
vd., 2015). Bu sekilde, yeni noktalar eklenmis, noktalar arasindaki mesafeleri
koruyan, tam olmayan bu ¢izge, metrik uzayin bir temsilidir. Bu temsiller
arasinda, toplam agirligi en az olan, “optimal temsil” olarak adlandiriimaktadir.
Yukarida bahsedilen ve “A-hamleleri” olarak adlandirilan bu iglemlerle her
adimda c¢izgenin kenarlarinin agirliklari toplami azalacaktir ancak bu islem
sonucuna “optimal” olarak adlandirilan, kenar agirliklari toplami en az olan
cizgeye varilip variimayacagi bilinmemektedir. Optimal temsiller ilk dnce Hakimi
ve Yau (Hakimi, 1964, Hakimi ve Yau, 1964) tarafindan tanimlanmistir. Daha
sonralari filogenetik (Landry vd., 1996), psikoloji (Cunningham, 1978),
compression software (Li vd.,2004), internet tomografisi (Chung vd., 2001) gibi
alanlarda uygulanmistir. Optimal realizasyonlarin insasi konusundaki ¢alismalar
cok fazla degildir (Imrich vd., 1984; Koolen vd., 2009; Koolen vd., 2012; Hertz ve
Varone, 2008; Dkatohress vd., 2010). Her sonlu metrik uzayin en az bir optimal
realizasyonu oldugu gdsterilmistir (Dress, 1984; Simres-Pereira, 1984). Ancak
bu optimal realizasyonu insa etmenin NP-zor bir problem oldugu bilinmektedir
(Althofer, 1988; Winkler, 1988). Ayrica, optimal temsillerin bulunmasi konusunda
bazi sezgisel algoritmalar gelistiriimistir (Simres-Pereira, 1984; Dress vd., 2010;
Varone, 2006).

Split metrikler: X metrik uzayi A ve B seklinde iki ayrik kiimenin bilesimi olarak
yazildiginda, bu kimelere kargi gelen dag) (yalanci) metrigi eder x ve y ayni
kiime icinde ise 0, farkli kiimelerde ise 1 olarak tanimhdir (Dress, 1984). Split
metrikler, sonlu metrik uzaylarin incelenmesinde 6énemli bir yer tutmaktadir. Split
metrikler, kombinatoryel anlamda siniflamada, G¢gen esitsizlikleri ile tanimlanan
polihedral koninin metrik sinifini tanimlayan bdlimlerinin ayritlari arasindadir.
Ancak polihedral konininin tim ayritlan split metrik seklinde degildir. Bunlar ise
split-asal (split-prime) seklinde yazilabilmektedir. Verilen bir metrigin split ve
split-asal metriklerin toplami seklinde yazilmasi tek tirli olmayabilir. Proje
kapsaminda, split metrik dekompozisyonu doértgen yapisi ve Gromov c¢arpimiari
arasindaki siralama bagintilart kullanilarak incelenmigtir. Bu dogrultuda yine
dortgen yapilarini kullanarak, metrigin dekompozisyonda hangi splitlerin olup
olmayacagi tesbit edilebilir ancak 1-splitler (yani A yada B kimesinin tek
elemanli oldugu durumdan ortaya ¢ikan split) disindakilerin katsayilarini bulmak
ancak hesaplamalar yapildiktan sonra belirlenmektedirler. Ancak 1-splitlerin
katsayilari minimal Gromov carpimlar olarak belirlenmektedir (Bilge vd., 2021).

Filogenetik yapilar: Biyolojik canlilardaki evrimsel stre¢ cogu zaman filogenetik
bir agac¢ topolojisi ile tanimlansa da, evrimsel degisimin daha karmasik oldugu
durumlarda, o&rnegdin hibridizasyon, horizontal gen transferi (HGT),
rekombinasyon, gen duplikasyonu ya da kaybi gibi biyolojik olaylar, tirler
arasindaki degisim ifadesini saglayan iki dalli (bifurcate) aga¢ modellerini
gecgersiz ya da az guvenilir yapmaktadir. Cézum olarak filogenetik ag yapi
modelleri ortaya atilmistir (Posada ve Crandall., 2001; Morrison, 2005). 2018
yilinda, Science Advances dergisinde yayinlanan bir calisma, balinalarin
evrimsel degisiminin bir filogenetik agd yapisi ile aciklanabilecegini ortaya
koymustur (Arnason vd., 2018). Cubuk balinalar (baleen whale) da denilen bu
tirin evrimsel degisimi hem molekiler dizeyde hem de morfolojik dizeyde
yapilan analizlere ragmen acikliga kavusturulamamigtir. Alti farkh balina
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turGnden alinan farkli gen bdlgelerinin karsilastirimasi sonucu elde edilen
uzaklik verilerinin farkh filogenetik agaclar dogurmasi, agac¢ topolojisinin
balinalardaki evrimsel degisimi aciklamada yetersiz kaldigini gdstermigtir.
Genetik calismalarin  sonucunda, buna sebep olan kritik olay, tlrlerden
bazilarinin atalari da dahil olmak Uzere, tirler arasinda ¢ok sayida gerceklesmis
olan gen transferleri olmustur.

Filogenetik adac¢ yapisina uymayan turlerin basinda bakteriler gelmektedir.
Bakterilerdeki genetik cesitliligin blydk bir bolimid horizontal gen transferi ile
ortaya ¢cikmistir (Kurland vd., 2003; Nakamura vd., 2004; Ochman vd., 2000).
Bunun yani sira, bitkilerde de ¢ok sayida horizontal gen transferine rastlanmistir
(Bergthorsson vd., 2003, 2004; Mower vd., 2004). Yaygin gorulen bir diger
biyolojik olay virGslerdeki turler arasi rekombinasyondur (Posada ve Crandall,
2002). Son olarak, bazi balkk ve kurbaga tirlerindeki en temel evrimsel
mekanizmanin melez tirlesme oldugu belirlenmistir (Mallet, 2007). Tim bu
karmasik mekanizmalar, retiktlat, diger bir deyisle ag seklinde evrimsel olaylar
olarak adlandirnimistir. Retikilasyon gergeklestiginde, iki veya daha fazla
birbirinden bagimsiz tlrlerin arasinda topolojik bir bifurkat agacin
tanimlayamayacagi karmasik bir iligki ortaya ¢ikmaktadir. Bu durum, filogenetik
ag yap! modellerini kaginilmaz yapmistir ve bu konuda ¢ok sayida farkli ag yapi
modelleri geligtiriimistir (Gemeinholzer, 2008; Huson ve Bryant, 2006).
Bunlardan biri de, “split ag” modelidir. Bu model, DNA ya da protein dizilerinin
hizalanmasi sonucunda ortaya c¢ikan veri kaynagindaki uyusmazliklarin
sonucunda birden fazla olasi aga¢ modelinin ortaya c¢iktigi durumlar igin
gelistiriimis bir ag yapi modelidir. Bir split ag yapi modelinde ara nodlar her
durumda ortak atalari ifade etmeyedbilir.
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Gereg ve yontem

Metrik uzaylar: Sonlu metrik uzaylar, n elemanli bir X kimesi Gzerinde taniml
bir d uzaklik fonksiyonu ile karakterize edilen uzaylardir. Bu tir bir uzay (X,n,d)
ile gdsterilmekte olup d fonksiyonu asagidaki kosullar saglamaktadir.

X kiimesinin her P, P;, P« elemanlari igin
1) d(Pi,Pj)=0, ve d(Pi,Pj)=0 ancak ve ancak P=P;
2) d(Pi,Pj)=d(P;,P;), (simetri 6zelligi)
3) d(P;,Pj)+d(Pi,P«)= d(Pi,Px), (Uggen esitsizligi)

Eger (1) numarahl Ozellikte, Pi#P; icin, d(Pi,Pj)=0 olabiliyorsa d “s6zde-metrik”
(pseudo-metric) adini alir. Asagida tanimlanan metrik koninin i¢ noktalarn
yukaridaki tanim anlaminda metriklerdir. Metrik koninin sinir noktalar ise s6zde-
metriklerdir. Ancak calismamizda s6zde-metrikler 6énemli bir yer tuttugu ve
yaygin olarak kullanigdigi icin metrik ve s6zde-metrik ayrimi yapilmayacak, tumu
“metrik” olarak isimlendirilecektir.

Metrik koni: Yukaridaki kosullardan goérilecegi gibi, n-elemanl bir (X,n,d) metrik
uzayl, N=n(n-1)/2 olmak {(zere, RN uzayinda negatif olmayan ve (ggen
esitsizliklerini saglayan noktadan olugsmaktadir. Yukarida verilen lineer
esitsizliklerin ¢ézim kiimesi “metrik koni” olarak adlandirilan bir polihedral koni
olusturmaktadir. Yari dogrular tarafindan uretilen koniler “pointed cone” olarak
adlandiriimaktadir. Ancak ¢alismamizda baska tir koniler gézénine alinmadigi
icin sadece “koni” terimi kullanilacaktir.

Metrik koninin ayrik polihedral alt-konilere dekompozisyonu esdegerlik siniflari
olusturmaktadir. Bu polihedral alt koniler, lggen esitsizliklerine kanonik bir
sekilde yeni lineer esitsizlikler ilave edilmesi ile olusturulmaktadir. Bu alt-konilerin

RN de acik kiimeler olmasi gereklidir. X'in elemanlarinin permitasyonu altinda
birbirine gobnderilen alt-koniler esdeger olarak tanimlanmaktadir. Bizim
yaklasimimizda, Gromov c¢arpimi vyapilar, dortgen vyapilani (quadrangle
structures), besgen yapilar (pentacle structures) ve daha genel olarak k<n
boyutlu alt uzaylarin yapilarindan olusan k-gen yapilari ile esdegerlik siniflar
tanimlanmistir.

Ekstrem metrikler ve metrik koninin dekompozisyonu: Metrik koninin ayritlari
olan yarn dogrular, “ekstrem metrikler’ olarak adlandirimaktadir. Ekstrem
metrikler arasinda “split-metrikler” adi verilen bir sinif 6zel bir yer tutmaktadir.
Calismamizda, Gromov c¢arpimi ve dortgen yapilar kullanilarak split-metriklerin
elde edilebilecegi gosterilmigtir.

Split-metrik yapisinda olmayan ekstrem metrikler is “split-asal” metrikler olarak
adlandiriimaktadir. Split-asal metriklerin geometrik yontemlerle elde edilmesi
konusunda literattirde n=5,6,7 icin galismalar mevcuttur. Caligmamizda split-asal
metriklerin elde edilmesi igcin bir algortima tasarlanmis ve n=5 ve n=6
durumlarina uygulanmigtir.

n-elemanli bir metrik uzay tzerinde tanimli herhangi bir esdegerlik sinifi, yani bir
takim esitsizliklerle tanimlanan bir alt koni, ayntlarinini olusturan vektorlerin
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pozitif sayilarla gerdigi uzay olarak dugunulebilir. Eger herhangi bir esdegerlik
sinift N sayida ayriti olan bir koni ile tanimlaniyorsa o zaman ayritlar bir baz
takimi olugturur. Bu durumda esdegerlik sinifinin her elemani, yani alt-koninin
her noktasi N sayida pozitif parametre cinsinden ifade edilmis olur. Genel olarak
M>N sayida ayritla tanimlanan bir alt-koninin veya esgdegerlik sinifinin
parametrize edilmesi, bu alt koninin N tane ayrit tarafindan Uretilen alt-konilere
aynistirilmasidir. Verilen bir sinif igin split metrikler ve split asal metriklerin
bulunmasi bu anlamda verilen sinifi parametrize etmek anlamina gelir.
Calismamizda, Gromov c¢arpimi, dértgen yapisi ve besgen yapisi kullanilarak
metriklerin parametrize edilmesi i¢in bir ydntem gelistiriimis ve n=5 durumuna ve
n=6 igin bazi siniflara uygulanmigtir.

Metrik esdegerlik siniflarinin parametrizasyonu: Metriklerin parametrizasyonu
icin kullandigimiz yéntem, Gromov c¢arpimi yapilari, dértgen yapilari, besgen
yapilari ve genel olarak n-k elemanli alt uzaylarin yapilari kullanilarak elde
edilecek siniflamanin halen literatiirde verilmis olan ve asagida tanimlanacak
olan  hipersimpleks siniflamasindan  farkli  olabilecegini  gdstermigtir.
Calismamizda, Gromov carpimi siniflarinin hipersimpleks siniflari ile uyumlu
oldugu yani hipersimpleks esdegerlik siniflarinin Gromov c¢arpimi esdegerlik
siniflarinin inceltmesi (refinement) oldugu gésterilmistir. Ote yandan, dértgen
siniflari ile hipesimpleks siniflari  6rtigebilmektedir. Calismamizda &nerilen
yontemin hipersimpleks siniflamasindan farki, siniflamanin dogrudan dogruya o
siniftaki metriklerin kanonik bir parametrizasyonunun vermesidir.

Calismalarimizda, n<8 elemanh metrik uzaylarin Gromov carpimi siniflari elde
edilmistir. n=5 i¢in 3, n=6 i¢in 26, n=7 i¢in 431 ve n=8 icin 11470 esdegerlik sinifi
bulunmustur. Bu siniflarin nasil elde edildigi ve esdegerlikleri asagida ayrintili
olarak verilecektir. Bu siniflandirmanin elde edilmesinde, Gromov c¢arpimi
zincirleri, Gromov yapisini matrisi gibi kavramlar énem kazanmaktadir. Proje
kapsaminda, n=6 icin doértgen yapilari belirlenmis ve secilmis drnekler igin
parametrizasyonlar elde edilmistir.

n=5 icin bilinen 3 sinif énerdigimiz yontemlerle incelenmis, parametrizasyonlari,
asagida agiklanacak olan optimal temsilleri elde edilmis ve esdegerlik siniflarinin
hacimsel buyuklikleri Monte Carlo similasyonu yontemi ile hesaplanmistir. n=6
icin ise, daha 6nce elde edilmis olan 26 Gromov ¢arpimi sinifinindértgen yapilari
cikarilmis bu sekilde 210 adet doértgen vyapisi sinifi bulunmustur. Acik
parametrizasyon elde edilen drnklerden biri farkli hipersimpleks tiplerinin ayni
dortgen yapisi ile temsil edilip parametrize edilebilecegini gostermistir. Diger
ornek ise, dortgen yapisinin 6 elemanl metrikleri parametrize etmek icin yeterli
olmadigini, besgen yapilarina ihtiya¢g duyuldugunu gostermistir. Bu 6rnekten
hareketle, n elemanli bir metrigin parametrize edilmesinde n-k elemanli alt
kimelerinin yapilarina dayali bir algortima dnerilmistir.

Optimal ve lokal optimal temsiller: Sonlu metrik uzaylar, agirliklandiralmig
cizgeler olarak da dusunulebilir. Bu baglamda, n elemanli bir metrik uzak, n
dugumld bir tam ¢izge ile temsil edilir. Metrik uzayin elemanlari arasindaki
uzakliklar da, gizgenin kenarlarinin agirliklarini olugturur. Verilen metrik uzay n+k
dugumla herhangi bir cizge ile de temsil edilebilir. Bu durumda, cizgenin
digumleri arasindaki en kisa yol metrik uzayda o iki nokta arasindaki mesafeye
esit olmalidir. Verilen metrigin temisil edildigi kenarlarin agirliklar toplami en
kiigik olan ¢izge, o metrigin optimal temsili olarak adlandirihr. Optimal temsil
problemi literatirde sadece n=3,4,5 elemanli metrik uzaylar i¢cin tam olarak
¢Ozulmustir. Projede ele aldigimiz “lokal optimal temsil” kavrami ise, (Bilge vd,
2015) de tanimladigimiz “hamle” kavrami ile ilintilidir. Verilen metrigin herhangi
bir temsili Gzerinde, mesafeleri koruyacak sekilde yapilan kenarlari birlestirme ve
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baska dolayh yollar tarafindan gergceklenen mesafeler icin gereksiz kenarlari
atma islemleri “hamle” olarak adlandiriimaktadir. Bir takim hamle dizileri
sonunda elde edilen temsilde cizgenin kenarlarinin toplam agirhgi daha fazla
azaltlamiyorsa, elde edilen temsil “lokal optimal” olarak adlandiriimaktadir.
Calismamizda, verilen metrigin parametrizasyonundan hareketle lokal optimal
temsilinin elde edilmesi algoritmik olarak verilmis ve n=5 durumundaki 3 tip ile,
n=6 i¢in segcilmis drneklere uygulanmistir.

Filogenetik problemlerinde ortaya ¢ikan metriklerin incelenmesi:
Filogenetikte tlrler arasindaki farklar bir “benzemezlik matrisi” halinde ifade
edilerek turler arasindaki gegcisler hiyerarsik bir agag¢ yapisi halinde temsil
edilmektedir. Her ne kadar bir mdtasyonlarla olugan bir ailenin elemanlarinin
agac¢ vyapisi icine yerlestirilebilmesi beklense de, “yatay gen transferi”
durumunda aileyi temsil eden gizgede dénguler olmaktadir.

Gulncel literatirde bu farkhhklar tirlerin DNA veya protein dizilimlerinin belli
bdlgelerinden alinan diziler karsilastirilarak c¢esitli benzemezlik matrisleri
olusturulmaktadir. Bu benzemezlik matrisleri bazi durumlarda Ug¢gen
esitsizliklerini saglamamaktadirlar. Proje kapsaminda, c¢esitli érnekler icin
dogrudan gen bankalarindan alinan diziler islenerek literatlirde kullanilan
yontemlerdle benzemezlik matrisleri olusturulmustur. Bu ydntemlerle hesaplanan
matrislerin hangilerinin Uggen esisizliklerini sagladigi kontrol edilmistir. Ayni
aileden farkli yontemlerle elde edilen benzemezlik matrislerinin yaklasik %10
oraninda farklilik gésterdigi gézlenmis, ve bu oran asagida agiklanacak olan
modelleme asamasinda da yaklasiklik kriteri olarak esas alinmistir.

Biyolojik canlilardaki evrimsel degisimin filogenetik modellenmesi: Yukarida
aciklanan yéntemlerle elde edilen benzemezlik matrisleri sonlu bir metrik uzayin
mesafe fonksiyonlari olarak alinarak secilen &6rnekler icin Gromov carpimi
yaplilari ve dortgen yapilari hesaplanmistir. Bu yapilardan hareketle tirlerin agag
veya sebeke yapisini ¢ikarmak igin 2 yéntem benimsenmistir. Her iki ydntemde
de hesaplamalar %10 mertebesinde bir yaklasiklikla yapiimistir. ilk yontem ise,
daha c¢ok elemanl ailelerin incelenmesinde kullaniimistir. Sonlu bir metrik uzayin
agac yapisinda bir metrikle temsil edilebilmesi igin gerek ve yeter sartin “4-nokta
kosulu” olarak adlandirilan ve asagida ayrintilari verilecek olan bir kosul oldugu
bilinmektedir. Secilen 6rneklerde bu kosulun %10 mertebesinde saglanip
saglanmadigi kontrol edilmistir. Filogenetik érneklerde ¢cok az sayida doértgen
haricinde 4-nokta kosulunun %10 mertebesinde saglandigi goézlenmistir. Bu
kosulun saglanmadigi dortgenler ise o tirler arasinda bir yatay gen transferi
olasiigini gindeme getirmektedir. Proje c¢ercevesinde secilen orneklerin ag
yapilari elde edimigtir.
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Bulgular ve Tartisma

Proje kapsaminda sonlu metrik uzaylar “Gromov c¢arpimi yapisi” olarak
adlandirdigimiz bir ydntemle incelenerek esdederlik siniflarina bélunmasttr. Bu
esdegerlik siniflar “dértgen yapilar” kurularak daha ince (fine) bdlimlere
ayrilmigtir. Dortgen yapilari kullanilarak incelenen sinifin split-metrik yapisi elde
edilmigtir. incelenen sinifin parametrizasyonu igin ise n-elemanli metrik uzayin n-
k elemanli alt uzaylarinin yapisinin bilinmesine gerek oldugu gosterilmigtir.

Gromov garpimi ve dértgen yapilari “jenerik” metrikler igin tanimlidir. Ote yandan
filogenetik uygulamalarinda karsilasilan metrikler jenerik olmaktan ¢ok uzaktir.
Bu nedenle her iki grup icin farkli yontemlerin uygulanmasi gereklidir.
Cahsmalarimizda kullanilan yontemler ve elde edilen sonuglar asagida
aciklanmigtir.

Gromov carpimi yapilari: Bir (X,d) metrik uzayi verildiginde, X’in her Pi, P;, P«
elemanlari icin Gromov garpimlari

Ai=(1/2) [d(P;,P;)+d(P;, P«)-d(P;j, Px)]

seklinde tanimlanir. Eger bu sayilar kimesinin tek bir minimum elemani varsa, o
uzay, “A-jenerik” olarak adlandirilir. Bu sekilde metrik uzayin her elemani i¢in o
noktadaki minimal Gromov carpiminin sec¢imi, o uzay Uzerinde bir Gromov
carpimi yapisi ismini alir.

Verilen bir P; noktasi i¢cin hangi Ajk sayisinin minimum oldugu, diger noktalardaki
minimum Gromov c¢arpanlarinin neler olabilecegini kisitlamaktadir (Bilge vd.,
2017).

Onerme: Egder P; noktasinda Ajx minimal ise, P; noktasinda A, Pk noktasinda
Ay ve Py noktasinda Ay, Aix minimal olamaz.

Bu 6nerme ile verilen kisitlamalardan hareketle, n elemanli bir metrik uzay igin
Gromov carpimi yapilarinin listesini elde etmek mumkindir. Ancak bu sekilde
elde edilen listede, birbirlerine permitasyonla donustirilebilecek ¢ok sayida
yap! bulunmaktadir. Bu sekilde birbirlerine permutasyonla doénlsebilecek
Gromov carpimi yapilarinin esdegerlik siniflari A-esdegerlik siniflari olarak
adlandirimaktadir.

A-esdegerlik siniflarini bulma probleminde n elemanli permiitasyon grubunun
etkisi altinda esdeger olan siniflarin belirlenmesi 6énemli bir yer tutmaktadir.
Gromov carpimi yapilarinin matris temsili bu problemin ¢éziimiinde énemli bir rol
oynamaktadir (Bilge ve incegdl, 2018a).

Yukaridaki 6nerme ile elde edilmis olan esdegerlik siniflarinin siniflari A-jenerik
olmayabilmektedir. A-jenerik olmayan siniflarin belirlenmesi i¢in bir yontem
(Bilge ve incegll, 2018c)de verilmistir. Ayrica, asagida aciklanacagi gibi lineer
programlama kullanilarak da Gromov c¢arpimi yapisi ile verilen esitsizliklerin
¢6zum kimesinin agik kiime olup olmadidi dolayisiyla verilen sinifin jenerik olup
olmadigi kontrol edilebilmektedir.

Ornek olarak n=5 icin, uzayin elemanlarini P+,..,Ps ile gOsterirsek, asagidaki A,B,
ve C tipi olarak adlandirlan 3 Gromov carpimi yapisi elde edilmektedir.
indirgenebilirlik/indirgenemezlik kavrami, Gromov g¢arpimi yapilarinin matris
temsilleri ile tanimlanacaktir.

(A) {A125, D213, Aspa, Aszs, As14}, (indirgenemez yapi)
(B) {A125, D213, Aszs, Aszs, As14}, (indirgenemez yapi)
©) {A125, D213, Azos, As2s, Asq3}, (indirgenebilir yapi)
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Gromov c¢arpimi yapilari ve hipersimpleks siniflamasi: Literatirde metrik
uzaylarin siniflamasi igin, yukarida da belirtildigi gibi hipersimpleks siniflamasi
kullaniimaktadir. Proje c¢alismalarinda, hipersimpleks siniflamasi ve dnermis
oldugumuz Gromov g¢arpimlari yapisinin ilintisi nin kurulmustur. Bu konu ile ilgili
ayrintii matematiksel aciklamalar Ek-1.1, “Establishing the connection
between the hypersimplex classification, Gromov product structures and
quadrangle structures” isimli metinde verilmigtir. Kisaca 6zetlemek gerekirse,
hipersimpleks siniflamasinin “thracle” adi verilen, digim sayisi kenar sayisina
esit olan cgizgeler kiimesi verdigi, ve “thracle’lardan bir 3 elemanli déngi ve n-2
dereceli bir digimden olusan 6zel grubunun Gromov ¢arpimi yapisina esdeger
oldugu goésterilmistir. Burada hareketle, hipersimpleks siniflamasinin Gromov
carpimi esdegerlik siniflarinin bir incelmesi (refinement) oldugu goésterilmigtir.

Hipersimpleks yapisi n elemanh bir metrik uzayin n+1 elemanli bir metrik uzayin
alt uzayi olarak insa edilmesi olarak da disundlebilir. Elemanlan P4,,..,Pn olan X
uzayina yeni bir Py noktasi ekleyelim ve d(Po,Pi)=x; diyelim. Bu yeni uzayda
Ucgen esitsizlikleri

Xi+Xj-dijZO

kosullarini olusturur. Bu sayilar ise Py noktasindaki Gromov c¢arpimlaridir. Po
noktasindaki Gromov carpimlarinin maksimal olarak jeneriklikten uzak olmasini
istersek, tim x; lerin pozitif (6zellikler sifirdan farkli) sayilar olacak sekilde
belirlenmesi gerekir. Bu ise, Py noktasindaki ti¢ggen esitsizliklerini AX=d seklinde
yazacak olursak A matrisinin = A=[As Ag]}, d vektoérinin d=[d1 d2]' seklinde
Ai1X=d1, A2X2d; olacak sekilde pozitif ¢dzlimlerinin bulunmasindan ibarettir. Bu
kosul ise, yukarida bahsedilen “thracle” olarak adlandirilan gizgeler kiimesinin
varligini gerektirmektedir.

Hipersimpleks siniflamasi gorildigu gibi n elemanli metrik uzayin n+1 elemanli
bir uzaya belli kosullari saglayan gémuilmesi olarak ortaya cikmaktadir. Bizim
yaklasimimizda ise, metrik uzayin i¢sel (intrinsic) 6zellikleri kullaniimaktadir. Her
iki yaklasimda da problem birtakim lineer esitsizlik sistemlerinin pozitif
¢6zUmlerinin  bulunmasina indirgenmektedir. Hipersimpleks siniflamasini
tanimlayan esitsizlik sitemlerinin daha kistlayici olmasi beklenebilir. n=5 ve bazi
n=6 oOrnekleri icin hipersimpleks siniflamasi ve bizim yaklasimimizda ortaya
cikan esitsizlik sistemleri karsilastiriimistir. Esitsizlik denklemleri farkli olmakla
birlikte ¢ozimlerin oOrtustigu veya hipersimpleks siniflamasinda daha kisitli
oldugu gorulmustir. Ancak bu konuda kesin yargilara varmak icin daha ayrintili
incelemeler gereklidir.

5 noktali uzaylarin siniflamasi: 5 noktali uzaylarin siniflamasi literatirde iyi
bilinmektedir. Bu uzaylarin 102 siniftan olustugu ve permitasyonlar altinda
birbirine denk olmayan, yukarida A,B ve C tipleri ile adlandinlan 3 sinif oldugu
bilinmektedir. Bu 3 sinifin split ve split-asal metrikler cinsinden parametrizasyonu
da verilmistir. Bu siniflarin optimal temsilleri da elde edilmig, A ve C tiplerinin tek
bir optimal temsili, B tipini ise, biri C tipi ile ortak olan 2 optimal temsili oldugu
gosterilmistir. Ek-1.2 de verilen, “Five point metric spaces, Gromov product
structures, quadrangle structures and explicit parametrizations” isimli
yayina sunulmus olan metinde, 5 noktali uzaylar igin bilinen sonuglarin Gromov
carpimi ve dortgen yapilar ile elde edilmesi ayrnintili olarak verilmigtir. Bu
calismada katkimiz metrigin parametrizasyonda hareketle, (Bilge vd 2015) de
tanimlanan “hamleler” kullanilarak optimal temsilinin elde edilmesidir. Bu sekilde
B tipi metriklerin hangi durumlarda hangi optimal temsile sahip olacagi
belirlenmektedir. Makalede ayrica, 3 tipin oransal hacimleri Monte-Carlo
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simulasyonlari ile bulunmus, her bir esdegerlik sinifinin sinifin permitasyonlar
altinda yoérangeleleri belirlenmistir.

Gromov carpimi yapilarinin matris temsili: Bir A-esdegerlik sinifina karsi
gelen Ma matrisi, eger herhangi bir k igin:

Ak minimal ise, M(i,j)=1,
diger durumlarda
M(i,j)=0
olarak tanimlanir.

Bu matrisin ranki, 6zdegerleri, indirgenemez olup olmadigi, vb. o&zellikler o
esdederlik sinifinin invaryantlar olarak ortaya cikmaktadir. Bu invaryantlarin
ayni olmasi hatta matrislerin benzer olmasi Gromov ¢arpimi yapilarinin esdeger
oldugu anlamina gelmemektedir. Clnku iki Gromov ¢arpimi yapisinin esdeger
olmasi demek bunlara karsi gelen matrislerin arasindaki benzerlik dénisiminin
bir permutasyon matrisi olmasi demektir (Bilge ve Incegul, 2018b).

indirgenebilir Gromov garpimi yapilari: Eger bir Gromov garpimi yapisinin
matrisi indirgenebilir bir matris ise yani Ma =[A11 A12 ;A21 0] seklinde ise o
Gromov c¢arpimi yapisi indirgenebilir olarak tanimlanmaktadir. Gromov ¢arpimi
yapilarinin indirgenebilir ve indirgenemez olarak ayrisimi siniflandirmada biyutk
kolaylik saglamaktadir.

Gromov c¢arpimi zincir ve halkalari: Bir Gromov c¢arpimi yapisi verildiginde,
eger Ajx Aw minimal ise, P; ve Pk bir Gromov c¢arpimi zincirinin pargasini
olusturmakta ve bu durum asagidaki diagramla temsil edilmektedir.

P; Pi Pk P

O o [ ] O
n-elemanli bir metrik uzayda Gromov c¢arpimi zincirleri n tamsayisinin
bélimlemeleri ile siniflanabilir. Ornegdin, n=5 igin,

5, 441, 3+2, 2+2+1, 1+1+1+1+1

seklinde Gromov carpimi zincirleri olabilir. Eger P; noktasinda Ajx minimal iken
P; ve P« noktalarinda higbir Aj ve Aw minimal degilse, bu durumda 1+1+...+1
seklinde bir dekompozisyon s6z konusudur.

PP Py

@) [ ] (©]

Genel olarak | uzunlugunda bir zincir
Pj Pn Piz ....... Pi| Pk

O [ o ... ®

seklindedir. Eger bir Gromov ¢arpimi zincirinin agik uglari birlesiyorsa yani, j=k
ise, 1+1 uzunlugunda bir Gromov ¢arpimi halkasi olugur.

Gromov carpimi zincirleri ve halkalarinin sayilari blyuk o&lgide Ma matrisi
kullanilarak belirlenmektedir. Bu 6zellikler siniflandirmanin elde edilebilmesinde
onemli bir rol oynamis olup Ozellikle n=8 igin Gromov ¢arpimi siniflarin elde
edilebilmesi buyuk Olcude bu esdegerlikler kullanilmasi sayesine mumkun
olmustur.

15



TUBITAK

6 noktali uzaylarin siniflamasi: 6 noktali uzaylarin hipersimpleks siniflamasi
(Sturmfels- ve Yu, 2004) makalesinde verilmistir. Bu makalede 339 adet sinif
elde edilmigtir. Bu siniflarin ¢esitli 6zellikleri ve siki-germe (tight-span)lerinin
grafikleri, yazarlarin &nerisi Uzerine, glncellenerek proje web sitesine
konmustur. 6 noktali uzaylarin Gromov c¢arpimi siniflamasi ve bir Gromov
carpimi sinifinda hangi Sturmfels-Yu metriklerinin bulundugu (Bilge vd, 2018) de
verilmistir. n=6 icin 17 adet indirgenemez, 9 adet indirgenebilir olmak Uzer
toplam 26 adet Gromov carpimi sinifi bulunmustur. Ek-1.3 Parametrization of
6-point Metric Space Type 117 using Quadrangle Structure Parameters
metninde bu siniflarin elde edilmesini ayrintilar ve 117 olarak adlandirdigimiz ve
tamamen split-ayrisabilir bir metrigi de iceren sinif igin, parametrizasyonlar agik
olarak elde edilmigtir. 117 Gromov ¢arpimi yaipisi igcinde SSS, SST, STT ve TTT
olarak adlandirdigimiz 4 adet dortgen yapisi sinifi oldugu gosterilmistir. Bu
siniflardam SSS, SST ve STT nin her birine birer Sturmfels-Yu hipersimpleks
sinifi tekabdl etmektedir. TTT sinifina ise 2 adet hipersimpleks sinifi tekabl
etmektedir.

7 noktah uzaylarin siniflamasi: 7 noktali metriklerin siniflamasi 6 noktali
metriklerin siniflamasina benzer sekilde proje dncesi ¢alismalarda tamamlanmis
ancak yayimlanmamistir. 7 noltali uzaylar i¢in, Gromov c¢arpimi matrisi ve
Gromov carpimi zincirleri kullanilarak toplamda 431 adet Gromov ¢arpimi sinifi
elde edilmistir. Ek-1.4 Gromov product decomposition of 7-point metric
spaces’de verilen metinde 7 noktali uzaylarin siniflandiriimasina iliskin sonuglar
sunulmustur. Bu metin proje dncesinde hazirlanmis ancak yayimlanmamis bir
makale olup konunun butinliga acgisindan rapora dahil edilmistir.

8 noktali uzaylarin siniflamasi: 8 noktali metriklerin siniflamasi yontem olarak
6 ve 7 noktali metriklerin siniflamasina benzerdir. Ancak segenekler ¢ok
fazlalastigi icin matris temsillerinin kullanilarak esdeger siniflarin énceden
elimine edilmesi 6nem kazanmistir. Bu sadelestirmelere ragmen siniflamanin
elde edilebilmesi ancak TRUBA bilgisayar sisteminin kullanilabilmesi ile mimkun
olmustur toplamda 11470 sinif bulunmustur. Elde edilen sonuglar Ek-1.5
“Gromov product structures for eight point metric spaces” isimli metinde
sunulmustur.

Metrik uzaylarin gizge temsilleri, sagaksiz (pendant-free) temsiller: Her sonlu
metrik uzay agirliklandinimig bir tam gizge ile temsil edilir. Eger P; noktasinda Aix
minimal ise, Pi noktasindan ¢ikan kenarlarin Ajx uzunlugundaki boélimuinin Q
noktalarina kadar birlestirlebilecegi bilinmektedir. Butin noktalarda bu
birlestirmeler yapildiktan sonra, jenerik durumda ortaya 2n noktali bir gizge
cikmaktadir. Bu yontemle elde edilen cgizgede P; noktalarinin derecesi (bu
digumlere bagli kenar sayisi) 1'dir. Qi dugumleri ise yine bir tam c¢izge
olugturmaktadir. Ancak Ajx.ve Aji.minimal ise Q; ve Qx dugumlerini birlestiren
kenat cizgeden atilabilir, ¢linkd P; ve P; noktalar arasindaki uzaklik,
Aij+d(Q;,Qi)+Aji ile realize edilmektedir. Bu sekilde elde edilen gizgeden (Pi,Qi)
kenarlari da atilirsa elde edilen ¢izge literatirde sacaksiz temsil veya indirgeme
(pendant-free reduction) olarak adlandirimaktadir. Asagida, n=5 A tipi metrik
icin bu indirgemeler 6rnek olarak verilmistir.
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Sacaksiz temsiller asagida anlatilacak olan lokal optimal temsillerin hareket
noktasini olugturmaktadir. Ayrica, eder herhangi bir i,j Gifti icin d(Q;,Q;)=0 ise,
sacaksiz temsilde efektif olarak metrigin eleman sayisi azalmaktadir. Bu ise,
filogenetik problemlerinde adacg yapisinin olusmasini saglayan bir 6zelliktir.

Doértgen yapilari: (X,d) uzayinda verilen her {P;P;,Px,P} nokta doértlisu igin
eger,

d(P;,P;)+d(Px,P), d(Pi,Px)+d(P;,P), d(Pi,P))+d(P;,P«)

sayllarinin maksimal elemani tek ise (X,d) uzayi dortgen yapisi anlaminda
lenerik (Q-jenerik) olarak adlandiriir. Ornegin d(P;,P))+d(P;,Px) maksimal ise,
{Pi,P;,P«,Pi} noktalar (Pi,P)) ve (P;,P«) kenarlarinin kdsegen oldugu bir dértgene
izometrik olarak génderilebilir. Q-jenerik bir uzayda, her {P;,P;,P«,P} dortlisu icin
yukaridaki toplamlardan maksimal olaninin secimi (X,d) uzayinda doértgen yapisi
olarak tanimlanmistir.

Gromov c¢arpimi yapisi yani her noktada hangi Gromov ¢arpimmin minimum
oldugu verildiginde, metrik uzayin 4 elemanh kiimelerindeki Gromov carpimlari
arasindaki bazi siralama bagintilari da belirlenir. Ornegin, P; noktadinda Aijk
minimal ise, her | igin,

Ajj = Ay, A 2 A,
esitsizlikleri saglanir. Buradan hareketle ayrica

Djik 2 Aji, Ay z Ay,

Ay = Ay, Ay 2 A,

Ay = Ay, Ak = A,

esitsizlikleri elde edilir. Bu esitsizlikler kullanilarak, Ancak {Pi,Pj,Pk,PI}
elemanlarinin hig bir Ggli kombinasyonu minimal Gromov ¢arpimlarindan biri ile
eslesmiyorsa, bu tir esgitsizlikleri yazma imkani yoktur. Dolayisiyla, dortgen
yapisli icinde bazi 4 elemanl kiimelerin bir dértgene nasil gonderilmesi gerektigi
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belirlenemeyecektir. n=5 i¢cin Gromov c¢arpimi yapisi tim doértgenlerin yapisini
belirlemektedir. n>5 icin ise verilen bir A-esdegerlik sinifina karsilik birden ¢ok
doértgen yapisi bulunabilmektedir.

Gromov carpimi yapisindan hareketle veya ondan bagimsiz olarak tanimlanmig
dortgen yapilarinin jenerik olmasi igin yukarida verilen esitsizliklerin kesin buylik
olarak saglanmasi gereklidir. Calismamizda, bu kosulun saglanip saglanmadigi
lineer programlama ydntemleri ile kontrol edilmistir.

Verilen bir (jenerik) dortgen yapisina sahip birden fazla Gromov ¢arpimi yapisi
olmasi da mimkinddr. Bunun en basit érnedi n=5 de C tipi igin karsimiza
cikmaktadir. Asagida ayrintili olarak tartigildigi gibi, A ve B tiplerinde ddrtgen
yapisi Gromov g¢arpimi yapisini belirlemektedir. C tipi icin ise minimal Gromov
carpimlari {A12s, A213, Aszs, Aszs, Asq3} seklindedir. Bu Gromov garpimi yapisindan
hareketle kurulan dortgen yapisi ise {A12s, A213, Aszs, Ag13, As3} ile de uyumludur.

Proje cercevesinde, n=6 ic¢in, 26 adet Gromov c¢arpimi yapisi ile uyumlu 210
adet doértgen yapisi bulumus ve bu sonuglar Ek-1.6 Quadrangle structures for
6-point spaces’de verilmistir. Bu doértgen siniflarinin belirlenmesi igin, verilen
Gromov carpimi yapisinin hangi dortgenleri belirledigi hesaplanmig, yapisi
belirlenmeyen denklem sayisi k ise, bunlarin her biri i¢in 3 se¢cenek olmasindan
hareketle 3% adet dortgen yapisini belirleyen esitsizlikler belirlenmistir. Bu
esitisizliklerin ¢ézim kimesinin bos olup olmadigi MATLAB yazilimi ile, lineer
programlama kullanilarak kontrol edilmigtir. Lineer programa algoritmasi
kullanilirken, maliyet fonksiyonu sabit bir fonksiyon olarak alinmigtir. Lineer
programlama probleminin kisitlari ise dortgen yapisini tanimlayan
esitsizliklerden olugsmaktadir. Eger esitsizliklerin ¢6ziim kiimesi agik bir kiime ise
algoritma bu kiime icinde herhangi bir eleman vermektedir.

Besgen yapilan ve (n-k) elemanh alt uzay yapilari: Calismamizda Gromov
carpimi yapilari ve dértgen yapilarinin tanimlanma amaci metriklerin parametrize
edilmesidir. n=6 icin dortgen yapisinin metrigi parametrize etmek igin yeterli
olmadigi lo1 Gromov ¢arpimi tipi icindeki bir dértgen yapisindada gézlenmistir. 11
Gromov carpimi tipinin minimal gromov ¢arpimlari asagidarr.

Tip lo1 : {A124, D213, As2a, Nsse, Ns24, D624 }.

Bu minimal Gromov carpimlari kullanilarak doértgen vyapisi belirlenmeye
calisildiginda, 5 adet dortgenin yapisinin serbest kaldigi gérilmustir. Buradan
hareketle 3° olasi dortgen yapisini taniimlayan esitsizliklerin tutarl olup olmadigi
kontrol edilmis, permitasyon altinda esdeger olan siniflar birlestirilerek 18 adet
dortgen yapisi sinifi bulunmustur. Bu siniflarin parametrize edilmesi calisilirken,
lo1-Qos  sinifinin  dortgen yapisi kullanilarak parametrize edilemeyecegi
gorulmustar. Bu sinifin dortgen yapisi, dértgenlerin kdsegenleri ile asagidaki gibi
belirlenmistir. (ik,jl) notasyonu, Q(P;,P;,P,P)) dortgeninde, (Pi,P«) ve (P;,P)
kenarlarinin kdésegen oldugu anlamina gelmektedir.

(13,24), (13,25), (13,26), (15,24), (16,24),
(12,56), (14,35), (14,36), (13,56), (14,56),
(24,35), (24,36), (23,56), (24,56), (34,56).
Bu sinif Sturmfels-Yu siniflamasinda 260 ve 321 sayil metrikleri igermekte olup,

bu iki metrigi birbirinden ayiran Az ve , Asss Gromov garpimlarinin hangisinin
daha buyuk oldugudur:
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Sturmfels-Yu 260 tipi: Az14 < Asse  Sturmfels-Yu 321 tipi: Asse < Az14
Bu durum 6 elemanli bir metrigin 5 elemanl alt kimelerinin yapisi ile su sekilde
aciklanir. 5 elemanli bir metrigi yukarida verilen A, B, C tiplerininden birindedir.
A tipi bir metrigin minimal Gromov ¢arpimlari

Tip A: {A125, D213, Asoa, Aazs, As1a},

seklindedir. Bir (P;,P;,P«,Pi) dértgeninde eger Ay minimal ise, (Pi,Px) ve (P;,P)
késegendir. Buradan hareketle dértgenlerin yapisi asagidaki gibi belirlenir.

4 3 5 3 5 4 5 4

Simdi bu doértgen yapisinin verildigini ama minimal Gromov ¢arpimlarinin neler
oldugunu bilmedigimizi varsyalim ve bu dortgenlerin yapisindan minimal Gromov
garpimlarini belirlemeye calisalim. ilk dértgene baktigimizda, Aia< Az ve
A124<A134 oldugunu gorartz, yani, A2z ve A minimal olamazlar. Benzer
sekilde, A4, A13s ve Asin de minimal olamayacagi goérilir. Dolayisiyla bu
doértgen yapisi verildiginde P+ noktasindaki minimal Gromov ¢arpimi A5 olmak
zorundadir. Benzer sekilde diger noktalarda da A tipini belirleyen Gromov
carpimi yapilarinin minimal olmaz zorunda oldugu gérulebilir. Yani A tipi
metrikler icin dortgen yapisi Gromov ¢arpimi yapisini belirler. Benzer durumun B
tipi metrikler icin de gecerli oldugu gérulebilir. C tipi metrikler icin ise durum
farkhdir. C tipi bir metrigi belirleyen minimal Gromov ¢arpimlari asagida verildigi
gibidiryukarida

Tip C: {A12s5, D213, Aszs, Agas, Asaa},

4 3 5 3 5 4 4 3

Bu dortgen yapisina bakarak minimal olamyacak Gromov carpimlarini tstinu
cizerek gosterdigmizda asagdidaki durum ortaya cikar

Daos, Baoa, Dizs, Aazs, Dags, Aus
D213, Bota, Boss, Bosa, Bogs, Doss
D312, Aaia, Dass, Aaos, Nazs, Aaus
Bz, Dars, Buss, Baos, Dags, Buss

As12, As13, Asia, Asza, As2a, Aszs.
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Buradan da, C tipi metrikte, (yukaridaki sayma konvansiyonu c¢ercevesinde)
dortgen yapisnin P4, P2, Ps,ve Ps noktalarinda minimal Gromv carpimlarini
belirledigi ancak, As13 ve Asos de@erlerinin karsilagtirilamaz oldugu gérulmektedir.

6 noktall uzay o6rneginde, 5 adet, 5 elemanl alt uzay vardir. 6 noktali uzayin
doértgen yapisindan baslayarak bu 5 elemanl alt uzaylarin dértgen yapilari
cikarilir. Eger bu 5 elemanl alt uzaylarin dértgen yapisi A veya B tipinde ise,
Gromov carpimlari arasinda yeni bir baginti ortaya ¢cikmaz. Eger C tipinde ise ve
(yukarida incelenen sayma konvansiyonu ile), As13 veya Aszs’in minimal oldugu
biliniyorsa yine yeni bir esitsizlik bagintisi elde edilemez. Ancak, C tipi metrikteki
As13 veya Ass P4 noktasinda minimal degilse, A4z < Aszs veya As1z < Asos
durumlarinin her ikisi de olabilir ve bunlar dértgen tipi verilen metrigin besgen
tipini (pentacle structure) belirlerler.

lo1-Qos tipini 5 elemanl alt kiimelerinin dértgen yapilari incelenip buradan 5
elemanl uzaylar olarak Gromov g¢arpimi yapilari olusturuldugunda asagidaki 5
elemanl kiimeler igin dortgen yapilari elde edilir.
(Ps harig): (13,24), (13,25), (15,24), (14,35), (24,35),
(Ps harig): (13,24), (13,26), (16,24), (14,36), (24,36),
(P4 harig): (13,25), (13,26), (12,56), (13,56), (23,56),
(Ps harig): (15,24), (16,24),(12,56), (14,56), (24,56),
(P2 harig): (14,35), (14,36), (13,56), (14,56), (34,56),
(P1 harig): (24,35), (24,36), (23,56), (24,56), (34,56).
Bu dortgen yapilarinin Gromov c¢arpimi tipleri belirlenmeye calisildiginda ise, P2
noktasinin hari¢ tutuldugu 5 elemanl kiime igin 2 durumun mimkin oldugu
goérulir. Asagida, 5 elemanh alt kimeler igin lo1 tipinin minimal Gromov
carpimlari ile ayni olanlar italik olarak, P2 haric¢ icin iki farkli segcenek koyu ile
belirtilmistir.

Tip lo1 : {A124, D213, Azoa, DNsse, Asa, Ne2a }.
(Pe harig): (13,24), (13,25), (15,24), (14,35), (24,35), {A124, A213, As24, Dass, Asz4}.
(Ps harig): (13,24), (13,26), (16,24), (14,36), (24,36), {A124, A213, Asz24, Dass, As24}.
(P4 harig): (13,25), (13,26), (12,56), (13,56), (23,56), {A1s6, A213, Asse, As13, Ns13}.
(P3 harig): (15,24), (16,24),(12,56), (14,56), (24,56), {A124, Dose, Ause, As24, As24}.
(P2 harig): (14,35), (14,36), (13,56), (14,56), (34,56), {A1s6, A314, Ass6, D514, N614}.
(Pz harig): (14,35), (14,36), (13,56), (14,56), (34,56), {A156, A356, A456, A514, A614}
(P1 harig): (24,35), (24,36), (23,56), (24,56), (34,56). {A2se, As24, Ause, As24, A624}.
Goruldugu gibi, verilen dortgen yapisi sinifi icin, 5 elemanh alt kiimelerin yapisi
bu dortgen yapisi tarafindan belirlenmiyorsa, yeni esitsizlikler elde edilmekte ve
¢6zum kumeleri farklilasmaktadir. Inceledigimiz Ornekte, yeni elde edilen

esitsizlik bu doértgen sinifinin 2 farkli parametrizasyonunu vermistir. n=6 igin
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besgen vyapilarinin g¢ikarilmasi ve parametrizasyon c¢alismalari devam
etmektedir. n>6 icin ise, benzer sekilde n-k elemanl alt uzaylarin yapilarinin
parametrizasyon igin gerekli olacagi diusuntlmektedir, ancak bu konuda henliz
bir gcalisma yapilmamigstir

Lineer programlama: Sonlu metrik uzaylarin siniflamasinda yaklasimimiz, her
sonlu metrik uzay igin saglanmasi gereken ucgen esitsizlikleri kimesini agsama
asama genisletmektir. Her asamada, elde edilen esitsizlikler sisteminin ¢ézim
kiimesinin RN de acgik bir kiime olup olmadiginin kontrol edilmesi gereklidir.
Lineer programlama, lineer bir amac fonksiyonunun lineer esitlik ve esitsizlikler
tanimli bir kime Uzerinde minimize edilmesi problemidir. Calismamizda, Gromov
carpimi yapilarinin jenerik olup olmadigini belirlemek igin (Incegul, Bilge 2018)
de verilen bir algoritma kullaniimistir. n=6 icin elde edilmis olan Gromov ¢arpimi
yapilarinin belirlenmesi igin ise lineer programlama yéntemi kullanilmigtir.

Split metrikler: Metrik uzayi olusturan X kiimesini X=AUB seklinde bdlimlenmis
olsun. X tzerinde da split (s6zde) metrigi,

oa(Pi,P))=1 P;ve P;farkli A ve B kimelerinde ise,
oa(Pi,P;))=0 P;ve P;ayni A veya B kimelerinde ise,

kurali ile tanimlanir. Projenin 6n calismalarinda da goéruldigu gibi, dortgen
yapisl, literatir 6zeti kisminda ayrintilari verilen split-metriklerin belirlenmesinde
onemli bir rol oynamaktadir. da seklinde bir split metrigin izolasyon indisinin
(Bandelt ve Dress, 1992; Koolen vd., 2009; Celik, 2018) 0 olmamasi i¢in gerekli
kosul, A'nin her (P;,P;) elemani ve A’da olmayan her (P«,P)) elemani igin, P; ve
Piyi Dbirlegtiren kenarin, (Pi,P;,P«,P)) dobrtgeninde koésegen olmamasina
esdegerdir. Bu go6zlemden hareketle, dértgen yapisi olusturuldugu zaman,
herhangi bir d metriginin split metrik dekompozisyonu kolayca yazilabilmekte,
split-kisim ise kisim ise &p ile gosterilmektedir. Ornegin (B) tipindeki metrik igin
(P1P2), (P2P3), (PsPs) ve (PiPs) in her dértgende kenar olarak bulundugu
go6zlenerek, split dekompozisyon hemen yazilabilir.

d=m12 812+ Ma3 823 + Mas a5 + M1s5 O15 + Mp By

Yukarida 6ij terimleri split metrikleri temsil etmektedir ancak, split-asal ismi
verilen &, metriginin bulunmasi ve split metriklerin izolasyon katsayilari olan mj;
parametrelerinin (dj ler cinsinden) bulunabilmesi kolay bir problem degildir. Split
metriklerin izolasyon indisleri ve split asal kismin ayni anda belirlenmesi
gerekmektedir. Bu ise zaten metrigin parametrize edilmis olmasi anlamina
gelmektedir. Proje kapsaminda n=6 icin tum metriklerin parametrizasyonu
hedeflenmis olsa da, kismi ancak farkli olasiliklari yansitacak sekilde secilmis
ornekler calisiimistir. Split metrikler ve dortgen yapilarinin iliskileri Discrete
mathematics dergisinde yayimlanmis olan Ek 2.1 “Gromov product
structures, quadrangle structures and split metric decompositions for finite
metric spaces” makalesinde verilmistir.

Split-asal metrikler: Split-asal metrikler, metrik koninin, split metrik formunda
olmayan ayritlari olarak tanimlanmaktadir. Bir polihedral koninin ayritlarinin
bulunmasi prensip olarak basit gézikse de pratikte zor bir problemdir (Kolbig ve
Schwarz, 1986) makalesinde bir esitsizlik kimesi ile tanimlanan polihedral
koninin tum ayritlarini verecek bir algoritma 6ne surdimustar. Proje ¢ergevesinde
bu algoritmanin uyarlanmasi denese de basarili olmamigtir. n=6 ve n=7 igin split
asal metriklerin hesabi sirasiyla (Koolen, 2000, Grishljkhin, 1992) makalelerinde
hesaplanmigtir. (Koolen 200) makalesinde, n=6 igin 11 adet split asal metrik
verilmigtir. (Grishljkhin, 1992) makalesinde ise n=7 igin metrik koninin toplamda
60 000 den fazla ayriti oldugu belirtiimi ve permutasyon altinda esdeger
olmanlar dogrudan hesaplanarak 643 tanesi listelenmistir.
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Proje c¢ercevesinde, split-asal metriklerin belirlenmesi igin bir algoritma
geligtirilerek n=5 durumuna ve n=6 icin bazi 6rneklere uygulanmistir. Metrik
koninin ayrilari, i¢gen esgitsizlikleri, yani Gromov c¢arpimlarinin bir bolimandn
sifiranmasi ile elde edilcek lineer sistemin 1 boyutlu pozitif ¢ézimuiddr. n
elemanli uzay icin M=n(n-1)(n-2)/2 sayida Uc¢gen esitsizligi bulunmaktadir.
Dolayisiyla, N=n(n-1)/2 sayida bilinmeyen igin M sayida denklem s6z konusudur.
Bu denklem sistemini AX=0 seklinde temsil edersek, problem bu sistemin

[Ar Az [X]20,  AX=0, rank(A)=1, X>0 ve AxX>0

Seklinde ¢ézimleri aranmaktadir. Bu problem ¢ok fazla sayida kombinasyonun
denemesini icermektedir. Ancak X vektérinin hi¢bir elemaninin sifir olmamasi
istenirse, Ai=0, Aji=0, A=0 denklemlerinden sadece birinin saglanmasi
gerektigi kolayca goérilebilir. Bu gbézlemden hareketle denenmesi gereken
kombinasyonlar problemi ¢dzllebilir bir seviyeye indirgemektedir. n=5 ic¢in bu
yontem kullanilarak bilinin split asal metrik bulunmustur. n=6 icin Gromov
carpimi yapilan kullanilarak denklem sistemi biraz daha basitlestiriimis ve
incelenen 6rnekler igin split asal metrikler bulunmustur, ancak bu yéntemin n>6
icin uygulanmasi zordur. Split-asal metriklerin, metrigin parametrizasyonundan
bagimimsiz olarak elde edilmesi yoniinde ¢alismalar devam etmektedir.

Lokal optimal (siki, tight) temsiller: Bir sonlu metrik uzayin optimal temsili, bu
uzayin resmedilmis oldugu toplam kenar uzunlugu en az olan agirliklandiriimig
cizgedir. Optimal temsilin NP zor bir problem oldugu ve optimal temsilin tek
olmadi§i bilinmektedir. Verilen bir temsilden hareketle, (Bilge, Celik, Kocak,
2015) de tanimlanmis olan “hamle’ler ile temsilin adirhiginin azaltilmasi igin bir
yontem o6nerilmistir. Jenerik metrikler icin, uygulanacak hamle dizisi temsil
cizgesinin duigumlerinin derecelerinin 1 veya 3 oldugu noktada sonlanmaktadir.
Varilan nokta toplam uzunlugun daha fazla azaltlamamasi agisindan, “lokal
optimum” olarak adlandiriimigtir.

Bu temsillerin en temel 6rnedi 3 noktali bir uzayin Gg¢gen seklinde bir gizge
yerine, 4 noktali Y seklinde bir cizge ile temsilidir. 3-noktali uzayin bu
gbmiulmesi A-Y dénlisumu olarak adlandiriimaktadir.
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Yukarida, wis agirliklari Qi noktasindaki (minimal) Gromov ¢arpimi olup,
Wi4+Wj4:dij 0|dUQU gérUIebiIir.

4 veya daha fazla noktali uzaylarda ise, her P; noktasindan ¢ikan kenarlar o
noktada minimal olan A(PiP;P«x) uzunlugunda bir kenar boyunca bir Qi noktasina
kadar birlegtirilebilir. Bu islemler tamamlandiktan sonra, érnegin  A(PiP;Px)
minimal ise, Q;Q« kenari gereksiz oldugu igin atilabilir. Bu asamadan sonra Q;
noktalarindan ¢ikan kenarlarin timunun birlestiriimesi s6z konusu degildir;
ancak bir alt grubu segilerek yine bu gruba iligkin minimal Gromov ¢arpimi kadar
birlestirmeler yapilabilir ve bazi kenarlar atilabilir. Bu islemler A-hamleleri olarak
adlandiriimaktadir. A-hamlelerinin  pespese uygulanmasi ile, daha fazla
indirgeme yapilamayan, “lokal optimal” olarak adlandiracagimiz bir gizge edilir;
ancak bu ¢izge optimal olmak zorunda degildir.
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n=6 icin ise, optimal temsillerin tek olmadigi bilinmektedir. Ek 2.2 “Optimal
realizations, h-optimal realizations and tight spans of metric spaces”
metinde bu durumlar incelenmistir. ,(Koolen XXX) makalesinde n=6 i¢in optimal
temsilin tek olmadigi bir érnek verilmigtir. EK 2.2°7de bu 6rnegin 117 SSS
sinifindan bir érnek oldugu gdsterilerek bu sinif igin optimal temsilin algoritmik
olarak elde edilmesi gdsterilmis, ayrica SST tipi i¢in ayni ydntemin neden gecerli
olmadigi agiklanmistir. 117 tipinde SSS, SST, STT ve TTT tipleri i¢in ise, lokal
optimal indirgemeler verilmistir.

Optimal temsillerin elde edilmesine ydnelik, global olarak aldandirabileceigimiz
bir yaklasim, verilen metrigi ayrik Uggenlere ayirarak herbirine Delta-Y
donusuml uygulamaktir. Eger verilen uzay (n=7 durumunda oldugu gibi) ayrik
Ucgenlere dekompoze edilebiliyorsa bu sekilde Delta-Y dénisimi uygulanarak
toplam agirlik yariya indirilebilir. Ama genelde, optimal temsillerde bu oran daha
dUsuktir. Proje kapsaminda uygulanan bir diger yaklasim, sacaksiz (pendant-
free) temsili ayrik Uggenlere ayirarak Delta-Y dénlUsumleri uygulamaktir. Bu
yondeki calismalar Ek-2.3 Tight Reductions of Finite Metric Spaces’de
sunulmustur. Bu ydntemde karsimiza su durumlar ¢ikmaktadir: ilk durumda,
sacaksiz c¢izge tam olarak ayrik tggenlerin bilesiminden olusmaktadir. Toplam
uzunlugun azalmasi agisindan en elverigli olan durum budur. ikinci durumda ise,
sacaksiz cizgeden cikarilmis olan kenarlar tekrar eklenerek ayrik Uggenler
olusturulmakta ve Delta-Y donlisumu uygulanmaktadir. Bazi drneklerde, her 2
durum icin de ayrik tg¢gen olusturulamayacak sekilde kenarlar kalmaktadir. Bu
yontem optimale yakin temsillerin elde edilmesinin yani sira Gromov ¢arpimlari
yapisindan daha kaba siniflari olusturma acgisindan da énemli olup bu konuda
calismalar devam etmektedir.

Jenerik olamayan metrikler: Filogenetik uygulamalarinda genelde daha fazla
elemanli ve agac¢ yapisinda ya da az sayida déngu igceren metrik uzaylarin
ortaya c¢ikmasi nedeniyle, jenerik olmayan metriklerin incelenmesi 6nem
kazanmaktadir. Aga¢ yapisindaki olan metriklerin incelenmesi matematik
literatliriinde genis bir yer tutmaktadir. Literatlirde, tam olarak aga¢ yapisinda
olmayan, ancak optimal indirgemeleri agac¢ yapisina gesitli anlamlarda yakin
olan metrikler de incelenmistir. Bu yénde bir 6lgtt de, Gromov hiperbolisite adi
verilen, ve her dortgen icin tight-span’daki 2 boyutlu elemanin “eni” lzerinde
sinirlama getiren kavramdir.

Jenerik olmayan metriklerin incelenmesinin 6ne ¢ikaran bir durum da,
hipersimpleks siniflamasina gére c¢ok daha az sinif olmasini bekledigimiz
Gromov carpimi siniflamasinda bile n=8 igin 11 470 sinifin ortaya ¢ikmasi daha
kaba esdegerlik siniflarinin aranmasini gindeme getirmistir. Bu cercevede,
verilen bir Gromov carpimi sinifi igin jenerik olmaktan en uzak olan temsilin
bulunmasi konusu incelenmistir. Bir Gromov carpimi yapisi verildigi zaman, bu
yapida bulunan her Ajx i¢in, jenerik olsun olmasin, sacaksiz temsilde (pendant
free reduction) (Qi,Q;) ve (Qi,Qx) kenarlar gizgede kalacak, (Q;,Q«) kenari ise
cizgeden atillacaktir. Eger metrik jenerik degilse, sacaksiz temsilde, Aj= Aimn
olacak sekilde baska Gromov c¢arpimlari da olacaktir ve bu durumda (Qm,Qn)
kenari atilacaktir. Verilen bir Gromov c¢arpimi yapisi igin jenerik olmaktan
maksimal derecede uzak olan temsil (maximally non-generic representation) o
Gromov garpimi yapisini “gatisi” (frame of the Gromov product structure) olarak
adlandiriimistir. n=5,6,7,8 icin Gromov ¢arpimi yapilarinin ¢atilari hesaplanmistir.
Bu catilar bilinen oOrneklerde, c¢izge vyapisindaki split-asal metriklerle
ortismektedir. Cati metriklerinin 6zelliklerinin incelenmesi ¢alismalari devam
etmektedir.

Filogenetik problemlerde ortaya ¢ikan metriklerin incelenmesi: Filogenetik

siniflandirma problemlerinde ortaya c¢ikan metriklerin incelenmesi igin veri

bankalarindan ve literatiurden elde edilen DNA/RNA vel/ya protein sekans
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dizilerini birbiriyle hizalayarak tarler arasi farkli benzemezlik (dissimilarity)
matrisleri elde edilmistir. Ek-3.1 Examples of Distance Matrices’de dizilierden
elde edilen matrislerin yanisira literatirden alinan cgesitli drnekler de verilmigtir.
Bu metinde, “An (Bee family)”, “Yosun (Algea family)” ve “Primat (Primate
family)” aileleri icin literatirde kullanilan c¢esitli benzemenzlik matrisleri
cikariimistir. Referans olarak kullanilacak diger aileler i¢in tek bir benzemezlik
matrisi verilmigtir. Tium &rnekler icin Gromov c¢arpimlari hesaplanarak Ug¢gen
egitsizliklerinin saglanip saglanmadigi kontrol edilmistir. “Base Frequency”
mesafe hesaplama ydntemi diusinda hemen her durumda lggen esitsizliklerinin
saglandigi géralmustar.

Agac yapisinda ornekler: Tam olarak aga¢ yapisina sahip bir érnek asagida
incelenerek yontem tanitilacaktir. Bu érnek 6 elemanl bir aile olup mesafeler:

d12=6, d13=8, dis=1, di15=2, d16=6, d23=8, d24=6, d25=6, d2s=4, d34=8, dz5=8,
d36=8, d45=2, d4=6, ds6=6

seklindedir. Bu metrik icin Gromov ¢arpimlari hesaplandiginda,
D124 = A13a = A1s5= A1 = 0.5,
D216 = Nozs = Nose = Nose = 2.0,
A312 = A316 = Asoa = Aszs = Naas = Asse = 5.0,
As12 = DAs13 = Agrs = Ag16 = 0.5,
DAs12 = As13 = DNs16 = Aspg = Asza = Nsas = 1.0,
De12 = Ne2z = Ne2a = Ne2s = 2.0

oldugu gorilir. Dikkat edilirse, P1 ve P4 noktalar arasindaki mesafe 1, bu
noktalardaki Gromov carpimlari 0.5 oldugu icin sagaksiz temsilde Q1 ve Qu
noktalari birlesmistir. Benzer sekilde Q2 ve Qs noktalari da birlesip sacaksiz
temsil 4 noktall bir uzaya indirgenmistir.

P4 P2
0.5 2.0
PI__05 |Q1 3.5 Q2 2.0 P6
0.5 1.0
i N a

P5 1.0 l 2.0 \ 5.0 P3

2.5 3.0

Yeni durumda, Q1, Q2, Q3, Q5 noktalarindan olugsan doértgende, késegenler
toplami ile iki uzun kenar toplami birbirine egittir. Bu durumda dortgenin dejenere

olacagl bilinmektedir. Gromov ¢arpimlari  hesaplanarak indirgemeler
yapildiginda i¢ dortgenin yapisi asagidaki gibi bulunur.
Q1 Q2

a5 2.0 1.0
Q5 Q?\
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Q5 Q3

Bu iki gizge birlestirildiginde asagidaki aga¢ elde edilir. P3
P1
Q1 Q5 Q3

™~
T =

P5 P6

Benzer yontemin 6 elemamli Ari ailesine uygulanmasi ise aga¢ metrigi
vermemistir. Bu 6rnek Ek-3.2, “Non-generic metrics in phylogenetics, the
Bee family” metninde ayrintili olarak incelenmigtir.

Ek-3.2, “Non-generic metrics in phylogenetics, the Bee family” metninde, 6
elemanl Ari ailesi igin 6nce cesitli metriklerle calisiimis, bu metriklerdeki ¢ok
kligcuk pertirbasyonlarin bile metrigin Gromov carpimi tipini degistirdigi
g6zlenmistir. Dogrudan dizilerden elde edilmis olan Hamming mesafe
fonksiyonu ile calisildiginda ise, metrigin yukaridaki érnege benzer sekilde, 5
elemanl bir aileye indirgendigi goérilmustir. Gromov ¢arpimlari hesaplandiginda
metrigin B tipinde oldugu goérilmis ve bu tip igin bilinen optimal ve lokal-optimal
(tight) temsiller elde edilmistir. Her 2 durum da bu Ar ailesi i¢in olasi
konfiglrasyonlardir. Her iki durumda da cizge temsilinde 2 déngi
bulunmaktadir. Bu nedenle, bu tirler arasinda gen transferinden bahsedilebilir.

Yaklasik aga¢ yapilari: Bir metrigin aga¢ yapisinia sahip olmasi igin tim
dortgenlerin dejenere yapida olmasi gerektigi bilinmektedir. Bu kosulun tam
olarak saglandigi drnek yukarida verilmistir. Proje cercevesinde caligsilan gergek
orneklerin higbirinde bu kosul tam olarak saglanmamistir. Bu nedenle verilen bir
ailenin agac yapisi ile temsil edilip edilemeyecegini anlamak igin bir krited
veriimeye calisiimistir.

Oncelikle, calisilan o6rneklerde, dizinlerde kigilik pertiirbasyonlar yapilmis
metrigin normunun bu pertirbasyonlar altinda degisimi Ari, Yosun, Yarasa,
Zebra baligi aileleri i¢in incelenmis, %10 Oolgeginde bir yaklasikhgin kobul
edilebilir oldugu sonucuna variimistir.

Verilen bir metrik igin sayisal bir kriter getirme amaciyla her Q(i,j,k,l) dortlisu igin,
a=dj +du, b=di+d;, c=di+dj
blayuklukleri hesaplanmis, ve
azbzc

olacak sekilde adlandinimiglardir. Ardindan a-b ve a-c farklari hesaplanarak,
asagidaki rmax Ve rmin Oranlari hesaplanmisir.

rmax=max{ (a-b)/a, (a-c)/a)}, rmin=min{(a-b)/a, (a-c)/a}.
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Daha sonra bir a yaklasiklik seviyesi secilmis ve eger verilen bir dortgen icin
rmin<a ise o dortgen dejenere kabul edilmistir. Benzer sekslde bir metrigin o
seviyesinde agac¢ temsilinin olmasi ise

max (fmin) <

kosulu ile verilmistir. Burada kritik problem, istenen kosullari saglayan bir
metrigin varlidinin garanti edilmesi ve bu metrigin orjinal metrige yeterince yakin
olmasidir. Bu problem Ek-3.3 “A New Method for Constructing Phylogenetic
Trees” metninde tartisiimis ve oOrnekler verilmistir. Yukarida verilen kriterin
orjinal mesafe fonksiyonlarina ve sacaksiz temsil metrigine uygulanmasi da
farkh sonuglar vermektedir. Genel olarak sagaksiz temsil metriginde mesafeler
daha kiguk oldugu icin makul bir yaklasiklikta agag¢ temsili kriterinin saglanmasi
daha zordur. Ornegin, Ek 3.3 de orjinal metrik kullanilirsa %12 seviyesinde agac
temsili olabilecegi sonucu ¢ikariimistir ancak Ek 3.2 de, sagaksiz temsilede %10
yaklagikhgi ile bir dongu yok edilebilmekte anca diger donginin yok edilebilmesi
icin %30 seviyesinde yaklasiklik gerekmektedir ki bu makul seviyenin
ustiindedir. Ote yandan daha c¢ok elemanl ailelerde, hangi temsil kullanilirsa
kullanilsin, dértgenlerin blylk ¢cogunlugunun dejenere oldugu sadece ¢ok az
sayida dortgen icin makul yaklasiklik seviyelerinde, dejenere olayan az sayida
dértgenin oldugu gdzlenmistir. Onerdigimiz ydntem filogenetik drnekleri disindaki
metriklere uygulanmig, bu drneklerde, yukarida tanimlanan yaklasiklik kriterinin
¢cok daha az dortgen icin saglandigi ve a seviyesinin %30 civarinda oldugu
goralmustar. Dolayisiyla, filogenetik 6rneklerin, blylk c¢ogunlugu dejenere
olan, az sayida doéngu disinda agaca yakin yapilarda oldugu séylenebilmektedir.
Sonug olarak, yukarida verilen kriter, metrigin aga¢ temsili olup olmadigi, hangi
dongdilerin var oldugu konusunda kullanigli bir gosterge olsa da, kesin karara
varmak igin daha ayrintili inceleme gereklidir.

Biyolojik canlilardaki evrimsel degisimin filogenetik modellemesi

1’inci ara rapor déneminde tamamlanan bu is paketi icin detayh agiklamalar
1’inci ara raporda verilmistir. Sonraki dénemlerde bu is paketindeki ¢alismalar
sona erdiginden, bu is paketi ile ilgili calisma son dénemde yapiimamistir. Bu is
paketinde elde edilen diziler 6zetle asagidaki gibi verilmistir. Dizin vb ayrintilar
Ek-4.1 Phylogenetic Data for Biological Organisms

Ar ailesi: Projenin ilk asamalarinda alti farkli ari tdrine ait 677 nukleotid
molekilinden olusan DNA dizileri Uzerinden hesaplanmis uzaklik matrisi
kullanimistir. Bu veri seti Huson ve Bryant tarafindan yazilmis SpitsTree
programi icin test amagh kullaniimistir (Huson ve Bryant, 2006).
(http://page.math.tu- berlin.de/~joswig/tightspans/index.html).

Balik ailesi: Luciobarbus ve barbus balik turleri icin sitokrom oksidaz enzimini
kodlayan 33 adet gen dizisi belirlendikten sonra hizalanmistir. Kimura uzakhk
yontemi kullanilarak uzaklik matrisleri elde edilmistir (Khaefi vga., 2018). 10 farkh
balik tlrl icin hesaplanmis uzaklik matrisi verilmistir.

Nehirde yasayan misk sican tiirleri arasindaki kafatasina ait morfolojik
farkliiklar: Eric Le Boulangé tarafindan gereklestirilen 144 farkli kafatasi
Olcimleri sonucunda turler arasi farkliliklar ifade eden bir uzaklik matrisi elde
edilmigtir (Le Boulange vcga., 1996). Bu Ornekte, misk sicanlari arasindaki
evrimsel degisimin bir agac¢ topolojisiyle aciklanamadigi, ancak bir ag yapi
modelinin ¢bézimleyebildigi gen transferleri s6z konusudur. (Legendre ve
Makarenkov, 2002)
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AIDS hastaligina yol agan HIV virisiniin DNA ve protein dizilimleri:
Hakkinda kesin bir sonuca varilamayan primatlardan insanlara gecis yolunu
belirleyecek mutasyonlari barindiran HIV virlGisine ait 16 farkh tlre bakilmistir.
AIDS hastaligina yol acan HIV retroviristnun iki farkli tiri mevcuttur; HIV-1 ve
HIV-2. Bir baska retroviris te sadece primatlarda goérilen SIV’dir ve HIV-2'nin
SIV’den doénlserek insanlara gectigi distntlmektedir, ancak hala tartisilan bir
konudur. Virluse yapisini kazandiran kiritik 6neme sahip U¢ gen (gag, pol ve env)
bdlgesine ait DNA dizilimleri NCBI veri bankasindan (http://www.ncbi.nim.nih.gov
/genbank) elde edilmigtir. Daha sonra MATLAB® Bioinformatik modulu (n2aa
fonksiyonu) yardimiyla protein dizisine doénustlrilmis, ardindan ¢ogul dizilim
teknigiyle hizalanmistir. Uzaklk degerleri, hizalanan diziler Gzerinden farkh
yontemler kullanilarak elde edilmistir. DNA ve protein dizileri, uzaklik matrisleri
(farkhhiklar) ve kullanilan yéntemler verilmistir.

Proje web sitesi: Proje kapsaminda kullanilan programlar, veri setleri ve elde
edilen sonuglarin yayinlandigi http://finitemetricspaces.khas.edu.tr/ adresli bir
internet sitesi hazirlanmistir. Proje konusuna iliskin yeni g¢alismalar bu sitede
sunulmaya devam edecektir.

6 noktali uzaylarin katalogu: (Sturmfels-Yu, 2004) makalesinde elde edilmis 6
noktali  uzaylarin  hipersimpleks siniflamalari  ve  cgesitli  Ozellikleri
http://sixpointmetrics.khas.edu.tr adresli internet sitesinde sunulmustur. Bu site
anilan ¢aligmanin yazarlarin dnerisi ile olusturulmus gorseller glincel yazilimlarla
uyumlu, JavaView isimli bir programla goérsellestirilmistir. Toplam 339 adet metrik
sinifi icin tim sonuglar kullanicinin farkli agilar ve uzakliklarda incelemesine
olanak veren interaktif resimlerinin olusturulmasini saglayacak sekilde
gorsellestiriimistir.  JavaScript programlama dilinin  kullaniimasiyla internet
sitelerinde glincel olarak kullanilan HTML-5 diline uygun gérseller olusturulmus
ve sonuclar ve gorsellerin ayni anda incelenmesine olanak sunan bir énylz
tasarlanmistir. Bu islem icin JavaScript programlama dilinin “Tree” isimli 6zel bir
kutiphanesi ile kullaniimigtir.

Proje ekibinin katkilari: Proje yuritiicisu ve arastiricilar, proje o6nerisinde
belirtilen plana uygun olarak calismislardir. Projede goérev alan lisansusti
bursiyerlerden Arash M. Rezaeinazhad sonlu metrik uzaylarin yapisal
Ozelliklerinin teorik incelemesi, Burak Erkan Kaya ise filogenetik uygulamalar,
bilgisayar programlari ve web sistesinin kurulmasi alanlarinda calismiglardir.
Lisans bursiyerleri ise, yogun emek gerektiren hesaplarda ve hazirlanan
programlarin igletilmesi alanlarinda katkida bulunmusglardir.
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Tartisma

Proje uzun slreli devam eden bir galismanin son asamasi olmustur. Proje
destedi sayesinde n=8 siniflamasi yapilabilmis, filogenetik &rnekler
incelenebilmis, 6 noktali uzaylarin hipersimpleks siniflamalarinin sunuldugu web
sitesi dlizenlenebilmistir. Covid-19 salgini siresince bilimsel ¢galismalara devam
edilebilmis ancak nedeniyle yayginlastirma ¢alismalari yeterince yapilamamistir.

Projede elde edilen sonuglar, ana hatlan ile, bir sonraki boélimde de
degerlendirilen 4 grupta toplanmistir. “Tartisma” bdéliminde bu sonuglarin
icerikleri, bir sonraki “Sonugclar ve Oneriler” bolimiinde ise ileride bu konuda
yapilabilecek ¢alismalar verilecektir.

e Sonlu metrik uzaylarin Gromov ¢arpimi siniflamasi konusunda, Gromov
carpimi zincirleri ve Gromov c¢arpimlarinin matris temsilleri kullanilarak
hesap yontemleri gelistiriimis ve 8 elemanli metriklerin siniflamasina
uygulanmigtir.

e Metriklerin Gromov carpimi  ve dobrtgen yapilarindan hareketle
parametrizasyonlarin elde edilmesi i¢cin n=6 igin dértgen yapilarinin
yetersiz oldugu, “besgen-yapilari” olarak adlandirdigimiz, 5 elemanh alt
uzaylarinin  yapilarinin  bilinmesi gerektigi gdsterilmistir. Buradan
hareketle, n-elemanli bir metrigin n-k elemanl alt kiimelerinin yapisi ile
parametrize edilebilecegdi savlanmistir.

e Optimal ve Ilokal-optimal olarak adlandirdigimiz temsillerin elde
edilmesinde parametrizasyonun nasil kullanilacagi gosterilmistir.

e Filogenetik yapilarin incelenmesinde yaklasik hesap yapilmasi gerektigi
ortaya konmustur.
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Sonug ve Oneriler

Proje cercevesinde elde edilen sonuglar ve ilerideki g¢alismalar igin oneriler
asagida dzetlenmistir.

Proje kapsaminda 8 elemanli metrik uzaylarin Gromov c¢arpimi
siniflamasi elde edilmis ve 11470 sinif elde edilmistir. Benzer problem
literatlirde kullanilan benzer yéntemler icin de gegerlidir. Bu bakis agisi
ile, verilen bir n sayisi igin tum metrik uzaylarin siniflandiriimasi teknik
olarak mumkun olsa bile gok anlamli degildir.

Ote yandan, proje gergevesinde incelenen, Gromov carpimlari, dértgen
yapilari, besgen yapilari, n-k yapilar seklinde iteratif olarak ilerleyen
dizinler kullnarak metrik siniflarini kullanarak kanonik bir parametrizasyon
elde etme problemi daha anlamh gbézukmektedir. Bu yaklagsimda, n
elemanli bir metrik uzayda herhangi bir metrik verildiginde o metrigin ait
oldugu Gromov c¢arpimi dortgen vb. yapilar asama asama ¢ikarilarak o
metrigin ait oldugu N=n(-1)/2 parametreli bir metrik ailesi insa edilecektir.
Bu ise verilen metrigin hangi 0&zelliklerin perturbasyonlar altinda
korundugu gibi 6zelliklerinin incelenmesinde yararli olacaktir.

Bir metrik uzayin toplam uzunlugu miniman olan bir gizge ile temsili olan
“optimal temsil” problemi &6rnegin bir sebekenin tasarimi asamasinda
anlamli ve gereklidir. Ote yandan, filogenetikte oldugu gibi, cesitli
asamalarla dallanan bir yapi i¢in varilan son noktada ortaya g¢ikan
gizgenin optimal olmasi gerekmez, sadece her asamanin toplam agirligi
azaltacak sekilde olusmasi beklenir. Bizim “lokal-optimal” veya “tight”
olarak adlandirdigimiz bu temsiller, metriklerin parametrizasyonu
kullanilarak sistematik olarak incelenebilmektedir. Bu yéntemle verilen bir
metrik yapisi i¢in birden fazla lokal-optimal temsil bulunabilir ve bunlar
belki de esit olasilikta, farkli olusum seceneklerini yansitabilirler. Bu
anlamda spantan olusumlar iceren bazi problemler icin lokal-optimal
temsillerin optimal temsillerden daha anlamli oldugu disundlebilir.

Proje cercevesinde yapilan galismalar, filogenetik analiz érneklerine %10
Olceginde bir yaklasiklik cercevesinde bakilmasi gerektigini gdstermistir.
Calisilan ornekler igin agac ve dongu yapilari bu yaklasiklik icerisinde
ortaya cikarilmig, verilen bir yaklasiklik orani icin istenen metrik 6zellikler
korunarak ortaya g¢ikacak yapilar belirlenmistir. Ancak, verilen bir metrigin
“temel” 6zelliklerini koruyarak yaklasik olarak temsil edilmesi durumunu
tasvir edecek kuramsal bir ¢gerceveye ihtiyacg vardir.
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Establishing the Connection between the Hypersimplex
Classification, Gromov Product Structures and Quadrangle
Structures

Ayse H. Bilge, Sahin Kogak, Derya Celik, Arash M. Rezaeinazhad

Introduction

The set C), of all pseudo-metrics d = (d;;) € R(:) on a given n-point set X, is called the metric cone
and consists of all the n-point finite metric spaces. The problem of classification of these finite metric
spaces according to a meaningful and manageable approach is a problem still under investigation. Several
attempts have been done for this aim. Hypersimplex classification [5], Gromov product structure [1],
and quadrangle structures [2] are tools to decompose the metric cone. In this paper this concepts will
be reviewed and their relations to each other will be demonstrated.

Let (X, d) be a finite metric space with n elements P;, i = 1,...,n (n > 3) and let d;; be the distance
between P; and P;. The elements of X are also referred to as “vertices” or “nodes”. E;; and T;;j denote
respectively an edge and a triangle with corresponding vertices.

Gromov products The quantity A;;, defined as
Aijk = Airj = 5(dij + dix — dji) (1)

is called the Gromov product of the triangle Tj;, at the vertex P; [4].

A-generic metrics A metric space is called A-generic, if for each P; the set of Gromov products A;jy
has a unique smallest element.

Gromov product structures Let (X, d) be a A-generic finite metric space. Let P; € X, and let Ay,
be the minimal Gromov product at P;, (¢ = 1,...,n). The function that assigns the edge Ejj to the
vertex P; is called the Gromov product structure on X. Two A-generic metric spaces (X, d) and (X, d")

are A-equivalent, if the corresponding Gromov product structures are the same up to a permutation of
X.

Quadrangle generic metric spaces An n-point finite metric space X is called “quadrangle generic”,
or (Q-generic, if for every 4-point subset {P,, Py, P., P} C X, the set of distances

{dab + dcd7 dac + dbd7 dad + dbc}

has a unique maximal element.

Quadrangle Structures A quadrangle structure on a @-generic finite metric space (X,d) is a map
which assigns to any 4-point subset { P, Py, P, P;} of X, the pair of edges corresponding to the maximal
element of the set {dap + ded, dac + dods dad + dpe - We denote the 4-point subset {P,, Py, P., P;} without
any restriction on the sides by Q(a, b, ¢,d) in which the ordering of the indices is irrelevant. If dg. + dpq is
maximal, the vertices are ordered as (P,, Py, P, P;) and we denote this structured quadrangle by Q(abed)
in which the cyclic permutations and reversal of the order of the indices give equivalent quadrangles.
Two @Q-generic metric spaces (X, d) and (X, d’) are called Q-equivalent, if the corresponding quadrangle
structures are the same up to a permutation of X.



Hypersimplex Decomposition Let A, ={e; +e;:1<1i < j<n} CR" This is the set of column
vectors of the vertex-edge incidence matrix of the complete graph K,,. The convex hull of A, is called
the second hypersimplex of order n and is denoted by A(n,2). In general, the r-th hypersimplex
in R™ is the convex hull A(n,r) of the configuration

{ei1—|—ei2+...+eir:1§i1<i2<...<iT§n}

Two metrics from the metric cone will be called equivalent if they give rise to the same triangulation
of this second hypersimplex, thus the name Hypersimplex classification. We will first give the necessary
definitions, then will give a second equivalent definition which uses much less definitions from algebraic
geometry and is easy to work with algorithmically. For more on the following material the reader is
referred to [6].

Fan, Normal Cone and Normal Fan Let P be any polyhedron in R® and w € R", viewed as a
linear functional. Define

facey,(P) :={u€ P |wu>wv foral veP}.

Every subset F' of P which has this form, that is, which maximizes some linear functional, is called a
face of P. Note that P = facey(P) is a face of itself.
A (polyhedral) complex A is a finite collection of polyhedra in R™ such that

1. if P € A and F is a face of P, then F' € A,
2. if P, P, € A, then Py P, is a face of P; and of Ps.

The support of a complex A is [A| := [Jpca P A complex A which consists of cones is called a fan. A
fan A is complete if |A| = R™. If P C R™ is a polyhedron and F' a face of P, then the normal cone of
F at Pis

Np(F) :={w € R" | face,(P) = F}.

If F and F” are faces of P, then F” is a face of F if and only if Np(F) is a face of Np(F’). Hence the
collection of normal cones Np(F), where F ranges over the faces of P, is a fan. This fan is denoted by
N (P) and called the normal fan of P.

Triangulations A triangulation of a convex polytope P is a decomposition of P into a finite number
of simplices such that the intersection of any two of these simplices is a common face of them both
(maybe empty). We regard a triangulation as a collection of its simplices of maximal dimension. All the
lower-dimensional simplices are just faces of the maximal ones. By a triangulation of (P, A), we mean
simply a triangulation of P into simplices with vertices in A. Note that it is not required that every
element of A to appear as a vertex of a simplex. Let T be a triangulation of (P, A) and fix a translation
invariant volume form Vol on R™. By the characteristic function of T' we mean the function ¢ : A — R
defined as:

br(w) = > Vol(o)

o : wis a vertex of o

where the summation is over all (maximal) simplices of T' for which w is a vertex. In particular, ¢r(w) =0
if w is not a vertex of any simplex of T'.

Fix a positive vector called weight vector w € RZ,. Given any term c,x" of a polynomial f € k[x],
where ¢, is a nonzero scalar in k, the weight of c,x" is the dot product w.u = wyuy + . .. +w,u,. For a
polynomial f € k[x], the sum of all terms of f having maximal weight under w is called the initial form
of f and is denoted by in,,(f). If I is any ideal inside k[x], then we express the initial ideal of I under
the weight order defined by w as the ideal generated by initial forms of all polynomials in I. So

iy () :=<ing(f) : fel>.

We say that w is generic for I if in,(I) is a monomial ideal. A finite subset G of I is a Gr6bner basis
for I with respect to w if in,(I) is generated by {in,(g9) : ¢ € G}. If w is generic for I and every
element of G is monic, then G is a reduced Grobner basis if the initial term of each element in G does



not divide any term of any other element in G. We can assume that < is any term order in k[x]. in(f)
and in~(I) are defined similarly like the weigh order. It is convenient to identify the zero set of in,, (1)
with a simplicial complex.

The initial complex A,,(I) of I is the simplicial complex on the vertex set {1,2,...,n} defined by the
following rule: A subset F' C {1,2,...,n} is a face of A, (I) if there is no polynomial f € I whose initial
monomial in,,(f) uses only the variables {x; : ¢ € F} (or whose initial monomial in,,(f) has support
Identify a given set of latice points A = {a;, ...,a, } C Z¢ with index set {1,2,...,n}. If o is a subset
of A then we write pos(c) for the cone spanned by o. A triangulation of A is a collection A of subsets
of A such that {pos(c) : o € A} is the set of cones in a simplicial fan whose support equals pos(A).
Every sufficiently generic vector w € R™ defines a triangulation A,, as follows:

A subset {i1,i2,...,4,} is a face of A,, if there exists a vector ¢ = (c1,...,¢q) € R< such that

ajc=w;if j€ {i1,i2,...,i} and
a;.c < wj ’Lf]e {1,2,...,n}\{il,iz,...,ir}

A triangulation A of A is called regular (or coherent) if A = A,, for some w € R™. Regular triangulations
can be defined geometrically too.

1. Use the coordinates of w as "heights”, and lift the configuration A into the next dimension. The
result is the configuration A = {(a;,w1), (az, ws),..., (a,,w,)} C RIL.

2. The ”lower faces” of the cone pos(.A) form a d-dimensional polyhedral complex. (A face is ”lower”
if it has a normal vector with negative last coordinate). The triangulation A,, is the image of this
complex under projection onto the first d coordinates.

The reader is highly advised to not confuse the notion of A, for triangulation with a generic vector
w with the similar notation of A, (I) for initial complex and also the notion of A for triangulations
and polyhedral complexes defined above. The usage of last one must be clear from the context.

Polyhedral Fan With every regular triangulation A of a set A we associate the polyhedral cone
Ca:={weR" : A, =A}L

The cone Ca consists of all lifting functions which induce the triangulation A. The collection of these
cones together with their faces is a polyhedral fan.

Theorem 1. [Gel'fand, Kapranov and Zelevinsky] There exists an (n — d)-dimensional polytope ¥(A),
such that the normal cones at the vertices of ¥(A) are precisely the cones Ca [3].

Secondary Polytope The polytope ¥(A) in Theorem 1 above is called the secondary polytope. It
can be shown that 3 (A) is the convex hull in the space R™ of the vectors ¢r(w) for all the triangulations
T of (P, A). In other terms:

Y(A) := conv{¢r |T is a triangulation of (P,A)}

Secondary Fan The normal fan of secondary polytope N (X(A)) is called the secondary fan and
N(2(A)) ={Ca : A is aregular triangulation of A }.

Hypersimplex Decomposition of Metric Cone: First Description The subject of study in [5] is
the canonical subdivision of metric cone C,, which is called the metric fan and is denoted by M F;,. The
metric fan is the secondary fan of the second hypersimplex. Every metric d defines a regular polyhedral
subdivision Ay of A(n,2) in the following way: The vertices of A(n,2) are identified with the edges
of the complete graph K, and subpolytopes of A(n,2) correspond to arbitrary subgraphs of K,,. A
subgraph G is a cell of Ay if there exists an € R™ such that

$i+-'17j:dij if{i,j}eGandxi+xj>dij lf{l,j}¢G

Two metrics d and d’ lie in the same cone of the metric fan M F;, if they induce the same subdivision
Ay = Ay of the second hypersimplex A(n,2) or in other words give rise to the same triangulations of
A(n,2). A metric is called generic in this sense if the corresponding triangulation is regular.



Hypersimplex Decomposition of Metric Cone: Second Description Consider the (g) X n

matrix A where the rows are labeled by
(172)7 (]"3)7 MR (17n)’ (273)7 (2’4>7 AR (27n)’ ctt (n - ]‘7n)

and the (4, j)-row (i < j) is given by e¢; +e; = (0,...,1,...,1,...,0) € R™.
Let B be an invertible n x n submatrix of A and denote the [(g) — n] X m matrix obtained by deleting

B from A by B’. Likewise, define dg € R™ by choosing the components of d € R() corresponding to B

and dg € R(G)-n corresponding to B’. Now consider the following system of equations and inequalities
for x € R™:

Bx =dg and Bz > dp. (2)

If this system has a solution we say that the matrix B is a “cell” or a “thrackle” for the metric d.
We denote the collection of cells of a metric d by Cell(d). This terminology stems from the fact that the
row vectors of B can be viewed as the vertices of an (n — 1)-simplex in R™. Still another interpretation
is that, a row vector e; + e; can be viewed as an edge of the complete graph K, with n nodes so that a
cell B can be viewed as a sub-graph of K.

Now we define two metrics d and d’ on an n-point set X to be equivalent if they have the same
collection of cells, i.e. Cell(d) = Cell(d') (or what amounts to the same, the same collection of sub-
graphs). The equivalence class of a metric d is a sub-cone of the metric cone and these sub-cones
constitute altogether the metric fan.

The variables z;; are indexed by the edges in the complete graph K. For the cases n = 4,5, the
hypersimplex A(4,2) is a regular octahedron in R. It has three distinct regular triangulations. Therefore
the secondary polytope, is a triangle in RS. The hypersimplex A(5,2) has dimension four with 10 vertices
and 10 facets (5 tetrahedra and 5 octahedra). Its secondary polytope X(As) is five-dimensional and has
102 vertices, 255 edges, 240 two-faces, 105 three-faces and 20 facets. Under the natural Ss-action the
102 regular triangulations of A(5,2) fall into three distinct orbits.

In Table 1 the numerical instances for 5-point metric spaces is given.

Table 1: Numeric examples of 5-point metric spaces

dio | diz | dia | dis | dog | dog | dos | dsa | d3s | das
Type A | 10 | 11 | 10| 7 | 8 | 10 | 10 | 6 [ 10 | 8
TypeB | 5 | 6 | 6 | 51 3 | 516155 4
Type C | 6 | 10| 6 | 8 | 8| 6 |10 9 638

For n = 6, since A(6,2) has 339 regular triangulations, by means of hypersimplex decomposition
there 339 classes of 6-point metrics. These types can also be studied in terms of “cells” or “thrackles”
that we have introduced. First we will give two results:

Proposition 1. Each cell, is not a tree and also does not include any cycle of even length.

Proof. Considering that each cell has n vertices and n edges, since it has more edges than a tree can
have, it is not a tree (Note that if there was an isolated vertex in the cell, then there was a row consisting
of zeroth which would cause the matrix to be singular). For proving that each cell does not include
any cycle of even length, consider that it has an even cycle of length 2k (2 < k < %) and assume that
i1,49,...,1l2k_1, %2k are the vertices of this cycle labeled counterclockwise. By the definition, the edges
of this cycle are e;, + €;,,€iy + €igy -y Cinuy + €inys €in, + €4y Since

(eil + eiz) - (eiz + eia) et (eiZk—l + eizk) - (eizk + ei1) =0

a subset of rows of corresponding matrix is not linearly independent and hence the whole matrix is not
invertible, a clear contradiction with our assumption about the invertible matrix. This completes the
proof. O

Proposition 2. Consider that for a given finite metric space (X,d) all the triangle inequalities d;; +
dji > d; hold strictly for all distinct 1 < 4,j,k < n. Then the z;’s in (2), for each cell are positive
numbers.



Proof. Our proof will be in 3 steps.

1. If a triangle with edges d;;, djr and d;j is recognized, then x;, x; and ) (which can be seen as the
vertices of this triangle) are positive. For this claim we should keep in mind that since the edges
are realized, by (1) the followings hold:

T+ x5 = dij, T+ T = dig, T+ ) = dj.

By adding the two first equations and using the third one, one has z; = %(dij +dirx —djx) > 0. By
symmetry x; and xy are also positive.

2. Assume that a cycle of odd length (proposition 1) is recognized in a cell. First we must mention
that a cell can have several odd cycles (which cannot be connected together, since the number of
edges must match the number of vertices). Consider one of these cycles of length 2k +1 and assume
that its vertices are labeled clockwise as @i, , @i, , . . ., Tiy, Tiy,,, - Since these edges are realized, by
(1) we have:

Ty + Tiy = diyiy, Tiy + Tig = digig,

Tigy, + Tigyyy = dizki2k+17 Tigpyr T Tiy = di1i2k+1'

Consider a vertex Ty Since x;; is not connected to x;,,, and z;, ,, by (1) Ti; +Ti;,, > digi;,, and
T+ T,y > digij s, Adding these two inequalities will result in 224, +Ti, ot Ty, > igig T dijis -
Now since z;,,, and z;,,, are neighbor verti(lées, by (1) we have x;, , + 4, , = d and thus
2w, + dij+2ij+3 > diﬂj+2 + dijij+3' So Ti; > §(dijij+2 + diﬂHB - dia‘+2ij+3) > 0.

i 420543

3. Assume that the vertex xj is not one of the vertices in the odd cycle of step 2 but lies in the same
component, that is it’s connected with a path to this cycle at vetrex z;;. We claim that zj is not
connected to x;,, and x;, ,. For proving this claim first let us assume that x; is connected to
¥i,,, via an edge. Depending on the parity of length of the path connecting . to x;, two scenarios
are possible; This path is of odd length, then the cycle [(wr,...,2:,), (Ti; 1, Ti; o5+ Tijp ), Tk
is of even length and this contradicts proposition 1. If the path connecting zy to x;; is of even
length then the cycle [(zg, ..., 2;,), (%, ,, )] would also have even length which again contradicts
proposition 1. This proofs that zj is not connected to x;, ,. A similar argument will show that
7 is not connected to x;,,, too. One should keep in mind that if the main cycle in step 2 is not
of odd length then these arguments would have been false.

Now since there are no edges between g, z;, , and xy, ., by (1), 2 + x5, > dg;,,, and
T + Ti;n > dii,,,. But since z;,,, and x;,,, are neighbors we have ;, , + s, = di; 14,
IITOW by adding the two last inequalities we have 2zy + @i, , + %, > dgi;yy + dij,,, thus zp =
3 (rijr + Ay = digyiy00) > 0.

This completes the proof. O

We can obtain all graphs for cells by counting arguments. For example, for n = 5, if there is a 3
cycle, the remaining 2 edges can be attached to the same vertex or to different vertices etc. In Figures
1 and 2 all the cell types for 5-point and 6-point metric spaces are shown.

X 0 AO

Figure 1: All possible unlabeled cells for a 5-point metric space.

XA R RS

Figure 2: All possible unlabeled cells for a 6-point metric space.




Before we continue, there is a useful corollary about Gromov products that we will use later. The
proofs are given in [1].

Lemma 1. Let (X,d) be a finite metric space with n elements P;, i = 1,...,n. Then the following
equations hold.

Aiji — Dijie = Dgjr — Drir = Duik — Dijre = Djik — Djar.
where i, 7, k, 1 =1,2,... n.

Corollary 1. Let (X, d) be a A-generic finite metric space and let A;; be the minimal Gromov product
at node P;. Then,

1. Ajg (= Ajj) cannot be minimal at node Pj, where [ # j, k,
2. Agji (= Ayyj) cannot be minimal at node Py, where [ # j, k,
3. Auj (= Ayji) and Ayg (= Agg;) cannot be minimal at node P, where [ # 14, j, k.

It is shown in [1], that any 5-point metric space (X,d), is equivalent to a metric space (X, d’) with
one of the following Gromov product structures:

S(&1) = {A125, A213, Aoy, Ayss, As14}, type A
S(E) = {A125, Agi3, Asas, Ayos, Asi1a}, type B
S(E3) = {A125, Aa13, Aszas, Ayas, Asi3}. type C

On decomposition of A(5,2) and classification of five-point metric spaces

For the case n =5, A(5,2) is the hypersimplex generated by columns of matrix

111 100O0O0O0O0
10001 11000
A'=10 1. 0 0 1. 0 01 1 0
0 01 0010101
0001001011

From A we can extract 252 system of five equations in five variables and five inequalities. Only 162 of
such submatrices have rank 5. Let us assume that A; is the matrix of equalities. According to how many
of x;’s we include at most into system of equations we can categorize three general types of systems:

(a) system type (I): At most four x; for each ¢ = 1,...,5 can appear in the equations, the typical
instance of such a system is (columns (1,2,3,4,5) of A?):

21+ 22 =diz, x1+x3=di3, T1+x4 =dis, 1 +T5 =di5 , Tz + T3 = das,

To+ Ty >doy, To+ x5 >dos , T3+ T4 > d3g, T3+ 25 > d3s , T4+ Ts > dys.

For this choice of equalities, one will have a graph like

4 5
N/
1

/ N\
2—3

By solving the equations, and then replacing the z; in the inequalities, the following inequalities
are drived:

dig +dss < dia+daz (I), diz +dss < dis+ doz (I11),
diz + doa < dia +doz (II) , diz+das < dis + daz (IV),
Aoz < Ags (V)



Q(1342) Q(1352) Q(1,2,4,5) Q(1,3,4,5) Q(2,3,4,5)

1 3 1 3 1 4 1 4 2—4
2 4 2 5 2 5 3 5 3——5
1 5 1 5 25
2 4 3 4 3—4
1 4 1 4 2—4
5 2 ) 3 5—3

Figure 3: Allowable quadrangles for a 5-point metric space with a graph of type 1.

We will interpret these inequalities on quadrangle structures. There are 15 different quadrangles
for a five point metric space, which can be grouped to 5 sets of 3 quadrangles according to which
vertex x; they do not contain and the relative settlement of diagonals (Figure 3). From (I) and
(II) one can conclude that in a metric space which does have such a graph, the only legitimate
quadrangle is Q(1342) and from (III) and (IV) it is concluded that the only legitimate quadrangle
is Q(1352). We cannot conclude anything about Q(1,2,4,5), Q(1,3,4,5) and Q(2,3,4,5) (Figure 3).
We will ask this question: Given these possible quadrangles which Gromov product structures
cannot be put on this metric space? For answering this question it should be noted that each
inequality djs + dsg < di4 + das gives four inequalities among Gromov products (one for each
vertex of quadrangle):

diz + dzq < dia + doz & diz + diz — dog < di3 + d1s — d3s & D123 < Aqzy,

di2 + d3s < dia +dog < diz2 + dos — dig < doz + doa — d3a = Ao1a < Agza,

dig +d3g < dig + dog & di13 + d3g — dig < d13 + daz — d12 & Az < Az,

di2 + d3s < dia +doz < dog +d3g — doz < d1g + d2a — d12 & Aga3 < Agra.
For this case, using the inequalities, the allowable quadrangles are depicted in Figure 3. Considering

Corollary 1, one can write the list of all Gromov product structures and eliminate the impossible
ones.

For the given graph, the possible Gromov structures are the followings (considering the symmetry
for 4 and 5, the case when A5 is minimal is omitted):

123, 214, 314, 423, 514.
123, 214, 314, 423, 523.
123, 214, 314, 425, 514.
123, 214, 314, 435, 514.
123, 214, 315, 423, 523.
123, 214, 315, 425, 534.
123, 214, 345, 423, 523.
123, 245, 314, 423, 523.
123, 245, 315, 423, 523.
123, 245, 345, 423, 523.

(b) system type (II): At most three z; for each ¢ = 1,...,5 can appear in the equations, this systems
can be put into four subtypes:

(i) (II)-1 : the typical instance of such a system is (columnss (1,2,3,5,7) of A?):

21 +x2=di2, x1+x3=di3, 1 +T4 =dis, Ta + T3 =dz3, T2+ T5 = das,

T1+T5>dis, To+ x4 >dog, T3+ T4 >d3g, T3+ 25 > d3s , T4+ Ty > dys.



For this choice of equalities, one will have a graph like

Solving the equations, and then replacing the x; in the inequalities, the following formulas
can be obtained:

dig +dss < dig+das (1), dig + dsa < dia+dos (111),
dis +dag < dig +dos (I1) , dig +dog < dyg+daz (IV),
dig + das < dia +das (V).

Q(1342) Q(1532) Q(1,2,4,5) Q(1,3,4,5) Q(2,3,4,5)
1 3 1 4 1 4 2—4
2 4 2 ) 3 5 3——5
1 ) 1 ) 1 ) 2—5

2 3 2 4 3 4 3—4

1 4 2—4

) 3 5—3

Figure 4: Allowable quadrangles for a 5-point metric space with a graph of type II-1.

Using these inequalities, the allowable quadrangles are depicted in Figure 4 for this case. By
Corollary 1, for this given graph one will have the following possible Gromov structures:

125, 214, 314, 423, 514.
125, 214, 314, 425, 514.
125, 214, 314, 435, 514.
125, 214, 325, 425, 513.
125, 214, 325, 425, 514.
125, 214, 325, 425, 534.
125, 214, 345, 423, 513.

(i) (I1)-2 : the typical instance of such a system is (columns (1,2,3,5,10) of A?):

1 +x2=di2, x1+x3=di3, 1 +T4 =dia, Ta+ T3 =d23, Tsa+ T5 = dys,

1+ x5 >dis, To+ T4 > doyg, To+ x5 >dos , T3+ T4 > d3g, T3+ T5 > d3s.

For this choice of equalities, a graph like

is obtained. Solving the equations, and then replacing the z; in the inequalities, one derives



these formulas:

dig +dsg < dig+dog (1), dig +dos < dio +dys (111),
diz + dog < dig+doz (I1) , dig+ dss < diz + dys (IV),
Aigs < Aqaz (V).

Q(1342) Q(1,2,3,5) Q(1,2,4,5) Q(1,3,4,5) Q(2,3,4,5)
1 3 1 3 1 4 1 4 2—4
2 4 2 5 2 ) 3 ) 3—5
1 5 2—5
2 3 3—4
1 3 1 4 1 4 2— 4
5 2 5 2 ) 3 5—3

Figure 5: Allowable quadrangles for a 5-point metric space with a graph of type I1-2.
Using these inequalities, the allowable quadrangles are depicted in Figure 5 for this case. By
Corollary 1, for this given graph one will have the following possible Gromov structures:

145, 245, 345, 423, 512.
145, 245, 345, 423, 513.
145, 245, 345, 423, 523.

(iii) (II)-3 : the typical instance of such a system is (columns (1,2,3,5,6) of A"):

1 +x2=di2, x1+x3=di3, T1+Ta=dia, Ta+ T3 =do3, Ta+ T4 = doa,

21+ x5 >dis, Ta+ x5 > dos , X3+ x4 > d3s, X3+ 25 > d3s, T4+ T5 > dys.

For this choice of equalities, a graph like
1

3 4
2

is obtained. (There is an even cycle in the graph.) In this case, the matrix of equations system
is not invertible.

(iv) (IT)-4 : the typical instance of such a system is (columns (1,2,3,7,9) of A?):

1 +x2=di2, x1+x3=di3, 1 +T4 =dis, Ta+T5 =dzs , T3+ T5 = das,

21+ x5 >dis, Ta+x3>doz, o+ Ty >dos, T3+ Ty > d3g, T4+ T5 > das.

For this choice of equalities, a graph like
3

5 1—
2

is obtained. (There is an even cycle in the graph.) In this case, the matrix of equations system
is not invertible.

4



(c) system type (III): At most two z; for each ¢ = 1,...,5 can appear in the equations, the typical
instance of such a system is (columns (1,2,6,9,10) of A?):

T1+x2=d12, z1+x3=d13, T2+ x4 =dog , T3+ 75 =d35 , T4+ T5 = dys,
1+ x4 >dig, x1+ x5 >dis, To+x3 > dog, To+ 5 > dos , T3+ T4 > d3g.

For this choice of equalities, one has a graph like
1
2 3
4—35
Solving the equations, and then replacing the x; in the inequalities, one derives these formulas:

dio+dss < dig+dos (I), dis +doa < dig +das (I11),
dig +dos < dio+dss (I1), dig+dss < diz+das (IV),
dog + das < das +dss (V).

Q(1,2,3,4) Q(1,2,3,5) Q(1,2,4,5) Q(1,3.4,5) Q(2,3.4,5)
1 3 1 3 1 4 2 4
2 4 2 ) 3 5 3 )
1 4 1 5 2 )
2 3 2 4 3 4
1 3 1 4 1 4
5 2 5 2 5 3

Figure 6: Allowable quadrangles for a 5-point metric space with a graph of type III.

Using these inequalities, allowable quadrangle structures are shown in Figure 6. By Corollary 1,
for this given graph one will have the following possible Gromov structures:

123, 214, 315, 425, 534.

145, 235, 324, 413, 512.

5-point metric spaces and related graphs

Remember that every metric d defines a regular polyhedral subdivision A, of A(n,2). For each subsys-
tem of equations and inequalities, we let A; and A denote the rows of A related with equalities and
(remaining) inequalities respectively and D; and Ds to denote the vector d;; whose related variables x;
and z; have appeared in system of equations and inequalities respectively. What we will consider here, is
to look at compatible systems for three different metrics of a 5-point metric spaces. Numerical instances
for three types have been given before in Table 1.

5-point metric type A (S(&1))

Let A be the matrix whose rows are generators of A(5,2) as before and assume that d is the metric type
Al (D = [10,11,10,7,8,10,10,6,10,8]*). The only rows of matrix A which give compatible solutions
with the metric d satisfying (2) are the following rows:

(1,2,3,4,7), (1,2,3,6,7), (1,2,5,6,7), (2,3,4,7,9), (2,3,6,7,9), (2,3,6,8,9) ,

(27 57 67 77 9) ) (27 57 67 879) ) (37 4’ 77 97 10) 3 (3767 77 97 10) ) (37 6787 97 10)

10



Since a system type (III) (rows (2,3,6,7,9)) is among the systems, the complete structure is determined.
The cell families for these type and quadrangle structure is given below:

Q(1324) Q(1235) Q(1245) Q(1345) Q(2345)
1 3 1 2 1 2 1 3 23
4 2 5 3 5 4 5 4 5Ky

Figure 7: Quadrangles structure of type A 5-point metric space.

N\ NN U
AN S // AN

3
1
4—3 4—3 \ 3
1
5 2
\
4—3

Figure 8: Cells of metric type A.

5-point metric type B (5(&:))
Let A be the matrix whose rows are generators of A(5,2) as before and assume that d is the metric type
A2 (D = [5,6,6,5,3,5,6,5,5,4]"). The only rows of matrix A which give compatible solutions with the
metric d satisfying (2) are the following rows:

(1,2,3,4,7), (1,2,3,6,7), (1,2,5,6,7) , (2,3,4,7,9) , (2,3,6,7.8) , (2,3,7,8,9)

(27 57 6’ 77 8) ) (27 57 7’ 879) ) (37 47 7’ 97 10) Y (3,67 77 8’ 10) ) (3’ 77 87 97 10)

The cell families for these type and quadrangle structure is given below:

Q(1234) Q(1235) Q(1245) Q(1345) Q(2354)
1 2 1 2 1 2 1 3 23
4 3 5 3 5 4 5 4 4Ny

Figure 9: Quadrangles structure of type B 5-point metric space.
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T T N TR

AN W W A |

4\3 4)3(/ 4\3/ %3 \4//3
5\432

Figure 10: Cells of metric type B.

5-point metric type C (S(&3))

Let A be the matrix whose rows are generators of A(5,2) as before and assume that d is the metric type
C (D =16,10,6,8,8,6,10,9,6,8]"). The only rows of matrix A which give compatible solutions with the

metric d satisfying (2) are the following rows:

(]"2’ 3747 7) K (1’27 3767 7) ) (1’27 5767 7) ) (2’ 3747 77 10) ) (27 37 67 7’8) ) (27 37 77 8’10) Y

(2’ 47 77 97 10) ) (27 5’ 6’ 77 8) ) (27 5’ 7’ 879) ) (27 7’ 8’ 97 10) Y (3767 7’ 8’ 10)

The cell families for these type and quadrangle structure is given below:

Q(1234) Q(1235) Q(1245) Q(1435)
1 2 1 2 1 2 1 4
4 3 5 3 5 4 5 3

Figure 11: Quadrangles structure of type C 5-point metric space.
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//\\ ; /\\ ; 25//\ A,
A /X X/ Y /X

5 2 5 \ 2
\ 4/\3 \4\\3 4 )3(/ 4\\3 / \4\\3
5\7@4 /3 2

Figure 12: Cells of metric type C.

6-point Metric spaces and compatible cell types

For a 6-point metric space, the different cell types, which correspond to different choice of set of equations
from the rows of generators for A(6,2), can be put into 9 different types. Each of these types come with
an initial set of equation, but one can add up the equations to derive new inequalities from those initials.
These different nine graph types and all the inequalities derived from them are as following:

1. typel:

4 5 6
N/
1

/N
2—3

This type corresponds to the choice of rows (1,2,3,4,5,6) from the matrix of A(6,2). Inequalities
are as following:

di2 + di3 + dse < di5 + di6 + das,
di2 + di3 + dae < di4 + di6 + das,
di2 + di13 + dys < d14 + di5 + dos,
di2 +d3e < dig +d23, dia+d3s < dis+da3, diz+d3q < dig + das,
d13 + dog < dig +da3, diz +das < dis+do3, diz+ dag < dig + das.

/ N\
2 —3

This type corresponds to the choice of rows (1,2,3,4,6,9) from the matrix of A(6,2). Inequalities

13



are as following;:

3. type III :

4
AN

1

SNV
2—3

This type corresponds to the choice of rows (1,2,3,6,8,12) from the matrix of A(6,2). Inequalities

7/

di2 4 diz + dys < dia + dis + das,

di2 + dsg < di5 + dag,
dy2 + d3q < dig + da3,
d13 + dog < dig + da3,
di6 + daz < di3 + dag.

6

are as following:

4. type IV :

4
NN
1

/N
2—3

This type corresponds to the choice of rows (1,2,3,5,6,13) from the matrix of A(6,2). Inequalities

dy2 + dgs < dig + das,
di3 + dae < d1s4 + dse,
dag + d3s < das + d3e,
dis + dag < di3 + das,

are as following:

5. type V :
4

dyo + dzs < dis + das,
dy2 + dze < di3 + dog,
dis + das < dis + dos,

di2 + d3q < dig + da3,
di3 + dag < d1g + da3,
dis + dog < d1g + das,
d13 + dag < di12 + d3e,

di2 4 diz + das < dia + dig + da3,
dy4 + dis + doz < dig + dig + das,

dy2 + d3e < dig + das,
d13 + dog < dig + da3,
dag + d3s5 < da3 + dys,
di5 + d3q < di13 + dys,

7N\

6 1
N /N
2 —3

This type corresponds to the choice of rows (1,2,3,6,9,13) from the matrix of A(6,2). Inequalities

5

di2 + d3q < d1g + da3,
di4 + dsg < dig + dus,
das + d3q < da3 + dys,
dia + dos < di2 + dys,

14

di2 + das < di4 + dos,
dy3 + das < di5 + da3,
dis + dos < di4 + dos,

di2 + d3s5 < di3 + das,
da23 + dse < das + d3e,
dig + d34 < d14 + d3e,
dig + da3 < di2 + d3g.

di3 + dag < di6 + da3,
di5 + dag < dig + dus,
di4 + d3s < di3 + dys,
di5 + d2g < di2 + dys.



are as following;:

dia + dag + dse < di13 + dag + das,

dig + dys + dog < d12 + d13 + dys,

di2 + dag < d1a +dog, di2 +dza < dig+doz, di2 +dze < di3 + dag,
di3 +dog < dig +daz, dog +dse < dag +dss, das + dys < dog + das,
dag +d3s < da3 +das, dos +d3g < da3z +dys, dig + dag < d1g + das,
dig +d3s < diz +das, dis +d3s < diz+dss, dig + daz < diz + dag,
dig +das < dig +das, dis + d2g < di2 +dss.

/N
2 —3

This type corresponds to the choice of rows (1,2,3,6,13,15) from the matrix of A(6,2). Inequalities
are as following;:
dy2 + di13 + das + dag < 2d14 + dag + dse,
di2 + d3¢ + das < di14 + d23 + dse,
dy3 + dag + das < d14 + d23 + dsg,
dig + dis5 + dog < d12 + d13 + dys,
di2 +d3q < dig +daz, diz+dog < dig+daz, dag+ dzs < dog + dys,
das + d3q < dog + das, dos + dze < daz +dss, doe + d3s < dag + dse,
di5 +dag < diga +dse, dig +das < dig +dse, dos + dzs < dasz + dys,
dig +d3s < diz+dss, dis+dza < diz+das, dis +dze < diz + dse,
di6 +d3s < diz +dse, dig +das < diz2 +das, dis + dog < diz +dys,
dis5 +dag < di2 +dse, dig + das < di2 + dsg-

7. type VII :
4-5
VAN
1 6
/ N\
2—3

This type corresponds to the choice of rows (1,2,3,6,13,14) from the matrix of A(6,2). Inequalities
are as following;:

2d1y4 + do3 + dse < di2 + d13 + das + dag,

dyg4 + dis5 + dog < di2 + d13 + dss,

dig4 + dig + dog < d12 + d13 + dgs,

di2 +d3q < dig +daz, di3+dag < dig+da3, dag+ dzs < dog + dys,

dag + d3e < dag + dag, dos + d3q < do3z +dss, dag + d3g < dog + dyg,

dig +dss < dizg +dss, dig +dze < diz+dss, dis + dzq < diz + dys,

dig +d3q < diz +dag, dig +dos < di2+dys, dig+ dae < dia + dys,

dis +dag < dio +das, dig + das < di2 + dgs.

8. type VIII :
1 4
/ N\ / N\
2—3 5—6
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This type corresponds to the choice of rows (1,2,6,13,14,15) from the matrix of A(6,2). Inequalities

are as following:

dyo + 2d3q + dse < di3 + daz + dys + dyg,
dio 4 2dss + dyg < dig + daz + dys + daus,
dio + 2d3e + dys < di3 + dog + dyg + dsg,
dyi3 + 2das + dse < di2 + da3 + dys + das,
d13 + 2dos + dag < di2 + doz + das + dse,
d13 + 2dos + dus < dig + das + dag + dse,
2d14 + da3 + dse < d12 + d13 + dys + dyg,
2d15 + da3 + dye < di2 + di13 + dys + dse,
2d16 + daz + das < dig + dig + das + dse,

dag + d3z5 < da3 + dys,
das + dze < da3 + dse,
dyy + d3s < d13 + dss,
di5 + dze < di3 + dse,
di4 + dos < di2 + dys,
di5 + dog < di2 + dse,

dag + d3g < da23 + dye,
dae + d3s < da3 + dye,
dy4 + d3e < d13 + dag,
di6 + dzs < di13 + dae,
di4 + dog < di2 + dye,
dig + dog < di2 + dae,

das + dzq < da3 + dys,
dae + d3s < da3 + dse,
dis + d3s4 < d13 + dss,
di6 + dzs < di3 + dse,
dis + dos < di2 + dss,
dig + das < di2 + dse.

5/615\2
\

4—3
This type corresponds to the choice of rows (1,4,5,6,10,13) from the matrix of A(6,2). Inequalities
are as following:

dy2 + d34 + dse < dig + da3 + dss,

dis + dag + d3g < dig + da3 + dys,

di2 +d3e < dig +da3, dia +d3s < dis + dos,
di3 +dog < dig +da3, di3 + dys < dis +d3a,
dig +dse < dig +das, dia + dze < dig + dsa,
dis +dge < dig +das, dog + d3s < da3 + dys,
di13 +dag < di2 +d3g, dig +daz < di2 +dzq,
di5 + d2g < di2 + dys.

d13 + dag < dig + d3a,
d13 + das < di5 + da3,
di4 + d3s < di5 + d3a,
dos + dzq < das + dys,
di4 + dos < di2 + dys,

1 Derivation of Gromov product structure from cell types

Before discussing the derivation of Gromov product structure from the cells of a hypersimplex metric
type, we need to examine the properties of a particular cell. This cell type consists of a triangle and
several other edges individually connected to a single vertex (Figure ?7). Typical examples of such a cell
under discussion can also be seen as the left most cell in Figures 1 and 2.

Proposition 3. Let (X = {Py, Ps,...,P,},d) be an n-point metric space. Then, (X,d) is A-generic
with the Gromov product structure P; — Ej, (i = 1,...,n) if and only if the following sub-graphs G; jx
of (the complete graph) K, belong to the cell-collection Cell(d) of the metric d.

Proof. For the ease of notation let i =1, j =2, k = 3. Then, the graph G 23 corresponds to the matrix
B below:
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The system Bx = dg and B’z > dg reads as follows:

r1+x2 = di2 To+xs > dog

r1+2x3 = di3 :

1 +24 = dua To+x, > doy

1 +x, = din Trtxs > dps (Pr>2,8>4 1r<5s)
To+x3 = do3

Tp—1+Tpn > dn,1 ne

If the system has a solution in terms of x;’s, then Ajs3 is uniquely minimal among Ay, for 1 £ r # s # 1
and vice versa. To show this, first consider the first 2 equations and the last one from left column to
see that r1 = A123, To = A213 and T3 = A312. From other equations it follows that T = dlk — A123
for 4 < k < n. By applying algebraic manipulations, it can be seen that the inequalities zo + x5 > da,
(4 < k < n) are equivalent to Ajaz < Ajgk, the inequalities x5 + x5 > dsg (4 < k < n) are equivalent to
Aq23 < Ajsi and finally the inequalities x, + x5 > d;s (4 < 7,5 and r < s) are equivalent to Aqog < Aq,s.
Applying this to every node of X, the proposition follows. O

This proposition shows that Gromov product equivalence is weaker than the metric fan equivalence:

Proposition 4. Let d and d’ be two A-generic metrics on an n-point set X = {Py, P>,...,P,}. If d
and d' are equivalent in the metric fan sense, i.e. Cell(d) = Cell(d') , then they have the same Gromov
product structure (and so, a fortiori, they are equivalent in the Gromov product sense).

Proof. If the A-generic metric d has the Gromov product structure P; — Ej, for i = 1,2,...,n , then
by Proposition 2 the sub-graphs G; ;i of (the complete graph) K,, belong to the cell-collection Cell(d)
of the metric d. Since by assumption Cell(d) = Cell(d’), the sub-graphs G; ji belong also to Cell(d’).
This means, again by Proposition 2, that the metric d’ has the same Gromov product structure. O

2 Derivation of Quadrangle structures from cell types

The hypersimplex classification of finite metric spaces is to use triangulations of A(n,2) to find out a
‘compatible’ set of cells. Assume that we have a class of cells which represents a hypersimplex metric
type. Using this set of compatible cells, one can derive the quadrangle structure of this metric type. We
will need the following proposition for this aim.

Proposition 5. For a Q-generic metric space, if {P;P;} and {P,F;} are realized as two edges of a cell
of a class, then they are diagonals of Q(P;, Pj, Py, P)).

Proof. Consider four vertices of a cell P;, P;, P, and P, in the given class of hypersimplex metric type.
We write the equation (1) in the following form:

dij + dy = @i + x5 + T + Ty — € (k1)

dik + djl =X +xp+x;+x1— €(ik) (j1)>

dy + djk =z, +x+T; + XK — €(il) (k) -
Here for instance €(;x(;1) is a non-negative number which is zero if and only if {ik} and {jl} € G which is
if B, and Ej; are two recognized edges of a cell. We are looking for max{d;; + di, dir. + dji, da +dji} =
max{x; + T + T 4 Tp — €y (ki)s Ti + Tk + Tj + T — €Gr) (1), Ti + TL + Tj + T — €k} Since we have
assumed that the metric space is Q-generic then only one of the three epsilons can be zero which will

result in the only maximum (the diagonals). This means if E;; and Ej; are recognized edges of a cell
then maz{d;; + dii, dir. +d;j1, dit +dji } = dix +dj; and hence E;;, and Ej; are diagonals of Q(4, j, k,1). O
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Using Proposition 5, the quadrangle structure of a hypersimplex metric type can be simply determined
as following: For quadrangle Q(Py, P2, Ps, Py), look at the cells in the metric type, if for instance {P; P>}
and {P;P,} are realized as two edges of a cell (These edges can be realized in multiple cells of a same
class) then they are diagonals and hence the quadrangle structure for {Py, Py, P3, Py} is Q(P1 P3Py Py).
The same can be done for other quadrangles till the diagonals of all quadrangles have been found.

Corollary 2. Two metric spaces with the same hypersimplex class have the same quadrangle structure,
in other words quadrangle structure classification is coarser than hypersimplex classification.
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Five Point Metric Spaces: Gromov Product Structures,

Quadrangle Structures and Explicit Parameterizations

Ayse Hiimeyra Bilge *, Derya Celik T, Sahin Kocak ¥, Arash M. Rezaeinazhad

Abstract

Let (X,d) be a finite metric space with elements P;,i = 1,...,n and with distances d;; :=
d(P;, Pj) for 4,5 = 1,...,n. The “Gromov product” A;jk, is defined as A;jr = %(dij + dir — djk).
(X, d) is called A-generic, if for each fixed 4, the set of Gromov products has a unique least element,
Aij;k;- The Gromov product structure on a A-generic finite metric space (X,d) is the map that
assigns the edge Ej,k;, to P;. A finite metric space is called “quadrangle generic”, if for all 4-point
subsets {P;, Pj, Py, P}, the set {d;; +di, dik+d;ji, dii+d;i } has a unique maximal element. We define
the “quadrangle structure” on a quadrangle generic finite metric space (X, d) as the map that assigns
to each 4-point subset of X, the pair of edges corresponding to the maximal element of the sums of
the distances. T'wo metric spaces (X,d) and (X,d’) are said to be A-equivalent (Q-equivalent), if
the corresponding Gromov product (quadrangle) structures are the same, up to a permutation of X.

In this paper, Gromov product structures, quadrangle structures, optimal reductions and explicit
parameterizations for 5-point spaces are obtained and compared with previous results in the liter-
ature. In the final part of this review paper, we have used the Monte Carlo method to obtain the
relative volume of each of the 5-point metric types inside the corresponding metric cone for 5-point
spaces, meanwhile 102 different partitions of metric cone for 5-point spaces are derived, considering
Gromov product structures. These 102 partitions, come in three symmetric classes forming three
types of metrics for 5-point spaces. Thus one can say that all the methods of classification given here

or given before in the literature of finite metric spaces, give 3 types of metrics for 5-point spaces.

Keywords: Finite metric spaces, Split metric decompositions, Gromov products, Quadrangle struc-

tures

1 Introduction

The notions of Gromov product structures, A-equivalence, quadrangle structures and Q)-equivalence have
been defined in previous work [3]. Here, we present the applications of these notions to 5-point spaces.

Basic definitions are quoted from [3].

Notation Let (X,d) be a finite metric space with n elements P;, ¢ = 1,...,n (n > 3) and let d;; be
the distance between P; and P;. The elements of X are also referred to as “vertices” or “nodes”. Ej;

and T;;;, denote respectively an edge and a triangle with corresponding vertices.
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Gromov products The quantity A;;, defined as
Aijk = Dirj = 5(dij + dix — dji) (1)
is called the Gromov product of the triangle T;;; at the vertex P; [6].

A-generic metrics A metric space is called A-generic, if for each P; the set of Gromov products A;jy

has a unique smallest element.

Gromov product structures Let (X, d) be a A-generic finite metric space. Let P; € X, and let A,
be the minimal Gromov product at P;, (i = 1,...,n). The function that assigns the edge E,j to the
vertex P; is called the Gromov product structure on X. Two A-generic metric spaces (X, d) and (X, d’)

are A-equivalent, if the corresponding Gromov product structures are the same up to a permutation of
X.

The metric cone The set C, of all pseudo-metrics d = (d;;) € R() on a given n-point set X, is called

the metric cone.

The metric fan A decomposition of metric cone C,, into some sub-cones defined as below is called

the metric fan [8]. Consider the (2) x n matrix A where the rows are numbered by the edges as

(1,2),(1,3),...,(1,n),(2,3),(2,4),...,(2,n),...,(n—1,n)

and the (4, j)-row (i < j) is given by e; +¢; = (0,...,1,...,1,...,0) € R™. Let B be an invertible n x n
submatrix of A and denote the [(Z) — n] x n matrix obtained by deleting B from A by B’. Likewise, define
dp € R™ by choosing the components of d € R() corresponding to B and dp € R(:)- corresponding

to B’. Now consider the following system of equations and inequalities for z € R™:
Bxr =dg and Bz > dg.

If this system has a solution we say that the matrix B is a “cell” or a “thrackle” for the metric d. The
collection of cells of a metric d is denoted by Cell(d). Two metrics d and d’ on an n-point metric space
X are said to be equivalent in the metric-fan sense, if they have the same collection of cells or what
amounts to the same collection of sub-graphs, i.e. Cell(d) = Cell(d’). The equivalence class of a metric

d is a sub-cone of the metric cone and these sub-cones constitute altogether the metric fan.

Quadrangle generic metric spaces An n-point finite metric space X is called “quadrangle generic”,

or Q-generic, if for every 4-point subset {P,, Py, P., P} C X, the set of distances
{dab + dcd7 dac + dbd7 dad + dbc}
has a unique maximal element.

Quadrangle Structures A quadrangle structure on a (-generic finite metric space (X,d) is a map
which assigns to any 4-point subset { P, Py, P, P;} of X, the pair of edges corresponding to the maximal
element of the set {dap + ded, dac + dbds dad + dpe - We denote the 4-point subset {P,, Py, P., P;} without

any restriction on the sides by Q(a, b, ¢, d) in which the ordering of the indices is irrelevant. If d,. + dpg is



maximal, the vertices are ordered as (P,, Py, P, P4) and we denote this structured quadrangle by Q(abcd)

in which the cyclic permutations and reversal of the order of the indices give equivalent quadrangles.

Q-equivalence Two @Q-generic metric spaces (X, d) and (X,d’) are called Q-equivalent, if the corre-

sponding quadrangle structures are the same up to a permutation of X.

Parameterization of 4-point spaces Let the set of minimal Gromov products of the quadrangle
Q(abed) be {Aapds Dbacy Acbds Adac} and let a and 3 be defined as

a = Aabc - Aabda ﬁ = Aadc - Au,db7 (2)
then, one has the following equalities between Gromov products

a = Agpe — Dabd = Dpad — Dbae = Acda — Acab = Ddeb — Ddca,
B = Aade — Dadb = Dved — Dbca = Acva — Debd = Ddab — Ddac, (3)

and the distances are expressed as

dab = Aabd + Abac + a, dcd = Acbd + Ada,c +a,
dbc = Abac + Acbd + 6, dad = Aabd + Adac + Ba
dac = Dapa + Acpa + a + B, dya = Dpac + Adac + a + . (4)

This is shown in Figure 77 below.

Figure 1.1: A quadrangle with the set of minimal Gromov products {Aapa, Avac, Acbd; Ndac}-
27

Matrix representation of Gromov product structures Gromov product structures on an n-point
space are represented by the n x n matrix Ma defined by Ma(7,7) = 1 and Ma(i, k) = 1 if Ay is the

minimal Gromov product at P; and 0 otherwise [4].



Matrix representation of quadrangle structures The matrix of a quadrangle structure @, Mg
on an n-point space is an ng X ng matrix (ng = n(n — 1)/2) such that Mg(ab, cd) = 1 if the edges Eqp
and E.q are diagonals in {P,, Py, P,, Py}, and Mg(ab, cd) = 0 otherwise.

Split pseudo-metrics A “split” S = {A, B} of a finite set X is a partition of X into two non-empty
subsets A and B. For simplicity we often identify the set of points of A with its index set. For each
P, € X, we denote by S(a) the subset A or B that contains P,. Corresponding to each split S we define
the pseudo-metric dg by

1 if S(a) # S(a'),

0 if S(a) =S5(a).

ds(a,a’) =
If the number of elements of A or B is equal to k, the split is referred to as a k-split.

Totally split decomposable metrics A metric on X is called totally split decomposable if it can be

expressed as a linear combination (with non-negative coefficients) of the split metrics [1].
The isolation index of a split The isolation index of a split S = {A, B} is defined as
1
QA B :imzna,a’GA,b,b’GB{max{dab + doryy s daty + dary, daar + dopy } — (daar + dpwr) }-

Split prime A pseudo-metric is called a split prime if all of its isolation indices are equal to zero [1].

Lemma 1.1. Let (X,d) be a finite metric space with n elements P; (i = 1,...,n) and let S = {A, B}
be a split for X. Then,

i. The isolation index for the 1-split with A = {P,} is the minimal Gromov product at P,,

it. If (X,d) is Q-generic, then the isolation index for the k-split with A = {P;,,..., P, } is non-zero
if and only if for no pair of indices a,a’ € A, Eqq is a diagonal of the quadrangles Q(a,a’,b,b")
where b,b’ € B.

Proof. See [3]. O

2 Parameterization of 5-Point Metric Spaces

In this section we will give an explicit parameterization of 5-point spaces using Gromov product struc-
tures, quadrangle structures and partial orders on Gromov products at each P,. This parameterization
coincides with the parameterization given in [7].

It is known that the Gromov product equivalence gives the known classification of 5-point A-generic

metric spaces [2].

A {A125,A213, Asos, Auss, Asia ),
B:  {Ai25,A213, Asos, Asas, Asia},
C:  {Ai25,A013, Asos, Auss, Asi3}.

Note that, if say A;;; is minimal in the metric space X, then it is also minimal in every quadrangle
Q = {P,, Pj, Py, B;}. In a graphical presentation we indicate this by marking the corresponding angle by

a filled arc as shown in Figure 2.2. For a 5-point metric space X, at least one of the Gromov products in



any quadrangle belongs to the list of minimal Gromov products. It follows that for a 5-point space, the
Gromov product structure determines the quadrangle structure. The determination of the parameters

displayed in the quadrangles will be explained below.

1234 1235 1245 1345 2345
A 2 v 3 2 v 3 1 v 5 4 v b 3 v 4
! 5 | o+ I | n \ 5
1 4 1 5 2 4 3 1 2 53
B: 2 v 3 2 v 3 1 v 5 5 4 3 V 5
1 4 1 5 2 4 1 3 2 4
C: 2 v 3 2 v 3 1 v 5 5 v 3 3 v b5
1 4 1 51 2 4 1 4 2 4

Figure 2.2: The structure of the 4-point subsets for the three types of 5-point metric spaces.

From Figure 2.2, we can see that, in Type A, the edges F12, Fo3, E34, Fy45 and Fy5 are “sides” in
all quadrangles, hence Type A metrics are totally split-decomposable by Lemma 1.1. For Type B, there
are 4 edges E45, E15, F12 and Fsz that occur as sides in all quadrangles. Therefore it is not totally
split-decomposable. Similarly for Type C, the edges that occur as “sides” in all quadrangles are F1s,
Fss, Fsq and Eys, hence it is not totally split-decomposable.

In order to obtain an explicit parameterization of these metrics, we will use the quadrangle structure
to obtain partial order relations among the Gromov products, then use the relations d;; = Ayji + Ajig.
The structure of the quadrangles in Figure 2.2 lead to the following order relations for each of the types A,
B, C in the following way: Take quadrangle Q(1234) of Type A for instance. Since dio+dsq < d13+ daa,
equivalently %(d12+d14—d24) < %(d13+d14 —d34) which is to say Aqa4 < A134; We can also say that since
di4 + dog < dq3 + doy is equivalent to %(dlg +dig—doy) < %(dlg + dy3 — doz) which means Aoy < Ajas.
Thus for each vertex of a quadrangle, two inequalities among three Gromov products could be derived
by similar algebraic manipulations. The list of these inequalities for each type is given below. These

order relations are used to determine isolation indices for 2-splits and the split primes.



From quadrangles of Type A, we have the following relations among Gromov products:

(1234) : Aq24 < A123, A1z,  Aoiz < Aoig, Aozy,  Azog < Aziz,Azia, Agiz < Agiz, Agos,
(1235) : Ajas < Aq23, A1zs,  Aaiz < Aois, Aoz,  Azos < Aziz, Azis,  Asiz < Asiz, Aszs,

Q(1245) : A1os < Aq2g, Args,  Aoia < Aois, Aogs,  Agas < Agiz, Agis,  Asia < Asiz, Asag,
(1345)
(2345)

2345

s Args < Aqzg, A, Azig < Aszis, Azas,  Ayszs < Ay, Agis,  Asig < Asiz, Assy,

: Aggs < Aogza, Agus,  Aszoy < Asos, Azgs,  Ayss < Ayog, Agos,  Aszy < Aszz, Aszy.

which lead to the following Hasse diagrams given in Figure 2.3.

Ajas Ay Aigs  Aois Aays Agss Asziz Azis Aazys
o N\ R/ N/ Ko/ e
AT Aizs Aoy Aoss Agas Asiq
N /7 A A N /7
JANPY Aoz Azag
JAVES JAVEP Ass Asio As2a As3a
AV
Auis JAES Asis As24
N /o N /

Auss Asa

Figure 2.3: The partial order diagrams for the Type A.
For Type B, we have:

(1234) : Ayoq < Aya3, Arza,  Aoiz < Agig, Aozs,  Azgy < Azia, Azrg,  Agiz < Agrz, Agos,
(1235) : Ayas < Ajaz, Arzs, Aoz < Agis, Aozs,  Aszes < Azia, Azis,  Asiz < Asiz, Asgs,
Q(1245) : A5 < Agog, Aras,  Aoig < Aois, Aoas,  Agas < Agiz, Agis,  Asia < Asia, Asag,
(1345)
(2354)

2354

t Aqss < Aqzg, Aqas,  Asig < Asis, Asgs,  Auszs < Az, Asis,  Asia < Asis, Asaa,

P Agzg < Aoss, Aoas,  Asos < Asog, Asgs,  Agos < Agos, Auss,  Asza < Asas, Asoa.

which give the following Hasse diagrams given in Figure 2.4.



Al“ A1I" A’l) A’-l) A’i) )

12
B4+~v+1 e+yv4n a+d+71 a+v+n
Y a4+ n B+n

2

Ajag Az Aoy JApS Asia Asza
R K \
Ajas Aoy As1a

JAVTE Ayos Az Aszys
NA ONA
Auis Az Asziz Azig
NS N/
Auzs As2q
K L
Ayos Asas

Figure 2.4: The partial order diagrams for the Type B.

For Type C, the quadrangles give the following relations:

(1234) : Aq24 < A123,A1za,  Aoiz < Aoig, Aozs,  Azog < Aziz,Azis, Agiz < Agrz, Agos,
(1235) : A1a5 < Aq23, A1zs,  Aaiz < Aois, Aoz,  Azos < Aziz, Azis,  Asiz < Asiz, Aszs,

Q(1245) : A15 < Aq2g, Args,  Aoia < Aois, Aogs,  Agos < Agiz, Agis,  Asia < Asiz, Aszg,
(1435)
(2354)

2354

tArgs < Avzg, Arzs,  Aszas < Azig, Azis,  Agiz < Ayis, Auzs,  Asiz < Asiy, Assy,

t Aggy < Aoss, Aogus,  Aszas < Asog, Azgs,  Agos < Ayog, Ayss,  Aszy < Asaz, Asay.

which lead to the Hasse diagrams given in Figure 2.5.



AI?:} AI:H Alli.’) AZI."‘ A.’I'; AQ:{:‘» Aii]2 A:{l-l A:H:’;

AV VAVENVAY,

A2y Aas Aayy Anay Aszay Aszgs
N A N AN A
A 125 A.’ 13 AJ%E:’»

Aszs A Asia Aszi Asas
Anz Niss )
W NV
3 Az J. As14 Asaq
| \ /
Auzs Az

Figure 2.5: The partial order diagrams for the Type C.

Remark For Types A and B, the quadrangle structure determines the Gromov product structure, in
the sense that the partial order relations deduced from the quadrangle structure determine the smallest
Gromov product at each P;. On the other hand, for Type C, the partial order relations imply that
both Ay13 and Ayos are smaller than Ayio, Ag1s, Ago3, and Aygs, but the order relation between Ayqs
and Ajos is not determined by the quadrangle structure. This is an example for the case where the

quadrangle structure does not determine the Gromov product structure.

Recall that the minimal Gromov products at each P, are the isolation indices of 1-splits. In what
follows, we assume that minimal Gromov products are zero. The isolation indices for 2-splits will serve
as free variables for the parameterization of the distances. For example, for Type A,

1
Qi = §mm{mal’{d13 + dag, dia + daz, di2 + dza} — (di2 + dsa),

max{dis + das, di5 + dag, d12 + dss } — (d12 + dss),
max{dis + dos, dis + doa, d12 + das} — (d12 + das) }

1
= §mzn{d13 + doy — dyo — dza, d13 + dos — di2 — dss, dia + dos — dia — dus }.
Which reformulating by using Gromov products gives:

a1z = min{Aizs — Ajog = Aozg — Agys,
Aqzs — Aqos = Aggs — Agys,
Aigs — Aos = Dogs — Aoa}.

Finally since Ajo5 = Ag1z = 0 we may write it as:

aiz = min{Aaozs, A13s = Aozs, Aqys ).



From the partial order relations it is clear that 12 cannot be equal to Ay45. Similarly, as Agzq > Aoss,

we choose Aj35 as a free variable for the parameterization. By similar arguments and what is given when

discussing “Parameterization of 4-point spaces” and Figure 77 in the introduction, the parameterization

of the Gromov products and of the distance functions can be obtained as given below.

Type A: Ajas = Aoz = Agay = Ayss = As14 = 0.

Apg=a, Aps=0, Apz=a+y, Aus=0+n Api=a+p+4,
Aoia =7, Aozs =08, Aas=a+7v, Aps=p+0, Aus=F+7+n,
Azia =7, Azs=0, Azia=p+6, Ass=7+n Azs=a+di+7,
Agyz =1, Aps=90, Apus=a+0d, Apz=7+n Adu2=F+06+n,
Asiz =1, Asu=a, Asia=pF+1n Aszpa=a+0d, Asz=a+y+m,
dio=a+7v, diz=a+8+d§+7,
doz = +0, dog=pB+0+v+n,
dzga =v+mn, dss=a+d+vy+n,
dys =a+96, diy=a+B+0+n,
dis=p+mn, dos=a+B+y+n.
Type B: Ajos = Aoz = Azgs = Ayos = As14 = 0.
Apg=0+n, Awps=06+n Awps=0+d+n Amz=a+di+n, Aus=B+7+mn,
A1y = «, Agzy = B, Agzs = B+, Agis =a+6+n, Ays=a+B+y+0,
Azas =1, Azi2=0+n, Asu=a+n, Agis=a+d+n, Asis=a+7+n,
Ayzs =1, Apz=v+mn, Aus=0+mn, Agpz=a+v+n, Aue=08+7+mn,
Aszy = 6. As13 =7, Aszq =6 + 1, Asi2=B+7v+n, Asz=a+d+y+mn,
dig=a+d+mn, dis =a+ B+0+2n,
dig =pB+d+v+2n, dis =B+~ +mn,
daz = B+, dog =+ B+ +1,

d25:a+ﬁ+5+7+277,

d3s =a+0+v+mn,

Type C: Ajg5 = Agi3 = Azos = Ayos = As13 =0.

Arag =0+,
Agy =«
Azgy =y +1,
Apz =,
As14 =1,

Aus =B+1n, Apz=a+d+n,
Agzs = 3, Agis =a+4+n,
Azgs =a+mn, Aziz=pB+7+n,
Agio=B+n, Aps=06+n,

Aszq =9, Asi2 =B+7+mn,

dio=a+d+n,
dia =B +6+ 2n,
dog =B+~ +mn,
dos = a+ B+ 8+~ +2n,
dss =a+9d+n,

d3s = a+v+2n,
dys =6+ 1.

Azs=pB+0+mn,
Agzs =B+7+m,
Agig =a+v+0,
Az = a+n,

Aszz =a+4+m,

di3=a+B+0+~+2,
dis=8+7+n,

doa =a+ [ +n,

dsa = a+v+2n,

das =0 +v+n.

Azs =B+7+m,
Aogys =+ B+,
Azis=a+d+n,
Agzs =+,

Asog =0 +7+n.

These parameterizations are exactly the ones given by Koolen, Lesser and Moulton [7]. In the paper



[7], the classes obtained via the decomposition of the metric cone are denoted as Type I, Type II and
Type III. These correspond respectively to our equivalence classes denoted by Type A, Type C and
Type B. The metrics of Type I, II and IIT are defined by their split decompositions, given as below.
For simplicity we consider the pendant free case, i.e, we take the coefficients of the 1-splits as zero,
equivalently the minimal Gromov products at each node are zero.

We use the labeling of the nodes by {z,y, u,v,w}.

(Type I): d = augy0py + Qyuyy + QupOun + Cpwdpw + QupzOuws,

(Type II): d = 0pudpu + Qan0zp + QuyOuy + Quyyy + cd’,

(Type HI): d = 0zudzu + Qzvdzn + QuyOwy + Quyluy + cd’,
where d’'(a,b) = 0if a = b, d'(x,y) = d'(u,v) = d'(u,w) = d'(v,w) = 2 and d'(a,b) = 1 for all other
cases.

We identify the indices z,y,u,v,w with our notation. For example, for Type I, i.e, our Type A,

x,y,u,v,w correspond to 1,2, 3,4, 5 respectively and the correspondence of the parameters are
Qpy = B, Ayy =7, CQyy = 0, Quw =1, Quz=a.

For Type II, i.e, our Type C, z,y,u,v,w correspond to 5,2, 1, 3,4 respectively and the correspondence
of the parameters are

gy =0, Qgy =7, Oy = B, Qyy = &,  C=1).

For Type 111, i.e, our Type B, z,y,u, v, w correspond to 2, 5,3, 1,4 respectively and the correspondence

of the parameters are

Ogy = Q) Oy = 3, Ay =7, Qpy = 4, c=m.

Optimal Reductions of 5-Point Metric Spaces

Optimal realizations of 5-point metric spaces for three types are given in [7], in what follows we will give
underlying graphs for each metric type and will drive their optimal reductions.

The weighted graph G = (V, E,w) is called a realization of the finite metric space (X, d) if there is a
labeling function ¢: X — V such that for all z, y € X the weight of any path between ¢(z) and ¢(y) is
equal to d(z,y). Any such realization is called optimal if ||G]|, the total edge weight of the graph G , is
minimal among all realizations of the metric space (X, d) [7].

As it is clear from the definition above that a finite metric space can have many realizations. In the
following, we will start with the pendant free reductions and use certain “moves” as defined in [5] to
reduce the total weight and reach the optimal representation. This kind of operations are generally done
by adjoining new vertices to the original graph, which in this case the added vertices are called secondary
vertices and the original vertices as primary, discarding some edges or adding new edges between the
enlarged set of vertices and assigning weights to the new edges in a way that the distance between
primary nodes are unchanged but the weight of the graph, namely ||G||, is reduced.

The first move, which is called joining edges, is done in the following way: Consider a vertex u and
all (or some) of the other nodes vy, vs,...,v; of G, which are neighbors of u. Calculate the Gromov
products of all triangles T, with 1 < 4,5 < k at vertex u and call the minimum m,,. Now delete all
the edges between u and v;’s, introduce a new vertex v and connect v;’s to v by edges of weight w,,,,, —m.,
for 1 <4 < k and also u to v by an edge of weight m,,; hence the nodes v; become connected to u by

two edges through v and the total weight of the graph is reduced by an amount of (k — 1)m,,.

10



The second move, which is called edge removing, is done by deleting the edge between two nodes u
and v if it can be avoided by a shortest path. This move reduces ||G|| by an amount of the weight of the
deleted edge.

The “A —Y” transform is a consequence of the above moves and can be applied to any triangle with
1-connected vertices in G. It is called a A — Y transform, because a triangle shape (A) turns to a Y
shape after the operation.

We should also note that what we mean by underlying graph of a metric, is the complete graph with
the same set of vertices as the metric space and all the edges with weight d;; removed for which there is
a point in space py, such that d;; = d; + dy;.

For Type A with the Gromov product structure as {Aj25, Ao13, Azog, Ayss, As14}, when edge remov-
ing operations are applied and passed to pendant-free reduction, a 5-cycle given as below is obtained.

The optimal realization given in [7] is a 5-cycle with edges connected to each of its nodes (Type (a) of

[7])-

Figure 2.6: Optimal reduction of metric Type A

For Type B with the Gromov product structure as {Aja5, Aa1s, Asas, Agos, As14}, the underlying

graph is given below:

Figure 2.7: Underlying graph of metric Type B

By applying a A — Y transform to T345 we have the following:

1 2

Figure 2.8: Graph with A — Y transformed.
In this step, one can follow two different approaches which reduce the metric to Type (b) or (c) of

[7]. To observe the process closely we need to point out that the parameterization of Type B is given as

follows:
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Figure 2.9: Underlying graph of metric Type B with distances parameterized

Here we have Asys = a+ v+ 1, Ayzs = n and Aszy = §, and applying a A — Y transform to T345
will result in the following:

Figure 2.10: T345 of Type B after A — Y transform

So the Type B with parameters are as following;:

a+d+n

=
[}

ot B4+
ﬁ(:/”
=
=~
S
w
it

Figure 2.11: Metric Type B with the parameters

Now according to the graph above, we have dy4 equal to S 4+ 6 + v + 2n (path p;) or equal to
2ac+ B4+ 6 + 2n (path py). Path ps is longer than path p; by an amount of 2«. Likewise ds4 is equal
to a+ v+ 2n (path p3) or equal to o + 25 + v + 2n (path p4). Here path p4 is longer than path ps by a
difference of 28. It should be noted that o = Asq14 and 8 = Ag3y and two scenarios are possible: either
a>por B >a If a>p,in order to decrease the total weight of the graph, we will introduce a new

node called v on the edge joining 1 to 2 as shown below:

vz
°

Figure 2.12: Reduction of Type B to (b)

This will reduce the total weight as © = As14 and that results the Type B to reduced into (b) of [7]
and the metric will be as following:
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Figure 2.13: Reduction of Type B to (b) when a > 8 (parameters given)

In the other case, when 8 > «, if we do the same operation as before, but this time for the edge

joining 2 to 3 we will have the following reduction:

1 2
Y

4 b U

5 3

Figure 2.14: Reduction of Type B to (c)

This reduces the weight of graph as y = Aagys and turns it into Type (¢) given as below:

1 2
= 5
;t 4 a+y+n

+

«Q n n
5 P a+d+n

Figure 2.15: Reduction of Type B to (¢) when 8 > « (parameters given)

For Type C which the underlying graph with the parameters given is depicted below, the following
can be done:

a+d+n
8 S -
Q
= X
-+ ‘gox =
[ S & +
+| 4 X)X i
X
e 2=
5 3
a+d+n

Figure 2.16: Underlying graph of metric Type C' with the metric parameterized

Since A124 = 0 + 1, Aoy = a and Ay = §+ 1, applying a A — Y transform to Tio4 will result in
the following:
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Figure 2.17: Type C with a A — Y transform applied to T124

Finally considering that Asys = a+mn, Ayszs = v+ n and Aszy = J, applying another A — Y transform

to T345 will result in the following:

0+n a

1 2
>

= + .-

+ =

- 4e +

+ ) =

Q. + +
N =

5 13 a+mn 3

Figure 2.18: Type C with a second A —Y transform applied to T345 and reduced to (b)

Volumes of Gromov metric types

One of the ways to study the stability of A-equivalence classes under small numerical perturbations on
components of metric represented as the vector d = (d;;), is to consider the relative volume of each class
inside the metric cone. To estimate these relative sizes of A-equivalence classes in an n-point space, we
generate random points that lie in the intersection of the metric cone with unit ball in R*»~1)/2 and
then count the occurrence of points in each class.

N

We note that the volume of unit ball in RY is equal to Viy = where I' is the Gamma function.

It should also be noted that since the rate of growth of Gamma function is greater than the exponentials,
as the dimension of space increases this volume decreases. It is known that the maximum volume is
obtained for N = 6 and for the values of N greater than 6, Vv starts to decrease. On the other hand by
keeping in mind that a metric d on an n-point space can be shown by a vector of positive coordinates
in RY where N = n(n — 1)/2, we need to work with the intersection of unit ball with the orthant in
which all the coordinates are positive (the first orthant in higher dimensions). Both of these issues leave
us with only a few samples to work with.

To deal with the problem of generating a statistically significant number of points in the metric
cone in R19 (since every metric on a 5-point space can be shown by a vector in R1%) on a standard
computer, we generate 107 random points P = (z1,22,...,710), 0 < z; < 1 and accumulate these
points from 10 such runs to get 108 points. Each of these points has 10 positive coordinates that
are uniformly distributed random numbers in the range (0,1). Then the points that fall inside the
unit ball are chosen and in the next step by checking which points satisfy the triangle inequalities, we
select the points inside the metric cone. Finally for each of these points (metrics) we calculate the
Gromov product structure in order to determine the metric type. This process is repeated 30 times
and some of the results are given in Table 2.1 below. The Matlab code for this program is available at

http://finitemetricspaces.khas.edu.tr/Volume_of_Metric_Cone_n=5.m.
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points in unit ball | points in metric cone | Type A | Type B | Type C
274578 705 142 360 203
273136 735 186 351 198
273891 716 161 362 193
273426 733 170 376 187
272959 721 167 363 191

Table 2.1: Sample results of accumulating 10% points in R'°. Each row is a single run of the program

and shows how many points fall inside the unit ball, metric cone, and each type.

As shown in Table 2.1, from 108 points in the cube, around 2.7 x 10° points (0.275%) fall inside the
unit ball and around 0.25% of these points fall inside the metric cone. To understand why these small
amounts of points in unit cube of R fall inside the unit ball, it should be noted that the volume of
unit ball Vi in R0 is equal to % and we work only with the portion of unit ball intersecting the first
orthant. This volume is approximately 0.00249 which is 0.24% of the volume of the unit cube.

In order to interpret the data given in Table 2.1, some clarifications must be made. 5-point metrics
inside the metric cone in R'°, when the Gromov product structure is considered, fall into 102 classes.
Under permutation of the points of underlying metric space, these 102 classes form 3 families. In a family
which is the orbit of the Gromov product structure {Ajo5, Aoz, Asas, Ayss, As14} under the action of
the permutation group S5, there are 12 elements. The metrics that have a Gromov product structure
in this family are called Type A metrics. Furthermore, the orbit of the Gromov product structure
{Aq25, Aa13, Asas, Agas, As14} and {Aqas, Aois, Asas, Agas, Asi3} have 60 and 30 elements respectively
and the metrics of these families are called Type B and Type C in this order.

For calculating the type of a metric inside the metric cone to obtain the results given in Table 2.1,
these 102 classes are taken into consideration. With this view in hand, the volume of Type A, Type B
and Type C metrics on average are 22.07%, 51.02% and 26.26% of the metric cone (within a standard
deviation of 21.1 for points inside the metric cone, 10.83 for Type A metrics, 17.03 for Type B metrics
and 12.43 for Type C metrics in our runs to obtain the data given in Table 2.1). If we take the other
view, without considering the permutations, results of Type A, B and C should be divided by 12, 60
and 30 respectively to obtain the volume of a single representative of each class. This means that within
error bounds, the volumes of a single representative of Type A, B and C are respectively 1.84%, 0.85%
and 0.87% of the metric cone.

The results above, give us the following intuitive conclusions: first that the volume of a single rep-
resentative of Type B and Type C metrics are almost equal and Type A is “thicker” than these two
types. Second, although a single representative of metric Type A is thicker than other types, these
representatives are small in number (12 among 102 classes) with respect to Type B (60 among 102) and

Type C (30 among 102) inside the metric cone.
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Parametrization of 6-point Metric Space Type I17 using

Quadrangle Structure Parameters

Ayse Hiimeyra Bilge; Derya Celiki Sahin Kocak!
Arash M. Rezaeinazhad?®

Abstract

Let (X,d) be a finite metric space with elements P;,i = 1,...,n and with
d(P;, P;) =: d;j for i,j = 1,...,n. The Gromov product is defined as A;;; =
1/2(dij + dir, — dj) and (X,d) is called A-generic, if, for each fixed i, the set of
Gromov products has a unique smallest element, A;j,x,. The Gromov product
structure on a A-generic finite metric space (X,d) is the map that assigns the
edge {Pj,, Px,} to P;. Two metric spaces (X,d) and (X,d’) are said to be A-
equivalent, if the corresponding Gromov product structures are the same up to a
permutation of X. Matrix representation of the Gromov product structure allows
to define various invariants of finite metric spaces. It can be easily seen that a
4-point metric space has, up to permutations, a unique Gromov product structure.
Given a A—generic four point metric space, then the set {d;; + dy;, dir + dji, diy +
d;r} has a unique largest element. A finite metric space is called “quadrangle
generic”, if the restrictions to all 4-point subsets with the restriction of the metric
d are A—generic 4-point metric spaces. A finite metric space is called “quadrangle
generic”, if for all 4-point subsets {P;, P}, Py, P}, the set {d;; + dyi, dir, + dji, dis +
d;r} has a unique largest element. We define the “quadrangle structure” on a
quadrangle generic finite metric space (X, d) as the map that assigns to each 4-
point subset of X the pair of edges corresponding to the maximal element of the
sums of distances. Two metric spaces (X, d) and (X, d’) are said to be Q-equivalent,
if the corresponding quadrangle structures are the same up to a permutation of X.
The quadrangle structure has a representation by a symmetrical matrix that can
be used to define certain invariants. For n = 4 and n = 5, A-equivalence coincides

with @-equivalence. For n > 6, there are in general more than one quadrangle
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structures compatible with a given Gromov product structure. Furthermore, a
given quadrangle structure may be compatible with more than one Gromov product
structure. The quadrangle structure compatible with a given Gromov product
structure provides an algorithmic method for the determination of the partial order
relations among the Gromov products at each P;. These partial order relations in
turn determine the for the parametrization of distance functions d;;. We illustrate
this procedure for each of the three types of 5 point spaces and for a specific

Gromov product type of 6 point metric spaces.

Keywords: Finite metric spaces, Gromov product, Weighted graphs, Quadrangle

structure.

1 Introduction

In a previous paper [2] we presented an equivalence class decomposition of finite metric
spaces using the set of minimal Gromov products at each point of that space. In this
section, we recall definitions and results concerning Gromov product structures.

Let (X,d) be a finite metric space with n elements P;, i =1,...,n (n > 3) and let
d;; be the distance between P; and P;. Since a finite metric space can be considered
as a weighted complete graph, we will also denote the elements of X as “vertices” or
“nodes”. The set {P;, Pj}, i # j, denotes an “edge” of the metric space and the set
{P;,Pj, Py}, i # j # k # i, denotes a “triangle” with vertices P;, P; and P,. We
denote the set of edges of (X,d) by E(X). For simplicity we write P;P; for {P;, P;}
and P;P; Py, for {P;, P;, P,}. We will also sometimes shorten those as ij and ijk.

Definition 1 The quantity Ayjy, defined as
A = 5 (dij + dix — d;1.) (1)

is called the Gromov product of the triangle P;PjPy at the vertex P; [6]. We call a
metric space A-generic, if for each P; the set of Gromov products Ay has a unique,

smallest element.

By the triangle inequality, the Gromov products A;;, are non-negative numbers. It is

easy to see that the distances d;; can be expressed in terms of the Gromov products
dij = Dijgy + Djiky = Dijry + Djiky = - = Djky_y + Djikn s (2)

where the indices k; run from 1 to n, excluding ¢ and j, leading to a total of n — 3
equalities. In [2], we proved that a metric space can be defined using the Gromov

products A;;;, as the primary ingredients. If X is an n-point metric space, the number



of di;’s and A;j;’s are respectively ng = n(n — 1)/2 and na = n(n — 1)(n — 2)/2.
The number of equality relations in Eq.(2) are ne = ng(n — 3) = n(n — 1)(n — 3)/2,
hence, ne + ng = na. In this characterization, an n-point metric space is determined
by na positive numbers subject to na — ng equalities. The problem is thus converted
from the search of positive solutions of a set of linear inequalities [7], to the search of
positive solutions of a set of linear equalities [8]. The aim of the present work is to give
an algorithmic procedure for the parametrization of the distance functions in terms of
(unconstrained) positive parameters. We call a metric space A-generic, if for each P;
the set of Gromov products A;;, has a unique, smallest element.

We recall the definition of the Gromov product structure for a A-generic finite

metric space [2].

Definition 2 Let (X,d) be a A-generic finite metric space. Let P; € X, and let A;jy;, be
the minimal Gromov product at P;, (i = 1,...,n). The function that assigns the edge
P; Py, to the vertex P; is called the Gromov product structure on X. Two A-generic
metric spaces (X,d) and (X, d’) are A-equivalent, if the corresponding Gromov product
structures are same up to a permutation of X. Two A-generic metric spaces (X, d) and

(X, d) is A-equivalent, if the corresponding Gromouv product structures are the same up

to a permutation of X.

In [2] and [5] we had given all allowable Gromov product structures on 6 and 7-point
spaces, respectively, hence obtained a decomposition of these spaces into A-equivalence

classes. The algorithms for these decompositions is based on the results below.

Proposition 1 Let (X,d) be a finite metric space with n elements P;,i = 1,...,n.
Then the following equations hold

Agji — Dijr = Arji — D = Ay — Dy = Djar — Djar,

Ajgr = Dijre = Djig — Djir = Ayig — Agjip = Aggj — Ayt (3)
where ©,5,k, 1 =1,2,...,n.
Corollary 1 Let (X, d) be a A—generic finite metric space and let Ayji, be the minimal
Gromov product at node P;. Then,

(a) Ajp cannot be minimal at node P;, where l # j, k
(b) Akji cannot be minimal at node Py, where | # j, k
(¢) Ayij and Ay, cannot be minimal at node Py, where | # 1,7,k



In order to obtain the decomposition of a finite metric space into A-equivalence
classes, we start by the Cartesian product of the sets of Gromov products at each P,
then we use Corollary 1 to eliminate the ones that are not allowable. This list may
contain non-generic Gromov products that are eliminated by an algorithm presented in
[3]. Finally, the full permutation group on n elements is applied to the list of allowable
Gromov product to form group orbits and representatives from each A-equivalence
class are selected. Computationally, the action of the permutation group is the most
time-consuming part of the algorithm; in [5] the group action has been reduced to a
manageable size by decomposing the set of allowable Gromov product structures into
equivalence classes given by a matrix invariants [4].

In Section 2, we define quadrangle structure and discuss their relation to Gro-
mov product structures. In Section 3, we review split metric decompositions and we
present the expression of the of the isolation indices of 2-splits in terms of quadran-
gle structures. In Section 4, we reproduce the well known classification of 5-point
spaces by using quadrangle structures. The Section 5, we consider the problem of the
parametrization for 6-point spaces. We recall that there are 339 combinatorial types
of 6-point spaces, as given in [13]. In [2], we have shown that 6-point metrics fall in 26
A-equivalence class and we indicated the corresponding combinatorial types. Here we
study the A-equivalence class I17, containing the combinatorial types {12, 13,39, 65, 66}
given in [13]. We show that the A-equivalence class I17 splits in 4 quadrangle equiv-
alence classes, denoted as SSS, SST, STT and TTT and we obtain their explicit
parametrizations. Representatives of the combinatorial types 66, 65 and 39 fall in the
Q-equivalence classes SSS, SST and STT respectively. The Q-equivalence class TTT
contains representatives of the combinatorial types 12 and 13, hence, Q)-equivalence is

strictly coarser than the combinatorial equivalence of finite metric spaces.

2 Quadrangle Structures

In this section we define quadrangle structures on a finite metric space, as the collection
of compatible embeddings of 4-point sets into 4 point metric spaces. In the generic case,
for each 4-point set, a unique pair of edges is identified as diagonals and this information
is coded into a symmetrical matrix. It is shown that those edges that never appear as

diagonals correspond to 2-splits, as discussed in the next section.

Definition 3 We call an n-point finite metric space X, “quadrangle generic”, or Q-
generic, if for every 4-point subset {P;, P, Py, P} C X, the set of distances

{dij + dy1, dig + dji, dyg + djg.}
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has a unique largest element.

We remark that for a 4—point metric space the notions of A—genericness and
@—genericness coincide. Let X = {P,, P, P., P;} be a 4-point metric space. If X
is A—generic and if we assume without loss of generality that the minimal Gromov

product at P, is Agpq, then we have the relations
Agpe — Dapd = 3(dap + dac — die) — 3(dap + daq — dpa) = 3 (dac + dpg — dag — dpe) > 0

Aged — Dapa = 5(dac + dag — deq) — 5(dap + dag — dpa) = 5(dac + dpg — dap — dea) > 0,

which show that d,. + dpg is the unique maximal element of the set {dp + deg, dac +
dpd, dag + dpc }- Hence X is Q—generic. Conversely if X = {P,, Py, P., P;} is Q—generic
with dg + dpg the maximal element of the set {dup + deg, dac + dpa, dag + dpe}, then X
is A—generic with Agpg the minimal Gromov product at P,. Hence X is A—generic.

We now define the notion of a quadrangle structure:

Definition 4 A quadrangle structure on a Q-generic finite metric space (X, d) is a map
which assigns to any 4-point subset { Py, Py, P., Py} of X the pair of edges corresponding
to the mazximal element of the set {dup + ded, dac + dpd, dad + dpe}-

If, for example, dq.+ dpg is the maximal element of the set {dp+ded, dac + dpd, dad +
dpc}, then the pair {P,P., P,P;} is assigned to the 4—point subset {P,, P, P., P;}. We
will say that the edges P, P. and P, P, are “diagonals” of the quadrangle { P,, Py, P., P;}.
The other edges P, Py, P,P;, P,P., P.P; will be called the “sides” of the quadrangle
(P, Py, P., Py}

Definition 5 Two Q-generic metric spaces (X,d) and (X,d') are Q-equivalent, if the

corresponding quadrangle structures are same up to a permutation of X.

For n = 5, the Gromov product structures determine the quadrangle structure
completely, as seen in Figure 2. For n = 6, the Gromov product structure determines
only part of the quadrangles, hence @Q-equivalence refines A-equivalence. In a 6-point
space there are 15 quadrangles. For the A-equivalence class type I17 contains 4 Q-
equivalence classes. Figure 3 displays the structure of the 12 quadrangles that are
common to all @-equivalence types, while Figure 4 shows the structure of the remaining
3 triangles that are different for each type.

If a quadrangle structure refines a Gromov product structure we say that it is
compatible with A. The examples above show that for n > 6 there may be more than

one quadrangle structures compatible with a given Gromov product structure. Also, a



quadrangle structure may be compatible with inequivalent Gromov product structures,

as illustrated by the example below for n = 8.

Example 1 For n = 8 consider the Gromov product structures
AW = [ A4, Mg, Asoa, Asiz, Asiz, Aers, Ariz, Asiz )y

AB) = {A157, Aos7, Asst, Ases, Ases, Assr, Ares, Agsr}-

Using the constructions given in [4], it can be seen that the matriz representation of
these Gromov product structures are similar but the change of basis is not a permutation
matriz, hence A and AP are inequivalent. The number of quadrangles in an 8-point
space is 70. It can be seen that A and AP determine respectively the structure of

23 and 26 quadrangles, with the only common one being Q(1537).

In the following we will work with quadrangle structures compatible with a given
Gromov product structure, as a tool for obtaining explicit parametrizations of distance
functions. The following parametrization of 4-point spaces will constitute the building
blocks for the parametrization of metric spaces. In each quadrangle {P,, Py, P., P;}
with the set of minimal Gromov products {Agpd, Apacs Acbds Ddac }, we define

o = Aabc - Aabd: ﬁ = Aade - Aadb' (4)
One can see that the following equalities hold

o = Aabc - Aabd = Abad - Abac = Acda - Acdb = Adcb - Adacy
5 = Aadc - Aadb = Abcd - Abca = Acba - Acbcl = Adab - Adacy (5)

and check that

dab = Aabd + Dpac + @,

dbe = Dpac + Ded + B,

ded = Acbd + Adac + a,

dad = Dabd + ADdac + 5,

dac = Dabd + Acva + o+ 5,

dbd = Abac + Adac + ¢+ 5. (6)

This is shown in Figure 1 below.



Figure 1: A quadrangle with the set of minimal Gromov products {Aupd, Avacs Acbds Adac -

Gromov product structures on an n-point space have a convenient representation
by an n X n matrix as defined in [4]. At present, the most useful feature of this
matrix representation turned out to be the possibility of splitting the (huge) problem
of finding structures that are equivalent under permutations to reasonable sizes, as used
in [5] to obtain the Gromov product decomposition of 7-point spaces. We have a matrix
representation for quadrangle structures as given below. We call a Gromov product
structure “reducible”, if there is a non-empty subset X’ # X of the metric space X
such that its restriction to X’ is a Gromov product structure on X’. Otherwise it is
called “irreducible”. In terms of matrices this corresponds to the reducibility of the

associated matrix. Similarly, we define

Definition 6 The matriz of a quadrangle structure QQ, M(Q) on an n-point space is
an ng x ng matriz (ng = n(n — 1)/2) such that M(Q)ap.ca = 1 if the edges P, P, and
P.P; are diagonals in {P,, Py, P, Py}, and M(Q)abca = 0 otherwise.

The advantage of a matrix representation is the possibility of using matrix invariants to
split the problem of finding structures equivalent under permutations into smaller sub-
problems, based on the invariants of these matrices. As a simple example, the nullity
of M(Q) is the number of edges that are never diagonals in any of the quadrangles they
occur. This number is equal to the number of 2 splits in the prime metric decomposition,

as shown below.



3 Split Metric Decompositions

“Split Metrics” are defined as follows. A “split” S = {A, B} of a finite set X is a
partition of X into two non-empty subsets A and B. For = € X, we denote by S(x)
the subset(A or B) that contains x. Corresponding to each split S we define a metric
ds by
() = 1 if S(x) # S(y), )
0 if S(z)=S(y).

The isolation index of the split {A, B} is defined as
|
QAB :§mma,a'eA,b,b'eB{maﬂﬁ{dab + dory s day + dar, daor + dyy } (8)
— (daa + duwr) }- (9)

One can easily see that the isolation index for a 1-split is just the minimal Gromov
product. If A ={a} and B = {b1,...,b,_1}, then since a = d’, dys = 0, the expression

of the isolation index is
r .
Ofa},B = 5MiNbYeB {maz{dap + day, day + dap, dpy } — dpy } -
Since the first two elements in the braces are equal,
r
Aa},B = 5MiNMbyeB {maz{day + day, dop } — dpiy } -
By triangle inequality, dup + day > dpy, thus
T
g}, B = 5 MUNb B {dap + dopy — dpiy } - (10)

2

This means that the isolation index for the case A = {a} is the minimal Gromov
product at a.
Let’s now compute the isolation index for the case where A is a 2-point set. If a,a’

is a diagonal of the quadrangle {a,d’,b,t'}, then
max{day + dayy, day + darp, daar + dpy } = daar + dpyy
and the isolation index of the split {{a,a’}, B} is
a5 = 5minnyep {duw + d0,Y) — (dua + )} = 0.

Therefore, if the points a, a’ are on the diagonals of at least one quadrangle, the isolation

index is zero. Thus, the isolation indices of the form a((4,4/},B) are nonzero only for



the pairs a,a’ that appear as sides in every quadrangle they belong to. In this case,

without loss of generality, we may assume that
max{dab + da/b’a dab’ + da’ba daa’ + dbb/} = dab/ + da’b
and the isolation index is

1
Qfaa’},B = §m7fnb,b’€B {dab’ + da’b - (daa/ + dbb’)} .

Note that

dayy + darty = (daar + dpyy) = [dapy + dap — diy] — [daar + (dap — dart]

=
= 2[Aabb’ - Aaa’b]‘

It follows that
a,a'},B = MiN e B{Aabyy — Daar}- (11)

We can summarize these results below.

Proposition 2 Let (X, d) be a A-generic finite metric space with n elements P;,i =
1,...,n, let A be its Gromov product structure, Q(A) be a compatible quadrangle struc-
ture and let S = {A, B} be a split decomposition for X. Then,

i. The isolation index for the 1-split with A = {P,} is the minimal Gromov product at
P,

ii. The isolation index for the 2-split with A = { Py, Py} is non zero if and only if the
edge PP, occurs as a “side” in each quadrangle { Py, Py, Py, Py} of the quad-

rangle structure Q(A) and the isolation index is given by

a,a'},B = MiNppeB{ Aapyy — Daa'n}

4 Parametrization of 6-Point Metric Spaces: Examples

The classification of 6-point metric spaces with respect to the metric fan decomposition
is given in [13] where it is shown that there are 339 combinatorial types. In previous
work we presented the Gromov product decomposition of 6-point metric spaces and we
gave a list of the corresponding types in [2]. Here we will give explicit parametrization
of the A-equivalence class I17, characterized by the minimal Gromov products below,

that are assumed to be zero.

Aqo6 = Ao13 = Asos = Ayss = Asas = Agis = 0. (12)



It follows that for all cases, we have the equalities
dig = dig +da3, doa =da3+dza, d3s = d3s + das,

dye = das + dsg, di5 = dse + dig, dog = dig + d12.

For n = 6 there are 15 quadrangles. For the class 17 the structures of 12 of these are

determined by the minimal Gromov products, as shown below in Figure 2.

1 2 1 2 1 2 1 2
4 3 5 3 6 3 6 4
1 2 1 3 : | 3 1 4
6 5 5 4 6 5 6 5
2 3 2—93 2 4 3 4
5 4 6 4 6 5 6 5

Figure 2: The structure of the 4-point subsets determined by the Gromov product structure,
for the 6-point space of type I17.

From this figure, on can see that the edges that occur as sides in all quadrangles
are
PPy, PoPs, P3Py, PyPs, PsPs, P1Ds.

Therefore, there will be at least 6 2-splits in the decomposition. We then consider
possible structures for the remaining 3 quadrangles. We use the notation Q(a,b,c,d)
to denote a quadrangle with these vertices. On the other hand Q(abed) denotes the
quadrangle with vertices ordered as indicated. With this notation, the quadrangles
whose structures are not determined by the Gromov product structure are Q(1,2,4,5),
Q(2,3,5,6) and Q(1,3,4,6). As an example consider the quadrangle Q(1,2,4,5). The
structure of this quadrangle depends on the choice of a minimal Gromov product at

any of its vertices. At Pj, these are Ajagq, A1s5 and Aqyg5. We first show that Aqys
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cannot be minimal among these three. From Figure 2, one can see that in quadrangle
Q(1,2,3,5), A135 > Ajgs and in quadrangle Q(1,3,4,5), A5 > Aqss, it follows that
Aq145 > A1, hence it cannot be minimal. This corresponds to the fact that the edge
P, P, cannot be diagonal. By similar considerations, one can check that the edges listed
above cannot be diagonals in the remaining three quadrangles too. It follows that the
isolation indices corresponding to these 2-splits corresponding to the edges given above,
are non-zero.

For each of Q(1,2,4,5), Q(2,3,5,6) and Q(1,3,4,6), there are 2 possibilities. If the
ordering of the vertices agrees with the ordering (1,2, 3,4,5,6) we call the quadrangle
of S type, otherwise we call it of T" type. For example, QQ(1245) is of S type, while
Q(1254) is of T type. It can be seen that quadrangle structures with only T' type are
all equivalent. Similarly the ones with two T types are also equivalent. It follows that

there are only 4 inequivalent quadrangle structures:

Type(SSS) :Q(1245), Q(2356), Q(3461),
Type(SST) :Q(1245), Q(2356), Q(3416),
Type(STT) :Q(1245), Q(2365), Q(3416),
Type(TTT) :Q(1254), Q(2365), Q(3416).

The structure of the 4-point subsets Q(1,2,4,5), Q(2,3,5,6) and Q(1,3,4,6) for each

type is shown below in Figure 3.
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Q(1,2,4,5) Q(1,3,4,6) Q(2,3,5,6)

gss: 1 2 6 1 2 3
5 4 4 3 6 5
ssT: 1 2 6 1 2 13
5 4 4 3 5 6
sTT: 1 2 6 1 2 3
5 4 3 4 5 6
rrT: 1 2 6 1 2 3
4 5 3 4 5 6

Figure 3: The structure of the 4-point subsets Q(1,2,4,5), Q(1,3,4,6) and Q(1,3,5,6) for the
SSS, SST, STT and TTT types.

These are the metrics numbered as 12, 13, 39, 65, 66 in the Sturmfels-Yu classi-
fication. The labels of vertices in these types, as compared with our notation, are as

follows.

Types 12,13 :(1,2,5,4,6,3) — (1,2,3,4,5,6),
Types 39,65,66 :(1,2,5,4,6,3) — (1,2,3,4,5,6). (13)

We give below the complete graphs for Type 12 and Type 66, in Figure 4.

12



Table 1:

Edges (St.) dig | di3 | dig | dis | dig | d23 | dog | dos | dog | d3a | d3s | d3e | das | dag | dse
Type 12(TTT) | 3 3 5 6 6 6 6 3 5 6 5 3 3 3 6
Type 13(TTT) | 5 5 7 10 {10 |10 [ 10 |5 7 10 | 11 | 5 5! b 10
Edges (ours) dio | dig | dia | di3 | dis | dog | dog | do3 | dos | dag | d36 | dse | d3a | das | d3s5
Table 2:

Edges (St.) dig | di3 | dig | dis | die | do3 | dog | dos | dog | d34 | d35 | d3e | das | das | dse
Type 39(TTS) | 2 2 5 5 4 4 3 4 5 5 3 5 2 2
Type 65(STS) |4 |3 |8 |7 |7 |7 |4 |9 |7 [7 |4 |8

Type 66(SSS) | 3 3 6 6 7 6 3 7 6 7 3 6 3 3
Edges (ours) dig | dig | di3 | di5 | dig | dog | dos | dos | dog | dsg | dse | dag | d35 | d3a | dys

Figure 4: The first figure has Gromov product type 17, Quadrangle Type SSS, Sturmfels-Yu
Type 66 and the second has Gromov product type I17, Quadrangle Type TTT, Sturmfels-Yu
Type 12 (See Table 2).

We will explain how the parameterization for a 6-point space is done. For this aim
we first work with the metric in which the type of all free quadrangles is .S and we also

write the parameters of all quadrangles. This is shown in Figure 5 below.
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Figure 5: All quadrangles of Gromov product type I17, Quadrangle Type SSS, Sturmfels-Yu
Type 66 with quadrangle parameters.

What we need is first is to use quadrangle structure to find out about the isolation
indices of the splits of a metric. As proved before, the isolation indices for 1-splits are
Gromov products. Let’s do the calculations for 2-splits. We will start by calculating

the isolation index of d12 which we show by mqs. By definition we have

min {max{dab + da’b’a dab’ + da’b7 daa’ + dbb’} - (daa’ + dbb’)}'

1
mig = —
2 a,a’e{1,2},b,p'e{1,2}¢

To find out the maximum that has appeared here we look at all the quadrangles in
Figure 5 which contain 1 and 2 and then select the diagonal pair as maximum, hence
we will have:
T .
mi2 =5 min{di3 + dog — d12 — d34, d13 + dos — d12 — d35
dig + dag — di2 — d3e, d1a + d2s — d12 — das
d14 + dog — dia — dye, d15 + d2g — d12 — ds6 .

To be able to go on, one should keep in mind that the quadrangles of Figure 5 give the

distances as a sum of some parameters and to make this clear we should note that the
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quadrangles can be drawn in a different way that help us achieve our aim. For instance
Q(1234) could be drawn as the following figure:

1
/—\124
2
aq
b1 by
ap
3
A413
4

Figure 6: Another representation for quadrangle Q(1234) with quadrangle parameters

Considering this way of representing a quadrangle, then we have di3 = Aj94 + a1
when quadrangle Q(1234) is investigated. di2 comes in 5 other quadrangles also and

thus we have:

dia = Ayos + a1 = A5 + a2 = as

= Aqog + ag + Ao1a = a5 + Ao1g = ag + Agys.

This second representation for all quadrangles are given below in Figure 7:
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1 2 2
Ajay Agzs Aqos Aziy Agiy
2 —‘2 '_‘2 1'_
151 a3 az gy (153
b by ba bo bs by by by b bs
5] as az ay a5
3
A Azi3 Agas Ag13 Azoe Az AVESS Ag1g Ayag
4 3 3 4 4
3 3 1 4
ASET I FA VI Ags  |Aais Aue  |Aais
as g o
bg by by by bio bio
as 6. (g 6- a0
D614 AVET Asze AT
6 4 5 5
3 4 3
Aaag Aazas ACYT Agos Az
4
as [L5F] 15
bis  big e bua 015
a3 14 .5 a5 5
Agas As36 Agas Agas
5 6

Figure 7: Second representation for quadrangles of type SSS with quadrangle parameters.

We have the following list for the other distances according to Figure 7:

di3 = Ajo4 + b1 + a1 = A5 + ba + a2 + Agas = by + a3z + Agze
= Ayzs + a7 + Agz1g = Agze + ag + Agz1g = Aqze + ag + Azis.
dig = A4 + b1 + Ag13 = Q195 + by + ag + Agzs = bs + a5 + Agze
= A135 + b7 + a7 = A6 + b + as + Ayze = A146 + a10 + Ad1s.
di5 = A1z5 + b2 + As13 = A5 + by + As14 = ag + bs + Asze
= Aiss + b7 + As1a = A13e + ag + by + Asze = A6 + a10 + b1o + Asas.
dis = b3 + Ag13 = b5 + Ag14 = b
= Aq36 + bg + Ag14 = A136 + bg = A146 + bio-
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dog = by = ba + Azas = b3 + Agoe

= Aggs + a1 = Aoz + a12 = Aoge + a1z + Agzs.
dosa = a1 + b1 + Az = Ao1a + ba + Auos = Ag1a + bs + Ayoe

= Aggs + a1 + bin = Agze + a1z + b1z + Ayze = Aoge + a14 + A4gas.
dos = ag + ba + As13 = Ao + ag + by + As14 = Agrs + bg + Asae

= Aagzs + b1 + Asoa = Agze + a1z + b1z + Asze = Aoge + a14 + bia.
dae = a3 + b3 + Ag13 = Ao14 + a5 + by + Agrg = Ag15 + ag + bg

= Aagz6 + b1z + Ag2a = Azze + b1z + Ap2s = Aoap + b1a + Apas.

d3s = a1 + Ag13 = Agz1g + by = Az1g + bg + Ayze
= b11 = bia + A4z = Azae + a15.

d3s = Agas + az + Asiz3 = Az + a7 + by + As1a = Agis + bg + Asze
= a1 + bi1 + Asze = Agas + b1z + Asze = Agae + a15 + bis.

d3s = Qg6 + a3 + Ae13 = Az + ag + bg + Ag1a = Azis + ag + by
= a12 + b1z + Agaa = Agas + a13 + b1z + Agas = Agae + b1s + Agss.

das = Ago5 + ag + As14 = a7 + As14 = Ag15 + bio + Asae

= a1 + Asog = Ago5 + b1g = bys.
dae = Aa26 + a5 + Ae1a = Agz6 + ag + Ae1a = Ag15 + a1 + bio

= Ay36 + a12 + Ap2a = Agos + a14 + b1 + Ag25 = a15 + b1s + Agss.
dse = As26 + ag = Asze + ag = Asgs + a1o

= As36 + a13 + Ap2s = a14 + Ap25 = a15 + Ag35-

Now in order to simplify the formula for mq2, the distances d;; must be replaced
by the parameters given above. To chose the best candidate among the equalities we
should look to the quadrangle which is related to all terms of each expression inside
the formula of my9. This means that if we want to replace di3, dog, di2 and d34 by the
quadrangle parameters, we should use ones that come from the quadrangle Q(1234);

hence

di3+dog—dia—dsy = (Ajaa+a1+b1)+(a1+b1+A413) — (Aj2a+a1) — (a1 +Aq13) = 2by.
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Likewise we have:

di3 + dos — dig — d3s = (A5 + az + ba + Asas) + (ag + by + Asi3)
— (a2 + A25) — (Aszs + ag + Asi3) = 2bg,
as + b3 + A326) ((13 + b3 + A613)

di3 + dog — d12 — d3g = (
—as (A326 +as + A613) = 2bs,
(A

dyig + dos — dia — dys = (A125 + ag + by + Agos5) + (A14 + ag + by + As14)

— (A125 + a4 + A214) — (As25 + ag + As14) = 204,
dia + dog — d1a — duas = (a5 + b5 + Ayae) + (Ao14 + a5 + bs + Ag14)
— (a5 + Ag14) — (Auz6 + as + Ag14) = 2bs,
dis + dag — di2 — dse = (ag + bs + As26) + (D215 + ae + bg)
— (a6 + Aa215) — (As26 + ag) = 2bg.

And thus

mio = min{bla b27 b37 b4a b57 bﬁ}

To find out what is this minimum, we will do the following: According to the equations
given before for the distances with quadrangle parameters and Gromov products we
have dog = b1 = by + Agss, hence by < by. Also dig = bg = bz + Ag13, hence by < bg.
So mi2 = min{be, b3, bs, bs}. On the other hand we have dag = by + Aszes = bs + Asgg
and if we look at the quadrangle with the vertices 2, 3, 5 and 6, which is (2356) here,
we see that FEss and Fsg are diagonals which imply that Ages < Ageg. Thus bg < bs.
Likewise we have dig = bs + Ag13 = bs + Ag14 and from quadrangle QQ(1346), since Eqy4
and Fsg are diagonals, we have Agiq4 < Agis and hence by < bs. So mi2 = min{bs, by}.
To find the order relation between bs and b4, there are no simple equalities, but we have
dis = A1os+bo+As13 = A1as5+bs+As14. S0 bo+As13 = by+As14 and from quadrangle
Q(1345), we have Az1qy < Asis, so by < by. We have shown before that b3 < by and
thus bg < by. So mi2 = bs. According to Q(1236) of Figure 5, b3 = Aj36 — A126 = A1s.

What we did for representing the isolation index of a 2-split in terms of quadrangle
parameters a;’s and b;’s in the above example can be summarized in the proposition

below:

Proposition 3 For a Q-generic finite metric space, the isolation index of a 2-split
A ={a,d'} is zero if Eyy is a diagonal in at least one quadrangle or it is equal to the
minimum among all of the quadrangle parameter assigned to the neighbor edge of E,q

i every quadrangle in which E.q is a side.
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Proof. By definition of the isolation index we have

ap = Ogq! =

1 .
3 bll}légc{max{dab + darvs dapyy + dary; daar + dpyy } — (daar + dpyy) }-

If there is a quadrangle in which F,, is a diagonal, then one of the terms in which
minimum is calculated is zero, since for this quadrangle we have max{d,y + dg/p, dapy +
Aoy, doar + dpyy } = dgor + dpy. So we assume that ag,s is not zero and hence E,, can
only appear in quadrangles of the form Q(aa’bb’) or Q(aa’t'd) for b, b’ € A°. If the i’s
quadrangle (the quadrangle that has parameters a; and b; in the list of quadrangles) is

Q(aa’bl’) then the term inside the min expression for this quadrangle is equal to
dap + dorty — dgar — dpy = 2(Aabb’ - Aaa’b’) = 2(Aa’bb’ - Aa’ab’)
= 2(Abaa’ - Aba’b’) = 2(Ab’aa’ - Ab’ab) = 2b;.

On the other hand If the i’s quadrangle is Q(aa’bb’) then the term inside the min

expression for this quadrangle is equal to

(Aa’bb’ - Aa’ab’)
(Ab’aa’ - Ab’a’b) = 2bz

dab/ + da’b - daa’ - dbb/ = Q(Aabb/ - Aaa’b) =2
= 2(Abaa’ - Abab’) =2
So in either cases the terms are equal to the quadrangle parameter assigned to the

neighbor edge of E,, and hence
Qga/ = mkln{bk:}v

where k runs over all quadrangles that contain F,, as a side and b is the parameter
assigned to the neighbor side of the same quadrangle. m

This proposition which is in fact a restatement of part ii. of Proposition 2, will
be used to calculate the isolation indices of all 2-splits and 3-splits of [175S5S metric.
First of all, in Figure 5, E13, F14, F15, Fo4, Fos, Eog, Fs5, E3g and Fy46 have appeared
as diagonals and hence isolation indices of their related 2-splits are zero and non-zero
isolation indices are ajo, (g, (o3, i34, ays and asg. We have calculated a9 = mio =
bs = A13¢ before.

For a1 = mig we have mig = min{as, as, ag, ag, ag, a19} according to proposition
and Figure 5. Since dia3 = a3z = a5 + Aqy = ag + Ags, according to Q(1245) we
have As14 < Asys and thus ag < as. Clearly as < ag. Likewise di3 = Ajsg + ag +
As1y = A136 + ag + Asys and from @Q(1345), we have Aszjq < Asys, thus ag < ag. So
mie = min{ag, ag, ajo}. On the other hand dss = As26 + ag = As36 + a9 = Az + a10.
From Q(3456) and Q(2356), we have Asys < Aszs and Aszg < Asoe respectively and

hence ag < ag < ayg. This means that

a16 = mie = ag = A5
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The final equality ag = A125 is because of QQ(1256).
In the above calculations, we have also used the partial order among Gromov prod-

ucts implicitly, for type 5SS this partial orders are given below in Figure 8:

Ajaa Ajaa Ayas ASET Ao Anse Aoys Aoay
a7 a10 bia b1
) b - bio ag bg 14 ]
Ajgag Aigs FARPT: Agis Aoy Agas
a9 )12
ay4 2 3 a4 by 13
Ajzs Ajze Azig Asse
ag by ay ba
Al Az
Az A3z Asse Azys Ay2s Az A JAVED]
agy bis bs @10
bg a3 by a5 ay b as o
Asge Aais Az Aqis AT Agy
ar {14
ay (eD) bs by 12 4
Agas Agia Auze Agzs
Aszoy Az

Arnlli A.’.l'.’ AF".’J‘ A:‘)H-l A(il'.! A(iz:‘ A[i:!-l Ali-l._)
ba b1y bi2 bis
ag bg az ai bs as 112 ars
As26 Asys As24 Agi3 Ag2a Agas
b bia
ay: by ay bs as 13
Aﬁﬂ(i A,’)l-l A(j]-l Alil!fz
( 1\/)1 0 b]\/ﬁ
FALIT Agi1s

Figure 8: Partial order diagrams of Gromov product type I17, Quadrangle Type SSS.

The rest is calculated likewise.

We give the first and second way of representing the quadrangles of type I17 in the
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following figures:

AQIG AQSG A245 A234

ai n by bio

g
a4 b2 8
Ajas Aise
(l(\/;{

A 126

Az Aszie Azse  Aaus

A 436 A 425

(L1\/t’1| 1

Auss

AN 511 2 5 Agag Agas

Figure 9: Partial order diagrams of Gromov product type I;7, Quadrangle Type SST.
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Figure 10: All quadrangles of Gromov product type I17, Quadrangle Type SST.
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) & 1 1 2 2
Ajzs Ajas Apzs |A2ig Azg
ay o sz '2 1' (253 '2 ay 1' as5
by by by by by by by by bs bs
ay az az ay as
3
Ana Asig Agas AVSR! Agag Asg Agos AV AWE
4 5 3 6 3 5 4 6 4
2 1 3 1 3 1 3 1 4
AT Azs |Asia As  |Azna As  |Aais ANPTS Ais
as [£55 g @y
h',' b'; l)g Ily, hIJ ’Jg ) 10 hu)
ar ag a a
_‘4 8 6._) 6._”—‘5
Asop Asg Ag14 Ayae Asze
5 5 6 4 5
2 2 3 2 4
Aoy Aogs Azag AU Ajos
3
ap) 13 ayq4
b11 b1z bia bia by
iy a3 a4
4 E—
As24 Asze  |Ae3s Agas
5 5 6 6

Figure 11: Second representation for quadrangles of type SST with quadrangle parameters.
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A 123 A 134

Agas Agza
Asic  Asiz  Asez  Asa N
I N,
A(J'l‘.’ qug] Ab”

Agig Agas
bs 13
AV Agas

hy g

Ag1s

Figure 12: Partial order diagrams of Gromov product type I;7, Quadrangle Type STT.
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Figure 13: All quadrangles of Gromov product type I17, Quadrangle Type STT.
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A 1 1 2 2
ANE Ajos Az |A2n Agia
ay 2 az .2 1. (L5} .2 ay 1' s
b) bl bz bg {J;; IJ; b| l)| b', b,
ay az as a4 as
3
Agng Asiz Agos Agiz Ao Asia Ajos Ag1a JAYETS
4 5 3 6 3 b1 4 6 4
2 1 3 1 4 1 3 1 4
Aois Aygs Azya A Apia Ajae AV ASPT: Aqs
ar ag ag a1
by by b b by by o bio
az .4 g 6- g 6. 1o -5
Asog Asia Agiz |Asee Asae
5 5 6 3 5
2 2 3 2 4
Aogss Agys Asoe Asys Ajos
3
a1 13 ayq
M1 b1z by bra by
a a ay.
I, 13 £
Agag Asag Agas Agas
5 5 6 6

Figure 14: Second representation for quadrangles of type ST'T with quadrangle parameters.
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NP Aiss Aise Ass Asge Aasa
as bz & /m as bs bi2 /12
Aig2s 136 Aoy 236
ay bs aq a3
Ajzg Ase Azis Aags
fls\ bs az ba
A126 A'llﬂ
Az Asze Ayi2 Agie
N % by s
Asiz Asis Agas Ause Asze Ayzs
N V & 7 bl\ ﬂ/ a12 /12
Azas Az Ayos 136
as bs aq by
Az Aszie Aqns Angs
a2 /” ay A
Az Auss
Asiz Asaz Ag2s Agas
bo az bl\ w2
Asie Asi3 Asay Agi2 Aeg2a Agas
NN NN A
Aﬁ.’!ﬁ Al—bl-l Aﬁlvl Al;'z-r)
a3 | a4 bs a13
Asag As24 Ag13 Agas
uk bia be g
FANPT VAT

Figure 15: Partial order diagrams of Gromov product type I17, Quadrangle Type TTT.
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ay ag
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13
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Figure 16: All quadrangles of Gromov product type I17, Quadrangle Type TTT.
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1 1 1 2 2
Ajag Ajos Ajay Az Agyy
) o az .2 1' as .2 ay 1' as
b b b by b by by by b, by
ay 12 as @y 5
3
Az Asis Agos Ag1a Azas Aus Asay Agra Aag
4 5 3 6 3 4 5 6 4
2 1 3 1 4 1 3 1 4
ACTES Ayzs Azg A Agqgs Ajzg Az NPT Ay
as g flg (1511
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Figure 17: Second representation for quadrangles of type TTT with quadrangle parameters.

From Figures 3, one can see that all 4 quadrangle types have the same non zero

isolation indices for 2-splits. Therefore each of the 4 quadrangle types are parameterized

as below.
d12 = mie + ma3 + 12, do3 = mi2 + msq + 23,
d3q = mag + mys + 34, das = maq + mse + 45,
dse = mie + mas + 56, di6 = mi2 + mse + d16,

dig = my2 + mig + maq + mys + 414,
dos = mig + mag + mys + mse + o5,

d3 = mie + M2z + Mm34 + Ms6 + 036 - (14)

It is then easy to compute the Gromov products for these type. The parameters 9;;’s
are to be determined from Eqns. (2), which consist of 60 equations to be solved for the

45 Ayj’s. The passage to pendant free reductions reduces to number of parameters
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to 9. Furthermore, since each of the quadrangle types has exactly 6 nonzero isolation
indices for 2-splits, we have only 9 (positive) parameters, the d;;’s to be determined
from these set of equations. In order to ensure that the solutions of this linear system
are positive, we have to use the structure of the quadrangles in Figure 3. By solving
these linear equations using REDUCE, we obtain the following parameterizations for

each case.

Type (SSS): p, ¢, r are isolation indices for 3 splits

dio = mig + ma3 + p, do3 = mi2 + maq + 1,
dz4 = magz + mys + q, d45 = m3q + mse + p,
dsg = Mg + mas + 7, dig = mi2 + mse + q,

dig = mi2 + mie +mzs +mys +p+q -+,
d25=m12+m23+m45+m56+p+Q+7“a
d3g = mie + ma3 +Mm3s + mse +p+q+r.

Type (SST): p,q are isolation indices for 3 splits

di2 = myg + mas +p -+, da3 = mi2 + m3q + T,
d3g = mo3z + muys +q+r, d45 = m34 +mse +p + T,
dsg = mig + mas + 1, dig = mi2 + mse +q -+,

di4 = mi2 + mie + maq + mas +p + g + 3,
d25:TH12+m23+m45+m56+p+Q+r7
d3g = mig + maz +m3s +mse +p+q+ .

Type (STT): p is the isolation index for a 3 split

dio = myg + ma3 + p + 2q + v, da3 = mi2 +m3q +q+ v,
d34 = mog + mys + q + v, d45 = m34 + mse +p + 2q + v,
dse = mie + mas +q + v, dig = mi2 + mse + q + v,

dia = mi2 + mie + maa + mus +p + 2q + 3v,
dos = m12 + mag + mus +mse +p + 29 + v,
d3s = mie + Mma3 + M3s + Mmse +p + 2q + .
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Type (TTT):

di2 = mie +maz +p + 2u + v, doz =mig+mss +p+u+v,
d34 = maz + mys5 +p+u+ v, ds5 = m3a + mse +p + 2u + v,
dsg = mig + mMas +p+ u+ v, dig = mia +mss +p+ u+ v,

d14 = my2 + mig + m3q + mys + p + 2u + 3v,
dos = M1 + Mma3g + Mmys + Mz + p + 2u + v,

d3e = mig + M3 + m34 + mse + p + 2u +v.

The Sturmfels-Yu Type 12 metric is characterized by the inequalities given in Ex-
ample 5 in [13]. In our notation (see Table 1), the last three of the inequalities charac-

terizing this metric are

d13 + dog + das + d3s > di5 + dos + 2d36,
d15 + dog + dos + d35 > di3 + 2dos + dyg,
d13 + dis + dos + dag > 2d14 + dog + d3s.

After using the fact that minimal Gromov products are zero, these inequalities are
reduced to
di2 + das > d3s, dig + d3zq > das, daz + dse > daa.

When we substitute the expressions of the d;;’s we obtain
p+2u+v>0, p+v>0, p—v=>0.

Thus the only non-trivial condition distinguishing Sturmfels-Yu Type-12 in the quad-
rangle equivalence class TT'T', is p > v. This shows that the quadrangle equivalence is
coarser than the decomposition of the metric fan.

The matrix representation for these types is a 9 x 9 matrix with the following

numbering of the columns.

{P1P3, P\Py, P\Ps, PPy, PoPs, Py Ps, P3P5, P3P, Py Ps}.
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Table 3:

Type |z |y |z |u|v|w
SSS |0 111010
SST |0|1]1|0(0]|1
STT |1]|1]0]0]0]1
TTT |1 /001|001

The (common) matrix representation for these 4 quadrangle structures is

00011100 z
0000y 1 1 20
000 wwOT1U0 11
10w 000O0T1T1o0

Q=1 1y 0000 0 v 1|,
111000 woO0O0
01010 woO0O01
0211 wv 0 000
£ 01010100

where the values of the indeterminates are as follows.

It has been checked that the matrices (SSS) and (SST) are similar but the change
of basis matrix is not a permutation matrix. The matrices for the types (STT) and
(TTT) are not similar.
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5 Gromov products

A1z = A1z = Agas = Aggs = Asss = De15 = 0,
di3 = di2 + das,
doy = do3 + d3a,
d3s = d3q + das,
dae = dy5 + dse,
dis = die + dse,
doe = d12 + di.

Type SSS distances can be parameterized as following:

di2 = mie + ma3 + p,
d2g = miz + m3q + 1,
dzq = mag + mas + g,
dss = m34 + ms6 + p,
ds¢ = mi6 + mas + 1,
dig = mi2 + mse + g,
dig =miz +mie +m3s+mas +p+q+r,
dos = maa + mag + mas +mse +p+q -+,
d3¢ = mie + ma3 + m3s +mse +p+q -+

For this type Gromov products can be parameterized as following:

33



Aq23 = mie + ma3 + p, Agy3 =0,

A124 = mie + p, Ag14 = mas,

A1z5 = mas, Ag15 = ma3 + p,

Aq =0, Ag16 = m16 + ma3 + p,

A134 = miz +mig +mss +p+, Agzy = miz + mz4 + 1,

A13s = mi2 +mag + 1, Aggs = mia + 1,

Aqze = miz, Agze = mia,

Ags = mig +mig + mas +q + 1, Aggs = mig + ma3 + mys +q + 1,
Ag6 = mi2 + q, Agge = mi2 + ma3 + ¢,

A1s6 = mi2 + mse + q. Agse = miz + ma3 + mse +p + g
Agz1o = miz +mgq + 1, Ag12 = mag + mzq +mys +q + 1,
Ag14 = mags, Agpz = mys + g,

Azi5 = ma3 + m3q + p, Ag15 = m34 + p,

Az16 = mie +mao3z +m3s +p+r, Ag16 = mi6 +m3s +mas +p+,
Azaq =0, Ago3 = ma3z + mus5 + g,

Agas = mag, Agos = M3y,

Az = mgyg + 1, Ayoe = mzq + mys + 1,

Aszys = ma3 +mys +q, Ayz5 =0,

Az = ma3 + ¢, Ayz6 = mys,

Agse = ma3 + m34 + msg +p +q. Ays6 = m34 + msg + p.

As12 = mi2 +mys + mse +q + 1, Ag12 = mi2 + mse + q,

As13 = mys + mse + g, Ag13 = ms6 + ¢,

As14 = msg, Ag14 = mise,

As16 = mie + mas + 1, Ag15 = 0,

Aso3 = ma3 + mas + mse +p + g, Ag23 = mie + maz + mse +p + g,
Asoq = ms6 + p, Ag24 = mye + ms6 + p,

Apo = mys + 1, Agas = mie,

As3q = m3yq + mse + p, Ag3q = mie + m3q +mse +p+ T,
As3 = mys, Aggs = mig + 1,

Asyg6 = 0. 34 Aeas = Mmie + mas + 7.



Type SST distances can be parameterized as following:

dig = mie +mae3 +p+,

daz = mig +maq + 1,

d3g = mag +mas +q+,

dgs = mgq +mse +p -+,

ds6 = mi6 + mas + 1,

dig = mig +mse + g+,

dis = mi2 +mie + m3g + mys +p +q + 3,
dos = mig + mag + mys + mse +p+ g+,
d3s = mi6 + ma3 +mgs +mse +p+ g+

For this type Gromov products can be parameterized as following:
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Aq23 = mie + ma3 +p -+, Aoz =0,

Ajpga =mig+p+r, Ag14 = mas,

Aqgs = mae + 1, Ag15 = ma3 + p,

Aq6 =0, Ag16 = mie +maoz +p -+,

A1z4 = mi2 + mag + mzsa +p + 2r, Agzq = mia +mgs + 1,

Aigs = mi2 +mag + 1, Aggs = maa,

Ayze = miz + 1, Agze = miz + 1,

A1g5 = maz + mie + mas + q + 2r, Agys = mig + ma3 + mys +q + 1,
A4 = mi2 + q, Agge = mi2 + maz +q -+,

A1s56 = miz +mse +q + 1 Agse = miz + ma3 + mse +p +q+ 7
Agz1p = miz +mgq + 1, Ag12 = maz + mzq + mys + q + 2r,
Az14 = mags, Agp3 =mys +q -+,

Azi5 = mo3 +mas +p -+, Agis =mzs+p+r,

Az16 = mie +mao3z +m3s +p+r, Ag16 = mig + m3q + mys + p + 2r,
Aszq =0, Ayoz = mo3 +mas + g+,

Agos = mgs + 1, Ago5 = mazq + 1,

Az = ma4, Ayo6 = mzq +mys + 1,

Azys = mao3 +mys +q + 7, Ayzs =0,

Az = ma3 + ¢, Ayze = mys + 1,

Azse = ma3 +m34 +mse +p+q+7r.  Ayse =m3g +mse +p -+

As12 = Mg + mys +mse +q + 7, Ag12 = mi2 +mse +q + 1,
As13 = mys + mse +q + 1, Ag13 = ms6 + ¢,

As14 = mse, Ag14 = mise,

As16 = mie + mas + 1, Ag15 = 0,

Aso3 = M3 + My +mse +p +q+ 7, Ag23 = mie + mao3 +mse +p+q+7,

Asoq = ms6 + p, Ag24 = mig + mse +p + T,

Apo6 = mys, Ag2s = myg + 1,

Aszy = mgg +ms +p -+, Ag3q = mie + m34 +mse +p+ T,
Asz = mys + 1, Agss = mig,

Asy6 = 0. 36 Aeas = mie + mas + 7.



Type STT distances can be parameterized as following:

dig = mie +mae3 +p+2q+,

dog =mi2+m3s +q+r,

d3qg = maog +mus +q+,

das = m3zq +mse +p+2q + 1,

ds¢ = mi6 +mas +q+,

dig = miz2 +mse + g+,

di4 = mi1a + mig + msg + mys + p + 2q + 3r,
dos = mia + mag + mus + mse +p + 2q + 1,
d3e = mie + mag + m3q + mse +p + 2q + 7.

For this type Gromov products can be parameterized as following:
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Aqa3
ANEY!
ANDY
ANES

A134 = my2 + mig + msq + p + 2q + 2r,

ANES
A136
ANPT
A146
A1s6

= mie + me3 +p+2q+r,
=mie +p+q+T,
=mie+q+T,

=0,

=mi2+mic+q+T,
=mi2+q+r,

= mig + mie + mas +q + 27,
=miz +7,

=mig+mse +q+ 1.

=mi2 +m3s+q+7,

= ma3 + ¢,

=ma3 +mas +p+2+,

= mie + ma3 +mzs +p+2q+r,
=0,

=m34s+q+r,

= Mmaa,

= ma3 +Muys +q +,

= a3,

= Mma3 + maq4 +mse +p+2q + 7.

= mi2 + Mas + Mse +q + 7,

= My5 +ms6 +q + 1,

= Ms6 + ¢,

=mie +Mus +q+,

=mao3 +mys + Mg +p+ 29+,
= ms6 + P+,

= Mys,

=mg4 +ms6 +p+ 2+,
=My5 +q+T,

= 0.

Ag14 = ma3 + g,

Ag15 =mae3 +p+g,

Ag16 = mie +ma3 +p+2q+r,

Agzq = mia +mzs +q+,
Agzs = mya,

Agze = mia +q +r,

Agys = mig + ma3 +mys +q + 1,
Agge = mi2 +maz +q -+,

Agse = mig + ma3 + mse +p + 2q + 1.

Ag12 = mag + mzq4 + mys + q + 2r,
Agpz = mys + 1,
Aps=mzs+p+q+r,

Ag16 = mie + mas + mus + p + 2q + 2r,
Ago3 = maz +mys +q -+,

Agos =m3zs +q+,

A6 = m3q +mys +q + 1,

Ayz5 =0,

Ayz6 = mus +q+,

Ayse = m3s + msg +p+2¢+ 1.

Ag12 = mi2 + mse +q + 7,
Ag13 = M6,

Ag14 = mse + q,

Ag15 = 0,

Aga3 = mye + ma3 + mse +p+ 2q + 1,
Ag24 = myg + mse +p +2q + 1,

Agos = myg +q -+,

Ag34 = mie + m3q +mse +p+ 2q + 7,
Ag3s = mie,

380645 = M1 + mas +q+ 1.



Type TTT distances can be parameterized as following:

dig = mie +mae3 +p+2q+,
dog =miz+mss +p+q+r,
d3y = maog +mus +p+q+r,
das = m3zq +mse +p+2q + 1,
ds¢ = mi6 +mas +p+q+r,
dig = miz +mse +p+q+r,
di4 = mi1a + mig + msg + mas + p + 2q + 3r,
dos = mia + mag + mus + mse +p + 2q + 1,
d3e = mie + maz + mag + mse +p + 2q + 7.

For this type Gromov products can be parameterized as following:
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Aqa3
ANEY!
ANDY
ANES

A134 = my2 + mig + msq + p + 2q + 2r,

ANES
A136
ANPT
A146
ANED

= mie + me3 +p+2q+r,
=mie+q+T,

=mie +p+q+T,

=0,

=mi2+mie+p+q+m,
=mi2+p+q+r,

= miz2 + mie + mas +p+q+ 2r,
=miz +7,

=miz+ms6 +p+q+.

=mi2 +m3s +p+q+r,
=mz3+p+gq,

=mao3 +m3s +p+2+,

= mi6 + ma3 +mas +p+2q+r,
=0,

=m34 +p+q+r,

= M3y,
=ma3 +Mus +p+q+r,

= a3,

= Mma3 + maq4 +mse +p+2q + 7.

= M2 + Mys +Mse +p +q+T,
= My5 +ms6 +p+q+7,

= Mms6 + P+ g,
=mie +Mus +p+q+r,

= ma3 + mas + mse +p+ 29+,
= Mms6 + ¢,

= M5,

=mgz4 +ms6 +p+ 2+,
=mys +p+q+r,

= 0.

Ag1g = ma3 +p+q,

Agy5 = mas + ¢,

Ag16 = mie +ma3 +p+2q+r,

Aggs =miz+mzs+p+q+r,
Agzs = mia,

Agzg =miz+p+q+r,

Agys = mig +ma3 +mys +p+q+,
Agge = miz +ma3+p+q+r,

Agse = mig + ma3 + mse +p + 2q + 1.

Ag12 = maz2 + mzq +mys +p+q+ 27,
Agpz = mys + 1,

Agps =mzs +q+,

Ag16 = mie + mas + mus + p + 2q + 2r,
Aoz =maoz +mys +p+q+,

Ags =mzs+p+q+r,

Aygo6 = m3q +mys +p+q+,

Ayz5 =0,

Ayz6 =mus +p+q+r,

Ayse = m3s + msg +p+2q+ 1.

Agr12 = mi2 +mse +p+q+,
Ag13 = M6,

Ag1a = mse +p +q,

Ag15 = 0,

Aga3 = mie + ma3 + mse +p+ 2q + 1,
Ag24 = myg + mse +p +2q + 1,

Agos =mig+p+q+r,

Ag34 = mie + m3q +mse +p+ 2q + 7,
Ag3s = mie,

400645 = M1 + Mus +p+q+ 7.



6 Q structure for I17SSS Q 113

Fixed quadrangles:

(13,24),(13,25), (13,26), (14, 26), (15, 26), (14, 35), (15, 36), (15, 46), (24, 35), (24, 36), (25, 46), (35, 46)
Free quadrangles:
(14,25), (14, 36), (25, 36)
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Figure 18: Quadrangle structure and Pentacles of Sturmfels-Yu metric 66 (1;7.555).
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Structures of 5-point subsets: As an example we work with type [17 SSS, Q type

113.
113 | Piosss | (13,24) (13,25) (14,35) (24,35) (14,25)
113 | Progas | (13,24) (13,26) (14,26) (24,36) (13,46)
113 | Pragse | (13,25) (13,26) (15,26) (15,36) (25,36)
113 | Piosss | (14,26) (15,26) (15,46) (25,46) (14,25)
113 | Piaase | (14,35) (15,36) (15,46) (35,46) (13,46)
113 | Paaase | (24,35) (24,36) (25,46) (35,46) (25,36)
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Gromov Product Decomposition of 7-point Metric
Spaces

Ayse Humeyra Bilge! Metehan Incegul'
May 9, 2021

Abstract

Let X be a finite metric space with elements P;, ¢« = 1,...,n and with the distance functions d;;.
The Gromov product of the triangle with vertices P;, P; and P, at the vertex P; is defined by
Aijr = %(dij + dir — djr). A metric space is called A-generic, if the set of Gromov products at
each P; has a unique smallest element A;j,. For a A-generic metric space, the map P; — (P;Pk),
where (P — jPy) is the edge joining Pj to Py is a well defined map called the “Gromov product
structure” [Bilge, Celik and Kocak, “An equivalence class decomposition of finite metric spaces”,
Discrete Mathmetics, Vol 340, (2017) 1928-1932]. For n = 5, the 3 A-equivalence classes coincide
with the classification of 5-point metrics. For n = 6, there are 26 A-equivalence classes refined by 339
metric classes. In this paper, we obtain the A-equivalence decomposition of 7-point metric spaces
that consist of 431 equivalence classes.

Keywords: Finite metric spaces, Gromov product structure, weighted graphs

1 Introduction

An n-point metric space is described by the set of distances d;; subject to triangle inequalities. The
structure of a finite metric is described by the so-called “metric fan” and the metrics belonging to the
interior of a metric fan are called “generic” [11].” In a series of papers we studied metric spaces in terms
of the “Gromov products” as defined by Eqn.(2.1) [1],[2],[3],[5],[4]. In this approach, distance functions
are expressed in terms of Gromov products and triangle inequalities are replaced by the compatibility
conditions of the defining equations for the d;;’s as given by (2.2). The solution of these equations turns
out to be quite algorithmic and it is useful in obtaining split decomposition of the metric [3].

As it is well known [9], there are 1 and 3 inequivalent metrics on 4-point and 5-point spaces, respec-
tively and the A-equivalence decomposition coincides with this classification. For n = 6, there are 339
inequivalent metrics as classified in [11]. We presented the A-equivalence classes of 6-point metrics in
[2],[4] where we have shown that there are 26 equivalence classes.

In the present work, we study the A-equivalence decomposition of 7-point spaces by using the algo-
rithm of [4] that consists of 4 steps. One first enumerates all Gromov product structures, then eliminates
the ones that are not allowable, using Proposition 1 and Corollary 1. The third step that consists of the
application of the full permutation group to allowable Gromov products is the most costly part of the
algorithm. Finally at the fourth step, non-generic Gromov product structures are eliminated.

For 6-point spaces this algorithm runs on a standard computer in a reasonable time without the need

for more sophisticated methods. For n = 7, the third step of the algorithm, consisting of applying the full

*Faculty of Engineering and Natural Sciences, Department of Industrial Engineering, Kadir Has University, Istanbul,
Turkey(ayse.bilge@khas.edu.tr)

fIstanbul Bilgi University, Faculty of Engineering and Natural Sciences, Kazim Karabekir Cad. No: 2/13 Eyup 34060
Istanbul / Turkey



permutation group on 7 points to all allowable Gromov product structures turned out to be practically
impossible to run on a standard computer. In the search of permutation invariants of Gromov product
structures we ended up with a matrix representation, as presented in [?].

The matrix representation of a Gromov product structure is defined in Section 3 and the invariants
of this matrix are used to split allowable Gromov product structures into smaller subsets on which the
full permutation group is applied in a reasonable time.

As a result we obtain 431 Gromov product equivalence classes for 7-point metrics.

2 Preliminaries

Let X be a finite metric space with n elements P;, ¢ = 1,...,n and let d;; be the distance between P;

and P;. We denote the triangle with vertices P;, P; and Py by (P;P;FPy) . The quantity A;;; defined by
Ak = Dy = 3(dij + diry — dji;) (2.1)

is called the “Gromov product” of the triangle (P;P;Py) at the vertex P;.

The triangle inequalities are equivalent to the non-negativity of the A;;;’s. The solution set of the
triangle inequalities is a convex polyhedral cone in R™"~1/2 and the classification of metric spaces is
given in terms of the combinatorial properties of this cone [11].

For any triangle (P, P;Py), the distances can be expressed in terms of the Gromov products as
dij = Aijk +Ajik» k= ].,...TL, k 757,7] (22)

For an n-point metric space, there are n(n — 1)(n — 2)/2 Gromov products that has to satisfy n — 3
equalities for each unordered pair (4,7). It follows that an n-point metric space is characterized by
positive solutions of n(n — 1)(n — 3)/2 linear equations in n(n — 1)(n — 2)/2 unknowns. A finite metric
space is called “A-generic”, if the set of Gromov products at each P; has a unique smallest element. We

define Gromov product structures on A-generic spaces, as follows.

Definition 1.Let X be a A-generic n-point metric space with elements Py, let E(X) be the set of edges
of X and let Ay, c, be the minimal Gromov Product at P,. The Gromov product structure on X is the
map & from X to the set E(X) defined by E(P,) = (Py, Pe,), where (P, Py) is the edge joining P, to P.
Two A-generic finite metric spaces are “A-equivalent” if they have the same Gromov product structures,

up to permutations of indices.

The Gromov products at different P;’s not independent. Their relations are given by the Proposition

1 below, whose proof is straightforward.

Proposition 1.Let Ay be the Gromov product at node a and i be a node different from a, b and c.
Then,
Aabi - Aabc - Acbi - Acai = Aiac - Aibc = Abac - Abaia (23@)

Aaci - Aabc = Abci - Abai = Aiab - Aibc = Acab - Acai~ (23b)
These equalities lead to a convenient algorithmic procedure for determining allowable Gromov product
structures.

Corollary 1.If Ay is the minimal Gromov Product at P, then, Ay and Acqp cannot be minimal at

P., Apei and Apae cannot be minimal at Py, and Ao and A;qp cannot be minimal at P;.



Thus, the minimality of Agpe leads to the exclusion of Gromov product structures containing Apei, Acpi,
Ajab, Ajge from the set of allowable Gromov product structures. These elimination rules lead to an
algorithmic method for obtaining Gromov Product equivalence classes. We start by all possible Gromov
Product index sets, apply the elimination rules and collect together the ones that are mapped to each
other under permutations. This process works well for n = 5 and n = 6 but it becomes practically
impossible for n = 7. For n > 7 we will eliminate beforehand a large number of equivalent cases. This

will be done by using “excess cycle lengths”, to be defined below.

Definition 2. If the Gromov products at nodes {a1,as,...,ax} are

{Aalaia27Aa2a1a3u R Aak,,ak—haj}’

then we say that the Gromov Product structure

{(a1flz‘a2), (a2a1a3), ceey (ak:7 Ak—1, aj)}

contains a A-chain of length k. If k = 1 then the chain has length 1 and P,, is called an ‘isolated”
point. For k > 1 The points P,, and P,, are “end points” of the chain while the points P,,, i # 1,k
are “interior points” of the chain. For k > 1, ifi = k and j = 1, then we say that there is a A-cycle of
length k. A chain of length 2 has no interior points. A cycle has no end points.

The cycle and chain structure allows to choose Gromov product structures in certain canonical forms

and reduces considerably the burden of finding equivalence classes.

3 Matrix representation of Gromov product structures

An n-point metric space is represented by a weighted complete graph. If A,;; is the minimal Gromov
product as Py, then the edges joining P, to the other F,’s can be sticked together by an amount Ag;;
and the edge joining P; to P; can be removed [1]. Repeating this procedure at each point we obtain the
so-called “pendant-free” reduction of the complete graph.

In this section we define the matrix representation of a Gromov product structure as defined in [5],
discuss its relation with the graph of pendant free reductions and we give the matrix representations for

n=4andn=>5.

Definition 3. Let S = {A14,6,, A2asbys - - - s Dna, b, } be a Gromov product structure for a finite metric
space with n elements. The “matriz representation for S” is the matriz Gg, defined by Ggs(i,7) = 1, if

the j = a; or j =b;, in Nja,p,, and Gg(i,j) = 0 otherwise.

Note that Gg consists of zeros and ones only and it has exactly two 1’s in each row. It follows that A = 2
is always an eigenvalue with corresponding eigenvectors multiples of X = (1,1,...,1)!. We note that
similarity of the matrix representations don’t imply equivalence of Gromov product structures, because
the change of basis matrix need not be a permutation matrix. Nevertheless the (integer valued) quantities

traceG’fg’ will be useful to discriminate between inequivalent Gromov product structures.
4-point spaces. For n = 4, there is unique Gromov product structure that can be given as
X (Ao, Aoz, Agaa, Agis}

and its matrix is

= O = O
O~ O
= O = O
O = O =



5-point spaces. For n = 5, there are 3 Gromov product structures corresponding to the metric classes

X,(45) {A125, Ag13, Asas, Ayss, As14},
XS’) {A124, A213, Asos, Ayss, Asos},
X(cs) {A124, A13, Agos, Ay13, As13}.

and their matrix representations are

01 0 01 01 010 01 010
101 0 0 101 00 101 00
Ga=]101010], Gg=|] 01 01 0], Gec=]1 01 0 1 0
0 01 01 0 01 01 101 00
10 0 1 0 01 010 1 01 00
Their A-chain and A-cycle structures are given by
x® 3 . : . . . 5
x® 3 . : . . . 5
x® 3 . : . . o e . 5.

We will now present certain results on the relation of matrix invariants to the properties of pendant
free reductions.

An n x n matrix 4 is irreducible, if >_;- ; A" has no zero element.

Definition 4.4 Gromov product structure is called “irreducible” if the corresponding matriz is irre-

ducible. Otherwise it is called “reducible”.

If a metric space is reducible in the sense above, then, a proper subset is itself a metric spaces. Hence

the parametrization of this subspace can be enlarged to the parametrization of the larger space.

Proposition 2.Let Gg be the matrixz representation of a Gromov product structure S, as defined in
Definition 3. Then

(i) The rank of Gg is the number of edges removed in the pendant free reduction.

(ii)If Gg is reducible, then the number of columns with no zero element in Y.\ | G% gives the dimension

of the largest irreducible subspace.

(#ii) The symmetric part of the matrix Gg, expressed as Hg = floor = %(GS + GY%) gives information
of the chain structure. The sum of the entries of the columns are 0, 1 or 2. P; is respectively an
“isolated point”, an “end point” or an “interior point” according as the sum of the entries of the

ith column of Hg is 0, 1 or 2.

4 Gromov Product Classification for n = 6

In this section we reiterate the A-equivalence decomposition of 6-point spaces in order to display the
advantage of using chain structures. The structure of A-chains and and A-cycles (Definition 2) on an

n-point space can be conveniently analysed by the “partition of integers” for n. The partition of integers



for n =6 1is

6+0 5+1 44+1+1 3+1+1+1 24+1+14+1+1 1x6
442 34+2+1 2+2+1+1
3+3 2+242

If there is a 6-cycle of 6-chain, without loss of generality, the chain structure can be chosen as

0 1 2 3 4 5 6 J
[©] L] [ ] [ ] [ ] [ ] [ ] O

Here if ¢ = 6 and j = 1 there is a 6-cycle. Otherwise there is a 6-chain. If there is a cycle all points are
interior points. In the case of a chain, there are 2 end points and 4 interior points.

If there is a 5-cycle or a 5-chain, the chain structure is

i 1 2 3 4 5
o ° . ° ° °

o,
o}

Here if there is a 5-cycle, we have 5 interior points and 1 isolated point. If there is a 5-chain, there are
2 interior points, 2 end points and 1 isolated point.

For n = 6, not all partitions of the integer 6 leads to allowable types. The list of allowable types
for n = 6 are below. The numbers in the last column gives the number of isolated points, end points
and interior points respectively. Note that 4 + 2 (Chain) and 3 + 3 types are not distinguished by these

invariants.



6 4 0(cycle) o ° o (0,0,6)

6 + O(chain) o . . . o (0,2,4)

5+ 1(cycle) o o . o (1,0,5)
O [ ] O

5 + 1(chain) o . . . . . o (1,2,3)
O [ ] ]

4 + 2(cycle) o ) ) ° ° o (0,2,4)
o . . o

4 + 2(chain) o ° ° ° ° o (0,4,2)
O [ ] L] o

3 + 3 [} ° [ ] [ o (07472)
[©) [ [ ] [ o]

4+ 1+ 1(cycle) o . . . . o (2,0,4)
O [ ] o O [ ] O

441+ 1(chain) o . . . . o (2,2,2)
O [ ] [0} O [ O

34+2+1 o ° ° ° ° o (1,4,1)
[©) [ ] L] [¢] [¢] (] [¢]

24+24+2 o ° (] o (07670)
[©) o [ ] [¢] [¢] [ ] [ o]

3+1x3 o . . . o (3,1,2)
o . o o . o o . o

242+1+1 o ° ° o o ° ° o (2,4,0)
O [ ] o O [ ] O

24+1x4 o . ° o (4,2,0)
O [ ] o O _—
O [ ] o O _—

Table 1: Cycle and chain configurations for 6-point spaces

The complete list of 6-point spaces grouped according to their cycle and chain structures is given

below.



e
= |5 |E|E|E
Type = | £ |&|A|&| Gromov Product Structure | Type
6+0 (Cycle) I |6 ]0]0]|6 |126,213,324,435,546,615 (I17)
6+0 (Chain) I [ 412 |0 |4 | 124,213,324,435,546,635 I7
I 5 | 124,213,324,435,546,615 Iy
1 5 | 124,213,324,435,546,625 114
1 5 | 125,213,324,435,546,625 Iis
5+1 (Cycle) R |50 1|5 |125213,324,435,514,613 Rg
541 (Chain) I |3 (2|15 | 125213,324,435,546,613 Iy
I 4 | 124,213,324,435,546,613 Iis
R 3 | 124,213,324,435,524,624 Ry
R 3 | 124,213,324,435,524,613 Ry
R 4 | 124,213,324,435,524,615 Rg
442 (Cycle) R [ 41]2]0 |4 |124,213,324,413,516,625 R
R 4 | 124,213,324,413,516,635 Ry
442 (Chain) 1 2 14 |0 |4 | 124,213,324,435,526,635 Is
I 4 | 125,213,324,436,536,625 Ig
1 4 | 124,213,324,435,516,635 Ig
I 5 | 124,213,324,435,516,625 To
1 5 | 124,213,324,435,526,615 Lo
44141 (Cycle) | R |4 |0 | 2 | 2 | 124,213,324,413,513,613 Ry
R 2 | 124,213,324,413,513,624 R;
R 3 | 124,213,324,413,513,625 Rs
44141 (Chain) | I 2 12 |2 |4 | 124,213,324,435,516,624 I3
3+3 I |2 403 | 124,213,324,456,524,624 I
34+2+1 I 114 |1 ]3| 124,213,324,456,513,624 I
3+1+1+1 1 112 |3 ]3 | 124,213,324,456,513,613 1y
24242 I 106 |0 |3 | 156,213,324,456,513,624 I

Table 2: Complete list of 6-point spaces




5 Gromov Product Chain Classification for n =7

For n = 7, the partition of integers lead to the following chain configurations.

The partition of integers for n = 7 is

7+0 6+1 5+1+1 4+1+1+1 3+1+14+1+41 24+1x5 1x7
5+2 4+241 3+2+1+1 242+14+1+4+1
4+3 3+3+1 24+24+2+4+1

Without loss of generality, we choose the following canonical orderings. Algorithmically it is possible
to terminate the chains. But even if we start with canonical forms with shorter chains, it is difficult to
avoid the occurrence of longer chains. The grouping of the Gromov products by their matrix invariants

help with this problem.

e There is a 7 cycle or a 7 chain:

9 1 2 3 4 5 6 7
(¢] [ ] L] [ ] [ ] [ ] [ ] [ ]

O%.

There is a chain of length 6 which is not extendible to a longer chain :

g 1 2 3 4 5 6
[¢] [ ] [ ] [ ] [ [ [ ]

o,

There is a chain of length 5 which is not extendible to a longer chain :

9 1 2 3 4 5 J
[©] L] [ ] [ ] [ [ ] o]

e There is a chain of length 4 which is not extendible to a longer chain :
i 1 2 3 4 j
o [ ] [ [ ] L] [0}

There is a chain of length 3 which is not extendible to a longer chain :

[ 1 2 3 4
[e] [ ] [ ] [ ] [e]

There is a chain of length 2 which is not extendible to a longer chain :

1 2 3 4
e] [ ] [ ]

The longest chain of length 2:

The A-equivalence decomposition of 7-point spaces is obtained by implementing the algorithms described
below with MATLAB. Details of the algorithms are given in. We adapted the codes to n = 7. For each
chain length, we start with canonical types generate all possible Gromov product structures. Then use
Proposition 1 to select allowable ones. At this stage, the sets of allowable structures are too big for
applying the full permutation group. Therefore, we use matrix invariants to obtain smaller groups to
which permutation group acts in a reasonable time. This way the problem is reduced to a feasible size.
Finally we eliminate the structures that are not generic. As a result we obtain 431 types listed in the

Appendix. The number of types for each chain length is listed below.



S =] 8
g a2
=Sl—| 8| 8
ol 2| €| B
Type L2 al] sz
7 (Cycle) 00 |7 |1
7 (Chain) 02|58
6+1 112 |4 |8
5+2 01413 |43
443 01413
5+1+1 212 13|22
44241 114 1]2 |63
3+3+1 1 (4|2
34242 016 |1 27
4414141 312 12|27
3424141 2 14 |1 |42
2+242+1 116 |0 |14
3+1+14+1+1 4 2|1 |12
242414141 3141|013
24+1+1+1+1+1 |5 |2 | O | 6
1x 7 719 (0|1

Table 3: Irreducible 7 point spaces

Type Examples

Contains X | 124,213,324,413,513,613,713
Contains X ® | 125,213,324,435,514,613,713
Contains X © | 126,213,324,435,546,615,713 | 93

N DN
N[ ¥| Number

Table 4: Reducible 7 point spaces
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127

213

324

435

546

657

716

124
125
124
124
126
125
125
124

213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435

546
546
546
546
546
546
546
546

657
657
657
657
657
657
657
657

716
716
736
726
726
726
736
746

Table 5: 7-Cycle and 7-Chains

124
124
125
125
125
126
126
126

213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435

546
546
546
546
546
546
546
546

657
657
657
657
657
657
657
657

713
724
713
724
714
713
714
724

Table 6: 6+1 Decomposition

124
124
124
124
124
124
124
124
124
125
125
125
125
125
125
125
125
125
126
126
126

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435

546
546
546
047
047
047
547
547
047
546
546
546
547
o547
047
047
047
547
546
o547
047

627
637
637
627
637
637
647
647
647
627
637
637
627
637
637
647
647
647
637
637
647

716
716
726
716
716
726
716
726
736
716
716
726
716
716
726
716
726
736
726
726
726

Table 7: 5+2 Decomposition
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124
124
124
124
124
124
124
124
124
124
124
124
124
124
125
125
125
125
125
125
125
125

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

435
435
435
435
435
435
436
436
436
437
437
437
437
437
435
435
436
436
437
437
437
437

567
567
567
567
o967
567
567
567
567
o967
567
567
567
567
o967
567
536
567
536
536
546
567

615
625
625
635
635
635
615
625
625
625
635
635
645
645
625
635
657
625
657
657
657
635

715
715
725
715
725
735
715
715
725
715
715
725
715
725
725
725
716
725
716
726
716
725

Table 8: 443 Decomposition

124
124
124
124
124
124
124
124
124
125
125
125
125
125
125
125
125
126
126
126
126
126

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435
435

546
546
546
546
546
047
047
547
547
546
546
546
546
547
547
047
047
546
546
546
047
047

627
627
637
637
637
624
625
635
635
627
637
637
637
624
625
635
635
637
637
637
635
647

713
715
715
724
725
716
716
716
726
713
714
724
725
716
716
716
726
714
715
724
713
713

Table 9: 5+1+41 Decomposition

12




124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
124
125
125
125
125
125
125
125
125
125
125
125
125
125
125
125
125

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

435
435
435
435
435
435
436
436
436
436
436
436
436
436
437
437
437
437
437
437
437
437
437
437
437
437
437
437
435
435
435
436
436
436
436
436
436
437
437
437
437
437
437
437

o967
567
567
567
567
567
927
537
537
047
047
567
567
567
526
526
526
536
536
536
536
536
546
546
546
546
546
067
567
567
567
536
536
537
547
567
567
536
536
536
537
537
546
546

615
624
625
625
635
635
627
625
627
625
627
615
625
625
615
635
645
615
625
625
645
645
615
625
625
635
635
624
625
625
635
627
657
627
627
625
625
625
625
627
627
637
625
627

713
715
713
724
713
724
715
715
715
715
715
713
713
724
715
715
715
715
715
725
715
725
715
715
725
715
725
715
713
714
713
716
713
716
716
713
714
716
725
716
716
716
716
716

Table 10: 44241 Decomposition
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124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

456
456
456
456
457
457
467
467
467
467
456
456
456
457
467
467
467
467
467

524
547
047
047
546
546
526
567
567
5967
037
547
o547
546
536
536
537
537
537

647
624
637
647
615
625
645
625
635
645
647
614
624
637
624
645
624
645
645

715
713
715
713
713
713
715
715
715
713
716
713
713
714
714
713
714
714
724

Table

11: 3+3+1 Decomposition

124 | 213
125 | 213
125 | 213
124 | 213
124 | 213
125 | 213
125 | 213
125 | 213
124 | 213
124 | 213
124 | 213
124 | 213
124 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213
125 | 213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

456
417
467
467
456
467
457
457
467
467
467
456
467
467
457
417
467
417
467
457
457
456
457
456
417
417
417

927
536
536
527
537
567
536
536
567
527
037
927
567
567
536
546
536
536
567
536
546
047
546
547
536
567
536

624
625
625
624
624
625
625
657
624
645
645
647
625
625
625
657
625
657
635
657
627
627
637
637
645
645
645

715
724
724
715
715
714
724
724
715
715
715
715
724
724
714
724
714
724
714
714
716
716
716
716
724
724
745

Table 12: 34242 Decomposition
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124
124
124
124
125
125
124
124
124
124
124
124
124
125
124
125
124
124
125
124
124
125
125
125
125
125
125

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

435
436
436
437
436
437
435
436
437
436
436
437
437
435
435
436
437
435
436
435
437
435
435
436
435
436
436

567
527
047
526
547
537
567
047
536
524
536
536
546
o967
526
537
546
526
037
567
546
567
567
047
567
537
547

613
615
615
637
625
625
624
625
624
627
627
627
627
614
637
625
637
647
625
624
637
613
624
627
614
627
625

713
713
713
715
713
716
713
713
715
715
715
715
715
713
715
714
715
715
716
724
725
713
713
713
714
714
716

Table 13: 4+1+41+1 Decomposition
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124
124
124
125
124
125
125
124
125
124
124
124
124
124
124
125
124
125
125
125
125
124
125
125
124
124
125
125
125
125
125
125
125
125
125
125
125
125
125
125
125
125

213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324
324

457
467
467
467
457
416
457
467
467
457
467
456
457
467
456
417
467
457
416
416
416
467
416
416
467
467
467
467
457
457
457
456
457
456
457
457
416
416
456
416
416
417

546
567
524
567
526
537
536
526
567
536
567
527
546
526
047
536
536
546
047
047
047
536
567
537
536
526
536
536
546
536
536
037
536
537
536
536
037
547
537
537
537
536

613
625
624
624
615
637
624
615
614
615
615
624
627
615
627
624
615
613
624
647
624
624
624
624
625
635
614
624
627
614
624
624
627
624
625
627
627
627
637
645
645
645

713
713
715
713
713
716
724
713
713
713
713
713
713
715
713
724
715
713
713
713
716
715
713
716
715
715
713
713
713
714
714
714
714
716
716
716
716
716
716
716
724
726

Table 14: 34+-2+1+1 Decomposition
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145 | 213 | 324 | 467 | 513 | 624 | 713
156 | 213 | 324 | 457 | 524 | 613 | 713
145 | 213 | 324 | 467 | 516 | 624 | 713
145 | 213 | 324 | 416 | 537 | 637 | 716
145 | 213 | 324 | 416 | 567 | 625 | 713
145 | 213 | 324 | 416 | 526 | 657 | 713
145 | 213 | 324 | 416 | 567 | 635 | 713
145 | 213 | 324 | 416 | 536 | 657 | 713
145 | 213 | 324 | 416 | 536 | 627 | 716
145 | 213 | 324 | 416 | 537 | 627 | 716
145 | 213 | 324 | 416 | 526 | 637 | 716
145 | 213 | 324 | 416 | 527 | 637 | 716
145 | 213 | 324 | 467 | 513 | 625 | 724
145 | 213 | 324 | 467 | 567 | 635 | 724

Table 15: 24+24-2+1 Decomposition

124 | 213 | 324 | 457 | 526 | 613 | 713
124 | 213 | 324 | 467 | 524 | 615 | 713
124 | 213 | 324 | 467 | 524 | 615 | 715
125 | 213 | 324 | 467 | 567 | 613 | 713
124 | 213 | 324 | 467 | 527 | 615 | 713
124 | 213 | 324 | 467 | 524 | 635 | 715
125 | 213 | 324 | 457 | 536 | 614 | 713
125 | 213 | 324 | 457 | 536 | 624 | 713
125 | 213 | 324 | 456 | 537 | 637 | 714
125 | 213 | 324 | 457 | 536 | 624 | 716
125 | 213 | 324 | 416 | 537 | 625 | 716
125 | 213 | 324 | 416 | 547 | 625 | 716

Table 16: 34+1+1+1+1 Decomposition

145 | 213 | 324 | 467 | 513 | 613 | 713
145 | 213 | 324 | 467 | 527 | 624 | 713
156 | 213 | 324 | 467 | 527 | 624 | 713
145 | 213 | 324 | 467 | 567 | 624 | 713
156 | 213 | 324 | 467 | 524 | 613 | 713
145 | 213 | 324 | 467 | 513 | 625 | 713
145 | 213 | 324 | 467 | 536 | 625 | 713
145 | 213 | 324 | 467 | 567 | 625 | 713
145 | 213 | 324 | 467 | 526 | 635 | 713
145 | 213 | 324 | 416 | 527 | 635 | 713
145 | 213 | 324 | 467 | 567 | 635 | 713
145 | 213 | 324 | 467 | 513 | 625 | 725
156 | 213 | 324 | 467 | 527 | 613 | 713

Table 17: 24-241+1+1 Decomposition

145 | 213 | 324 | 467 | 526 | 613 | 713
145 | 213 | 324 | 467 | 567 | 613 | 713
145 | 213 | 324 | 467 | 527 | 635 | 713
156 | 213 | 324 | 456 | 527 | 627 | 713
156 | 213 | 324 | 456 | 527 | 627 | 714
156 | 213 | 324 | 456 | 537 | 627 | 714

Table 18: 24+14+1+1+1+41 Decomposition

[ 145 [ 213 [ 345 | 427 | 526 | 613 [ 713 |

Table 19: 1+14+1+1+14+141 Decomposition
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Ry C X7

124
124
124
124

213
213
213
213

324
324
324
324

413
413
413
413

513
513
513
513

613
613
613
613

713
724
725
756

Rs C X7

124
124

213
213

324
324

413
413

513
513

624
624

716
756

Rs C X5

124
124
124
124

213
213
213
213

324
324
324
324

413
413
413
413

513
513
513
513

625
625
625
625

716
725
745
746

R; C Xy

124
124
124
124

213
213
213
213

324
324
324
324

413
413
413
413

516
516
516
516

625
625
625
625

713
716
735
736

Ry C X

124
124
124
124

213
213
213
213

324
324
324
324

413
413
413
413

516
516
516
516

635
635
635
635

713
716
724
725

X, C Xy

124
124
124
124
124
124

213
213
213
213
213
213

324
324
324
324
324
324

413
413
413
413
413
413

536
567
567
567
o967
o967

627
615
615
625
625
635

715
713
715
713
715
715

I3 C X4

124
124
124
124
124
124

213
213
213
213
213
213

324
324
324
324
324
324

435
435
435
435
435
435

516
516
516
516
516
516

624
624
624
624
624
624

713
716
724
725
735
736

Iy C X7

124
124
124
124
124
124

213
213
213
213
213
213

324
324
324
324
324
324

435
435
435
435
435
435

516
516
516
516
516
516

625
625
625
625
625
625

713
716
724
725
735
736

Iy C X7

124
124
124
124
124
124
124

213
213
213
213
213
213
213

324
324
324
324
324
324
324

435
435
435
435
435
435
435

516
516
516
516
516
516
516

635
635
635
635
635
635
635

713
716
724
725
726
735
746

R, C X7

124
124
124
124
124
124

213
213
213
213
213
213

324
324
324
324
324
324

435
435
435
435
435
435

524
524
524
524
524
524

613
613
613
613
613
613

713
715
726
735
746
756

Table 20: A-Reducible 7-point spaces
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Rs C X7

124
124
124

213
213
213

324
324
324

435
435
435

524
524
524

615
615
615

715
726
736

Ry C X5

124
124
124
124
124

213
213
213
213
213

324
324
324
324
324

435
435
435
435
435

524
524
524
524
524

624
624
624
624
624

713
715
716
724
736

Xsp C X7

124
124
124
124
124
124

213
213
213
213
213
213

324
324
324
324
324
324

435
435
435
435
435
435

524
524
524
524
524
524

627
637
637
647
647
657

716
716
726
716
726
716

1o C Xy

124
124
124
124
124
124
124

213
213
213
213
213
213
213

324
324
324
324
324
324
324

435
435
435
435
435
435
435

526
526
526
526
526
526
526

615
615
615
615
615
615
615

713
715
724
726
735
736
746

Is C Xy

124
124
124
124
124
124
124

213
213
213
213
213
213
213

324
324
324
324
324
324
324

435
435
435
435
435
435
435

526
526
526
526
526
526
526

635
635
635
635
635
635
635

713
715
716
724
726
735
746

113 C X7

124
124
124
124
124
124
124

213
213
213
213
213
213
213

324
324
324
324
324
324
324

435
435
435
435
435
435
435

546
546
546
546
546
546
546

613
613
613
613
613
613
613

713
715
724
725
726
735
746

Is C X4

124
124
124
124
124
124
124
124

213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435

546
546
546
546
546
546
546
546

615
615
615
615
615
615
615
615

713
715
724
725
726
735
736
746

Table 21: A-Reducible 7-point spaces
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Iy C Xy

124
124
124
124
124
124
124
124

213
213
213
213
213
213
213
213

324
324
324
324
324
324
324
324

435
435
435
435
435
435
435
435

546
546
546
546
546
546
546
546

625
625
625
625
625
625
625
625

713
715
716
724
725
735
736
746

I; C X5

124
124
124
124
124

213
213
213
213
213

324
324
324
324
324

435
435
435
435
435

546
546
546
546
546

635
635
635
635
635

713
715
716
724
725

I4CX7

124
124
124
124

213
213
213
213

324
324
324
324

456
456
456
456

513
513
513
513

613
613
613
613

713
724
725
756

IQCX7

124
124
124
124
124

213
213
213
213
213

324
324
324
324
324

456
456
456
456
456

513
513
513
513
513

624
624
624
624
624

713
716
724
725
756

11CX7

124
124
124

213
213
213

324
324
324

456
456
456

524
524
524

624
624
624

713
715
724

Rg C X7

125
125
125
125
125

213
213
213
213
213

324
324
324
324
324

435
435
435
435
435

514
514
514
514
514

613
613
613
613
613

713
714
724
726
746

Xs54 C Xy

125
125

213
213

324
324

435
435

514
514

627
637

716
716

I C Xy

125
125
125
125
125
125
125

213
213
213
213
213
213
213

324
324
324
324
324
324
324

435
435
435
435
435
435
435

546
546
546
546
546
546
546

613
613
613
613
613
613
613

713
714
724
725
726
735
746

Iis C Xy

125
125
125
125
125

213
213
213
213
213

324
324
324
324
324

435
435
435
435
435

546
546
546
546
546

625
625
625
625
625

713
714
716
724
725

Is C X7

125
125
125
125

213
213
213
213

324
324
324
324

436
436
436
436

536
536
536
536

625
625
625
625

713
714
716
725

Iz C Xy

126
126

213
213

324
324

435
435

546
546

615
615

713
714

Iig C X7

156
156

213
213

324
324

456
456

513
513

624
624

713
714

Table 22: A-Reducible 7-point spaces
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Gromov Product Structures for Eight Point Metric Spaces

Ayse H. Bilge™, Burak Erkan Kaya(")
(1) Kadir Has University, Istanbul, Turkey

1 Introduction

Finite metric spaces are classified by the decomposition of their metric fan [8]. With respect to this
classification there are respectively, 1, 3 and 339 classes of n = 4, 5 and 6 point spaces. The classification
finite metric spaces with elements n > 6 by this method have not been attempted. In previous work [2],
we defined a coarser equivalence called the Gromov product equivalence. The metric fan decomposition
and the Gromov product equivalence coincide for n = 4 and 5. For n = 6 and n = 7 we found respectively
26 and 431 equivalence classes defined via Gromov product structures.

In the present work, we apply the same method to 8-point spaces and discuss the usefulness and the
applications of such decompositions.

Let (X,,,d) be an n-point space with finite metric space with metric d. The Gromov product at a
point P; is defined as

1
Ajjk = §(dij +dik, — dji) 2 0

A finite metric space is called A-generic, if the set of Gromov products at each point have a unique
minimal element. In this case, the assignment

Pi — minj,k{Aijk}

defines the Gromov product structure. Sets of Gromov product structures gives an equivalence class
decomposition.

In [2], we defined ”rules” for eliminating those sets of minimal Gromov products that are not allowable.
There is also an algorithm to decide whether an allowable set of minimal Gromov product set corresponds
to a genetic metric [5].

In this report, we summarize the Gromov Product Decomposition of 8-point spaces. The basic
approach consists of listing all possible sets of minimal Gromov products and eliminate those that are
not allowed, based on a result given in [2]. Then, those structures that can be mapped to each other are
identified, and a representative is selected. Finally, the ones corresponding to non-generic metrics are
identified and removed. This is a straight forward algorithm, but as the number of points gets larger, it
is practically impossible to implement. For this reason, we use techniques presented in [4] to split the
problem into sub-problems that are easier to handle.

The algorithm presented here is programmed using Matlab, and it is run on the computers of at
TUBITAK ULAKBIM, High Performance and Grid Computing Center (TRUBA resources).

2 Allowable collections of minimal Gromov products via chains
and cycles

As noted above, it is possible to start with all possible sets of minimal Gromov products and eliminate
those that are not allowed. But for n = 8, it is practically impossible to identify equivalent ones.
Therefore, before finding allowable collections, we split the problem into subclasses determined by so-
called chains and cycles.

The characterization of a Gromov product structure in terms of A — cycles and A — chains described
in detail in [5]. We say that the Gromov product structure contains no chain of length larger than 1, if
all minimal Gromov products are of the form Agp., such that no Deltayq; and no A.,; is minimal. This
corresponds to the decomposition of the number 8 as a sum of 1’s. If Ay, and Ay,; are minimal, we
say that P, and P, belong the a chain of Gromov products. If there are k such points, we say there is
a Gromov product chain of length k. If for all minimal Gromov products Agp., all triples P,, Py, P,
belong to the chain, we say that there is a Gromov product cycle.



These structures are closely related to the “partition of integers”. For n = 8, we have the following
partitions:

8+0 7+1 6+14+41 54+14+14+1 4+1+1x3 3+1+1x4 241x6 1x8
6+2 5+4+241 4424141 3+2+1x3 2424+1x4
o+3 4+3+1 4+4+2+14+1 3+3+1+1
4+4

We will thus split the problem into sub-problems for those structures with k-cycles, these containing an
8-chain, those containing a chains of length at most k, for k = 1,...8. Here, we illustrate the procedure
for k=1 and k = 2.

2.1 Example 1: Gromov product structures with chain length 1

We illustrate the procedure first by describing Gromov product structures containing no chains of length
greater than or equal to 2. Without loss of generality we start with the by assuming that minimal Gromov
product value at Py is Agq3. If there is no chain of length greater than or equal to 2, again without loss
of generality we assume that Agzys is minimal at P3. Then the chosen P the minimal Gromov product
at P, assumed as Aqss. There are 3 alternative subsets which includes Gromov products with chain
lengths less than 2. By considering the previous studies, the minimality of Aq45 implies that Ays;, Asys,
Aj14, Aj15 should be excluded. From the remaining 3 Gromov products, which are Ajg7, A16s and Aqg7,
there is only one Gromov product which is Aig7. If this rule is examined in detail that should be seen
that, the edges of the chosen minimal products led to chose alternative Gromov products.
S11, S12 and S13 denote alternative subsets which are shown below.

S1 = {213,345} (1)
1 2 3 4 3 5
o—— —e———0 0—— —@———20
511 = {213,345,145} (2)
1 2 3 4 3 5 4 1 5
oO—— ————0 0—— —e———0 O0—— —@———0
S12 = {213,345, 146} (3)
1 2 3 4 3 5 4 1 6
oO—— ————0 0—— —e———0 O0—— —@®———20
S13 = {213,345,167} (4)
1 2 3 4 3 5 6 1 7
oO—— ————0 0—— —e———0 O0—— —@———0

Regarding S11 there are 3 alternative Gromov products (Agos, Ago7 and Aysg) which may provide subsets
with chain length less than 2. In the light of explanations given before one Gromov product must be
selected from the set of {Ay26, A7, Agos}. Without loss of generality we choose Ayaq, exclude remaining
alternative Gromov products and obtain the set S111.

5111 = {213, 345, 145, 426} (5)
1 2 3 4 3 5 4 1 5 2 4 6
o——————0 0—— —e———0 O0—— —®———0 O0—— —@———0

With same approach, by choosing Asg7 as the minimal Gromov product from the set {Ayg7, Aggs, Aars},
we can obtain another subset which is S112.

5112 = {213,345, 145, 467} (6)
1 2 3 4 3 5 4 1 5 6 4 7
co———e———0 0—— —e———0 O—— —@®———0 O0—— —@&———20

By using same approach in S1, we can obtain 2 alternative sets which provide subsets with chain length
less than 2. Note that we choose the subset {213, 345,146} for S2. By choosing Aj46 as minimal Gromov
product at P; there are 2 sets which are {A4a7, Ago7} and {Ayrs}. Since we must exclude one Gromov



products in set {Ayo7, Agos}, we choose Ayo7 as minimal Gromoov Product at Py and exclude Aygog.
Eventually we obtain 2 alternative subsets with chain length less than 2 by using S12.

$121 = {213, 345, 146, 427} (7)
1 2 3 4 3 5 4 1 6 2 4 7
o———e———0 0—— ————0 O0O—— —@®———0 O0—— —@&———20

S121 = {213, 345, 146, 478} (8)
1 2 3 4 3 5 4 1 6 7 4 8
o———e———0 0—— ————0 O—— —@®———0 O0—— —@&———0

By applying same approach in the preceding steps we can obtain 5 alternative subsets with chain length
less than 2 by using S13 which are shown below.

5131 = {213, 345,167,418} (9)
1 2 3 4 3 5 6 1 71 4 8
o——————0 0—— ————0 0—— —®———0 O0—— —@®———0
5132 = {213, 345,167,426} (10)
1 2 3 4 3 5 6 1 72 4 6
o———e—-———0 0O—— ————0 O—— —@e———0 O—— —@———0
5133 = {213,345, 167,428} (11)
1 2 3 4 3 5 6 1 7T 2 4 8
o———e—-———0 0O—— ————0 O—— —®———0 O—— —@———0
5134 = {213, 345,167,467} (12)
1 2 3 4 3 5 6 1 7 6 4 7
o———e———0 0O—— ————0 O—— —@———0 O—— —@———0
5135 = {213, 345,167, 468} (13)
1 2 3 4 3 5 6 1 7 6 4 8
o———e—-———0 0O—— ————0 O—— —@e———0 O—— —@———0

2.2 Example 2: Gromov product structures with chain length < 2

Without loss of generality we start with the by assuming that minimal Gromov product value at Ps is
Agy3 and Agoy is minimal at Ps. Hence, we obtain a chain with length equal to 2.

{213,324} (14)
1 2 3 4
O—— —ee—— —e———20

After these selections,there are 10 appropriate Gromov products may be assumed as minimal which can
be shown in the set {A145, Avag, A1a7, A1as, A1se, A1s7, Aiss,

A1g7, A1gs, A17s}. Since Gromov products in the set {A145, A146, A147, A14s} are equivalent, we assume
A1y45 is the minimal product in the set {Aj45, A6,

A147,A148}. Thus, we can represent a subset including one chain with length equal to 2 and one chain
with length equal to 1 as S21.

521 = {213,324, 145} (15)
1 2 3 4 4 1 5
o—— —e——————0 00— — —@———20

Considering remaining Gromov products in the set {A145, A146, A147, A14s,

Aqs6, A1s7, A1ss, A1g7, A1es, A17s}, we can choose Ajsg as the minimal Gromov product at Py. It is
straightforward that {Aqs6, A157, A15s} are equivalent so {Aqs7, A1ss} must be excluded. After this
selection S22 can be represented as follows:

522 = {213, 324,156} (16)
1 2 3 4 5 1 6
o———e———@———0 O—— —@———0

All cases corresponding to the partitions of 8 are classified separately. Then the ones that overlap
are identified and eliminated in steps.



3 Identification of equivalent structures

For each of the chain/cycle structures, we obtain sets of allowable collections of minimal Gromov prod-
ucts. The next step is to find the collections that can be mapped to each other by a permutation of
indices. For this, we first eliminate the ones that cannot be mapped to each other. This is based on a
matrix representation presented in [5]. If the matrices corresponding a pair of Gromov product structure
are not iso-spectral, they cannot be equivalent. Using this criteria and other certain invariants, the
collection of allowable collections of minimal Gromov products are further split into smaller pieces, and
finally, the action of the permutation group is applied to select one representative form each equivalence
class. The final step is the elimination of the collections of minimal Gromov products corresponding to
non-generic metrics.

In Table 1, we present the number of allowable minimal Gromov product sets for each of the
chain/cycle structures. The table contains a total of 26125 collections. This list still contains dupli-
cate elements. The labels in the first column denote the chain/cycle type, while the labels in the first
row denote the number of “end points” of the chains/cycles.

At the next step, subclasses with the same chain length are collected. The results are presented in
Table 2. The labels in the first column denote the chain/cycle type, while the labels in the first row
denote the number of "end points” of the chains/cycles. The table contains a total of 15266 collections,
and the list still contains duplicate elements.

In Table 1, we present the number of allowable minimal Gromov product sets for each of the
chain/cycle structures. The table contains a total of 26125 collections. This list still contains dupli-
cate elements. The labels in the first column denote the chain/cycle type, while the labels in the first
row denote the number of “end points” of the chains/cycles.

At the next step, subclasses with the same chain length are collected. The results are presented in
Table 2. The labels in the first column denote the chain/cycle type, while the labels in the first row
denote the number of "end points” of the chains/cycles. The table contains a total of 15266 collections,
and the list still contains duplicate elements.

Finally, we grouped the subclasses by the number of endpoints and created new matrices by reordering
the previous matrices in reverse. The numbers in the first column in Table 3 denote the number of end
points, while the numbers in the second column denote the number of allowable minimal Gromov product
sets regarding the number of end points of them. Table 3 contains 11470 collection and we eliminate all
duplicate elements.

The numerical calculations reported in this paper were partially performed at TUBITAK ULAKBIM,
High Performance and Grid Computing Center (TRUBA resources).

The codes used in this study and all list of allowable Gromov product sets are listed in finitemetricspaces.
khas.edu.tr


finitemetricspaces.khas.edu.tr
finitemetricspaces.khas.edu.tr

Chain/cycle type 00 02 04 06 08 10 12 14 16
S111 - - - - - - - - 27
S112 - - - - - - - - 23
S121 - - - - - - - - 28
S122 - - - - - - - - 16
S131 - - - - - - - - 20
S132 - - - - - - - - 17
S133 - - - - - - - - 13
S134 - - - - - - - - 17
S135 - - - - - - - - 3
S211 - - - - 272 344 147 0 -
S212 - - - - 813 1036 518 147 -
S221 - - - - 813 1036 518 147 -
S222 - - - - 482 458 185 52 -
S223 - - - - 828 732 264 45 -
S224 - - - - 241 216 76 14 -
S311 - - - 209 511 471 159 - -
S321 - - - 236 801 812 240 - -
S322 - - - 279 618 573 181 - -
S323 - - - 312 725 494 122 - -
S4cc 1 - - - - - - - -
S4cl - 0 8 48 54 - - - -
S4c2 - 4 44 97 63 - - - -
S4c3 - 4 39 46 24 - - - -
S411 - - 28 415 861 387 - - -
S421 - - 28 415 861 387 - - -
S422 - - 9 65 101 65 - - -
S423 - - 28 287 521 237 - - -
S5cl - 0 9 26 0 - - - -
S5c2 - 3 17 20 0 - - - -
S5c3 - 3 3 3 0 - - - -
S51 - - 141 501 324 - - - -
S52 - - 134 399 218 - - - -
S53 - - 225 785 572 - - - -
S6cl - 0 9 - - - - - -
S6c2 - 0 5 - - - - - -
S6c3 - 3 4 - - - - - -
S61 - - 107 222 - - - - -
S62 - - 92 165 - - - - -
S63 - - 83 127 - - - - -
S64 - - 105 187 - - - - -
S7cl - 1 - - - - - - -
S7c2 - 1 - - - - - - -
S71 - - 52 - - - - - -
S72 - 52 - - - - - -
S73 - - 40 - - - - - -
S74 - - 32 - - - - - -
S75 - - 23 - - - - - -
S8cl 1 - - - - - - - -
S81 - 13 - - - - - - -

Table 1: Numbers of allowable minimal Gromov product sets for each chain/cycle structure




Chain/cycle type |00 [02 ] 04 | 06 | 08 | 10 | 12 | 14 | 16
1-chain - - - - - - - - 31
2-chain - - - - 2043 | 1922 | 712 | 258 | -
3-chain - - - 671 | 1537 | 1595 | 473 | - -

4-cycle pair 1 - - - - - - - -
4-cycle - 4 | 45 99 71 - - - -
4-chain - - 42 | 767 | 1483 | 689 - - -
5-cycle - 3 17 28 0 - - - -
5-chain - - | 313 | 1028 | 666 - - - -
6-cycle - 3 12 - - - - - -
6-chain - - | 228 | 397 - - - - -
7-cycle - 2 - - - - - - -
7-chain - - | 112 - - - - - -
8-cycle 1 - - - - - - - -
8-chain - 13 - - - - - - -

Table 2: Numbers of allowable minimal Gromov product sets for each chain/cycle length

Number of end points | Number of A Class

0 2
2 25
4 711
6 2438
8 3862
10 2960
12 1185
14 258
16 31

Total 11470

Table 3: Summary Table of remaining A classes of 8-point metric spaces after implementing the proposed
algorithm 4 times
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Quadrangle Structures of 6-Point Spaces

Ayse H. Bilge'V, Derya Celik®, Burak Erkan Kaya"
Kadir Has University'", Eskisehir Technical University®
Gromov product structures for 6-point spaces have been obtained in a previous work [2]. The list of Gromov
product structures and the metrics in the Sturmfels-Yu classification for each type are given below in Tables

1 and 2, for “Irreducible” and “Reducible” spaces.

Table 1. List of Gromov product structures for irreducible spaces

Py Py Ps3 Py Ps Pg Sturmfels-Yu Type

I Agi Ay As Az Aeoy Ao 68,71,95, 133, 137, 166, 200, 215, 222, 223, 227, 241,
260, 263, 275, 283, 286, 304, 306, 312, 317, 321, 331, 339

Iz Aqz4 Aoz As24 Adsg Asis Agaa 214, 249, 250, 259, 264, 285, 292, 295, 297, 298, 302, 303,
322, 325, 327, 329, 335

I3 Aqza Az Asg Adzs Asig Ag24 88, 190, 192, 251, 255, 272, 301

Iy Aqza Asqs Agg Ausg Asi3 Ag13 294, 300, 324, 334

I5 Aqza Az Asa Auss Asag Ag3s 9,20, 40, 43, 67,90, 101, 127, 132, 160, 204

Ig Aqss Asqy Agog Aysp Assg Agas 4,21,42,74, 87, 103, 120, 131, 159, 184, 185, 205, 258

I7 Anza Ao Asg Asss Asag Agas 11, 15, 24, 27, 45, 58,73, 102, 115, 129, 135, 181, 221

Ig Aq24 Ao Asy Auss Asag Agis 8,14, 18, 31, 36, 48,78, 105, 123

I Ay Asig .o A Asie Agss 142, 168, 188, 189, 220, 228, 239, 256, 265, 277, 290, 314

I1o Aqnq Az Az Ayas Asig Agas 128, 161, 206

i Asi Asig Assi Aise Asis Akis 130, 158, 207, 208, 212, 257

Iz At A Asza Agss Asg Agis 1,16,28,75

I3 At24 Az Agza Aass Asag Ag13 2,17,30,60,76, 149

Ly Aqgg Ajys A3z Ayss Asag Agas 34, 47,49,50,64,77,92,106, 107, 109, 121, 172

s A1s Az Ago4 Auyss Asag Agas 32,33, 38,55,61,63, 89,114, 124, 136, 148, 162,
179, 209, 234, 273

lig Aisg Ao Ajz4 Ads6 Asis Ag2a 247, 248, 262, 282, 293, 296, 316, 326, 332, 336

Ii7 A Ajiz A3z Aygzs Asqp Ag1s 12,13, 39,65, 66

Table 2. List of Gromov product structures for reducible spaces

Py Py P Py Ps Ps Sturmfels-Yu Type

Ry A1z4 Azi3 Aszpg Az As13 Ag13 70,81, 96, 100, 144, 151, 174, 176, 216, 218, 225, 226,
235, 240, 244, 261, 268, 280, 284, 287, 305, 308, 310, 311,
318, 320, 330, 338

Ry Atz4 Aziz Aszpy Ags Asy Ag24 69,72, 80, 82, 84, 85,94, 125, 126, 134, 138, 139,
143, 146, 153, 156, 157, 163, 167, 186, 187, 191, 193, 194,
195, 198, 199, 202, 211, 224, 231, 233, 252, 253, 266, 271,
278,281,315

R3 Aqa Az Aapg Az As13 Ag2a 7,26,59,97, 118, 119, 152, 154, 175, 183, 217, 236,
237,245, 246, 269, 274, 279, 288, 291, 299, 307, 309, 319,
323,328, 333,337

R4 A124 Ars Asg Auss Asoa Ag13 3,25,53,54,57,83, 86,98, 111, 113, 117, 140,
141, 145, 147, 164, 165, 171, 177, 182, 196, 197, 201, 203,
219, 229, 230, 232, 243, 254, 267, 270, 276, 289, 313

Rs Aq24 Ars Ago4q PAVEE! As13 Agas 6,23,41,51,91, 112, 155, 170, 238

Rs Aq24 Az Agng Ayss Aso4 Ag1s 5,22,44, 110, 169, 210

R; Aqpg Azis Az Az Asqg Agos 10, 19, 29, 52, 108

Rs Aqzs Az Aszga Auazs As14 As13 35,46,62,79,93,104, 122, 150, 173, 213
Re A Aors Asza Aurs Aste Agas 37,56, 99, 116, 178, 180, 242
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For 5-point spaces, Gromov product structures determine the quadrangle structure completely. For 6-point
spaces, the Gromov product structure determines the structure of parts of quadrangles. The number of
quadrangles whose structures are determined by the Gromov product structure are called “Fixed
Quadrangles” , in the tables below. The remainf are called “Free Quadrangles”. As each quadrangle may
have 3 types, if there are Kk fixed quadrangles, the number possibilities corresponding to this Gromov type
are 3™, where m=15-k. These numbers are listed under the “Number of Classes” column. But not all of these
possibilities are allowable. In order to determine the allowable ones, we use the linear programming tool of
Matlab. Note that each configuration of quadrangles gives a set of inequalities amonf the distances, namely,
the sum of diagonals should be larger than the sum of the sides. We introduce these inequalities as constraints
in a lineer programming problem and see whether there is a feasible solution. The ones that lead to infeasible
solutions are listed in the next column. Finally the column “Remaining Classes/Strumfels-Yu Types” gives
the ” gives the number of quadrangle classes for the given Gromov product type and the number of classes
in the Sturmfels-Yu classification. The last column gives the list of quadrangle sturctures whose matrices are
isospectral.

Table 1. The numbers of quadrangle types for each Gromov Product structure.

Number of Number of Number of Remaining
. Number of . Classes/Stu
Type Fixed Free Eliminated Class Groups
Quadrangles Quadrangles Classes Classes rmfels-Yu
Types
101 10 5 243 226 17/24 {1},{2,3,5,9},{4},{6,1 1,13} ,{7},{8},{10},{12},{14},{15},{16},{17}
102 11},12,3,4,7,10,19},15,25},{6,8,9,13,16,22},{11,21},{12,20},{14,27},
12 3 27 0 27/17 {15,18},{17,24},{23,26}{6,8,9,13,16,22},{11,21},{12,20},{14,27} ,{1
5,18},{17,24},{23,26}
103 13 2 9 3 6/7 {1}.42},{3}.{4},{5}.{6}
104 13 2 9 6 3/4 11},{2,3}
105 13 2 9 3 6/11 {1},{2},43},{4},{5},{6}
106 12 3 27 23 4/13 {1}3,42},43},{4}
{11,425,431,443, {53,163, {7}, {8}, {9}, {10} {11}, {12},{13},{14},{15}
107 11 4 81 62 19/13 1161,{17},{18},{19}
108 13 2 9 5 4/9 {1},{2},{3},{4}
109 13 2 9 0 9/12 {1},{2},{3},{4},{5}.{6}.,{7}.{8,9}
110 14 1 3 0 3/3 {1},{2},{3}
11 13 2 9 3 6/6 {131,423, {3}.{4}.{5}.{6}
112 12 3 27 25 2/4 (11,42}
113 13 2 9 5 4/6 {1},{2},{3}.{4}
14 13 2 9 3 6/12 {131,423, {3}.{4}.{5}.{6}
115 12 3 27 13 14/16 {1},{2,4},{3,9},{5,7},{6,10},{8,12} ,{11},{14}
{1,22},{2,3},{4,19},{5,21},{6,7,20},{8,9,44,45},{10,28,37,40,47,48 4
116 11 4 81 27 54/10 9,52},{11,12,13,16,30,34,38,39,41,51,53,54},{14,33,35},{15,17,18,36
1,423,24},{25},{26},{27},{29,31,42,43,50},{32},{46},
117 12 3 27 19 8/5 {1,3,4,7},{2,5,8},{6}
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ROI 10 5 243 226 17/28 (11,{2,3,5,91,{4,7,10,11},46,13} 48,15} {12}, {14}, {16},{17}
113,12,10,25},{3},{4,7},{5,28},{6},{8},{9},{11},{12},{13},{14},{15
RO2 10 5 243 207 36/39 116,241, {171.{18,32}, 119}, 120}, £21.361,{22,31}, 123}, 126}, £27}.{
29},{30},{33},{34},{35}
(11, 12.3.4.7,10,19.28},(5,8,12,13,16,20,22,25,29.30 3 1,46},{6.9.11 .2
1,34,37}.{14,15,26,27,33,36,39.40.48,51},{17,24,35,38.43}.{18,23,32
RO3 1 4 81 62 19/28 A47.49},141.45,50,521.{42,53}, 144}, {54}, 155,56,60},{57},158.61}.45
9},{62}
RO4 12 3 27 9 18/35 {113,42},43,7,13},{4,14},{5},16},{8},{9},{10},{11},{12},{15},{16} {
17},{18}
ROS 13 2 9 5 4/9 {1},{2},{3},{4}
RO6 13 2 9 5 4/6 {1},{2},{3},{4}
RO7 14 | 3 1 25 (13,402}
RO8 12 3 27 14 13/10 (191,423}, {4,131,{5,10,11,121,{6,7},{8}
RO9 14 1 3 1 27 (11,42}

Since the Sturmfels-Yu classification is the finest, the number of quadrangle classes cannot be greater than
the number of Sturmfel-Yu classes. But for example, for [17, there are 8 quadrangle classes and 5 Strumfles-
Yu classes. In this case, it has been shown some of the quadrangle classes are mapped to each other by
permutations, and the number of quadrangle classes is reduced to 4. These are similar reductions for othery
Gromov product types. On the other hand, it would be possible to have less quadrangle classes. This is infact
the case again for the Type 117. This type has been studied in detail in the manuscript posted to the web
page, under the heading of “Finite metric spaces of dimensions n=5,6,7,8”. In this paper, quadrangle
structures are used to obtain an explicit parametrization of 4 metrics in the class [17. It worths to mention
that mode than one Strumfels-Yu type may have a common parametrization, distinguished by the ranges of
a certain parameter.

In the tables below, the first row indicates the pars of points that lie on the diagonals. For example 1324
means that (P1,P3) and (P2,P4) are diagonals on the quadrangle with vertices P1,P2,P3,P4

We illustrate this on the first row of the next table:

1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1345 1346 1356 2356

2 12 L) 12 {) 1
2 4 3 5 2 A 5 4 A 4
5 17 RE! A 6 7 5 3
4 A5 4 4 4 5 1 A
5 14 'y 16 15 2
2 6 3 5 72 A 3 5 [
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I1:A124 Azp3

A324- A456 A524 A624

Q(12, | Q(1,2, | QL2 | Q(12, | QL,2, | QL4, | Q23, | Q23, | QR24, | QB4, | Q(12, | Q(L3, | QL3 | Q13 | Q23

34) |35 |36 |45 |46 |58 |45 |46 |56 |56 |56 |45 |46 |56 |56
1 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1345 1346 1356 2356
2 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1345 1346 1356 2536
3 | 1324 | 1325 | 1326 | 1524 | 1624 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1345 | 1436 | 1356 | 2356
4 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1345 1436 1356 2536
5 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1435 1346 1356 2356
6 | 1324 | 1325 | 1326 | 1524 | 1624 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1435 | 1346 | 1356 | 2536
7 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1435 1436 1356 2356
8 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1256 1435 1436 1356 2536
o | 1324 | 1325 | 1326 | 1524 | 1624 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1345 | 1346 | 1356 | 2356
10 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1345 1346 1356 2536
11 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1345 1436 1356 2356
12| 1324 | 1325 | 1326 | 1524 | 1624 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1345 | 1436 | 1356 | 2536
13 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1435 1346 1356 2356
14 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1435 1346 1356 2536
15 | 1324 | 1325 | 1326 | 1524 | 1624 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1435 | 1436 | 1356 | 2356
16 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1435 1436 1356 2536
17 1324 1325 1326 1524 1624 1456 2435 2436 2456 3456 1526 1435 1436 1536 2536

I3:A134 Azq3 Azzg Ayse As13 De2s

Q(L,2, | Q(1,2, | Q(1,2, | Q(12, | Q(12, | Q(L3, | QL3, | QL4 | Q3 | Q3 | Q24 | QB4 | Q12 | QL3 | Q23

34) |35 |36) |45 |46 |45 |56 |56 |45 |46 |56 |56 |56 |48 |56
1 1324 1325 1326 1524 1624 1345 1356 1456 2435 2436 2456 3456 1256 1346 2356
2 1324 1325 1326 1524 1624 1345 1356 1456 2435 2436 2456 3456 1256 1346 2536
3| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1346 | 2635
4 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1436 | 2356
5 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1436 | 2536
6 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1436 | 2635
7 | 1324 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1634 | 2356
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8 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1634 | 2536
9 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1256 | 1634 | 2635
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1346 | 2356
0
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1346 | 2536
1
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1346 | 2635
2
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1436 | 2356
3
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1436 | 2536
4
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1436 | 2635
5
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1634 | 2356
6
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1634 | 2536
7
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1526 | 1634 | 2635
8
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1346 | 2356
9
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1346 | 2536
0
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1346 | 2635
1
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1436 | 2356
2
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1436 | 2536
3
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1436 | 2635
4
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1634 | 2356
5
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1634 | 2536
6
2 | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1356 | 1456 | 2435 | 2436 | 2456 | 3456 | 1625 | 1634 | 2635
7
I3:Aq24 Az13 A324 Ay35 Asye D624

Q12 | QL2 | Q12 | Q12 | QL2 | Q12 | Q13 | Q13 | Q14 | Q23 | Q23 | QR4 | QB4 | QL3 | Q23

3,4) 3,5) 3,6) 4,5) 4,6) 5,6) 4,5) 5,6) 5,6) 4,5) 4,6) 5,6) 5,6) 4,6) 5,6)
1] 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2456 | 3546 | 1346 | 2536
2| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2456 | 3546 | 1346 | 2635
3| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2456 | 3546 | 1436 | 2536
4| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2456 | 3546 | 1436 | 2635
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5 | 1324 1325 1326 1524 1624 1625 1435 1635 1645 2435 2436 2456 3546 1634 2536

6 | 1324 1325 1326 1524 1624 1625 1435 1635 1645 2435 2436 2456 3546 1634 2635

14-: A124— A213 A324- A4-56 A513 A613

Q1,23 [Q1,23 [ Q123 | Q124 | Q124 | QL34 | Q134 [ Q135 | Q145 | Q234 |QR34 | Q45 | Q(B45 | Q125 |Q(235
4) 5) 6) 5) 6) 5) .6) 6) .6) 5) .6) 6) .6) 6) .6)

11324 1325 1326 1524 1624 1345 1346 1356 1456 2435 2436 2456 3456 1526 2356

2 11324 1325 1326 1524 1624 1345 1346 1356 1456 2435 2436 2456 3456 1256 2536

3| 1324 1325 1326 1524 1624 1345 1346 1356 1456 2435 2436 2456 3456 1256 2635

I5:A124 Aq3 Azzs Ay3zs Asze Aess

Q12 | QL2 | Q12 | Q12 | Q12 | Q12 | Q13 | Q13 | Q23 | Q23 | Q@23 | Q24 | QB4 | QL3 | Q14
3,4) 3,5) 3,6) 45) 4,6) 5,6) 45) 5,6) 45) 4,6) 5,6) 5,6) 5,6) 4,6) 5,6)

1| 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1346 1546

2 | 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1346 1645

3 | 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1436 1546

4 | 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1436 1645

5 | 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1634 1546

6 | 1324 1325 1326 1524 1624 1526 1435 1635 2435 2436 2635 2645 3546 1634 1645

Ig: D125 Azq3 Azs Aysze Asze Ae2s

Q12 | QL2 | Q12 | Q12 | Q12 | Q13 | Q13 | Q3 | Q23 | Q23 | Q24 | QB4 | Q12 | QL3 | Q14
3,4) 3,5) 3,6) 45) 5,6) 4,6) 5,6) 45) 4,6) 5,6) 5,6) 5,6) 4,6) 45) 5,6)

1| 1324 1325 1326 1425 1625 1436 1536 2435 2436 2536 2546 3546 1426 1435 1456

2 | 1324 1325 1326 1425 1625 1436 1536 2435 2436 2536 2546 3546 1426 1435 1546

3 | 1324 1325 1326 1425 1625 1436 1536 2435 2436 2536 2546 3546 1624 1435 1456

4 | 1324 1325 1326 1425 1625 1436 1536 2435 2436 2536 2546 3546 1624 1435 1546

I7:A124 Agq3 Azpq Ayzs Asye Agas

Q1,23 |Q(123 |Q(1,23 | Q1,24 | Q124 | Q134 | Q45 | Q234 | Q234 | Q45 | Q(B45 | Q125 | Q134 | Q(L35 | Q235
4) ) 6) 5) 6) 5) 6) ) 6) 6) .6) .6) 6) 6) .6)

1 |1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1526 1346 1356 2536

2 1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1526 1346 1356 2635

3 | 1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1526 1346 1536 2536
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4 |1324 |1325 |1326 |1524 |1624 | 1435|1546 2435 |2436  |2546 |3546 |1526 | 1346 | 1536 | 2635
5 1324|1325 | 1326 |1524 | 1624 | 1435|1546 |2435 |2436 |2546 |3546 | 1526 | 1346 | 1635 | 2635
6 |1324 |1325 |1326 |1524 | 1624 | 1435 |1s46 |2435 |2436 |2546 |3s46 | 1526 | 1436|1536 |2536
7 {1324 1325|1326 |1524  |1624  [1435  |1s46 2435 | 2436|2546 |3546 | 1526|1436 | 1536 | 2635
8 |1324 |1325 |1326 |1524 |1624 | 1435|1546 |2435 |2436 |2546 |3s46 | 1526 | 1436|1635 | 2635
o 1324|1325 |1326 |1524 |1624 | 1435|1546 |2435 |2436 |2546 |3s46 | 1526 | 1634 |1635 | 2635
10 1324|1325 |1326 |1524 |1624 |1435 |1s46 |2435 |2436 |2546 |3546 | 1625 | 1346|1356 | 2536
11 (1324|1325 |1326  |1524 |1624 | 1435|1546 [2435 |2436 2546 |3546 | 1625 | 1346 |1356 | 2635
12 (1324|1325 |1326 1524 |1624 | 1435 |1s46 |2435 |2436 |2546 |3546 | 1625 | 1346 | 1536 | 2536
13 | 1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1625 1346 1635 2536
14 (1324|1325 |1326  |1524 |1624 |1435 1546 [2435 |2436 2546 |3546 | 1625 | 1346 | 1635 | 2635
15 (1324|1325 |1326 1524 |1624 | 1435 | 1546|2435 |2436 | 2546 |3546 | 1625 | 1436|1536 | 2536
16 | 1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1625 1436 1635 2536
17 (1324|1325 |1326  |1524  |1624 | 1435|1546 [2435 |2436 2546 |3546 | 1625 | 1436 | 1635 | 2635
18 1324|1325 |1326 1524 |1624 | 1435 |1s46  |2435 |2436 | 2546 |3546 | 1625 | 1634 |1635 |2536
19 | 1324 1325 1326 1524 1624 1435 1546 2435 2436 2546 3546 1625 1634 1635 2635

Ig:A1p4 Apq3 A324 Ayzs Asye Agas
o2 | 0a2 | o2 | oe2 | o2 |owz | oas | oas, | ows, | 0@3 | @3 | o4 | 0G4 | 0w | 0@s,
34) |35 |36 |45 |46) |56 |45 |56 |56 |45 |46 |56 |56 |46 |56

1 1324 1325 1326 1524 1624 1526 1435 1536 1546 2435 2436 2546 3546 1346 2536
2| 1324 | 1325 | 1326 | 1524 | 1624 | 126 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 1346 | 2635
3 1324 1325 1326 1524 1624 1526 1435 1536 1546 2435 2436 2546 3546 1436 2536
4 1324 1325 1326 1524 1624 1526 1435 1536 1546 2435 2436 2546 3546 1436 2635

Ig:Aq24 Azq3 Azz4 Ayzs Asie Ag3s
Q(1,2, | Q(1,2, | Q(1,2, | Q(1,2, | Q(1,2, | Q(1,2, | Q(1,3, | Q(1,3, | Q(1,4, | Q(2,3, | Q22,3, | Q2,3, | QB.4, | Q(1,3, | Q(2.4,
34 135 136 |45 46 |56 |45 |56 |56 |45 |46 |se |se |46 |s6

Pl 32s [ 135 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | leas | 2435 | 2436 | 2635 | 3546 | 1346 | 2456
2| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1346 | 2546
3| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1346 | 2645

41324 | 135 | 1326 | 154 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1436 | 2456
s | 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1436 | 2546
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6 | 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1436 | 2645
7 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1634 | 2456
g | 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1634 | 2546
o | 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2635 | 3546 | 1634 | 2645
I10:A124 A213 Az24 Ayzs Asge Ae2s
Q(12, | Q12 | Q12 | Q12 | Q12 | Q12 | Q13 | Q13 | Q14 | Q23, | Q23, | Q23, | Q24, | QB4 | Q13
34) |35 |36) |45 |46 |56 |45 |56 |56 |45 |46 |56 |56 |56 |46
1 1324 1325 1326 1524 1624 1625 1435 1635 1645 2435 2436 2536 2546 3546 1346
2 (1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1635 | 1645 | 2435 | 2436 | 2536 | 2546 | 3546 | 1436
3 1324 1325 1326 1524 1624 1625 1435 1635 1645 2435 2436 2536 2546 3546 1634
I11:A124 Az13 D324 Ay3s Asye Ag13
Q12 | Q12 | Q12 | Q12 | Q12 | Q13 | Q13 | Q13 | Q14 | Q23 | Q23 | Q24 | QB4 | Q12 | Q@23
34) |35 |36) |45 |56 |45 |46 |56 |56 |45 |46 |56 |56 |46 |56
11324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1246 | 2536
2 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1246 | 2635
31324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1426 | 2536
41324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1426 | 2635
51324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1624 | 2536
6 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1624 | 2635
I12:A124 Az13 D324 Ay3s Asze Agis
Q(L.2, | Q(1.2, | Q(1.2, | Q(1.2, | Q(1.2, | Q(1.2, | Q(L3, | Q(L3, | QL4 | QR23, | Q23, | Q23, | Q24 | QB4 | Q13
34) 3,5) 3,6) 4,5) 4,6) 5,6) 4,5) 5,6) 5,6) 4,5) 4,6) 5,6) 5,6) 5,6) 4,6)

1] 1324 | 1325 | 1326 | 1524 | 1624 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2635 | 2645 | 3546 | 1346
2 1324 1325 1326 1524 1624 1526 1435 1536 1546 2435 2436 2635 2645 3546 1436
I13:A124 Azq3 A324 Ay35 Asye D613

Q(12, | Q1.2, | Q(1.2, | Q(1.2, | Q(1,2, | Q(L3, | Q(13, | Q(L3, | QL4 | Q23, | QR3, | Q24, | QB4 | QL2 | Q23
3,4) 3,5 3,6) 4,5) 4,6) 4,5) 4,6) 5,6) 5,6) 4,5) 4,6) 5,6) 5,6) 5,6) 5,6)
1 | 1324 1325 | 1326 | 1524 | 1624 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1526 | 2536
2 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1526 | 2635
3 | 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1625 | 2536
4 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 1346 | 1356 | 1546 | 2435 | 2436 | 2546 | 3546 | 1625 | 2635
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114: A124 A213 A324 A435 A546 A625

Q(12, | Q(1,2, | Q(1,2, | Q(12, | QL2 | QL2 | Q(L3, | QL4 | QR23, | Q23 | QR3, | QR4 | QB4 | Q(13, | QL3

34) 35) 36) 45) 46) 5,6) 45) 5,6) 45) 46) 5,6) 5,6) 5,6) 4.6) 5,6)
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1346 | 1356
2| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1346 | 1536
301324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1346 | 1635
4| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1436 | 1536
5| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1436 | 1635
6] 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1634 | 1635

I15:Aq25 Az13 D324 Ay35 Asye Ae2s

Q(1L,2, | Q(1,2, | Q(L,2, | Q(1,2, | Q(1,2, | Q(L3, | Q(L4, | QR3, | QR23, | QR23, | QR4 | QB4 | QL2 | QL3 | QL3

34) 35) 3,6) 45) 5,6) 45) 5,6) 45) 4,6) 5,6) 5,6) 5,6) 4.6) 4.6) 5,6)
1] 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1246 | 1346 | 1356
2 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1246 | 1346 | 1536
3| 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1246 | 1346 | 1635
4 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1426 | 1346 | 1356
5 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1426 | 1346 | 1536
6 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1426 | 1346 | 1635
7 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1426 | 1436 | 1536
8 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1426 | 1436 | 1635
9 | 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1346 | 1356
1
o | 1324|1325 1326|1425 1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1346 | 1536
1
L | 1324|125 11326 | 1425 1625 | 1435|1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1346 | 1635
1
, | 1324|1325 1326 | 1425|1625 | 1435 | 1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1436 | 1536
1
G | 1324|135 | 1326 | 1425|1625 | 1435|1546 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1436 | 1635
1
, | 1324|1325 1326 | 1425 165 | 1435 | 146 | 2435 | 2436 | 2536 | 2546 | 3546 | 1624 | 1634 | 1635

I16:A156 D213 A324 Ayse As13 D624

Q1,23 [ Q1,23 [Q1,23 | Q1,25 | Q134 | Q135 | QA5 | QR34 | Q234 | Q@245 | Q@345 | Q124 | Q124 | QL34 | Q@235

4) 9) ,6) 6) ,5) ,6) 6) ,5) ,6) 6) 6) ) 6) 6) ,6)
1 1324 |1325 |1326 |1256 |1345 | 1356 | 1456 |2435 |2436 |2456 |3456 |1245 |1246 |1346 |2356
2 | 1324|1325 1326 |1256 |1345 | 1356 | 1456 |2435 |2436 |2456 |3456 | 1245 | 1246 | 1346 |2536
3 [1324 [1325 [1326 |1256 |1345 |1356 | 1456 |2435 2436 |2456 |3456 | 1245 | 1246 |1346 | 2635
4 1324|1325 1326|1256 |1345 |1356 |1456 |2435 |2436 2456 3456 | 1245 | 1426 |1346 | 2356
5 (1324 [1325 [1326 |1256 |1345 |1356 | 1456 |2435 |2436 2456 |3456 | 1245 |1426 |1346 | 2536
6 1324 [1325 |1326 |1256 |1345 |1356 | 1456 |2435 |2436 |2456 |3456 | 1245 | 1426 |1346 | 2635
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7 11324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1426 1436 2356
8 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1426 1436 2536
9 |1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1426 1436 2635
10 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1346 2356
11 {1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1346 2536
12 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1346 2635
13| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1436 2356
14 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1436 2536
15| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1436 2635
16 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1634 2356
17 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1634 2536
18 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1245 1624 1634 2635
19 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1246 1346 2356
20 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1246 1346 2536
211324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1246 1346 2635
22 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1346 2356
23| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1346 2536
24 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1346 2635
25| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1436 2356
26 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1436 2536
27 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1426 1436 2635
28 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1346 2356
29 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1346 2536
30 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1346 2635
311324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1436 2356
32 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1436 2536
33| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1436 2635
3411324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1634 2356
35| 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1634 2536
36 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1425 1624 1634 2635
37 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1524 1246 1346 2356
38 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1524 1246 1346 2536
39 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1524 1246 1346 2635
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40 1324|1325 |1326 |1256 |1345 1356|1456 |2435  |2436 |2456  |3456  |1524 1426 |1346 |2356
a1 l1324  |1325 |1326 |1256 | 1345|1356 | 1456 |2435 |2436 |2456 |3456 |1524 1426 |1346 |2536
421324 |1325 |1326 |1256 |1345 |1356 |1456 |2435 |2436  |2456 |3456 | 1524 |1426 |1346 | 2635
431324 |1325 |1326 |1256 | 1345 1356|1456 |2435  |2436  |2456  |3456  |1524 1426 |1436  |2356
aa|1324  |1325 |1326 |1256  |1345 1356 | 1456 |2435 |2436 |2456 |3456 |1524 1426 |1436 |2536
45 (1324|1325 |1326 |1256  |1345 | 1356|1456 |2435 |2436  |2456  |3456  |1524 | 1426 |1436 | 2635
46 1324|1325 |1326 |1256 | 1345 | 1356|1456 |2435  |2436  |2456  |3456  |1524 1624 |1346 |2356
a7 |1324  |1325 |1326 |1256 |1345 1356 | 1456 |2435 |2436 |2456 |3456 |1524 1624 |1346 |2536
48 1324|1325 |1326 |1256  |1345 |1356 |1456 |2435 |2436  |2456  |3456  |1524 |1624 |1346 | 2635
49 1324|1325 |1326 |1256 |1345 |1356 |1456 |2435 |2436 |2456 |3456 |1524 1624|1436 |2356
50 1324 |1325 |1326 |1256 | 1345 |1356 | 1456 |2435 |2436 |2456 |3456 | 1524 |1le24 | 1436 | 2536
511324 |1325 |1326 |1256  |1345 |1356 | 1456|2435 |2436 |2456 |3456 |1524 | 1624 |1436 | 2635
521324 |1325 [1326 |1256 | 1345 | 1356 | 1456 |2435 |2436 |2456 |3456 |1524 |1le24 |1634 | 2356
53 | 1324 1325 1326 1256 1345 1356 1456 2435 2436 2456 3456 1524 1624 1634 2536
54 1324|1325 |1326 |1256  |1345 |1356 | 1456|2435 |2436 |2456 [3456 |1524 |1624 |1634 | 2635
I17:A126 D213 A3z4 Dy3s5 Asse De1s

Q12, | Q12 | Q12 | Q12 | Q12 | Q13 | Q13 | Q14 | Q23, | Q23 | QR24, | QB4 | Q12 | Q13 | Q@23

34) |35 |36 |46 |56 |45 |56 |56 |45 |46 |56 |56 |45 |46 |56
1| 1324 | 1325 | 1326 | 1426 | 1506 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 1425 | 1346 | 2536
2 [ 1324 | 1325 | 1326 | 1426 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 1425 | 1346 | 2635
3 1324 1325 1326 1426 1526 1435 1536 1546 2435 2436 2546 3546 1425 1436 2536
41324 | 1325 | 1326 | 1426 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 1425 | 1436 | 2635
5 1324 1325 1326 1426 1526 1435 1536 1546 2435 2436 2546 3546 1524 1346 2536
6 | 1324 | 1325 | 1326 | 1426 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 1524 | 1346 | 2635
7 1324 | 1325 | 1326 | 1426 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2546 | 3546 | 154 | 1436 | 2536
8 1324 1325 1326 1426 1526 1435 1536 1546 2435 2436 2546 3546 1524 1436 2635

Ry1:A124 Azq3 A3y Agq3 As13 D613

Q12 | Q@2 | Q2 |Qus |u2 | Q2 | Qs | Q@3 | Qus, | Qa4 | Q3. | Qa3 | Q@3. | @4, | Q@A

34) 3,5) 3,6) 4,5) 4,6) 5,6) 4,5) 4,6) 5,6) 5,6) 4,5) 4,6) 5,6) 5,6) 5,6)
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1456 | 2356 | 2456 | 3456
2| 1304|1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1456 | 2356 | 2456 | 3546
3 1304 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1456 | 253 | 2456 | 3456
a| 1324 1325 | 1326| 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1456 | 2536 | 2456 | 3546
s | 1ma| 135 | 1326 | 1524 | 1604 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1546 | 2356 | 2456 | 3456
6| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1546 | 2356 | 2456 | 3546
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7| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1546 | 2536 | 2456 | 3456
8| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1256 | 1546 | 2536 | 2456 | 3546
o | 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 1526 | 1456 | 2356 | 2456 | 3456
o| 1ma| 1ms| e usma| 1eoa| 1345 | 136 | 1356 | 2435 | 2436 | 1ss | nass | 236 | 24s6 | asas
1| 14| 1995 | 1326 | 1500 | 1e2a| 1sas| 146 | 1ase | oans | owse | 1sse | 1456 | 2536 | 2456 | s4se
2| uma| wms| e | soa| veoa| 13as| isas | 13se | oass | a4z | 1sae | ase | 2536 | 2ase | 3sas
3| i | s | ums| e | iea| usss| 13s | usss | 235 | awse | isse | sas | ouss | oass | sass
o] 1moa| ums| wms| e | tesa| 1345 | 1346 | 136 | oass | sese | 1se | 11| 2356 | 2as6 | asas
s| 1ma| wms| 1me| 1s2e| 1e2e| 1aas | isas | 1sse | 2035 | aase | 156 | 1s4s | asae | 2as6 | aass
s| 12| 135 | 1ms| oa| 1ea| 1mss| 1346 | 1sss | 235 | awse | 1sas | sas | osas | oass | ssas
7| 1o 1mas | ums| sea| 1ea| umss| 13as | vsss | 235 | awe | 1sas | 1sas | osas | osss| ssas
Roz: D124 Az13 A3z4 Dy35 Aspg Ag2a

Q2 | Q12 | QL2 | Q12 | Q12 | Q12 | Q13 | Q13 | Q3 | Q14 | Q23 | Q@23, | Q23, | Q(24, | QB4

34 (35 |36 |45 |46 |56 |45 |46 |56 |56 |45 |46 |56 |56 |56
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1346 | 1356 | 1456 | 2356
2 1324 1325 1326 1524 1624 1435 2435 2436 2456 3546 1256 1346 1356 1456 2536
3| 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1346 | 1356 | 1456 | 2635
4 1324 1325 1326 1524 1624 1435 2435 2436 2456 3546 1256 1346 1356 1546 2356
s | 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1346 | 1356 | 1546 | 2536
6| 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1346 | 1356 | 1546 | 2635
7| 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1436 | 1356 | 1456 | 2356
8| 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1436 | 1356 | 1456 | 2536
o | 1324 | 1325 | 1326 | 1524 | 1624 | 1435 | 2435 | 2436 | 2456 | 3546 | 1256 | 1436 | 1356 | 1456 | 2635
o| 12| 135 | ums| 24| 164 | 135 | sams | oass | ase | usas | 1sas | 16| 13ss| 1ass | 256
1| 14| 1395 | 1326 | 1528 | 1eoa| 135 | 2435 | 2436 | 2ass | asas | 1sa6 | 13as | 1ase | 1es6 | 2536
2| usa| wms| e | 1s2a| 1624 | 1ems | oass | oase| sase | sses| ses | 16| 1356 | 1456 | 265
3| e | wms| ume| e | 1epa| 1ams | oms | oase | oass | ssas | isos | 1as| 13se| 1546 | 256
411 1324 1325 1326 1524 1624 1435 2435 2436 2456 3546 1526 1346 1356 1546 2536
5| 1ma| s | 16| 1524 | 1e2e| 1ams | oass | oase | 2ase | ssas | szs | 1346 | 1356 | 1546 | 265
6| 14| 1ms| s 1soa| 1eoa| 1ams | oams | oame | oass | sse6 | 1me | 1346 | 1536 | 1546 | 236
7| ima| wms| me| 1s2a| 1e2a| 1ass | owss | oese | sase | sas| sze | 1346 | 1s3s| 1546 | 6s
8| 14| 13| 16| 1524 | 1ea | ass | owss | oase | oase | ssas | 1sos | 1436 | 1se | rase | 36
o| 1soe| 1ms| s 1soa| 1epa| 1ams | oams | oame | oass | ssa6 | 1se | 1436 | 1356 | 146 | 236
o| 14| 1ms| 16| 1524 | 1624 | 1ems| oass | oase| sase | sses| 526 | e | 1356 | 1458 | 26
? 1324 1325 1326 1524 1624 1435 2435 2436 2456 3546 1526 1436 1536 1456 2536
2| ioa| 35| ume | isaa| 1ess| vass | oass | oaze | aase | ssas | 1sae | rase | iss | ass | aess
2| usae| 1ms| s | usoa| tema| 1ams | oems | oame | oass | sse | 1se | a3 | 1536 | 1506 | 236
ol 1sa| wsas| e | 1o | eze| 1ass| oams | same | oase | ssas | sz | 1436 | 1536 | 1546 | 2635
3| uoe| ms| ume| isaa| ies| vass | owss | oase | ass | asas | 1exs | 1346 | 13se | 1ase | 2336
el 1| 35| ume| 52| 1ea| rass | owss | oase | oass | asas | 1exs | 1346 | 13se | 1ase | 2536
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21 e | s | usae| 152 | 1ea | 1ass | 235 | oase | 2ase | 3sae | 1es | 16 | 136 | 1ase | 2ess
S| 3| ums| ume| 1| tes | vass | aass | oae | aase | 3sas | veas | 1sas | 1356 | isae | 2356
o | 34| s | 136 | 12| 164 | 1ass | 235 | oae | aase | 3sas | teas | 1sae | 1356 | isae | 2536
o 134| 15| 1me| 12| 1ea | 1435 | 235 | oaze | 2ese | 3sas | 1es | 16 | 136 | 1sae | 2ess
V1 i | ums | ume | s | veaa | wass | ass | oase | nase | s | 1e2s | 1sas | sz | 1s4s | 2536
3| e wms | ume | usaa | tes | vass | aass | oae | aase | 3sas | teas | 14se | 1356 | ase | 2356
3| isa| ums | ume | usaa | 1es | rass | aass | oae | aase | 3sas | teas | 1436 | 1356 | ase | 2536
| i | 13| ume | s | veaa | wass| aass | oase | 2ase | 3sae | teas | 1436 | u3se | 1ase | 2635
S e | ums| ime| 1sae| 1es | vass | oass | oae | aese | 3sas | teas | 1436 | 1536 | ase | 2536
o | 1oa| ums | ume | s | veaa | wass | oass | oase | nase | s | 1e2s | 1aze | sz | 1s4e | 2536
Ro3:A124 Az13 A324 Agq3 Asq3 D624

Q(L,2, | Q(1,2, | Q(1,2, | Q(12, | QL2 | QL2 | QL3 | Q(L3, | Q(L3, | QL4 | QR23, | QR23, | QR23, | QR4 | QB4

34) |35 |36) |45 |46 |56 |45 |46 |56 |56 |45 |46 |58 |56 |56
1 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1456 2356 3456
2 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1456 2356 3546
3| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2356 | 3645
4 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1456 2536 3456
s| 1324 1305 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2536 | 3546
6| 1324 | 1325| 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2536 | 3645
7| 1324 | 1325 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2635 | 3456
8| 1324 1305 | 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2536 | 3546
o | 1324 | 1325| 1326 | 1524 | 1624 | 1345 | 1346 | 1356 | 2435 | 2436 | 2456 | 1256 | 1456 | 2536 | 3645
o 1o | ums| ume | o | veaa | vsas| a6 | 13se | oaas | oase | 2ase | 1ase | isas | 2356 | ass
U ima | us | 36| 1saa | ves | 1aas | usas | usse | aass | oae | aase | ose | isas | 2356 | 3sas
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1546 2356 3645
3| sa| ums | ume| 1sa | 1es | 13as | vaae | 1356 | a3 | oase | 2ase | 1se | 1sas | 2536 | 3ass
2| v | s | ume| s | veaa | usas | usas | 1ase | oas | o4se | aase | 1256 | 1sas | 2536 | 3546
s| 13| ums| ume | usaa | ueaa | vsas | vaae | 13se | oass | ez | 2ase | 126 | isas | 2536 | aeds
6| 1oa| ums | ume | o | veae | wmas | s | 13se | oass | ez | aase | 1ase | sae | 2es | ase
2| ima | vses | wmae | is2a | v | usas | 1sae | wsse | 2ass | 2z | 2ase | 1ose | 1sas | 2635 | 3546
8| 32| 135 | ume | 152 | ueaa | vsas | a6 | 13se | oaas | ez | 2ase | 12se | isas | 2635 | aeds
o | 14| 135 | ume| s | vera| vsas| a6 | 13se | oaas | ase | 2ase | 1ase | tess | 2356 | ass
o 34| s | ume| s | 1es | 13| vnae | 13se| a3 | oase | 2ase | 1ase | 1ess | 23se | 3sas
? 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1645 2356 3645
2| i | ums | ume | usaa | veaa | vsas | vaae | 13se | oass | aase | 2ase | 1ase | ress | 2536 | ass
21 o | ums | ume | s | vera | vmas | aae | 13se | oass | ase | 2ase | 1ase | tess | 2536 | 3sas
il | ums | ime| s | ues | 1aas| usas | 13se | 2ass | oaae | aase | 1ase | teas | 2536 | aeds
o e | s | ume| usaa | 16| 1aas | vaae | 1356 | a3 | oaze | 2ase | 12se | 1ess | oess | aase
| 1| ums| ume | s | veaa | vsas| vaae | 13se | aass | aase | 2ase | 1ase | ress | 2635 | 3sas
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3 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1256 1645 2635 3645
é 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2356 3456
5 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2356 3546
3 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2356 3645
? 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2536 3456
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2536 3546
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2536 3645
431 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2635 3456
2 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2635 3546
z 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1456 2635 3645
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2356 3456
?é 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2356 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2356 3645
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2536 3456
Al‘ 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2536 3546
3 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2536 3645
§ 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2635 3456
j 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2635 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1546 2635 3645
2 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2356 3456
47‘ 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2356 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2356 3645
3 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2536 3456
(5) 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2536 3645
? 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2635 3456
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2635 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1526 1645 2635 3645
451 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2356 3456
2 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2356 3546
2 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2356 3645
; 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2536 3456
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2536 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2536 3645
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2635 3456
? 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2635 3546
g 1324 1325 1326 1524 1624 1345 1346 1356 2435 2436 2456 1625 1625 2635 3645
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R04-: A124— A213 A324- A4-35 A524— A613

Q12 | Q(1,2, | Q(1,2, | Q(1,2, | QL2 | QL2 | Q13 | Q(L3, | Q(L3, | QL4 | QR23, | QR23, | QR23, | QR4 | QB4
34) 35) 36) 45) 4) 56) | 45) 46) 5,6) 5,6) 45) 4.6) 5,6) 5,6) 5,6)

—_

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2356 1456

2 1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2356 1546
3 1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2536 1456
4 1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2536 1546
5 1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2635 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1256 2635 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2356 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2356 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2536 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2536 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2635 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1526 2635 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2356 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2356 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2536 1456

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2536 1546

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2635 1456

0 = = = =A== == =IO —[O [o] - [*)}

1324 1325 1326 1524 1624 1435 1346 1356 2435 2436 2456 3546 1625 2635 1546

Rys5:A124 Azq3 A3zs Agq3 Asy3 Agas

Q12 | Q12 | Q12 | Q12 | Q12 | Q12 | Q13 | Q13 | Q13 | Q14 | Q23 | Q23 | Q23 | Q24 | QB4
3,4) 3,5) 3,6) 45) 4,6) 5,6) 45) 4,6) 5,6) 5,6) 45) 4,6) 5,6) 5,6) 5,6)

—_

1324 1325 1236 1524 1624 1625 1345 1346 1356 2435 2436 2536 2546 1546 3546

2] 1324 | 1325 | 1236 | 1524 | 1624 | 1625 | 1345 | 1346 | 1356 | 2435 | 2436 | 2536 | 2546 | 1546 | 3645
3] 1324 | 1325 | 1236 | 1524 | 1624 | 1625 | 1345 | 1346 | 1356 | 2435 | 2436 | 2536 | 2546 | 1645 | 3546
4| 1324 | 1325 | 1236 | 1524 | 1624 | 1625 | 1345 | 1346 | 1356 | 2435 | 2436 | 2536 | 2546 | 1645 | 3645
Roe: D124 D213 Azz4 Dazs Aszq D15
Q2 | Q(L2, | QL2 | Q(L2, | QL2 | QL2 | QL3 | QL3 | QL3 | QL4 | QR3, | QR3, | QR3, | QR4 | QB4
34) 35) 36) 4,5) 4,6) 5,6) 4,5) 4,6) 5,6) 5,6) 4,5) 4,6) 5,6) 5,6) 5,6)
1| 1324 | 1325 | 1326 | 1524 | 1624 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2456 | 3546 | 1346 | 2536
2| 1324 | 1325 | 1326 | 1524 | 1624 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2456 | 3546 | 1346 | 2635
3] 1324 | 1325 | 1326 | 1524 | 1624 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2456 | 3546 | 1436 | 2356
4] 1324 | 1325 | 1326 | 1524 | 1624 | 1526 | 1435 | 1536 | 1546 | 2435 | 2436 | 2456 | 3546 | 2436 | 2635
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R07: A124— A213 A324- A4-13 A516 A625

Q12 | Q(L2, | Q(12, | QL2 | Q12 | Q12 | QL3 | QL3 | QL3 | QL4 | Q23, | QR23, | Q3 | Q24, | QB4
34) 35) 3,6) 45) 46) 5,6) 45) 46) 5,6) 5,6) 45) 46) 5,6) 5,6) 5,6)

—_

1324 1325 1326 1524 1624 1625 1345 1346 1635 1645 2435 2436 2536 2546 3546

2 1324 1325 1326 1524 1624 1625 1345 1346 1635 1645 2435 2436 2536 2546 3645

ROB: AIZS A213 A324- A4-35 A514 A613

Q2 | QL2 | Q2 | Q2 | QL2 | Q2 | Q13 | QU3 | Q3 | Q4 | Q3 | Q@3 | 23, | QR4 | QE4,
34 |35 |36) |45 |46) |56) |45 | 46) 5,6) 56) |45 | 46) 56) | 56) 5,6)
1 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1246 | 2536 | 2546
2 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1246 | 2635 | 2546
3 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2356 | 2456
4 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2536 | 2456
5 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2536 | 2546
6 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2635 | 2456
7 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2635 | 2546
8 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1426 | 2635 | 2645
9 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1624 | 2356 | 2456
1
0 1324 | 1325 | 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1624 | 2536 | 2456
1
1 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1624 | 2536 | 2546
1
2 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1624 | 2635 | 2456
1
3 1324 | 1325 1326 | 1425 | 1625 | 1435 | 1346 | 1356 | 1456 | 2435 | 2436 | 3546 | 1624 | 2635 | 2546
Rgg:A124 Az13 A3z24 Agq3 As16 D625
Q(1,2, | Q(12, | QL2 | Q(L,2, | Q(12, | QL2 | Q(L3, | Q(L3, | QL3 | QL4 | Q23, | QR23, | QR23, | Q24, | QB4
34) 3,5) 3,6) 45) 4,6) 5,6) 45) 4,6) 5,6) 5,6) 45) 4,6) 5,6) 5,6) 5,6)
1| 1324 1325 1326 | 1524 | 1624 | 1625 | 1345 | 1346 | 1635 | 1645 | 2435 | 2436 | 2536 | 2546 | 3546
2| 1324 | 1325 | 1326 | 1524 | 1624 | 1625 | 1345 | 1346 | 1635 | 1645 | 2435 | 2436 | 2536 | 2546 | 3645
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Let (X, d) be a finite metric space with elements P;,, i = 1,...,n and with distances
dj = d(P;, Pj) for i,j = 1,...,n. The “Gromov product” Ay, is defined as Ay =
%(dij + dix — dj). (X,d) is called A-generic, if, for each fixed i, the set of Gromov
products Ay, has a unique smallest element, Ay,. The Gromov product structure on
a A-generic finite metric space (X, d) is the map that assigns the edge Ejy, to P;. A finite
metric space is called “quadrangle generic", if for all 4-point subsets {P;, P;, Pk, P;}, the
set {dj+dy, di+dj;, dy+dji} has a unique maximal element. The “quadrangle structure”
on a quadrangle generic finite metric space (X, d) is defined as a map that assigns to
each 4-point subset of X the pair of edges corresponding to the maximal element of
the sums of distances. Two metric spaces (X, d) and (X, d’) are said to be A-equivalent
(Q-equivalent), if the corresponding Gromov product (quadrangle) structures are the
same up to a permutation of X. We show that Gromov product classification is coarser
than the metric fan classification. Furthermore it is proved that: (i) The isolation index
of the 1-split metric §; is equal to the minimal Gromov product at the vertex P;. (ii) For
a quadrangle generic (X, d), the isolation index of the 2-split metric §; is nonzero if and
only if the edge Ej is a side in every quadrangle whose set of vertices includes P; and
P;. (iii) For a quadrangle generic (X, d), the isolation index of an m-split metric &;, i,
is nonzero if and only if any edge E;; is a side in every quadrangle whose vertex set
contains P;, and P;. These results are applied to construct a totally split decomposable
metric for n = 6.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The understanding of finite metric spaces is an interesting issue by several respects (the most important being probably
the phylogenetic analysis) and the main device for classifying them is the so-called metric fan, which we will recall below
in Section 2. As there are too many sub-cones of the metric cone constituting the metric fan (for example 194160 sub-
cones coming in 339 symmetry classes for a 6-point space), coarser classifications seem to be desirable. In a previous
paper [2] we presented an equivalence class decomposition of finite metric spaces using the set of minimal Gromov
products at each point of that space. We recall the definitions and some results concerning Gromov product structures.
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Let (X, d) be a finite metric space with n elements P, i = 1,...,n (n > 3) and let d;; be the distance between P; and
P;. Since a finite metric space can be considered as a weighted complete graph, the elements of X are also referred to as
“vertices” or “nodes”. In this line, E;; and T, denote respectively an edge and a triangle with corresponding vertices.

Definition 1. The quantity Ay, defined as
Ajje = Aig = 1(dij + di — di), (1)

is called the Gromov product of the triangle Ty, at the vertex P;. We call a metric space A-generic, if for each P; the set
of Gromov products A has a unique minimal element.

The quantity Ay is attributed to M. L. Gromov since it originates from his work on §-hyperbolic metric spaces [5, Page
27].

By the triangle inequality, the Gromov products A;; are non-negative numbers. The distances d; can be expressed in
terms of the Gromov products as

dij = Ajjky + Ajiiy = Ay + Ajiky =+ -+ = Ajjiy_y + Ajiey_s» (2)

where the indices k; run from 1 to n, excluding i and j, leading to a total of n — 2 equalities for each dj. In [2], we proved
that a metric space can be defined using the Gromov products A as the primary ingredients in the sense that given a
collection of Ay satisfying certain properties, then a metric space can be defined using Eq. (2), which produces the given
collection of Ajy.

The Gromov product structure for a A-generic finite metric space is defined as follows [2]:

Definition 2. Let (X, d) be a A-generic finite metric space. Let P; € X, and let A;;; be the minimal Gromov product at P;,
(i=1,...,n). The function that assigns the edge Ej;, to the vertex P; is called the Gromov product structure on X. Two
A-generic metric spaces (X, d) and (X, d’') are called A-equivalent, if the corresponding Gromov product structures are
the same up to a permutation of X.

A-equivalence classes for 5-point metrics coincide with the hypersimplex decomposition [7,8], obtained from the
metric fan [2]. The A-equivalence classes and hypersimplex decomposition of 6-point spaces were given, respectively,
in [2] and [8]. The algorithm for A-equivalence class decompositions is based on the following Proposition 1 and Corollary
1 of [2].

Proposition 1. Let (X, d) be a finite metric space with n elements P, i = 1, ..., n. Then the following equations hold
Ajji — Ajjk = Ayt — Agit = A — A = Ajik — A,
where i,j, k,1=1,2,...,n

Corollary 1. Let (X, d) be a A-generic finite metric space and let Ay be the minimal Gromov product at node P;. Then,

(a) Aju cannot be minimal at node P;, where | # j, k
(b) Ayt cannot be minimal at node Py, where | # j, k
(c) Ayj and Ay cannot be minimal at node P;, where | #1i,j, k

In order to obtain a decomposition of finite metric spaces into A-equivalence classes, we start by the Cartesian product
of the sets of Gromov products at each P;, then use Corollary 1 in order to eliminate the ones that are not allowable. Then,
the permutation group on n elements is acted on the list of allowable Gromov products to form the orbits under this group
action. A representative from each A-equivalence class is selected to form a list. We note that Corollary 1 gives necessary
conditions in the sense that the list obtained may contain structures that may not be realizable as generic A-equivalence
classes. These can be eliminated by using an algorithm based on combinatorial arguments, as presented in [6].

Gromov product structures on a (generic) n-point metric space have a convenient representation by an n x n matrix
M, defined by Ma(i,j) = 1 and Ma(i, k) = 1 if A is the minimal Gromov product at P; and 0 otherwise [3]. Thus, a
A-equivalence class corresponds to the orbit of the matrix representation M, of a Gromov Product structure, under the
action P~'M,P where P is the permutation matrix on the vertices of the space.

In Section 2, the hypersimplex classification is recalled and its relation to the Gromov product structures is clarified.
In Section 3, a new classification tool in terms of 4-point subsets of a finite metric space called “Quadrangle Structure” is

2
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defined. In Section 4, metrics of type 12, 13, 39, 65 and 66 of the hypersimplex classification [8] are studied considering
their Gromov product and quadrangle structures. We will present elsewhere that for n = 5, all three classification concepts
give the same classes as in [7] and from n = 6 on, all three classification concepts begin to differ. In Section 5, split metric
decompositions are reviewed and necessary and sufficient conditions for the isolation index of an m-split to be nonzero, in
terms of quadrangle structures, are derived. In Section 6, the tools developed throughout the paper are used to construct
a totally split decomposable metric on a 6-point space.

2. The metric Fan and Gromov product structures

In this section, we recall the definitions concerning the metric fan classification of finite metric spaces and relate the
Gromov product structures to them.

The set C, of all pseudo-metrics d = (d;) € R ona given n-point set X, is called the metric cone (Since for a pseudo-
metric, dj = dj, C, can be thought as a subset of R(g).) A decomposition of C,; into some sub-cones can be defined as
follows [8].

Consider the (;) x n matrix A where the rows are labeled by

(1,2),(1,3),...,(1,n),(2,3),(2,4),...,(2,n),...,(n—1,n)

and the (i, j)-row (i < j)is givenby e;+¢;=(0,...,1,...,1,...,0) e R™
Let B be an invertible n x n submatrix of .4 and denote the [(g) - n] X n matrix obtained by deleting B from A by B'.

Likewise, define dz € R" by choosing the components of d € RG) corresponding to B and dg € R(G)-n corresponding to
B'. Now consider the following system of equations and inequalities for x € R":

Bx=dg and B'x > dg.

If this system has a solution we say that the matrix B is a “cell” or a “thrackle” for the metric d. We denote the
collection of cells of a metric d by Cell(d). This terminology stems from the fact that the row vectors of B can be viewed
as the vertices of an (n — 1)-simplex in R". Still another interpretation is that, a row vector e; + e; can be viewed as an
edge of the complete graph K,, with n nodes so that a cell B can be viewed as a sub-graph of K.

Now we define two metrics d and d’ on an n-point set X to be equivalent if they have the same collection of cells,
i.e. Cell(d) = Cell(d’) (or what amounts to the same, the same collection of sub-graphs). The equivalence class of a metric
d is a sub-cone of the metric cone and these sub-cones constitute altogether the metric fan.

We will now give a characterization of Gromov product structure in terms of sub-graphs in the metric fan picture.

Proposition 2. Let (X = {P1, P, ..., P,}, d) be an n-point metric space. Then, (X, d) is A-generic with the Gromov product
structure P; +— Ey, (i = 1,...,n) if and only if the following sub-graphs G j. of (the complete graph) K, belong to the
cell-collection Cell(d) of the metric d.

~.\ .

Gi . //
i,k 1
j./—\. k

The unlabeled vertices have the labels from {1, 2, ..., n}\ {i,], k}.
Proof. For the ease of notation leti = 1, j = 2, k = 3. Then, the graph G; 3 corresponds to the matrix 5 below:

5, . - .
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\ ... 0
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The system Bx = dg and B'x > dp reads as follows:

X1+x, = dp X + X4 > dy

x1+x3 = di3

X1+x4 = dyg X2 +x, > dpy

X1+xn = d]n Xr+xs > drs (TEZ, 5247 r<s)
Xp+Xx3 = dp3

Xn—1+X, > dp_qa.

If the system has a solution in terms of x;’s, then Aj,3 is uniquely minimal among Ay, for 1 # r # s # 1 and vice versa.
To show this, first consider the first 2 equations and the last one from left column to see that x; = Aqy3, X = A3 and
X3 = Aspp. From other equations it follows that x, = dyx — Aq23 for 4 < k < n. By applying algebraic manipulations, it
can be seen that the inequalities x, + x; > dax (4 < k < n) are equivalent to A3 < Aqy, the inequalities x3 + x; > d3y
(4 < k < n) are equivalent to Ajy3 < Aq3, and finally the inequalities x, + x; > ds (4 < r,s and r < s) are equivalent to
A1p3 < Aqrs. Applying this to every node of X, the proposition follows. ®

This proposition shows that Gromov product equivalence is weaker than the metric fan equivalence:

Proposition 3. Let d and d’' be two A-generic metrics on an n-point set X = {P1, P, ..., P,}. If d and d’' are equivalent in
the metric fan sense, i.e. Cell(d) = Cell(d"), then they have the same Gromov product structure (and so, a fortiori, they are
equivalent in the Gromov product sense).

Proof. If the A-generic metric d has the Gromov product structure P; — Ej, fori = 1,2, ...,n, then by Proposition 2
the sub-graphs G; jx of (the complete graph) K, belong to the cell-collection Cell(d) of the metric d. Since by assumption
Celi(d) = Cell(d"), the sub-graphs G; j, belong also to Cell(d’). This means, again by Proposition 2, that the metric d’ has the
same Gromov product structure. B

3. Quadrangle structures
In this section we define a new kind of structure on a finite metric space.

Definition 3. An n-point finite metric space X is called “quadrangle generic”, or Q-generic, if for every 4-point subset
{P;, P;, P, P} € X, the set of distances

{dij + du, dix + djt, di + djie}
has a unique maximal element.

We remark that for a 4-point metric space the notions of A-genericness and Q-genericness coincide. Let X =
{Pq, Py, P, Py} be a 4-point metric space. If X is A-generic and if we assume without loss of generality that the minimal
Gromov product at P, is Agsqg, then we have the relations

Agbe — Aabd = %(dab + dac — dic) — %(dab + dod — dpa) = %(dac + dpg — dgg — dpc) > 0
Aged — Aabd = %(dac + dad - dcd) - %(dab + dad - dbd) = %(dac + dbd - dab - dcd) >0,

which show that dy. + dpg is the unique maximal element of the set {du, + dcq, dac + dpa, dag + dpc }. Hence X is Q -generic.
Conversely if X = {P,, Py, P., P4} is Q-generic with dy. + dpg the maximal element of the set {dg, + dcq, dac + dpd, dag + dic}s
then X is A-generic with Agpg the minimal Gromov product at P,. Likewise, Apg is the minimal Gromov product at Py,
Acpa at P and Agqe at Py. Hence X is A-generic.

We now define the notion of a quadrangle structure:

Definition 4. A quadrangle structure on a Q -generic finite metric space (X, d) is a map which assigns to any 4-point subset
{Pq4, Py, P, Py} of X the pair of edges corresponding to the maximal element of the set {du, + dcg, dac + dpa, dag + dpc}.

If, for example, d,. + dpg is the maximal element of the set {dy, + dcg, e + dpg, dag + dpc}, then the pair {Eyc, Epq} is
assigned to the 4-point subset {Pg, Py, P, Pyj}. We will say that the edges E,. and E,q are “diagonals” and the edges Eg,
Ead, Epe, Ecq are “sides”.

We denote the 4-point subset {P,, Py, P., P;} without any restriction on the sides by Q(a, b, c, d). In this notation the
ordering of the indices is irrelevant. On the other hand, if dy + dpg is maximal, then the vertices should be ordered as
(Pg, Py, P, Pg) and we denote this structured quadrangle by Q(abcd). Clearly, cyclic permutation and reversal of the order
of the indices give equivalent quadrangles.



A.H. Bilge, D. Celik, S. Kogak et al. Discrete Mathematics 344 (2021) 112358

Definition 5. Two Q-generic finite metric spaces (X,d) and (X, d’) are called Q-equivalent, if the corresponding
quadrangle structures are same up to a permutation of X.

Although, quadrangle structures are defined independently of Gromov product structures, in what follows we prefer
to work with quadrangle structures that are partially determined by a given Gromov product structure: If Ay, is minimal
at P;, then for all 4-point subsets {P;, P;, Py, Pi}, dy + dj is maximal. Thus, the Gromov product structure determines the
structure of part of the quadrangles. Further discussions will be given in Section 4. It is worth to mention that for n =5,
the Gromov product structure determines the quadrangle structure completely.

The matrix representation for a quadrangle structure is defined as below.

Definition 6. The matrix Mg of a quadrangle structure Q on an n-point metric space, is an ng x ng matrix (ng = n(n—1)/2)
such that Mg (ab, cd) = 1 if the edges Ey, and E are diagonals in {Pq, Py, P, P4}, and Mg (ab, cd) = 0 otherwise.

Note that here again the rows and columns are labeled by (1, 2),(1, 3),...,(1,n),(2,3),(2,4),...,(2,n),...,(n—1,n)
and the rows and columns of this matrix related to the edges that are never diagonals in any of the quadrangles they
occur, consist of zeros.

A Q-equivalence class thus corresponds to the orbit of the matrix representation My of the quadrangle structure under
the action IE’”MQI5 where P is the permutation matrix on the edges induced by the permutation of the vertices of the
space.

4. The relation between Gromov product structures, quadrangle structures and the hypersimplex classification

In this section we illustrate the relations between Gromov product structures, quadrangle structures and the hyper-
simplex classification by an example.

Metrics that belong to the A-equivalence class Iy7, introduced in [2] are characterized by the minimality of the Gromov
products

{A126, A213, A3pa, Agss, Asgg, Agis). (3)

In [2], it was shown that the metrics numbered as 12, 13, 39, 65 and 66 in the hypersimplex classification [8] belong to
this A-equivalence class, after relabeling of the vertices as

(1,2,3,4,5,6) — (1,2,6,4,3,5), for types 12,13
(1,2,3,4,5,6) — (1,2,6,3,5,4), for types 39,65, 66. (4)

In order to determine the quadrangle structures of the metrics above one needs to find the maximal element of the sets
{dap +deg, dac +dpg, dgg + dpc }. For this aim, we use the Gromov product structure of class I;7 to determine the quadrangle
structure partially, which means to determine the structure of a part of the quadrangles using Gromov products.

For n = 6 there are 15 quadrangles. It can be seen that the structures of 12 of these quadrangles belonging to the
metric class I7, is determined by the minimality of Gromov products of this A-equivalence class. To make this clear,
consider the quadrangle Q(1, 2, 3, 4) for instance. For the class I17, A,13 is the unique minimal Gromov product at vertex
2, s0 A3 < Ajy, O equivalently %(du + d23 — dlg) < %(du + d24 — d14) or equivalently d14 + d23 < d13 + d24. Slmllarly
from Aj3 < Aj34 one obtains that dip + d34 < dy3 + dys. This means that for the quadrangle Q(1, 2, 3, 4), E13 and Eyq4
appear as diagonals and the structure of the quadrangle is determined as Q(1234). This is in fact the way that we can
determine the structure of a part of quadrangles by Gromov product structure. The fact that the structure of Q(1234)
could be determined by the minimality of A,3 is depicted by an arc on the vertex 2 of Q(1234) as shown in Fig. 1. The
additional arc on vertex 3 of Q(1234) means that this result could also be obtained by the minimality of As;4. For the
class I;7 these same calculations are done at each vertex and it happens that the structures of 12 quadrangles out of 15
are determined as shown in Fig. 1.

A priori, each of the quadrangles Q(1, 2, 4,5), Q(1,3,4,6) and Q(2, 3,5,6) can have 3 structures; for example,
for Q(1, 2, 4,5) diagonal pairs can be {Eq3, E4s}, {E14, E25} or {E;s, E24}. But, by comparing inequalities among Gromov
products, it is possible to see that the minimum of {A1y4, Aq25, A1gs} is either Aqp4 or Aqps, but it cannot be Aqys.
To see this assume that Fig. 1 (without arcs) is given. The structure of Q(1, 2, 3, 5) is given as Q(1235) which implies
A5 < Ajss. Also the structure of Q(1, 3,4, 5) is given as Q(1345) which implies Aj35 < Aq4s5. Combining these two,
results in Ajz5 < Aqgs, which is to say that Aq45 cannot be the minimum hence {E;;, E4s} is not a diagonal pair. It follows
that the structure of the quadrangle Q(1, 2, 4, 5) can be either Q(1245) or Q(1254). In the former case the ordering of
the vertices is in agreement with the ordering of the vertices for the remaining quadrangles, hence we call Q(1245) of
type S, to sand for “straight” and in the latter case we call Q(1254) of type T, to stand for “twisted”.

By similar arguments it can be seen that the three quadrangles Q(1, 2, 4, 5), Q(1, 3,4, 6) and Q(2, 3, 5, 6) can be of
types S or T, which amounts to a total of 8 choices. But it can be shown that the quadrangle structures SST, STS and TSS can
be mapped to each other by a permutation of indices and the same holds for types STT, STS and TTS. On the other hand,
computations on the matrix of the quadrangle structures shows that the types SSS, SST, STT and TIT are inequivalent. It
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1 2 1 2 1 2 1 2 1 2
4 3 5 3 6 3 5 45 6 4
1 2 1 3 6 1 1 3 1 4
6 5 5 4 4 34 6 5 6 5
2 3 2 3 2 3 2 4 3 4
5 4 6 4 65 6 6 5 6 5

Fig. 1. The structure of the quadrangles of 6-point metric class I; determined by its Gromov product structure.

follows that there are 4 distinct quadrangle types corresponding to a single Gromov product type.

Type(SSS) : Q(1245), Q(2356), Q(3461),
Type(SST) : Q(1245), Q(2356), Q(3416),
Type(STT) : Q(1245), Q(2365), Q(3416),
Type(TTT) : Q(1254), Q(2365), Q(3416).

This example illustrates how the Gromov product structure partially determines the quadrangle structure of the given
metric. It is worthwhile to mention that the reverse process is also important; selecting a diagonal for a quadrangle is
to imply 8 relations between 12 Gromov products related to vertices of the underlying quadrangle. This means that the
quadrangle structure can be used to obtain partial order relations among the Gromov products at each point. We should
also note that, the metrics 12 and 13 of [8] both fall inside the structure which has all its ‘free’ quadrangles as twisted or
TTT.

5. Split metric decompositions

A “split” S = {A, B} of a finite set X is a partition of X into two non-empty subsets A and B. For simplicity we often
identify the set of points of A with its index set. For each P, € X, we denote by S(a) the subset A or B that contains P,.
Corresponding to each split S we define the pseudo-metric §s by

1 if S(a) # S(d'),
0 if S(a) = S(d).

This pseudo-metric on X is called a split-metric or cut-metric on X [4]. As the split S = {A, B} of the set X is already
determined by A, this split metric is also denoted by 4. If A C X has k elements, the split {A, B} is called a k-split (or
equivalently, an (n — k)-split). When A = {P,} or {P,, Py} the corresponding 1-split and 2-split are simply denoted by §,
and 8,4, respectively.

A metric on X is called totally split decomposable if it can be expressed as a linear combination (with non-negative
coefficients) of the split metrics [1].

The isolation index of a split S = {A, B} is defined as

85(07 a/) = {

1 .
OAB = 5mma,a’eA,b.b’EB{max{dab + da’b’s dab’ + da’bv daa’ + dbb’} - (daa’ + dbb’)}-

Proposition 4. Let (X, d) be a finite metric space with n elements P; (i = 1, ..., n) and let S = {A, B} be a split decomposition
for X. Then,

i. The isolation index for the 1-split with A = {P,} is the minimal Gromov product at P,
ii. If (X, d) is Q-generic, then the isolation index for the k-split with A = {P;,, ..., P; } is non-zero if and only if for no pair

of indices a, a’ € A, E,y is a diagonal of the quadrangles Q(a, a’, b, b’) where b, b’ € B.

6
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Proof. i.If A= {P,} and B = {Py,, ..., Py, ,}, then since a = a’, d,v = 0, the expression of the isolation index is
1 .
Apa)p = 5 MMy pep {max{dqp + dap, dary + dap, dpyy } — dppy }

1 .
= 5 MiMy.pes {max{dap + dap, dpy} — dpp} -
By triangle inequality, dgp + dgyy > dpy, thus

1 .
o), 5 = 5NNy, {dab + dapy — dppr} - (5)

This means that the isolation index for the case A = {P,} is the minimal Gromov product at P,.
ii. Let us now compute the isolation index for the case where A is a 2-point set {P,, Py}, or by our abuse of notation
{a, d’}. By definition

1 .
Qa,a'},B = Emmb,b’eB {max {dab + da’bH dab/ + da’ba daa’ + dbb/} - (daa’ + dbb’)}

If E, is a diagonal in at least one quadrangle Q(a, a’, b, b’), then dyy + dpy is maximal among {d + dyp, day + darp, daa
+dpy} and thus the isolation index «yq «),p vVanishes. If, on the other hand, E4y is a side in every quadrangle Q(a, d’, b, b’)
for b, b’ € B, then dyy + dpy is strictly less than max {dq + dy'p, dap + da'p, dgw + dpy} for all b, b’ € B and consequently
the isolation index «q ¢} 5 is strictly positive.

If A has more than 2 elements, the proof is essentially the same. ®

6. Totally split decomposable metrics for n = 6

In this section we will make use of the concepts developed so far, specially quadrangle structure, to construct a totally
split decomposable metric for n = 6. Let us consider 6-point metrics that are A and Q-generic. We recall that there are
always 6 1-splits whose isolation indices are the minimal Gromov products. We will look for 6-point metrics that have
15 splits or equivalently a total of 9 2-splits or 3-splits. According to Corollary 5 of [1] any such metric is totally split
decomposable. We first show that the number of 2-splits is at most 6 in any split decomposition. For this we need to
define 2-split chains and cycles.

Definition 7. A 2-split chain of length k is a collection of edges

{Ealaza Eazaga ceey Eaj_laj’ Eajaj+1 D) Eﬂl¢(1k+]}

such that the isolation indices of the corresponding 2-splits are nonzero. If ay+; = a;, then we say that there is a 2-split
cycle of length k.

Lemma 1. In a finite A and Q-generic metric space (X, d) with n elements, the number of 2-splits is at most n.

Proof. To show this consider the subgraph X of the complete graph X consisting of the edges E; which represent the
2-splits with the belonging vertices included. We claim that the vertices of X55 have degree of at most 2. To show this,
assume that the vertex i has a degree of more than 2, hence we can select the edges Ej;, Ej and Ey from Xj;. Since these
edges represent the 2-splits, by Proposition 3, these edges are sides in every quadrangle that they appear in, specially
Q(i, j, k, 1). But this cannot happen because if any two of them are sides in the quadrangle Q(i, j, k, I) the third cannot be
anymore. Thus the subgraph X, is a disjoint union of some paths and cycles (which we call the maximal split chains and
cycles). Now, any vertex of X belongs to at most one of these components and the number of edges of the subgraph Xy,
that is the number of 2-splits, is no more than the number of vertices of X5, and thus at mostn. W

By Lemma 1, for n = 6 there can be at most 6 2-splits and thus to use Corollary 5 of [ 1] we must have some 3-splits. To
build up a totally split decomposable metric, first we start by selecting the 3-splits. For n = 6 there is a total of 10 3-splits.
Assume that (A, A®) is a 3-split, where A is a 3 point set. For any other 3-split (B, B°), if A and B have empty intersection,
then B is the complement of A. Furthermore, if A and B have 1 element in common, then A and the complement of B will
have 2 elements in common, therefore we may assume that, for n = 6 any system of 3-splits contains

84 = ({P1, P2, P3}, {P4, Ps, Ps}), 8g = ({P1, P2, Ps}, {P3, P4, Ps}).

(For simplicity we will refer to a split 54 = (A, A°) as A.)

Recall that if 4, where A = {P,, Py, P}, is a 3-split then by Proposition 3, Eg, is a side in every quadrangle that does not
contain P, as a vertex, likewise for E,. and E,. and the structure of the quadrangles that contain all three points P, P, and
P. is not determined. Using this and going through all 15 quadrangles, it can be seen that the structure of the quadrangles
Q(1,3,4,6),Q(1,3,5,6),Q(2,3,4,6), Q(2, 3,5, 6) are completely determined as shown in Fig. 2 as Q(1346), Q(1356),
Q(2346), Q(2356).



A.H. Bilge, D. Celik, S. Kogak et al. Discrete Mathematics 344 (2021) 112358

1 3 1 3 2 3 2 3

6 4 6 5 6 4 6 5

Fig. 2. The structures of the quadrangles Q(1346), Q(1356), Q(2346), Q(2356).

5 3 5 4 (] 4 5 4 6 5

Fig. 3. The structures of the quadrangles Q(1235), Q(1245), Q(1246), Q(1345), Q(2456).

To add a third 3-split to this list, first we note that in the quadrangle Q(1346), E14 and E3¢ are diagonals, hence the
3-split {Pq, P,, P4} cannot be added, otherwise it would violate Proposition 3. Similarly, in the quadrangle Q(1356), E1s
and E3g are diagonals, hence the splits {Py, P,, Ps} and {P;, P4, Ps} are eliminated. Likewise, in the quadrangle Q(2346), Ex4
and Esg are diagonals, hence {Pq, P3, Ps} is eliminated. The quadrangle Q(2356) is not helpful in eliminating more 3-splits
from the list of 10 3-splits for a 6-point space.

It follows that the list of remaining allowable 3-splits is reduced to

{P1, P3, P4}, {P1, P3, Ps}, {P1, P4, Ps}, {P1,Ps, Ps}.

Since the 3-splits above are invariant under the interchange of (P4, Ps), as the third 3-split of the system, one can choose
either {P1, Ps, Pg} or {Py, P3, Ps}. Both of these choices lead to a system of 3-splits of the form {P;, P,, P5}, {Py, P2, P}, {P1,
Ps, Pg}, or {Py, Py, P3}, {P1, Py, Ps}, {Py,Ps, Ps}, respectively. Therefore one can choose the system of 3-splits

A = {Py, P, P}, B = {Py, P, Ps}, C = {Py, Ps, Ps}.

Among the quadrangles, this third split C, when Proposition 3 is considered again, determines the structure of 5 more
quadrangles as depicted in Fig. 3.

Now that the structure of 9 quadrangles are fully determined and for the quadrangles Q(1, 2, 3,4), Q(1, 2, 3, 6),
Q(1,2,5,6),Q(1,4,5,6),Q(2, 3,4,5),Q(3, 4,5, 6) the edges Ez4, Eys, E12, Ess, E23, Es are sides, we can follow two paths:
first is to add the fourth 3-split {P;, P3, Ps}, which in this case one can see that the structure of all of the quadrangles will
be determined and addition of any 2-split will violate Proposition 3. In fact this case (sum of 4 3-splits) is the metric 339
of [8]. Second, instead of adding a fourth 3-split, one can see that without violating Proposition 3, 6 2-splits

{P1, P2}, {P1, Ps}, {P2,P3}, {Ps3, P4}, {Ps,Ps}, {Ps,Ps}.

can be added to the 3-splits discussed above which in turn determine the structure of all 15 quadrangles. This second
case (sum of 6 2-splits plus sum of 3 3-splits) according to Corollary 5 of [1], is a totally split decomposable metric which
is in fact the 6-point metric type 66 of [8]. According to [8] this is the only totally split decomposable metric for n = 6.
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Optimal Realizations, h-optimal Realizations and Tight Spans of
Metric Spaces

Ayse H. Bilge, Sahin Kogak, Derya Celik, Arash M. Rezaeinazhad

Introduction

Every finite metric space (X, d) has at least one realization as a graph: let the vertices V' be precisely
the elements X, and construct the complete graph on these vertices with all edges x,y having weight
d(x,y), but we want to have a realization which is more efficient in capturing the structure of the metric
space. This is generally done by deleting the paths that are realized by shortest paths.

Optimal Realizations, h-optimal Realizations and Tight Spans

Definition 1. The weighted graph G = (V, E, w) is called a realization of the finite metric space (X, d)
if there is a labeling function ¢: X — V such that for all x, y € X the weight of any path between
¢(x) and ¢(y) is equal to d(z,y). Any such realization is called optimal if ||G|| is minimal among all
realizations of the metric space (X, d) [8].

d

Figure 1: A 4-point metric and its optimal realization.

The problem of finding an optimal realization of a given metric was first investigated by Hakimi and
Yau in 1964 [6]. It is known that in general there are several possible realizations for a metric space,
thus motivating the definition of an optimal realization. The immediate question that comes in mind is
that if there is a unique optimal realization or not and how one can compute it. These questions are
studied by Dress [4] and Althofer [1]. It is known that for every metric d, an optimal realization exists
but is not necessarily unique [4, 7]. Althofer [1] also showed that the realization problem is NP-hard by
reducing it from the problem of finding minimal transversals in certain graphs. The following example
for a 5-point space is given in [1].
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Figure 2: A 5-point metric and its two different optimal realization.

We define the concept of a hereditarily optimal or an h-optimal realization as following: For a metric
space (X, d), by induction on |X|, the number of elements of X, if | X| = 2 then any optimal realization
of d is defined to be h-optimal; so the h-optimal realization of a metric space with two elements a and
b is simply the graph with vertices a and b joined by an edge of weight d(a,b). For larger sets we
require that the property of h-optimality is preserved on all subsets: if |X| = k with k& > 3 and if h-
optimal realizations have been defined previously for all metric spaces Y with |Y| < k, then a realization
G = (V,E,w) of (X,d) is defined to be h-optimal if for any proper subset ¥ of X there is some subgraph
G' = (V',E',w|g) of G such that G’ is a hereditarily optimal realization of (Y, d|y) and ) ., w(e) s
minimal among all such graphs.

To be able to show why are these definitions useful we also need to define the concept of tight span
of a metric and clarify how optimal realizations and h-optimal realizations relate to each other and tight
spans. In [4] it is shown that the h-optimal realization of a metric is always a subgraph of the 1-skeleton
of its tight span and also the h-optimal realizations are unique and can be explicitly calculated. Beside
their theoretical uses, it should also be noted that in phylogenetic analysis, h-optimal realizations can
be useful tools for visualizing relationships present in biological data.

Define the unbounded polyhedron P(X,d) by

P(X,d)={f e R¥|for all z,y € X : f(x) + f(y) > d(z,y)}

It is clear from the definition that for all f € P(X,d), and all z € X. Now define the tight span T(X, d)
as the set of functions in P(X,d) that are minimal with respect to the pointwise partial ordering of RX
given by f < g if and only if f(z) < g(z) for all z € X. For any f € P(X,d), one can associate its
tight-equality graph, which will be denote by K(f), with vertex set X and edge set

E={{z,y}f(2) + f(y) = d(z,y)}.

We have f € T'(X,d) if and only if no vertex in K (f) has degree 0.
To examine the relation between the tight span and h-optimal realizations, define a weighted graph
Ty = (Vy, Eq,wq) for which

Va={f € P(X,d)| K(f) is connected and not bipartite },
Ed={{f,g} € (Zd>| K((f 4+ g)/2) is connected and bipartite },

wa: Bg = RT wa({f,9}) = max |f(x) — g(2)].

Dress [4] shows that this graph T'y is an h-optimal realization of (X, d), and moreover, any other
h-optimal realization of (X,d) is essentially isomorphic to I'y in the sense that it becomes isomorphic
after removal of all vertices of degree two.

Now consider the 1-skeleton of the tight span, i.e. the weighted graph T(X,d)") = (Fy, Fi,wq) that
has vertex set Fy consisting of the vertices of P(X,d), edge set F} consisting of those {f, g} € (I;O) for
which f and g are the vertices of a 1-dimensional face in P(X,d), and weighting wd as defined for T'y
above, then we have that the graph I'; is a subgraph of the graph T'(X, d)(l) for any metric space (X, d).

In the study of tight span of a metric space, Dress states two conjectures: First that the set of
edge-weightings of a given graph that make it an optimal realization forms a convex polytope, this
polytope always consists precisely of one point, which implies that any given metric has a finite number



of optimal realizations. Second any optimal realization of a given metric can be obtained from its h-
optimal realization by deleting some (possibly empty) subset of edges, and possibly thereafter ignoring
any vertices of degree 2.

Althofer has provided a counterexample for both of these conjectures [1]: There exists a metric space
on 6-points such that has uncountably many optimal realizations. This is given in the Figure 3 below:

a b ¢ d e f a l—c¢ e LT f
a [0 2 3 3 2] .
1 1
b 1 0 1 4 3
C 2 10 3 3 b 1 e
d 3 3 2 0 1 2 1 1
¢ 3 4 3 1 0 1
f l233210] ¢ 1—e 1+e 4

Figure 3: A 6-point metric and its optimal realizations for each € € [}, 1].

For the example above, there are two “extremal” optimal realizations. After Althofer’s counterex-
ample, a natural question arises that “Given a graph G and a set W of edge-weightings that make G an
optimal realization of some metric, can the extremals of W be derived from the h-optimal realization of
the metric?”

It is easy to see that for all metrics on four or fewer elements, the optimal realization is unique, and
equal to the h-optimal realization and to the 1-skeleton of the tight span. In [8], it is shown that there
exist metrics on five points having more than one optimal realization, but that the maximum possible
number of optimal realizations for a fixed metric on five points is three and so the answer for the question
above for metrics with at most five elements is yes. The answer for metrics with more than five elements
stays open. By the way the optimal realization of a metric and 1-skeleton of its tight span coincide
precisely when the metric is totally split-decomposable [5].

In the Figure below, we give a family of optimal realizations of metric with Gromov type ;7555 [2]
forall 1 <#,d,e <2.

a 3—¢€ce€

Figure 4: A family of optimal realizations for 6-point metric type 117555 for all 1 < v,d,¢ < 2.

To obtain this realization for 17555 in general with metric parameters, we need to first look at the
graph of type I17 for which the distances that are realized by other paths are removed, given in Figure
5 below:



Figure 5: Graph of 6-point metric Gromov type I17.

As shown in the graph above in Figure 5, we can move the sides inside the 6-gon in the directions
pointed out by arrows by an amount of the parameters assigned to each one. Note that we have relabeled
the points of spaces as numbers from 1 to 6. The amount of this deplacements are bound to the values
given in the Table 1 below (Parameters for 4 types are given in the Appendix):

Table 1.

SSS SST STT TTT
a<Apy | met+p|mgt+p+r | mg+ptqgtr | metqgtr
b<Apye | mi2+q | miat+qg+r | ma+r mia + 7
c<Agis | maz+p | mag+p m23+p+q ma3 + q
d<Agzs | mipg+r | mpo mio mi2
e < Agyg | maa+r | mss M34 mMa34
f < Azge | moz+q | mas+q Mag mog3
g<Auz | Mys+q | mMus +q+7 | mys+r Mys + 1
h<Agys | ma+p | mga+p+7r | mas+p+q+r | mg+q+r
k< Aszy | msg+p | msg+p mse +p+q mse + ¢
I < Asgg | mys +71 | mMys mMys e
m < Agzs | mig +7 | Mg mie mie
n < Agiz | Mmse +q | mse + ¢ mMs56 M6

Now if we merge arrows pointing to each other Figure 4 is obtained and we have the following
parameters:

Figure 6: Optimal reduction of 6-point metric Gromov type [175S5S.

According to Figure 6, we have:
dig = (di2 —€)+x+y+9,
dos =€+ x+ 2+ (dsg — ),
dse = (d3a —0) +y + 2z +1.



And thus
r=-0+7+ %(—dm + dia + das + dza — d3ze — ds),
y=e—~v+ %(—dlz +dis — das — d34 + d3e + ds6),
z=8—¢+ %(dm — dig + das — d3g + dze — ds6)-

We need the parameters to satisfy the following inequalities:

€ < Aggs, 0 < Agps, v < Agss,
dig —€ < Aqog, daa— 6 < Asugs,  dsg — 7 < Asag.
So

diog — Do1a < e < Aoys,  daa — Asae <0 < Agig,  dse — Asze < v < Agas.
Notice that dig — Ag1s = %(dlg — da + d24) = %(dlg — dig + dos + d34) since doy = do3 + d34, and
Ag1s = 3(dia + dos — dis) = 5(d12 + dos — dig — dsg) since dis = dig + dsg. Thus

1 1

§(d12 +dog +d3s —dia) < e < §(d12 + dos — dig — dse).
Likewise we have 1 1

§(d34 +das + dsg — dzg) <6 < §(d14 + dga — di2 — da3),

and
1 1
§(d56 +dig +dig—das) <y < §(d36 + dse — dza — das),

We will ge the parameterization of the metrics in the appendix. According to this parameters, for
type SSS we have:

mo3 < e<maoz+p, Mmas <6 <mus+q, mieg <y <mg+r.
and

T =—0+7+mi2 —mic +mus +q,
y=¢€—7y+mig —ma3+mzs+7,
z:5—6+m13—m45+m56+p.

The realization given in Figure 6 is optimal realization of type I;755S for =, § and e satisfying the
above inequalities. For this realization, if we let € = mo3 + u, 6 = mys + v and v = m16 + w for u < p,
v < g and w < r, we will have:

r=mptw+(g—v), y=mu+u+(r—w), z=ms+v+(p—u).

It is also possible to obtain suboptimal realizations of metric type I;7. For this, one needs to shift
the edges inside of the hexagon given in Figure 5 toward the arrows assigned to its two ends. This shifts
of course are not arbitrary and bound to the restrictions given in Table 1. The results are given in the
Figures below:

M45\ /45
5 4

Mse P M34

Figure 7: Suboptimal realization of metric type [175S5S.
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mse P msgqg +71

Figure 8: Suboptimal realization of metric type I;7SST.

TYils+q+7‘ P mo3+aq

mys Mys + 7T

4
mse +4q P magt+at+r

Figure 9: Suboptimal realization of metric type I17STT.

7?115+q+r D ma3+a

p+qg+r p+gq
mys Mys + 7T

mse +q P magt+at+r

Figure 10: Suboptimal realization of metric type I17TTT.

Optimal Realizations of 5-Point Metric Spaces

In the following, we will start with the pendant free reductions and use certain “moves” as defined in [3]
to reduce the total weight and reach the optimal realizations. This kind of operations are generally done
by adjoining new vertices to the original graph, which in this case the added vertices are called secondary
vertices and the original vertices as primary, discarding some edges or adding new edges between the
enlarged set of vertices and assigning weights to the new edges in a way that the distance between
primary nodes are unchanged but the weight of the graph, namely ||G||, is reduced.

The first move, which is called joining edges, is done in the following way: Consider a vertex u and
all (or some) of the other nodes vy, vq,...,v; of G, which are neighbors of u. Calculate the Gromov
products of all triangles T, with 1 < 4,7 < k at vertex u and call the minimum m,,. Now delete all



the edges between v and v;’s, introduce a new vertex v and connect v;’s to v by edges of weight wy.,;, — My
for 1 <4 < k and also u to v by an edge of weight m,,; hence the nodes v; become connected to u by
two edges through v and the total weight of the graph is reduced by an amount of (k — 1)m,,.

The second move, which is called edge removing, is done by deleting the edge between two nodes u
and v if it can be avoided by a shortest path. This move reduces ||G|| by an amount of the weight of the
deleted edge.

The “A —Y” transform is a consequence of the above moves and can be applied to any triangle with
1-connected vertices in G. It is called a A — Y transform, because a triangle shape (A) turns to a Y
shape after the operation.

We should also note that what we mean by underlying graph of a metric, is the complete graph with
the same set of vertices as the metric space and all the edges with weight d;; removed for which there is
a point in space py, such that d;; = d + dy;.

For Type A with the Gromov product structure as {Aj25, Ao13, Azog, Ayss, As14}, when edge remov-
ing operations are applied and passed to pendant-free reduction, a 5-cycle given as below is obtained.
The optimal realization given in [8] is a 5-cycle with edges connected to each of its nodes (Type (a) of

[8])-

4 3
Figure 11: Optimal reduction of metric Type A

For Type B with the Gromov product structure as {Aj2s, Ao13, Azas, Agas, As14}, the underlying
graph is given below:

Figure 12: Underlying graph of metric Type B
By applying a A — Y transform to T345 we have the following:

1 2

Figure 13: Graph with A — Y transformed.

In this step, one can follow two different approaches which reduce the metric to Type (b) or (¢) of
[8]. To observe the process closely we need to point out that the parameterization of Type B is given as
follows:
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Figure 14: Underlying graph of metric Type B with distances parameterized

Here we have Asys = a+ v+ 1, Auzs = n and Aszy = §, and applying a A — Y transform to T35
will result in the following:

Figure 15: T345 of Type B after A — Y transform
So the Type B with parameters are as following:

a+d+n
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Figure 16: Metric Type B with the parameters

Now according to the graph above, we have di4 equal to S+ § + v + 2n (path p;) or equal to
200+ B4+ 6+ 2n (path py). Path ps is longer than path p; by an amount of 2«. Likewise d34 is equal
to a + v + 2n (path p3) or equal to a + 28 + v + 21 (path pys). Here path py4 is longer than path ps by a
difference of 28. It should be noted that o = Asy14 and 8 = Agzy and two scenarios are possible: either
a>for B >a If a>pf, in order to decrease the total weight of the graph, we will introduce a new
node called v on the edge joining 1 to 2 as shown below:

v

Figure 17: Reduction of Type B to (b)

This will reduce the total weight as @ = As14 and that results the Type B to reduced into (b) of [8]
and the metric will be as following:
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Figure 18: Reduction of Type B to (b) when o > 8 (parameters given)

In the other case, when 5 > «, if we do the same operation as before, but this time for the edge
joining 2 to 3 we will have the following reduction:

1 2
Yy

4 bV

5 3

Figure 19: Reduction of Type B to (c)

This reduces the weight of graph as y = Aggy4 and turns it into Type (¢) given as below:

1 2
= B
—; 4 a+y+n

+

2 n n
5 ) a+d6+n 3

Figure 20: Reduction of Type B to (¢) when 8 > « (parameters given)

For Type C which the underlying graph with the parameters given is depicted below, the following
can be done:

a+d+n
le n
Een X
= X XA:.) .
+ 3 w
- +
x X Y
Q-; D 4 e
e 2|3
5 3
a+d+n

Figure 21: Underlying graph of metric Type C with the metric parameterized

Since A124 = 9 + 1, Aoy = a and Ay = S+ 1, applying a A — Y transform to Tio4 will result in
the following:

1 2
iy

= + -
+ 3

< A\ B 2 +

+ <0>< 4 ><) =2

o | X X, |+

& 2| s

5 a+d+n 3

Figure 22: Type C with a A —Y transform applied to T7o4



Finally considering that Asys = a+n, Aszs = v+n and Aszq = §, applying another A —Y transform

to T345 will result in the following;:

[\)

o ltl+g

0+n a
1
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= +
+ =
&= 4e
+ 2
@ +
=
5 ) a+n

Figure 23: Type C with a second A — Y transform applied to T345 and reduced to (b)

Appendix: Type [;; Metric Parameters

Type SSS:
di2 = mig + ma3 + p,
doz = mi2 + msq + 1,
dsqg = ma3 + mys + q,
dgs = m34 + mse + p,
dse = mig + mys + T,
dig = mi2 + mse + ¢,
diga =miz2 +mig + maa +Mmas +p+q -+,
dos = mig + mo3 + mys +mss +p+q+T,
d3e = m1e + Moz + M3q + Mse +p+q+7.
Aj23 = myg + ma3 + p,
Aj24 = mi6 + p,
Aqg5 = myg,
A6 =0,
Aizq = mig +mig +m3s +p -+,
Aizs = miz +mie + 1,
Aqze = mia,
Atgs = miz +mie + mas + g+,
Age = mi2 +q,
A1ss = M1z + mse + ¢.
Azio = mip +m3aq + 1,
Az1g = mas,
Az1s = Moz + m3q + P,
Agie = mie + maz +mzs +p+,
Azgy =0,
Azgs = mag,
Aszgg = mayg + 1,
Agys = maz +mys +q,
Azge = ma3z +q,

Asse = Moz + mayq + mse +p + q.
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Ag13 =0,

Ag14 = mag,

Ag1s = ma3 + p,

Ag16 = mie + ma3 + p,

Aoggy = mys +maq + T,

Aggs = miz + 1,

Agze = M1,

Agys = miz + Moz +mys +q -+,
Agye = miz +ma3 + q,

Agse = M1z + Ma3 + mse +p + q.
Aygro = miz +m3g +mys +q -+,
Ag1z = mas5 + q,

Ay1s = m3q +p,

Ay16 = Mg + Mmag +Mys +p +,
Aoz = maz +mys + q,

Ayos = M3y,

Ayo = Mzg + mys + 1,

Ayzs =0,

Ayze = Mmays,

Ays6 = Mm3a + Mse + P.



As12 = Mig + Mas +Mmse +q + 7,
As13 = mys + Mmse + ¢,

As14 = Mmse,

As16 = Mg + Mys + T,
Ase3 = Moz + Mys + Mmse +p + q,
As2q = ms6 + P,
Asoe = mys + 1,
As34 = m3q + mse + D,
Asze = Mays,
Asge = 0.
Type SST:
di2 = mie +mag +p+r,
da3 = miz + m3q + 7,
d3s = ma3 +mys +q+,
d4s = m3q +mse +p+T,
dse = m1g + Mys + 7,
dig = mi2 +mse +q+,
di4 = mig + M1 + maq + mys +p +q + 3,
das = M1z + maz +Mys +mse +p+q -+,
dze = m1e + M2z +m3q +Mmse +p+q+T7.
Aqg3 = myg +ma3 +p+r,
Argqg = myig +p+r,
Aqos = mye + 1,
A6 =0,
Aq3q = mi2 + mie + maq +p + 27,
A1zs = mig +mie + 7,
A1z = mia + 1,
Ajs5 = myg +mys + mys + q + 2r,
A1g6 = mi2 +q,
A6 = mi2 +Mse +q+ 7.
Azig = myg +mag + 1,
Az1g = mas,
Agis =ma3 +mas +p -+,
Az16 = M6 +maz +mzs +p+,
Agzy =0,
Agos = maq + 1,
Azag = maa,
Azys = maz +mys +q +,
Azge = ma3 +q,
Azse = Moz + M34 +Mse +p+q+ 7.
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Ag12 = mi2 + mse + q,

Ag13 = ms6 +q,

Ag14 = Mg,

Ag15 = 0,

Aga3 = mig + Ma3 + Mse +p + ¢,
Ag2q = myg + Ms6 + D,

Ag2s = mig,

Ag34 = M6 + Mm34 +mse +p+ 7,
Ag3s = mie + 1,

Agas = myg + mas + 1.

Agy13 =0,

= Ma3,

Agy5 = ma3 + p,

Ag16 = mi6 +ma3 +p -+,

A3y = myz +mzq + 1,

Agzs = my2,

Agzg = miz + 1,

Agys = myp +ma3 +mys +q+ 1,
Agge = miz +mao3z +q -+,

Aogse = mig + Moz +msg +p+q + 7.

= my2 + mazq + mys + q + 2,
Agiz =mys +q+,
Agi5 =mas +p+r,
Ay16 = mig + m3aq + Mmys +p + 27,
Ayo3 = maz +mys +q+,
Ayos = maq + 1,

Ayog = m3q + mys + 1,
Ayzs =0,

Ayze = mys + 1,

Ayse = M3g +mse +p+ 1.



As12 = Mg + mys +mse + ¢ + 7,
Asi3 = mys +mse +q + 1,

As14 = Mg,

Ag12 = mig +mse +q + T,
Ag13 = mse + ¢,

Ag14 = Mse,

As16 = Mg + mys + 7, Ng15 =0,
Aso3 = Mag + Mys +mse +p +q + 7, Ag23 = Mg + Moz +mse +p+q+7,
Asoq = ms6 + P, Ag24 = Mig + mse +p + 7,

Asg6 = mys, Agos = mig + 7,

As3q = Mg + mse +p + 7, Ag34 = Mis + M34 +Mmse +p+ 7,
As3e = Mys + 1, Ag35 = M,
Ass6 = 0. Agas = mig + muys + 7.

Type STT:

di2 = mig +ma3 +p+2q+r,

da3 = mia +m3s +q+r,

d3s = ma3 +mys +q -+,

d4s = m3zq +ms6 +p+ 29+,

dse = mie +mys +q+ T,

dig = mi2 +mse +q+ T,

di4 = miz + myg +m3q + mys + p + 2q + 3r,
das = m12 + mag + Mys + mse + p + 2 + 7,
d3e = m1e + M2z + m3q + Mse +p + 2q + 7.

Ajgz = mie +ma3 +p+2q -+, Ag13 =0,

Argg =mig+p+q+r, Ag14 = ma3 +q,

Aras =mig +q -+, Ag1s = ma3 +p+q,

Aqg6 =0, Ag16 = mie +maz +p+2q+,

Aqzq = miz + mie +m3q +p + 2q + 27, Agzy = miz +m3s +q -+,

Aizs = miz +mie +q -+, Agzs = mia,

A1z =miz +q+r, Agze = miz +q -+,

A1gs = miz + mie + mas + q + 2, Aoys = mig +mao3 +mys +q -+,
Age = miz + 1, Agge = miz2 +mao3z +q -+,

A1s6 = mi2 + Mmse +q+ 7. Agse = My + Mag + mse +p + 2q + 7.
Asig =mig +maa+q+, Ag12 = mi2 + m3aq +mys +q + 2,
Az1q = ma3 +q, Aygi3 = mys + T,

Ag1s = ma3 +mas +p+2q+, Agyis =mzs +p+q+r,

Agi6 = mie + maz +mzs +p+ 29+, Ay16 = Mg + m3aq + mys + p + 2q + 2,
Azgy =0, Aoz = maz +mys +q -+,

Asos =mga +q+ 1, Ayos =mgs +q+ 1,

Azps = May, Ayps = Mg +Mys +q+,
Aszgs = Moz +Mys +q+, Ayzs =0,
A3z = Mos, Ayse = Mus +q+ 1,

Asse = Mag + M34 + Msg + D + 2q + 7. Ayse = maq +mse +p+2¢ + 7.
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As19 = mig + M5 + mse +q + 7,
Ags13 = mys +mse +q+ 7,
As14 = ms6 + g,

Ag12 = mig +mse +q + 1,
Ag13 = Mg,

Ag1a = ms6 + ¢,

Asi6 = Mg +Mas +q+ 7, Ag15 =0,
Aso3 = Moz + M5 +Mmse +p + 2q + 1, Ag23 = mie + Ma3 +Mmse +p +2q + 7,
As24 = ms6 +p +q, Agaq = mie +mse +p +2q + 7,
As26 = mys, Agos = mig +q+,
Aszq = m3q +mse +p+ 29+, Ag3s = mi6 + M34 +Mmse +p +2q+,
Asze = mys +q -+, Ag3s = Mg,
Asye = 0. Agys = Mg+ mys +q+ 7.
Type TTT:
di2 = mig +ma3 +p+2q+r,
doz =miz+m3s+p+q+r,
d3g = ma3 +mys +p+q+,
dys = m3zq +ms6 +p+ 29+,
dse = mie +mys +p+q+rT,
dig = mi2 +mse +p+q+,
d14 = miz + myg + m3q + mys + p + 2q + 3r,
das = m12 + mag + Mys + mse + p + 2 + 7,
d3e = m1ie + M2z + m3q + Mmss +p + 2q + 7.
Aqgz = mie +ma3 +p+2q -+, Ag13 =0,
Atrgq = mie +q+, Ag1g = ma3 +p+gq,
Aras =mie +p+q+, Ag15 = ma3 +q,
Aq26 =0, Ag16 = mie +maz +p+2q+,
Aizq = miz + mie +m3q +p + 2q + 27, Agzy =mig +m3s +p+q+r,
Aigs = miz +mig +p+q+, Aggs = mia,
A1ze =miz +p+q+r, Agze =miz +p+q+,
Ayys = mig +mie + mys +p +q + 2r, Aoys = mig + Moz +mys +p+q+,
Ag6 = miz + 1, Agge = miz +ma3z +p+q+r,
A1s6 = mi2 +Mmse +p+q+ 7. Ags = My + Maog + mse +p + 2q + 7.
Azig =mig+mas +p+q+r, Ay12 = mig + m3q +mys +p+q+ 2,
A1y = ma3 +p+gq, Ag1z = mys +,
Agis = ma3 +mas +p+2q+, Agrs = mzq +q -+,
Agi6 = mie + maz +m3s +p+ 29+, Ay16 = Mg + m3aq +mys + p + 2q + 2,
Azzy =0, Ayoz = maz +mas +p+q+r,

Agos =msga +p+q+7,
Ayog =mzga +mas +p+q+,
Azgs = Moz +Mys +p+q+7, Ayzs =0,

Asos =mgs +p+q+T,
Azgs = May,

Ayse = Mus +p+q+7,
Ays6 = m3g +mse +p+ 2+ .

A3z = Mos,
Asse = Mag + M34 + Msg +p + 2q + 7.
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As12 = mi2 + mys +mse +p+q -+, Agr12 =miz2 +ms6 +p+q+,

As13 = mas + mse +p+q+, Ag13 = mse,

As14 = ms6 +p+ 4, Ag14 = ms6 +p + g,

Asi6 =mi6 +mus +p+q+r, Ag15 =0,

Asaz = maz + mys + mse +p+ 29 + 1, Aga3 = mie + maz + mse +p+ 29+,

As24 = ms6 +q, Ag2a = mag + mse +p +2q+ 7,

Apap = My, Ag2s = mig +p+q+,

Aszq = maq +mse +p+2q+, Agza = mi6 +m3s +mse +p+ 29+,

Asze =mas +p+q+, Ag3s = mag,

Asy6 = 0. Agas = Mg +mMys +p+q+.
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Tight Reductions of Finite Metric Spaces

Derya Celik
Eskisehir Teknik Universitesi

Optimal reduction of a finite metric space is its isometric embedding in a weighted graph with
minimal total weight. The optimal embedding problem is NP hard and only a few results are
known.

In the present work we discuss “sub-optimal” of “local optimal” of “tight” realizations o finite
metric spaces. These are embeddings of a metric space in a graph in such a way that the total
weight is no more reducible by “moves” (Bilge vd, 2015). These moves are illustrated here for
4 and 5 point spaces. An alternative approach for obtaining tight reductions, is to use
triangulations of the pendant free reduction and applying Delta-Y transform to disjoint
triangles.

The Delta-Y transform:

The building block of this approach is the so-called Delta-Y transform that consists of the
representation of a 3-point metric space space on a graph with 4 nodes, as shown below.

Py o3 Q
- - -
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O
gy
- - -
P das Py
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It can be seen that the weights wis are the (minimal) Gromov products at the nodes Q; 1=1,2,3
and wistwijs=d;..

Delta-moves.

For metric spaces with 4 or more elements, the edges connected to a node P; can be joined
together by an amount equal to the value of the minimal Gromov product at that point,, say
A(PiP;Px) up to a new point Qi. After that step, if for example A(PiPjPx) is minima, the edge
Q;Qx can be removes because the distance is realized by an indirect path. After that step not all
edges connected to Q; can be joined. Nevertheless, a subset of these edges can be chosen and
they can be joined by an amount dictated by the amount of the minimal Gromov products



involving these edges and a corresponding edge can be removed. These operationa are called
A-moves. Successive application of A-moves and A-Y transformations leads, in the generic
case, to a graph in which all nodes have degree 1 or 3. Such a graph representation is not
necessarily optimal. But as its weight cannot be decreased bu local operations we call it “local
optimal”, or “sub-optimal” or “tight”.

Optimal reductions of 4-point spaces:

Let X4={P1,P2,P3,P4} be a generic 4-point metric space. Assume A(P1,P2,P3) is minimal at P;.
It can be shown that this assumption determines the structure of the space. The complete graph
that represents X4 is given below.
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We will illustrate the reduction procedure on this example. If A(X,y,z) is minimal, the point x
can be joined to a new point X’ by a path of length A(x,y,z) so that the path (yx’z) is equal to
the edge (yz), hence the edge (yz) is removed. and the graph below is obtained.

Subsequently, the same operations are applied to all points and the graph below is obtained.
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The last move is the removal of unnecessary edges. From the previous graph it can be seen the
length of the diagonals are equal to the sum of the sides forming triangles, hence they can be
removed to give the graph below, which is known to be the optimal reduction.
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Optimal reductions of 5-point spaces:

Optimal reductions of 5-point spaces are obtained by (Koolen, vd, 2009). We repeat these
derivations for completeness. The moves for Types A, B, C are summarized below. The pendant
free reduction of Type A given below is already optimal.
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For types B and C we obtain the following pendant free reductions.
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Triangulations of pendant-free reductions of 6-point spaces:

The Gromov product classification of 6-point spaces have been obtained in (Bilge vd, 2015).
These equivalence classes are grouped in reducible and irreducible ones. The lists of irreducible
and reducible classes are given below.

Table 1. Gromov product structures for irreducible 6 point spaces

Py P Ps Py Ps Ps Sturmfels—Yu Type
I Atz Ao Asza Auss e Agaa 68,71,95, 133, 137, 166, 200, 215, 222, 223, 227, 241,
260, 263, 275, 283, 286, 304, 306, 312, 317, 321, 331, 339
I Aq24 Azis Aszpg Agss Asq3 Agoa 214, 249, 250, 259, 264, 285, 292, 295, 297, 298, 302, 303,
322, 325, 327, 329, 335
I3 A4 Aoz A3y Aszs As1g Agaa 88, 190, 192, 251, 255, 272, 301
Is Aqzq Az Asng Ausp Asyz Agiz 294,300, 324, 334
I5 Aq24 Azis Aszpg Agas Asog Agas 9, 20,40, 43, 67,90, 101, 127, 132, 160, 204
s A iy A g s Az 4,21,42,74,87, 103, 120, 131, 159, 184, 185, 205, 258
I A124 Aoz Az Aszs Asag Agss 11, 15, 24, 27, 45,58, 73, 102, 115, 129, 135, 181, 221
Ig Aq2a Az A3y Asszs Asag Ag1s 8,14, 18, 31, 36, 48,78, 105, 123
Ig Aqog Agq3 A3y Ayas Asg Agas 142, 168, 188, 189, 220, 228, 239, 256, 265, 277, 290, 314
Io A4 Az Az Agzs As1 Agas 128, 161, 206
I Aqas Ass Asag Auss Asag Ag13 130, 158, 207, 208, 212, 257
Iz Ay Az Asyg Agss Aszg Ag1s 1,16,28,75
I3 Az Az A3y Agszs Asg Ag13 2,17,30,60,76, 149
o A Asyy Ao A Asse Az 34,47, 49, 50, 64,77, 92, 106, 107, 109, 121, 172
Ii5 A1as Az Aspg A4 Asag Agas 32,33, 38,55,61,63, 89, 114, 124, 136, 148, 162,
179, 209, 234, 273
I A1s6 Az Aszog Ausss As13 Agaa 247, 248, 262, 282, 293, 296, 316, 326, 332, 336
Iz Aqzg Anz Asny Agss Asgp Agis 12,13, 39, 65, 66
Table 2. Gromov product structures for reducible 6 point spaces
Py Py Py Py Ps Ps Sturmfels-Yu Type
Ry A4 FAVSE! Agog Aaiz Asq3 Ag13 70,81,96, 100, 144, 151, 174, 176, 216, 218, 225, 226,
235, 240, 244, 261, 268, 280, 284, 287, 305, 308, 310, 311,
318, 320, 330, 338
Ra Aq24 Az Az Agss As4 Ag24 69,72, 80, 82, 84, 85,94, 125, 126, 134, 138, 139,
143, 146, 153, 156, 157, 163, 167, 186, 187, 191, 193, 194,
195, 198, 199, 202, 211, 224, 231, 233, 252, 253, 266, 271,
278,281,315
R3 Aq24 Az Agq PAVRE! As13 Ag24 7,26,59,97, 118,119, 152, 154, 175, 183, 217, 236,
237, 245, 246, 269, 274, 279, 288, 291, 299, 307, 309, 319,
323,328, 333,337
R4 Aqza Aaqs Aszq Auss Asza Ag13 3,25,53,54,57,83,86,98, 111, 113, 117, 140,
141, 145, 147, 164, 165, 171, 177, 182, 196, 197, 201, 203,
219,229,230, 232, 243, 254, 267, 270, 276, 289, 313
Rs A4 Az Ag4 Aas As13 Ag25 G,23,41,51,91, 112, 155, 170, 238
Rs Aq24 Asqs Agngq Auass As4 Agis 5,22,44,110, 169, 210
R; Aqpg Ajys Agpy Agpz Asig Agys 10, 19, 29,52, 108
Rs Aqs Aaqs Asgq Aaszs As14 Ag13 35,46, 62,79,93, 104, 122, 150, 173, 213
Rg Aqzg Agqs Agag Agis Asig Agss 37,56, 99, 116, 178, 180, 242




The pendant free reduction of a metric space is the weighted graph that is obtained by joining
edged at each vertex by an amount of the minimal Gromov product at that vertex and remowing
the edges for which the distances are realized by an indirect path. If Ajjk is minimal This is
obtained from the complete graph by removing the edges (P;,Px)

Decompositon of graphs into disjoint triangles is discuused in (DeLoera vd, 2010, Reid and
Rosa 2009). We aim to partition the edges in the pendant free reductions into disjoint triangles
and then apply Delta-Y transform to reduce total weight.

We can encounter the following situations.

(1) The pendant free reduction can be partioned into disjoint triangles. These disjoint
triangles are the triangles that are shaded in the diagrams.

(i1) We need to add an edge that has been removed in order to obtain partitioning into
disjoint triangles. In these cases, the edge that has been added is shown in red.

(ii1))  After applying the steps above, there is an edge that still remains. This is shown as
a single edge.

For example, in Type 11, the edges (P1,P3), (P2,P4) and (P5,P6) are removed in the pendant
free reduction. The remaining edges are

(P1,P2), (P1,P4), (P1,P5), (PL,P6), (P2,P3), (P2,P5), (P2,P6), (P3,P4), (P3,P5), (P3,P6),
(P4,P5), (P4,P6).

These are grouped into disjoint triangles as
(P1,P2), (PL,P5), (P2,P5),
(P1,P4), (P1,P6), (P4,P6).
(P2,P3), (P2,P6), (P3,P6),
(P3,P4), (P3,P5), (P4,P5),
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As a result of these triangle decompositions we obtain 8 types as given below in Tables 3 and
4. In these tables the first column displays the Gromov product structure type, the second
column is the list of edges that have been removed in the pendant free reduction. The edges that
are added are shown in bold. The graph of the removed set actually be used to obtain courses
subdivisions of the metric cone , which would be useful in understanding metric spaces with
elements n>6, since the number of Gromov product spaces increases very rapidly. The last
column it the triangle type. For example, in Type A, the edges d13, d24, d56 are removed. The
remaining edges are decomposed into 4 disjoint triangles. The total weight of the pendant free
reduced by Y. For Type B, the edges d13, d16, d24, d35 are removed. The edge d13 is added
to obtain decomposition into triangles

Table 3 Triangulation types of pendant free reductions of irreducible 6-point spaces

GPS Removed Edges Graph of Removed Edges | T-Type
Type

I d13, d24, d56 1---3 2---4 5---6 A
12 d13, d24, d56 1---3 2---4 5---6 A
14 d13, d24, d56 1---3 2---4 5---6 A
116 d13, d24, d56 1---3 2---4 5---6 A
I3 di13, d16, d24, d35 6---1---3---5 2---4

19 di13, d16, d24, d35 6---1---3---5 2---4

I5 d13, d24, d26, d35 5---3---1 4---2---6 C
16 d13, d24, d25, d36 1---3---6 4---2---5 C
17 d13, d24, d35, d46 5---3---1 2---4---6 C
113 d13, d24, d35, d46 5---3---1 2---4---6 C
I8 d13, d15, d24, d35, d46 1---3---5---1 2---4---6 D
112 d13, d15, d24, d26, d35 1---3---5---1 4---2---6

110 d13, d16, d24, d25, d35 6---1---3---5---2---4 E
11 d13, d24, d25, d35, d46 6---4---2---5---3---1 E
114 d13, d24, d25, d35, d46 6---4---2---5---3---1 E
115 d13, d24, d25, d35, d46 6---4---2---5---3---1 E




117 d13, d15, d24, d26, d35, d46 1---3---5---1 2---4---6---2 F

Table 3 Triangulation types of pendant free reductions of reducible 6-point spaces

R1 d13, d24 1---3 2--4 G
R3 d13, d24 1---3 2--4 G
R2 d13, d24, d35 1---3---5 2--4 H
R4 d13, d24, d35 1---3---5 2---4 H
RS dl13, d24, d25 4---2---5 1---3 H
R6 d13, d15, d24, d35 1---3---5---1 2--4 B
RO d13, d16, d24, d35 5---3-—-1---6 2---4 B
R7 d13, d16, d24, d25 3-—-1---6 4---2---5 C
R8 d13, d14, d24, d25, d35 3---1---4---2---5---3 E
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Examples of Distance Matrices

Burak Erkan Kaya

Kadir Has Univerisity

In this report, certain datasets, chosen mainly from phyogenetics are used to evaluate distance functions. These
dissimilarity measures may fail to satisfy triangle inequalities. The percentage of triangle inqualities that are violated
are computed and Gromov product structures are obtained.

Datasets:

During the search of suitable databases, sample databases in SplitsTree and MEGA programs, which are widely used in
phylogenetic applications, were examined. In these programs, databases used in the current studies in the literature are
available for researchers to review. These programs allow an existing database to be handled with different distance
calculation methods. Thus; different distance matrices can be obtained by using different calculation methods for each
distance dataset. Totally thirty-six distance matrices have been obtained with different calculation methods and
databases. The distance matrices obtained from each dataset and the findings obtained by examining them are presented
in the following sections. A summary table of the findings obtained as the results of examining all databases is added at
the end of this report.

Methods for the computation of distance matrices:

Many different methods are used to determine the distance between nucleotides in molecular phylogenetic analysis
studies. While all methods are based on Markov chains, they differ in the use of parameters that determine the rates at
which one nucleotide will change with another. We describe some of these methods here.

F81 Method (Felsenstein 1981): This model was created on the basis of the JC69 method, where the base
frequencies are taken equally. The difference from the JC69 method is that the calculation is done without
taking the base frequencies equally.

HKY85 Method (Hasegawa, Kishino ve Yano 1985): It is a method based on created with the F81 and the
K80 method. While the K80 method utilises the base frequencies equally as in the JC69 method; F81
method accepts the conversion rate for the purine-pyrimidine transitions as one, and the purity-purine or

pyrimidine-pyrimidine exchange rate is based on a K parameter. In the HKY 85 method, calculations are
made by using different change and conversion rates as in K80 method and different base frequencies as in
F81 method.

GTR Method (Tavare 1986): In this method is the calculations are made using a base frequency vector and
different parameters for each change.

F84 Method (Felsenstein 1984): This model was obtained by synthesising F81 and K80 methods. Base
frequencies are not taken equally, and different parameters are used for exchange and conversion rates.

The Bee, Algea and Primates datasets are analyzed in detail in Appendices 3.2, 3.4 and 3.5, respectively.



Bee Dateset (6-Element):As a result of the analysis of the bee dataset with different distance calculation
methods, the results presented below were obtained. Bee dataset consists of 'A.andrenof', 'A.mellifer’,
'A.dorsata’, 'A.cerana’, 'A.florea', 'A koschev' taxa.

a) Distance Matrix Calculated by the BASEFREQ Method:

0 0.0562 | 0.074 | 0.0444 | 0.0089 | 0.0473
0.0562 0 0.0237]0.0148 | 0.0592 | 0.0089
0.074 | 0.0237 0 0.0296 | 0.0769 | 0.0266
0.0444 1 0.0148 | 0.0296 0 0.047310.0059
0.0089 | 0.0592 | 0.0769 | 0.0473 0 0.0503
0.0473 1 0.0089 | 0.0266 | 0.0059 | 0.0503 0

b) Distance Matrix Calculated by the F81 Method:

0 [0.09 [0.1113]0.1027[0.0044 | 0.0794
0.09 | 0 ]0.0994 ] 0.09 |0.0994 | 0.1078
0.1113[0.0994| 0 [0.1268(0.11470.1113
0.1027] 0.096 [0.1268| 0 [0.10610.1061
0.0044 ] 0.0994 | 0.1147 [ 0.1061 | 0 | 0.0827
0.0794]0.1078 [ 0.1113 [ 0.1061 [ 0.0827| 0
c¢) Distance Matrix Calculated by the F84 Method:

0 [0.09 [0.1114]0.1028 ] 0.0044 | 0.0795
0.096 [ 0 [0.0994]0.0961 [ 0.0994 | 0.1079
0.1114]0.0994] 0 10.1269[0.1148[0.1113
0.10280.0961[0.1269 | 0 [0.1062 [ 0.1061
0.0044[0.0994 [ 0.1148 [ 0.1062| 0 [0.0827
0.0795]0.10790.1113 | 0.1061 | 0.0827| 0
d) Distance Matrix Calculated by the GTR Method:

0 ]0.3401]0.3563 | 0.3403 [ 0.2457 [ 0.3211
0.3401| 0 [0.3348]0.3358 ] 0.3488 | 0.3545
0.3563]0.3348| 0 ]0.3565]0.3652 | 0.3537
0.3403[0.3358[0.3565| 0 [0.3489 [ 0.3376
0.2457]0.3488 [ 0.36520.3489 | 0 [0.3297
0.3211]0.3545]0.3537]0.3376 [ 0.3297| 0

e) Distance Matrix Calculated by the HAMMING Method:
0 [0.0901]0.1034 ] 0.096 [0.0044 [0.0753
0.0901] 0 [0.0931[0.0901[0.0931[0.1004
0.1034[0.0931] 0 [0.1167[0.1064 [0.1034
0.096 [0.0901[0.1167] 0 [ 0.099 [ 0.099
0.0044[0.09310.1064] 0.099 [ 0 [0.0783
0.0753]0.1004 [ 0.1034 ] 0.099 [0.0783[ 0

f) Distance Matrix Calculated by the HKY 85 Method:
0 [0.0983] 0.114 [0.1054]0.0045 [ 0.0808
0.0983] 0 [0.1022]0.0982[0.1019 [ 0.1107
0.114 [0.1022] 0 [0.1313[0.1178]0.1143
0.1054]0.09820.1313| 0 [0.1091 [ 0.1093
0.0045[0.10190.1178 [ 0.1091[ 0 [0.0843
0.0808 [ 0.1107[0.1143 | 0.1093[0.0843| 0
g) Distance Matrix Calculated by the K3ST Method:
0 [0.09680.1122 | 0.1035 [ 0.0044 | 0.0798
0.0968] 0 0.1 [0.0967]0.1001 [ 0.1086
0.1122] 0.1 0 [o0.1284]0.1156] 0.112
0.1035[0.0967[0.1284| 0 [0.1069 | 0.107
0.0044 [ 0.1001 [ 0.1156 [ 0.1069 | 0 [ 0.0831
0.0798[0.1086 0.112 | 0.107 [0.0831] 0
h) Distance Matrix Calculated by the LOGDET Method:
0 ]0.0884]0.1093 [ 0.0967 ] 0.0062 [ 0.0767
0.0884] 0 [ 0.087 |0.0891]0.0919 0.1025
0.1093] 0.087 | 0 [0.1141[0.11280.1084
0.0967[0.0891 [ 0.1141 ] 0 0.1 [0.0955
0.0062[0.0919[0.1128| 0.1 0 [ 0.08
0.0767]0.1025]0.1084 | 0.0955] 0.08 | 0




The number and the proport,on of triangle inequalities that are not satisfied is given below.

Dataset| Method | Number of Taxa | Number of Tri. Ineq. | Tri. Ing. satisfied | Tri. Ing. not satisfied | %
Bee |BASEFREQ 6 20 14 6 30.00
Bee F81 6 20 20 0 0.00
Bee Fg84 6 20 20 0 0.00
Bee GTR 6 20 20 0 0.00
Bee |HAMMING 6 20 20 0 0.00
Bee HKYS85 6 20 20 0 0.00
Bee K3ST 6 20 20 0 0.00
Bee LOGDET 6 20 20 0 0.00




Algea Dataset (8 elements):

a)Distance Matrix Calculated by the BASEFREQ Method:
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b) Distance Matrix Calculated by the F81Method:
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0.1585

0.175

0.0828

0.0938

0.0668

0.1068

0

0.126

0.1284

0.1259

0.1504

0.1596

0.1343

0.1575

0.126

0

0.1789

0.149

0.1343

0.1446

0.1315

0.1585

0.1284

0.1789

0.1501

0.1556

0.1608

0.1461

0.175

0.1259

0.149

0.1501

Gromov Product Structures

N
o

Minimal A

0.007

0.0159

0.0069

0.0644

0.0233

0.0658

0.0644

oAl |un|bsw||—|T

e N N N LU I ) FS N N )
N[0 |0 | XNV |0 | W

0.0601




c) Distance Matrix Calculated by the F84 Method:

0

0.0266

0.0301

0.1228 ] 0.0835

0.1538

0.1354

0.1601

0.0266

0

0.0426

0.1328 ] 0.0945

0.1626

0.1454

0.1647

0.0301

0.0426

0

0.1069 | 0.0671

0.1368

0.1324

0.1492

0.1228

0.1328

0.1069| 0

0.1075

0.1597

0.1597

0.1782

0.0835

0.0945

0.0671

0.1075 0

0.1284

0.1294

0.1281

0.1538

0.1626

0.1368

0.1597]0.1284

0

0.1816

0.1513

0.1354

0.1454

0.1324

0.1597] 0.1294

0.1816

0.1517

0.1601

0.1647

0.1492]0.1782 ] 0.1281

0.1513

0.1517

Gromov Product Structures

N
o

Minimal A

0.0071

0.0156

0.0066

0.0644

0.023

0.0664

0.0635

o Qan|un|s|w | =T

| =B |W|= ==
~N[(CO0 |0 [0\ |CO| W

0.0607

d) Distance Matrix Calculated by the HAMMING Method:

0

0.0261

0.0294

0.1124

0.0784

0.1363

0.123

0.1405

0.0261

0

0.0413

0.121

0.0882

0.1438

0.1315

0.1447

0.0294

0.0413

0

0.0992

0.0639

0.1229

0.1207

0.1328

0.1124

0.121

0.0992

0

0.0996

0.1421

0.1429

0.1561

0.0784

0.0882

0.0639

0.0996

0

0.116

0.118

0.1159

0.1363

0.1438

0.1229

0.1421

0.116

0

0.1592

0.1352

0.123

0.1315

0.1207

0.1429

0.118

0.1592

0.136

0.1405

0.1447

0.1328

0.1561

0.1159

0.1352

0.136

Gromov Product Structures

Minimal A

0.0071

0.0151

0.0074

0.0591

0.0235

0.0606

0.0592

| |u|s|w |~

A= |B|w|=|—=|= D

| oo|oo|oo|on|w|oo|w D

0.056

e) Distance Matrix Calculated by the GTR Method:

0

0.0492

0.0521

0.1473

0.1066

0.1757

0.1635

0.1813

0.0492

0

0.065

0.1563

0.1177

0.1843

0.1747

0.1873

0.0521

0.065

0

0.1265

0.0868

0.1568

0.1582

0.1688

0.1473

0.1563

0.1265

0

0.1275

0.1782

0.1819

0.195

0.1066

0.1177

0.0868

0.1275

0

0.1443

0.1542

0.1435

0.1757

0.1843

0.1568

0.1782

0.1443

0

0.1999

0.1677

0.1635

0.1747

0.1582

0.1819

0.1542

0.1999

0.1698

0.1813

0.1873

0.1688

0.195

0.1435

0.1677

0.1698

Gromov Product Structures

4




P; | P, | P; | Minimal A
1213 0.0181
21 11]8 0.0276
3114 0.0157
41316 0.0739
51318 0.0307
6 | 4|8 0.0754
71118 0.076
8|16 |7 0.0688
f) Distance Matrix Calculated by the HKY 85 Method:

0 0.0267 | 0.03 [0.1235(0.0831 | 0.1508 | 0.1365 | 0.1554
0.0267 0 0.0427 | 0.1346 | 0.0948 | 0.161 | 0.1478 | 0.1613
0.03 |0.0427 0 0.1082 | 0.0673 [ 0.1348 | 0.1339 | 0.1467
0.1235|0.1346 | 0.1082 0 0.1082 [ 0.1597 | 0.162 | 0.1771
0.08310.0948 | 0.0673 | 0.1082 0 0.1263 [ 0.1302 | 0.1264
0.1508 | 0.161 |0.1348|0.1597 | 0.1263 0 0.1819 | 0.1505
0.1365|0.1478 | 0.1339| 0.162 | 0.1302 | 0.1819 0 0.1525
0.15540.1613 | 0.1467 | 0.1771 | 0.1264 | 0.1505 | 0.1525 0

Gromov Product Structures
P; | P, | P; | Minimal A
1213 0.007
2|18 0.0163
31116 0.007
41116 0.0662
51318 0.0235
6 |48 0.0666
71118 0.0668
8|16 |7 0.0605

g) Distance Matrix Calculated by the LOGDET Method:

0 0.0279 | 0.032 | 0.1275|0.0857 | 0.1499 | 0.1418 | 0.1584
0.0279 0 0.045 | 0.1369 | 0.0971 [ 0.1594 | 0.1531 | 0.1653
0.032 | 0.045 0 0.1095 [ 0.0682 [ 0.1341 | 0.1383 | 0.1494
0.12750.1369 | 0.1095 0 0.1117 {0.1598 | 0.1641 | 0.1793
0.08570.0971 | 0.0682 | 0.1117 0 0.1261 | 0.1352 | 0.1274
0.1499 1 0.1594 | 0.1341 | 0.1598 | 0.1261 0 0.1763 | 0.1511
0.14180.1531 | 0.1383 | 0.1641 | 0.1352 | 0.1763 0 0.1507
0.15840.1653 | 0.1494 | 0.1793 | 0.1274 | 0.1511 | 0.1507 0

Gromov Product Structures
P; | P, | P; | Minimal A
1213 0.0075
211 1]8 0.0174
3 (1|4 0.007
4 13]6 0.0676
51318 0.0231
6 | 418 0.0658
71118 0.067
816 |7 0.0628




h) Distance Matrix Calculated by the K3ST Method:

0 0.0266 | 0.0301 | 0.1229 | 0.0836 [ 0.1539 | 0.1354 | 0.1601
0.0266 0 0.0426 [ 0.1328 |1 0.0945 | 0.1628 | 0.1455 | 0.1647
0.0301 | 0.0426 0 0.1069 | 0.0672 | 0.1368 | 0.1324 | 0.1492
0.122910.1328 | 0.1069 0 0.1076 [ 0.1597 | 0.1597 | 0.1783
0.0836 | 0.0945 | 0.0672 | 0.1076 0 0.1284 {0.1294 | 0.1281
0.153910.1628 | 0.1368 | 0.1597 | 0.1284 0 0.1816 | 0.1513
0.135410.1455]0.1324 [ 0.1597 | 0.1294 | 0.1816 0 0.1517
0.1601|0.1647|0.1492 [ 0.1783 | 0.1281 | 0.1513 | 0.1517 0

Gromov Product Structures
P; | P, | P; | Minimal A
11213 0.0071
21118 0.0156
31116 0.0065
41116 0.0644
513 |8 0.023
6|48 0.0664
71118 0.0635
8|16 |7 0.0607

List of triangle inequalites that are not satisfied:

Dataset| Method [Number of Taxa| Number of Tri. Ineq. | Tri. Inq. satisfied | Tri. Inq. not satisfied| %
Algea | BASEFREQ 8 56 22 34 60.71
Algea F81 8 56 56 0 0.00
Algea F84 8 56 56 0 0.00
Algea GTR 8 56 56 0 0.00
Algea | HAMMING 8 56 56 0 0.00
Algea HKY85 8 56 56 0 0.00
Algea K3ST 8 56 56 0 0.00
Algea | LOGDET 8 56 56 0 0.00
Algea F84 8 56 56 0 0.00




Primates-mtDNA Dataset (12 Elements):Primates-mtDNA dataset consists of 'Lemur_catta’,
'Homo_sapiens', 'Pan', 'Gorilla', 'Pongo', 'Hylobates', 'Macaca_fuscata', 'M. mulatta', 'M._fascicularis',
'M._sylvanus', 'Saimiri_sciureus', 'Tarsius_syrichta' taxa.

a) Distance Matrix Calculated by the BASEFREQ Method:

0

0.13772

0.11314

0.12431

0.15884

0.12878

0.08409

0.07292

0.08409

0.04632

0.03408

0.03356

0.13772

0

0.02458

0.01341

0.04617

0.03799

0.05363

0.0648

0.05363

0.09385

0.1323

0.15586

0.11314

0.02458

0

0.01341

0.05534

0.04022

0.03352

0.04246

0.03799

0.06927

0.11889

0.14245

0.12431

0.01341

0.01341

0

0.04617

0.02905

0.04022

0.0514

0.04022

0.08045

0.12112

0.14468

0.15884

0.04617

0.05534

0.04617

0

0.05217

0.07475

0.08592

0.07898

0.11497

0.15989

0.18345

0.12878

0.03799

0.04022

0.02905

0.05217

0

0.04469

0.05587

0.04469

0.08492

0.10772

0.14668

0.08409

0.05363

0.03352

0.04022

0.07475

0.04469

0

0.01117

0.01788

0.04022

0.0876

0.11116

0.07292

0.0648

0.04246

0.0514

0.08592

0.05587

0.01117

0

0.01341

0.02905

0.07643

0.09999

0.08409

0.05363

0.03799

0.04022

0.07898

0.04469

0.01788

0.01341

0

0.04022

0.0809

0.10446

0.04632

0.09385

0.06927

0.08045

0.11497

0.08492

0.04022

0.02905

0.04022

0

0.05632

0.07988

0.03408

0.1323

0.11889

0.12112

0.15989

0.10772

0.0876

0.07643

0.0809

0.05632

0

0.04198

0.03356

0.15586

0.14245

0.14468

0.18345

0.14668

0.11116

0.09999

0.10446

0.07988

0.04198

0

b) Distance Matrix Calculated by the F81 Method:

0

0.3965

0.3984

0.3722

0.3709

0.3759

0.354

0.3649

0.3796

0.3612

0.3592

0.307

0.3965

0

0.0951

0.1117

0.1811

0.2084

0.2778

0.2794

0.3024

0.3125

0.3398

0.421

0.3984

0.0951

0

0.1143

0.194

0.2173

0.2941

0.3058

0.3314

0.3024

0.3576

0.419

0.3722

0.1117

0.1143

0

0.1882

0.2173

0.2843

0.2826

0.3227

0.2958

0.3363

0.4074

0.3709

0.1811

0.194

0.1882

0

0.216

0.2962

0.2995

0.3215

0.2912

0.3563

0.3889

0.3759

0.2084

0.2173

0.2173

0.216

0

0.2991

0.2875

0.3142

0.2925

0.3328

0.3978

0.354

0.2778

0.2941

0.2843

0.2962

0.2991

0.0366

0.0888

0.1354

0.3649

0.4074

0.3649

0.2794

0.3058

0.2826

0.2995

0.2875

0.0366

0.0989

0.1301

0.3722

0.4112

0.3796

0.3024

0.3314

0.3227

0.3215

0.3142

0.0888

0.0989

0.1341

0.3612

0.4016

0.3612

0.3125

0.3024

0.2958

0.2912

0.2925

0.1354

0.1301

0.1341

0.3612

0.4151

0.3592

0.3398

0.3576

0.3363

0.3563

0.3328

0.3649

0.3722

0.3612

0.3612

0.417

0.307

0.421

0.419

0.4074

0.3889

0.3978

0.4074

0.4112

0.4016

0.4151

0.417

c¢) Distance Matrix Calculated by the F84 Method:

0

0.4009

0.4032

0.3755

0.3754

0.3796

0.3581

0.3697

0.3861

0.3655

0.362

0.3086

0.4009

0

0.0978

0.1152

0.1865

0.2146

0.2855

0.2871

0.3134

0.3249

0.3489

0.4304

0.4032

0.0978

0

0.1179

0.2009

0.2247

0.3042

0.3172

0.3473

0.3136

0.3689

0.4279

0.3755

0.1152

0.1179

0

0.1947

0.2245

0.2933

0.2912

0.3375

0.3063

0.3455

0.4163

0.3754

0.1865

0.2009

0.1947

0

0.2217

0.3059

0.3094

0.335

0.2998

0.3635

0.3954

0.3796

0.2146

0.2247

0.2245

0.2217

0

0.3087

0.2955

0.326

0.3013

0.3396

0.4053

0.3581

0.2855

0.3042

0.2933

0.3059

0.3087

0.037

0.0912

0.141

0.3763

0.4151

0.3697

0.2871

0.3172

0.2912

0.3094

0.2955

0.037

0.1021

0.1353

0.3844

0.4192

0.3861

0.3134

0.3473

0.3375

0.335

0.326

0.0912

0.1021

0.1398

0.3721

0.4093

0.3655

0.3249

0.3136

0.3063

0.2998

0.3013

0.141

0.1353

0.1398

0.3721

0.4232

0.362

0.3489

0.3689

0.3455

0.3635

0.3396

0.3763

0.3844

0.3721

0.3721

0.4223

0.3086

0.4304

0.4279

0.4163

0.3954

0.4053

0.4151

0.4192

0.4093

0.4232

0.4223

d) Distance Matrix Calculated by the GTR Method:

0

0.4882

0.4937

0.46

0.4668

0.4638

0.453

0.463

0.4786

0.4577

0.446

0.3997

0.4882

0

0.1947

0.21

0.2937

0.3107

0.3843

0.387

0.4076

0.4242

0.4373

0.5169

0.4937

0.1947

0

0.214

0.3084

0.3203

0.4097

0.4239

0.4509

0.4171

0.4618

0.5168

0.46

0.21

0.214

0

0.3015

0.3166

0.3894

0.3865

0.4322

0.4031

0.4377

0.5052




0.4668

0.2937

0.3084

0.3015

0

0.3183

0.4126

0.415

0.4411

0.405

0.4569

0.489

0.4638

0.3107

0.3203

0.3166

0.3183

0

0.4079

0.3903

0.4202

0.4002

0.4247

0.4932

0.453

0.3843

0.4097

0.3894

0.4126

0.4079

0

0.1317

0.1846

0.2468

0.4737

0.5118

0.463

0.387

0.4239

0.3865

0.415

0.3903

0.1317

0.1979

0.2396

0.4816

0.5163

0.4786

0.4076

0.4509

0.4322

0.4411

0.4202

0.1846

0.1979

0.2428

0.4619

0.5035

0.4577

0.4242

0.4171

0.4031

0.405

0.4002

0.2468

0.2396

0.2428

0.4689

0.5239

0.446

0.4373

0.4618

0.4377

0.4569

0.4247

0.4737

0.4816

0.4619

0.4689

0.5129

0.3997

0.5169

0.5168

0.5052

0.489

0.4932

0.5118

0.5163

0.5035

0.5239

0.5129

e) Distance Matrix Calculated by the HAMMING Method:

0

0.308

0.3091

0.2934

0.2926

0.2956

0.2822

0.2889

0.2979

0.2867

0.2854

0.252

0.308

0

0.0893

0.1038

0.1609

0.1819

0.2321

0.2333

0.2489

0.2556

0.2732

0.3221

0.3091

0.0893

0

0.106

0.1709

0.1886

0.2433

0.2511

0.2679

0.2489

0.2844

0.321

0.2934

0.1038

0.106

0

0.1665

0.1886

0.2366

0.2355

0.2623

0.2444

0.271

0.3143

0.2926

0.1609

0.1709

0.1665

0

0.1877

0.2447

0.2469

0.2615

0.2413

0.2836

0.3035

0.2956

0.1819

0.1886

0.1886

0.1877

0

0.2467

0.2388

0.2567

0.2422

0.2688

0.3087

0.2822

0.2321

0.2433

0.2366

0.2447

0.2467

0

0.0357

0.0837

0.1239

0.2889

0.3143

0.2889

0.2333

0.2511

0.2355

0.2469

0.2388

0.0357

0.0926

0.1194

0.2934

0.3166

0.2979

0.2489

0.2679

0.2623

0.2615

0.2567

0.0837

0.0926

0.1228

0.2867

0.311

0.2867

0.2556

0.2489

0.2444

0.2413

0.2422

0.1239

0.1194

0.1228

0.2867

0.3188

0.2854

0.2732

0.2844

0.271

0.2836

0.2688

0.2889

0.2934

0.2867

0.2867

0.3199

0.252

0.3221

0.321

0.3143

0.3035

0.3087

0.3143

0.3166

0.311

0.3188

0.3199

f) Distance Matrix Calculated by the HKY 85 Method:

0

0.4271

0.4285

0.4004

0.3961

0.4037

0.3768

0.3882

0.4027

0.385

0.3859

0.3277

0.4271

0

0.0942

0.1107

0.1814

0.2096

0.2838

0.2857

0.3078

0.3176

0.3521

0.4473

0.4285

0.0942

0

0.1133

0.1938

0.2181

0.2995

0.3111

0.3354

0.3076

0.37

0.4459

0.4004

0.1107

0.1133

0

0.1881

0.2183

0.2896

0.2883

0.3268

0.3008

0.348

0.4318

0.3961

0.1814

0.1938

0.1881

0

0.2184

0.3021

0.3056

0.3266

0.2978

0.3741

0.4138

0.4037

0.2096

0.2181

0.2183

0.2184

0

0.3055

0.2945

0.3202

0.299

0.3473

0.4227

0.3768

0.2838

0.2995

0.2896

0.3021

0.3055

0.0364

0.088

0.1337

0.3782

0.4337

0.3882

0.2857

0.3111

0.2883

0.3056

0.2945

0.0364

0.0978

0.1284

0.3858

0.4381

0.4027

0.3078

0.3354

0.3268

0.3266

0.3202

0.088

0.0978

0.1322

0.3747

0.427

0.385

0.3176

0.3076

0.3008

0.2978

0.299

0.1337

0.1284

0.1322

0.3747

0.4425

0.3859

0.3521

0.37

0.348

0.3741

0.3473

0.3782

0.3858

0.3747

0.3747

0.4501

0.3277

0.4473

0.4459

0.4318

0.4138

0.4227

0.4337

0.4381

0.427

0.4425

0.4501

g) Distance Matrix Calculated by the K3ST Method:

0

0.40187

0.40437

0.37647

0.37599

0.38014

0.35816

0.36996

0.3862

0.36559

0.36204

0.30856

0.40187

0

0.09778

0.11526

0.18651

0.2147

0.28568

0.28739

0.31372

0.32569

0.34898

0.43145

0.40437

0.09778

0

0.11791

0.20092

0.22473

0.30437

0.31756

0.34763

0.31405

0.36901

0.42899

0.37647

0.11526

0.11791

0

0.19478

0.22451

0.29335

0.29128

0.33796

0.30676

0.34554

0.41714

0.37599

0.18651

0.20092

0.19478

0

0.22179

0.30634

0.30988

0.33605

0.30046

0.36364

0.39769

0.38014

0.2147

0.22473

0.22451

0.22179

0

0.30906

0.29582

0.32657

0.30189

0.33962

0.40629

0.35816

0.28568

0.30437

0.29335

0.30634

0.30906

0

0.03701

0.09118

0.14096

0.3763

0.41546

0.36996

0.28739

0.31756

0.29128

0.30988

0.29582

0.03701

0

0.10208

0.13529

0.38438

0.42022

0.3862

0.31372

0.34763

0.33796

0.33605

0.32657

0.09118

0.10208

0

0.13983

0.37228

0.40958

0.36559

0.32569

0.31405

0.30676

0.30046

0.30189

0.14096

0.13529

0.13983

0

0.37219

0.42374

0.36204

0.34898

0.36901

0.34554

0.36364

0.33962

0.3763

0.38438

0.37228

0.37219

0

0.4225

0.30856

0.43145

0.42899

0.41714

0.39769

0.40629

0.41546

0.42022

0.40958

0.42374

0.4225

0




h) Distance Matrix Calculated by the LOGDET Method:

0

0.37817

0.38003

0.3508

0.35067

0.36098

0.34267

0.35277

0.37086

0.34446

0.34735

0.2936

0.37817

0

0.10136

0.11919

0.19437

0.2217

0.28383

0.2866

0.30958

0.31771

0.3438

0.40966

0.38003

0.10136

0

0.11929

0.20446

0.22705

0.30461

0.31853

0.34736

0.30746

0.36373

0.40649

0.3508

0.11919

0.11929

0

0.20128

0.22682

0.28784

0.2852

0.33211

0.29653

0.34341

0.39853

0.35067

0.19437

0.20446

0.20128

0

0.2234

0.30467

0.30687

0.33466

0.29251

0.35401

0.3762

0.36098

0.2217

0.22705

0.22682

0.2234

0

0.31136

0.2949

0.32671

0.29975

0.3367

0.39289

0.34267

0.28383

0.30461

0.28784

0.30467

0.31136

0

0.0393

0.0929

0.14569

0.37609

0.40333

0.35277

0.2866

0.31853

0.2852

0.30687

0.2949

0.0393

0

0.10593

0.13923

0.38446

0.40852

0.37086

0.30958

0.34736

0.33211

0.33466

0.32671

0.0929

0.10593

0

0.14508

0.3688

0.39951

0.34446

0.31771

0.30746

0.29653

0.29251

0.29975

0.14569

0.13923

0.14508

0

0.36837

0.41224

0.34735

0.3438

0.36373

0.34341

0.35401

0.3367

0.37609

0.38446

0.3688

0.36837

0

0.41656

0.2936

0.40966

0.40649

0.39853

0.3762

0.39289

0.40333

0.40852

0.39951

0.41224

0.41656

0

The list of triangle inequalities that are not satisfied is given below.

Dataset

Method

Number

Number of

Tri. Inq.

Tri. Ing. not

%

Primates-mtDNA
Primates-mtDNA
Primates-mtDNA
Primates-mtDNA
Primates-mtDNA
Primates-mtDNA
Primates-mtDNA
Primates-mtDNA

BASEFREQ
F81
F84
GTR
HAMMING
HKYS5
K3ST
LOGDET

12
12
12
12
12
12
12
12

220
220
220
220
220
220
220
220

183
220
220
220
220
220
220
220

37

S OO O O OO

16.82
0.00
0.00
0.00
0.00
0.00
0.00
0.00




Crab-rRNA Dataset (13 Elements):The crab-rRNA dataset consists of a total of thirteen taxa consisting of
sequences for the gene encoding the mitochondrial large subunit ribosomal RNA. The distance matrix and
the results are as shown below.

Distance Matrix:

0 0.43988 | 0.4308 | 0.348720.34832|0.37547|0.39137 | 0.36516 | 0.36516 | 0.39951 | 0.39313 | 0.36575 | 0.36181

0.43988 0 0.27713 |1 0.36457| 0.35041 | 0.37858 | 0.35923 | 0.37767 | 0.38311 | 0.32078 | 0.33668 | 0.33976 | 0.33976

0.4308 | 0.27713 0 0.35716 | 0.34478 | 0.33806 | 0.33041 | 0.37094 | 0.35545| 0.37 |0.35765|0.36905 | 0.37301

0.34872 | 0.36457 | 0.35716 0 0.01733 1 0.07763 | 0.0696 | 0.08024 | 0.07732| 0.1395 | 0.12267 | 0.11977 | 0.11681

0.34832 | 0.35041 | 0.34478 | 0.01733 0 0.07735 | 0.06647 | 0.07995 | 0.07704 | 0.13257 | 0.11894 | 0.1102 | 0.11313

0.37547| 0.37858 | 0.33806 | 0.07763 | 0.07735 0 0.05729 | 0.02782 | 0.02521 | 0.14952 | 0.13236 | 0.12912 | 0.12613

0.391370.35923 | 0.33041 | 0.0696 | 0.06647 | 0.05729 0 0.06846 | 0.06 |0.14467|0.13082|0.13089|0.12786

0.36516 | 0.37767 | 0.37094 | 0.08024 | 0.07995 | 0.02782 | 0.06846 0 0.00738 | 0.15274 | 0.1355 | 0.12563 | 0.12266

0.36516 | 0.38311 | 0.35545| 0.07732 | 0.07704 | 0.02521 | 0.06 |0.00738 0 0.15274 | 0.1355 | 0.12892 | 0.12594

0.3995110.32078 | 0.37 | 0.1395 | 0.13257|0.14952 | 0.14467 | 0.15274 | 0.15274 0 0.01995 | 0.05785 | 0.05785

0.39313 | 0.33668 | 0.35765 | 0.12267 | 0.11894 | 0.13236 | 0.13082 | 0.1355 | 0.1355 | 0.01995 0 0.04932 | 0.04668

0.365750.33976 | 0.36905 | 0.11977 | 0.1102 | 0.12912 | 0.13089 | 0.12563 | 0.12892 | 0.05785 | 0.04932 0 0.00244

0.361810.33976 | 0.37301 | 0.11681 | 0.11313 | 0.12613 | 0.12786 | 0.12266 | 0.12594 | 0.05785 | 0.04668 | 0.00244 0

The list of triangle inequalities that are not satisfied:
Dataset | Method | Number of Taxa | Number of Tri. Ineq. | Tri. Inq. satisfied | Tri. Inq. not satisfied | %
Crab rRNA|[ F86 13 286 283 3 1.05

Hum_Dist Dataset (15 Elements):The distance matrix from the human communities belonging to 15
nations and the examination are as shown in the tables below.
Distance Matrix:

0 0.028 |0.0342| 0.071 [0.1172(0.1164 |0.1188|0.1203 {0.1289|0.1267 | 0.1335 | 0.1523 | 0.1569 | 0.1371 | 0.1408

0.028 0 0.024410.0686 | 0.1189 | 0.1168 | 0.1193 | 0.117 | 0.1334|0.1284 | 0.1388|0.1579|0.1551|0.1416 | 0.1406

0.0342 | 0.0244 0 0.035510.0962 | 0.0957 | 0.0972 { 0.0953 | 0.1052 | 0.1033 | 0.1128 | 0.1414 | 0.1402 | 0.1144 | 0.1193

0.071 | 0.0686 | 0.0355 0 0.0863 | 0.087 |0.0859 | 0.087 |0.0945|0.0922|0.1025|0.12740.1315|0.0987 | 0.1103

0.1172]0.1189]0.0962 | 0.0863 0 0.0041|0.0045 | 0.007 | 0.048 |0.0479|0.0598 | 0.0961 | 0.0899 | 0.0587 | 0.0645

0.1164{0.1168 | 0.0957 | 0.087 |0.0041 0 0.0022 | 0.005 |0.0501 | 0.0509 | 0.0601 | 0.1075 | 0.0955|0.0659 | 0.0707

0.1188{0.11930.0972 | 0.0859 | 0.0045 | 0.0022 0 0.0067 | 0.0547 | 0.0543 | 0.0648 | 0.1091 | 0.1006 | 0.0674 | 0.0704

0.1203| 0.117 |0.0953 | 0.087 | 0.007 | 0.005 |0.0067 0 0.049210.049310.0581 [ 0.1045 | 0.094 |0.0616 | 0.0663

0.1289{0.1334|0.1052 | 0.0945 | 0.048 | 0.0501 | 0.0547 | 0.0492 0 0.005310.0203 | 0.0559 | 0.05 |0.0373|0.0488

0.1267{0.12840.1033 | 0.0922 | 0.0479 | 0.0509 | 0.0543 | 0.0493 | 0.0053 0 0.0188 10.0497 | 0.0517 | 0.0362 | 0.0484

0.1335{0.1388|0.1128 | 0.1025 | 0.0598 | 0.0601 | 0.0648 | 0.0581 | 0.0203 | 0.0188 0 0.0676 | 0.0595 | 0.0553 | 0.0635

0.1523]0.1579|0.1414 | 0.1274 | 0.0961 | 0.1075 | 0.1091 | 0.1045 | 0.0559 | 0.0497 | 0.0676 0 0.0396 | 0.0712 | 0.0793

0.1569{0.15510.1402 | 0.1315 | 0.0899 | 0.0955 | 0.1006 | 0.094 | 0.05 |0.0517|0.0595]0.0396 0 0.0875| 0.095

0.1371{0.1416|0.1144 | 0.0987 | 0.0587 | 0.0659 | 0.0674 | 0.0616 | 0.0373 | 0.0362 | 0.0553 | 0.0712 | 0.0875 0 0.0313

0.1408 | 0.1406|0.1193|0.1103 | 0.0645 | 0.0707 | 0.0704 | 0.0663 | 0.0488 | 0.0484 | 0.0635 | 0.0793 | 0.095 |0.0313 0

The list of triangle inequalities that are not satisfied
Dataset | Method | Number of Taxa [ Number of Tri. Ineq. | Tri. Inq. satisfied | Tri. Inq. not satisfied | %
Hum Dist| F86 15 455 423 32 7.03

Mammals Dataset (30 Elements):Mammals consists of a total of 30 taxa: 'Homo sap', 'Pan_trog',
'Pan_panisc', 'Gorilla', 'Pongo_pygB', 'Pongo_pygS', 'Hylobat la', harbor sel', 'grey seal', 'Felis_cat',
'Equus_cab', 'Rhinoceros', 'Bos ta cow', 'fin_whale', 'blue_whale', 'Rattus_norv', Mus_mouse',

'guinea pig', 'rabbit’, 'hedgehog', 'wallaroo', 'opossum', 'platypus', 'chicken', 'Xenopus la', 'carp', 'loach’
, 'trout', 'Atlant _cod' ve ' bichir'. Since the distance matrix of the mammals dataset is not suitable to be
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shown in the report, only the results obtained with the distance matrices calculated by BASEFREQ,
HAMMING and LOGDET methods are shown below. Distance matrices are given in the website.

The list of triangle inequalities that are not satisfied

Dataset Method | Number of Taxa | Number of Tri. Ineq. | Tri. Inq. satisfied | Tri. Inq. not satisfied | %
Mammals | BASEFREQ 30 4060 4060 0 0.00
Mammals | HAMMING 30 4060 4060 0 0.00
Mammals | LOGDET 30 4060 4060 0 0.00

Chainletters Dataset (33 Elements):Chainletters dateset consist of a total of 33 taxa. Since the distance
matrix of the Chainletters dataset is not suitable to be shown in the report, only the result is given below.
The distance matrix is given in the website.

The list of triangle inequalities that are not satisfied
Number of Taxa | Number of Tri. Ineq.
33 5456

Method
F86

Dataset
Chainletters

%
0.00

Tri. Inq. satisfied | Tri. Inq. not satisfied
5456 0

D_Loop_Vigillant Dataset (70 Elements):Consisting of a total of 70 taxa which are from D-loop human
mtDNA data olusan is examined, and the result is shown below. The distance matrix related to this dataset is
given in the website.

The list of triangle inequalities that are not satisfied

Dataset Method | Number of Number of Tri. Tri. Inq. Tri. Ing. not %

F86 70 52394 50521 1873 3.57

D Loop Vigilant

South Dataset (7 Elements):
The South dataset consists of a total of seven taxa: "Christchurch", "Wellington", "Dunedin", "Greymouth",
"Invercargill", "Picton" and "Queenstown". The distance matrix and the results are as shown below.
Distance Matrix

0 (403361249575
403 | 0 |764 424|968
361|764 0 |600|214
24914241600 0 |717
575|1968(214|717| 0O
3221139 654|343
535|938|310 555

322
139
654
343
897|185
897| 0 |857
185(857| 0

535
938
310
555

The list of triangle inequalities that are not satisfied

Dataset

Method

Number of Taxa

Number of Tri. Ineq.

Tri. Inq. satisfied

Tri. Inq. not satisfied

%

South

F86

7

35 29

6

17.14

Gromov Product Structures

>
o

Minimal A

-b-bwtv»—»—»—»—*,:U
AN DN N D[N
N QN[N [ DI | W
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51317 44.5
6|23 14.5
71415 11.5

MtCDNA Dataset ( 7 elements): The distance matrix obtained from the 7 species in total including tulips
such as homo sapiens, chimpanzees and orangutan and its examination is as shown below.
Distance Matrix:

0

0.356

0.345

0.4980.962

0.934

1.343

0.356

0

0.114

0.464|0.947

0.943

1.349

0.345

0.114

0

0.446| 0.94

0.946

1.318

0.498

0.464

0446 0

0.994

0.988

1.378

0.962

0.947

0.94

0.994| 0

0.202

1.432

0.934

0.943

0.946

0.9880.202

0

1.394

1.343

1.349

1.318

1.378|1.432

1.394

0

The list of triangle inequalities that are not satisfied

Dataset

Method

Number of Taxa

Number of Tri. Ineq.

Tri. Inq. satisfied

Tri. Inq. not satisfied | %

mtCDNA

F86

7

35

35

0 0.00

Chloroplast_Martin Dataset(10 Elements):Chloroplast Martin dataset consists of ten taxa, including

Gromov Product Structures

o

o

Minimal A

0.1665

0.0555

0.0415

0.244

0.098

0.082

NS I N EV/S NN V) F Y g |

W N [W|WI|N|[W|Ww

(oY RN Ko ) Ho ¥ BN J Ko g o)}

0.883

'Synechocys', 'Odontella’, 'Porphyra’, 'Cyanophora', 'Euglema’, 'Marchantia', 'Pinus', 'Nicotiana', 'Zea' and
'Oryza'. The distance matrix and results are as shown below.
Distance Matrisi :

0

0.42

0.33

0.33

0.51

0.44|0.46

0.47

0.49

0.49

0.42

0

0.36

0.4

0.5

0.47| 0.5

0.51

0.52

0.52

0.33

0.36

0

0.32

0.48

0.410.44

0.45

0.47

0.47

0.33

0.4

0.32

0

0.48

0.4 10.44

0.45

0.47

0.47

0.51

0.5

0.48

0.48

0

0.47| 0.5

0.5

0.51

0.51

0.44

0.47

0.41

0.4

0.47

0 ]0.22

0.24

0.28

0.28

0.46

0.5

0.44

0.44

0.5

022 0

0.22

0.25

0.25

0.47

0.51

0.45

0.45

0.5

0.24(0.22

0

0.15

0.15

0.49

0.52

0.47

0.47

0.51

0.2810.25

0.15

0

0.03

0.49

0.52

0.47

0.47

0.51

0.2810.25

0.15

0.03

The list of triangle inequalities that ar

€ not satisfied

Dataset

Method | Number of

Number of Tri. Ineq.

Tri. Inq. satisfied

Tri. Inq. not satisfied

%

Chloroplast Martin

F86 |10

120

120

0

0.00

Gromov Product Structures

Pl PZ P3 Minimal A
1 |31 4 0.17
21315 0.19
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31112 0.135
4 | 1]6 0.145
512 |8 0.245
51219 0.245
512110 0.245
6 |47 0.09
71619 0.095
716 |10 0.095
8169 0.055
816 |10 0.055
9|8 |10 0.015
10| 8 |19 0.015

Drosophila_Adh Dataset (11 Elements): The distance matrix of this dataset, created with 11 adh
sequences, is given below, and the results are as shown in the table.
Distance Matrix:

0 0.154 ]0.2356|0.3075|0.2924 {0.2563 | 0.3066 | 0.3049 | 0.2878 | 0.3147|0.3126
0.154 |0 0.2339]0.2984|0.29880.233 |0.288 |0.2827|0.2762|0.2996 | 0.2767
0.2356(0.2339|0 0.3238]0.3264|0.252 |0.3031 [0.3064 {0.2939|0.3036|0.2858
0.3075]0.2984|0.3238 | 0 0.0988(0.2536|0.2091 | 0.2041 | 0.1922 | 0.2067 | 0.2006
0.292410.2988|0.3264 | 0.0988 | 0 0.25580.2116 {0.224410.2151 {0.2219(0.2121
0.256310.233 |0.252 |0.2536(0.2558 |0 0.205310.205 |0.2053|0.2082 |0.2077
0.30660.288 |0.3031|0.2091|0.2116 0.2053 |0 0.0377]0.0634|0.0633|0.097
0.3049]0.2827|0.3064 | 0.2041 | 0.2244 1 0.205 |0.0377 |0 0.0547]0.0617|0.088
0.287810.2762]0.2939|0.1922 | 0.2151 { 0.2053 | 0.0634 | 0.0547 | 0 0.0591|0.0792
0.3147(0.2996 | 0.3036 | 0.2067 | 0.2219 | 0.2082 | 0.0633 | 0.0617 | 0.0591 | 0 0.0972
0.3126(0.2767|0.2858 | 0.2006 | 0.2121 | 0.2077|0.097 [0.088 |0.0792|0.0972|0

The list of triangle inequalities that are not satisfied

Dataset Method | Number | Number of Tri. Inq. Tri. Ing. not %

Drosophila Adh F86 11 120 120 0 0.00
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Violation of triangle inequalities for all datasets

No Dataset Method Number [ Number of Tri. Inq. Tri. Ing. not %
1 Algea BASEFREQ 8 56 22 34 60.71
2 Algea F81 8 56 56 0 0.00
3 Algea F84 8 56 56 0 0.00
4 Algea GTR 8 56 56 0 0.00
5 Algea HAMMING 8 56 56 0 0.00
6 Algea HKYS85 8 56 56 0 0.00
7 Algea K3ST 8 56 56 0 0.00
8 Algea LOGDET 8 56 56 0 0.00
9 Algea F84 8 56 56 0 0.00
10 Bee BASEFREQ 6 20 14 6 30.00
11 Bee F81 6 20 20 0 0.00
12 Bee F84 6 20 20 0 0.00
13 Bee GTR 6 20 20 0 0.00
14 Bee HAMMING 6 20 20 0 0.00
15 Bee HKYS85 6 20 20 0 0.00
16 Bee K3ST 6 20 20 0 0.00
17 Bee LOGDET 6 20 20 0 0.00
18 Chainletters F86 33 5456 5456 0 0.00
19 south F86 7 35 29 6 17.14
20 | Distance Between Euclidean 81 82160 51923 30237 36.80
21 Mammals BASEFREQ 30 4060 4060 0 0.00
22 Mammals HAMMING 30 4060 4060 0 0.00
23 Mammals LOGDET 30 4060 4060 0 0.00
24 | Primates-mtDNA | BASEFREQ 12 220 183 37 16.82
25 | Primates-mtDNA F81 12 220 220 0 0.00
26 | Primates-mtDNA F84 12 220 220 0 0.00
27 | Primates-mtDNA GTR 12 220 220 0 0.00
28 | Primates-mtDNA | HAMMING 12 220 220 0 0.00
29 | Primates-mtDNA HKY85 12 220 220 0 0.00
30 | Primates-mtDNA K3ST 12 220 220 0 0.00
31 Primates-mtDNA LOGDET 12 220 220 0 0.00
32 | Chloroplast Martin F86 10 120 120 0 0.00
33 Crab rRNA F86 13 286 283 3 1.05
34 | D Loop Vigilant F86 70 52394 50521 1873 3.57
35 Drosophila_Adh F86 10 120 120 0 0.00
36 Hum_Dist F86 15 455 423 32 7.03
37 mtCDNA F86 7 35 35 0 0.00
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Non-generic metrics in Phylogenetics: The Bee family

Ayse Hiimeyra Bilge
Kadir Has University

In phylognetics, discrepencies between species are measured by certain metrics defined via the
dissimilarites in their DNA of Protein Coding sequences. In many cases, these dissimilarity
measures do not satisfy triangle inequalities, hence they fail to be metrics in a mathematical sense.
Researchers in phylogenetics aim to generate evolutionary trees starting from these dissimilarity
measures, even if the metric they start with is not a tree metric. We recall that a metric is a tree
metric, if and only if for every quadruple of points (i,j,k,1) the the largest two of the numbers

dijtdu, dik+d;, dirtdik

are equal. This is a quite strong condition and it holds only in elementary textbook examples. Thus
realistic distance functions that one is likely to encounter in phylogenetics are not expected to have
tree structures. Nevertheless, the examples we studied also show that they may also fail to be
“generic” in the senses we defined for the classifications via Gromov products or quadrangles.

In this report we discuss a specific example which constituted the starting point of our approach to
the study of the examples from phylogenetics.

This is the example given on the webpage

http://page.math.tu-berlin.de/~joswig/tightspans/index.html
to illustrate the construction of the tight span of the metric below, for the distances between the
members of a Bee family:

Table 1: Distance Functions

A.andrenof A.mellifer A.dorsata A.cerana A.florea A.koschev

0.0 0.090103395 0.10339734 0.09601182 0.0044313148 0.07533235
0.090103395 0.0 0.09305761 0.090103395 0.09305761 0.10044313
0.10339734 0.09305761 0.0 0.116691284 0.106351554 0.10339734
0.09601182 0.090103395 0.116691284 0.0 0.098966025 0.098966025
0.0044313148 0.09305761 0.106351554 0.098966025 0.0 0.07828656
0.07533235 0.10044313 0.10339734 0.098966025 0.07828656 0.0



http://page.math.tu-berlin.de/~joswig/tightspans/index.html

When we compute their Gromov products we see that the metric is generic:

Table 2. Minimal Gromov Products

Pa Py P Aabe
1.0000 | 2.0000 | 5.0000 0.0007
2.0000 | 3.0000 | 4.0000 0.0332
3.0000 | 2.0000 | 6.0000 0.0480
4.0000 | 2.0000 | 6.0000 0.0443
5.0000 | 1.0000 | 4.0000 0.0037
6.0000 | 3.0000 | 5.0000 0.0377

From this table, we see that although the metric is generic, the minimal Gromov product at node
1 is small compared with the others.

We add random perturbations of order 1076 to the metric and we compute the Gromov products for
each perturbation. In most cases, although the perturbed metric remains generic, its Gromov
product type changes. As an example we present the full list of Gromov products for one such
perturbation. The values that are very close to each other are marked by (*).

Table 3. Gromov products of perturbed metrics for the bee family

A123 =0.050221562500000
A124 =0.048005910000000
A125 =0.000738549900000
A126 = 0.032496307500000
A134=10.041358938000000
A135=10.000738550400000
A136 =0.037666175000000
A145=10.000738554900000
A146=0.036189072500000
A1s6 = 0.000738552400000

Az13=0.039881832500000
A214=0.042097485000000
A215=0.089364845100000
A216=0.057607087500000
A234 = 0.033234860500000
Az3s = 0.039881833000000
Az36 = 0.045051700000000
Az45 = 0.042097490000000
A246 = 0.045790250000000
Ass56 = 0.057607090000000

A312=10.053175777500000
A314=0.062038402000000
A315=0.102658789600000
A316=0.065731165000000
A324=0.059822749500000
A325=0.053175777000000
Az26 = 0.048005910000000
Az45 = 0.062038406500000
Az46 = 0.060561299500000
Ass6 =0.065731167000000

A412 = 0.048005910000000
A3 = 0.054652882000000
A5 =0.095273265100000
A6 =0.059822747500000
Asp3 = 0.056868534500000
Agps =0.048005905000000
A6 =10.044313145000000
As35 =0.054652877500000
A436 =0.056129984500000
A4s6 =10.059822745000000

As12=0.003692764900000
As13=0.003692764400000
As14=0.003692759900000
As16=0.003692762400000
Asz3 =0.053175777000000
As24=0.050960120000000
Asz6 = 0.035450520000000
As34=0.044313147500000
As3s = 0.040620387000000
As46=0.039143280000000

* ¥ ¥ ¥

Ag12 = 0.042836042500000
Ag13=0.037666175000000
Ag14=0.039143277500000
Ag15 =0.074593797600000
Ag23 = 0.055391430000000
Ag24 = 0.054652880000000
Ag2s = 0.042836040000000
Ag34 = 0.042836040500000
Ag3s = 0.037666173000000
Agss = 0.039143280000000

As the next step we compute the Hamming distance, directly from their sequence codes, as

Table 4. Hamming distance metric for the Bee family




Py [Py | P3| Ps| Ps|Ps
Pi| 0|61]70]65| 3 |51
P| 61| 0 |63|61|63]|68
P;|70|63| 0 |79|72]|70
Ps| 656179 0 | 67|67
Ps| 3163|7267 | 0 |53
Pe| 5168|7067 53| 0

Gromov products are computed and it is seen that the metric is not generic.

Table 5. The non-generic Gromov product structure for the Bee family

Aabc
0.5
0.5
0.5
0.5
22.5
32.5
30.0
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Note that the distance between P1 and Ps is exactly 3=0.5+2.5, that is the 6-point graph, the distance
between auxiliary points is zero. This means, the metric effectively a 5-point metric, with a
branching in one of the auxiliary nodes, as shown below. It can be seen that as a 5-point it is of
Type B. This example shows that, dissimilarity measures used in phylogenetics should be treated
with care, in order to determine stable properties of species to be analysed.

P, Ps

Py P




Table 6. Hamming distance metric for the reduced Bee family

Qi | Q | Q3 | Q4 | Qs

Q1| 0 [38.0]37.0[34.5]25.0

Q2/380] 0 8.0 | 8.5 ]120.0

Q3370 80 | 0 [16.5]12.0

Q4[345] 85 [165] 0 |11.5

Q6250]200]120]115] O

Gromov products are computed and it is seen that the metric is now generic.

Table 7. Gromov product structure for the reduced Bee family

Qa| Qb | Qc Aabe
1 12 ]6 21.5
21314 0
31216 0
4 1216 0
6 | 113 0

The reduced metric has Type B and the graph representation is as below.

P

\Ql R/é-
N\

PS Q4

/\ o

P4 P>

The distances in the graph above are
d(P1,Q1)=0.5, d(Ps,Q1)=2.5, d(Pe,Q6)=25.5,
d(P2,Q2)=22.5, d(P4,Q4)=30.0, d(Q1,R1)=21.5,
d(R1,Q4)=13.0, d(Qs,Q3)=12.0, d(Qs3,Q2)=8.0,
d(R1,Q2)=16.5, d(Qe,Q4)=11.5.

d(P3,Q3)=32.5,
d(R1,Q6)=3.5,
d(Q2,Q4)=8.5,



We redraw the graph to get a form more suitable to the optimal reduction of Type B metric.

P3
P6
12.0

3.5

115
8.0

16.5
13 R1

8.5

P4 P2

In this graph we apply Delta-Y transform to the triangle (R1,Qs,Q4), to get the figure below.

P3
- P6
12.0

S———— 8.0

105 R1

8.5

P4 P2

At this step we can move the line segment (R1,Q>) to right or to left:

P3
P6
12.0
1 3.5
2.5 12.0

105 R1 45

8.5

P4 P2

If we move to left we get the figure above, in which to total length is decreased by 4.5. If we move
to right we get the next graph.
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R
105 105

25 6.0

P4 P2

In the second graph, the total length is decreased by 6. Thus the second graph is the optimal
realization. But if we consider these reduction as alternatives for ancestor reconstruction, both
graphs seem plausible.
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We use finite metric space methods to decide whether a given distance function can be approximated by a tree.

1 Introduction

In phylognetics, discrepancies between species are measured by certain metrics, such as Hamming, JC69 (1),
K80 (2), F81 (3), K81 (4), HKY85 (5), defined via the dissimilarities in their DNA or Protein Coding sequences.
In many cases, these dissimilarity measures do not satisfy triangle inequalities, hence they fail to be metrics
in a mathematical sense. Researchers in phylogenetics aim to generate evolutionary trees starting from these
dissimilarity measures, even if the metric they start with is not a tree metric. In this work we obtain criteria for
deciding whether a given metric can be approximated by a tree metric.
In the mathematical sense, a set of distances d;; among objects is a “metric” if these distances satisfy the
triangle inequality,
dij + dji > dig, (D

for each ¢, j, k, i.e, for every triple of points { P;, P;, Py }. Thus, when we find a candidate for an approximate tree
metric, we have to ensure that triangle inequalities are satisfied.

Our criterion for deciding on the existence of a tree metric will be given in terms of the metric structure of
quadruples of points {P;, P;, Py, P;}. The collection of these points (without any order relation implied, will be
denoted as a a quadrangle Q(4, j, k, 1). The order relations among the quantities

a=dij +dp, b=diy+dj, c=dy+dj ()

determine the shape of the graphs that represent the distances among these points. We may assume thata > b > c.
If a = b = c then the graph is star shaped, if a = b > c then it is tree-like, and if @ > b (irrelevant of the order
relation between b and c, it has a loop. It is known that such a metric is representable by a tree, if and only if for
every quadruple of points (7, j, k, ) the largest two of the numbers are equal.

This is a quite strong condition that holds exactly only for very special, simple examples. Thus realistic
distance functions that one is likely to encounter in phylogenetics do not satisfy this criterion exactly.

In order to determine the degree of approximation we performed a number of simulations by giving random
perturbations to the sequences. We compute distance matrices for every taxa by using Hamming distance. Then
with 200 trials and by altering the 10% of DNA of Protein Coding sequence members the stability of the metric is
studied. The process of altering the sequence for each trial is done by random perturbations in the sequence itself,
meaning that 10% of characters in the total number of taxon of each family sequences are randomly selected and
randomly replaced by either one of the four characters ‘a’, ‘g’, ‘t’ or ‘c’. We implemented our algorithm by using
a program that is coded in Python and MATLAB. In this study, we discussed some specific families as examples;
the Bee, Algae, Bat, Zebra Fish families. We have seen that this was in fact leading to about 10% change in the
metrics.

In order to decide whether the metric can be represented by a tree or not, we proceed as follows. For each
quadrangle Q(%, j, k, 1), we compute the quantities a, b, ¢ defined in (2) and order them as a > b > ¢. We compute
the differences a — b and a — c. We then compute the ratios 7,4, and 7min,

Tmaz = maz{(a —b)/a,(a —c)/a} Tmin = min{(a —b)/a,(a —c)/a}



for all quadrangles and pick a threshold level a. If

maz(rmin) < Q, 3)
then the tree metric d approximating the given metric d should have @ = b. Note that

a(l—a) <b<a.
If |d~ij — d;;| < €, then it can be seen that (3) will hold, provided that

b—(1—a)a

The critical question is to be able to choose € is small enough to ensure that the perturbed distance functions d
satisfy triangle inequalities.

2 Bee Family

The Bee family is an example studied by [ref]. It consists of 6 species: A.andrenof; A.mellifer; A.dorsata;
A.cerana; A.florea; A.koschev. DNA of Protein Coding sqeuence of this family is obtained from a well-known
phylogenetic program of Huson and Bryant (6) namely SplitsTree4. The original distance matrix (D;) and the
minimal Gromov products that appear after these alterations are given below:

0 61 70 65 3 51
61 0 63 61 63 68
70 63 0 79 T2 70 )
65 61 79 0 67 67
3 63 72 67 0 53
51 68 70 67 53 O

D,

The quadrangle excess’s are listed in the tables below. For all generic quadrangles 7,,;, < 0.12, hence the
metric can be approximated by a tree metric at level @ = 0.12.

QUi, 5,k 1) | dij +diy | dir +dji | du +dji | Tmin | Tmaax
0(1,2,3,4) | 140 131 128 [0.0643 | 0.0857
Q(1,2,3,5) 133 133 66 0.5038 | 0.5038
Q(1,2,3,6) 131 138 114 0.0507 | 0.1739
0(1,2,4,5) | 128 128 64 | 0.5000 | 0.5000
0(1,2,4,6) | 128 133 112 | 0.0376 | 0.1579
0(1,2,5,6) | 114 71 114 | 0.3772 | 0.3772
0(1,3,4,5) | 137 137 82 | 0.4015 | 0.4015
Q(1,3,476) 137 135 130 0.0146 | 0.0511
0(1,3,5,6) | 123 73 123 | 0.4065 | 0.4065
0(1,4,5,6) | 118 70 118 | 0.4068 | 0.4068
0(2,3,4,5) | 130 133 142 | 0.0634 | 0.0845
0(2,3,4,6) | 130 131 147 | 0.1088 | 0.1156
Q(2,3,5,6) 116 133 140 0.0500 | 0.1714
0(2,4,5,6) | 114 130 135 | 0.0370 | 0.1556
Q(3,4,5,6) 132 139 137 0.0144 | 0.0504

3 Algea Family

In this paragraph we will investigate the Algae family, this family has 8 members consisting of Tobacco, Rice,
Marchantia, Chlamydomonas, Chlorella, Euglena, Anacystis Nidulans and Olithodiscus and the length of each
DNA sequence is 920. (6) The original distance matrix (D3) of the Algea family and the minimal Gromov products
that appear after these alterations are given below:



Here the metric is tree reducible at level o = 0.11.

[0 25 28 107 85 134 114 131

25 0 38 114 93 140 121 134

28 38 0 94 71 121 111 123

p,_ | 107 114 94 0 106 141 134 147

27| 8 93 71 106 0 113 120 119

134 140 121 141 113 0 154 133

114 121 111 134 120 154 0 126

| 131 134 123 147 119 133 126 0 |
QUi, 5,k 1) | dij +diy | dir +dji | du +dji. | Tmin | Tmae
Q(1,2,3,4) 119 142 145 | 0.0207 | 0.1793
Q(1,2,3,5) 96 121 123 | 0.0163 | 0.2195
Q(1,2,3,6) 146 168 172 | 0.0233 | 0.1512
Q(1,2,3,7) 136 149 152 | 0.0197 | 0.1053
Q(1,2,3,8) 148 162 169 | 0.0414 | 0.1243
Q(1,2,4,5) 131 200 199 | 0.0050 | 0.3450
Q(1,2,4,6) 166 247 248 | 0.0040 | 0.3306
Q(1,2,4,7) 159 228 228 | 0.3026 | 0.3026
Q(1,2,4,8) 172 241 245 | 0.0163 | 0.2980
Q(1,2,5,6) 138 225 227 | 0.0088 | 0.3921
Q(1,2,5,7) 145 206 207 | 0.0048 | 0.2995
Q(1,2,5,8) 144 219 224 | 0.0223 | 0.3571
Q(1,2,6,7) 179 255 254 | 0.0039 | 0.2980
Q(1,2,6,8) 158 268 271 | 0.0111 | 0.4170
Q(1,2,7,8) 151 248 252 | 0.0159 | 0.4008
Q(1,3,4,5) 134 178 179 | 0.0056 | 0.2514
Q(1,3,4,6) 169 228 228 | 0.2588 | 0.2588
Q(1,3,4,7) 162 218 208 | 0.0459 | 0.2569
Q(1,3,4,8) 175 230 225 | 0.0217 | 0.2391
Q(1,3,5,6) 141 206 205 | 0.0049 | 0.3155
Q(1,3,5,7) 148 196 185 | 0.0561 | 0.2449
Q(1,3,5,8) 147 208 202 | 0.0288 | 0.2933
Q(1,3,6,7) 182 245 235 | 0.0408 | 0.2571
Q(1,3,6,8) 161 257 252 | 0.0195 | 0.3735
Q(1,3,7,8) 154 237 242 | 0.0207 | 0.3636
Q(1,4,5,6) 220 226 240 | 0.0583 | 0.0833
Q(1,4,5,7) 227 219 220 | 0.0308 | 0.0352
Q(1,4,5,8) 226 232 237 | 0.0211 | 0.0464
Q(1,4,6,7) 261 268 255 | 0.0261 | 0.0485
Q(1,4,6,8) 240 281 272 | 0.0320 | 0.1459
Q(1,4,7,8) 233 261 265 | 0.0151 | 0.1208
Q(1,5,6,7) 239 254 227 | 0.0591 | 0.1063
Q(1,5,6,8) 218 253 244 | 0.0356 | 0.1383
Q(1,5,7,8) 211 233 251 | 0.0717 | 0.1594
Q(1,6,7,8) 260 247 285 | 0.0877 | 0.1333

(6)



Qi,j, k,1) | dij +di | die +dji | da +djie | Tmin | Tmaz
0(2,3,4,5) | 144 185 187 [ 0.0107 | 0.2209
0(2,3,4,6) | 179 235 234 | 0.0043 | 0.2383
Q(2,3,4,7) 172 225 215 0.0444 | 0.2356
Q(2,3,4,8) 185 237 228 0.0380 | 0.2194
0(2,3,5,6) | 151 214 211 | 0.0140 | 0.2944
0(2,3,5,7) | 158 204 192 | 0.0588 | 0.2255
0(2,3,5,8) | 157 216 205 | 0.0509 | 0.2731
Q(2,3,6,7) 192 251 242 0.0359 | 0.2351
Q(2,3,6,8) 171 263 255 0.0304 | 0.3498
0(2,3,7,8) | 164 244 245 | 0.0041 | 0.3306
Q(2,4,5,6) | 227 234 246 | 0.0488 | 0.0772
Q(2,4,5,7) | 234 227 227 | 0.0299 | 0.0299
0(2,4,5,8) | 233 240 240 | 0.0292 | 0.0292
Q(2,4,6,7) 268 274 262 0.0219 | 0.0438
0(2,4,6,8) | 247 287 275 | 0.0418 | 0.1394
0(2,4,7,8) | 240 268 268 | 0.1045 | 0.1045
0(2,5,6,7) | 247 260 234 | 0.0500 | 0.1000
0(2,5,6,8) | 226 259 247 | 0.0463 | 0.1274
Q(2,5,7,8) 219 240 254 0.0551 | 0.1378
Q(2,6,7,8) 266 254 288 0.0764 | 0.1181
Q(3,4,5,6) 207 212 227 0.0661 | 0.0881
Q(3,4,5,7) | 214 205 217 | 0.0138 | 0.0553
0(3,4,5,8) | 213 218 229 | 0.0480 | 0.0699
Q(3,4,6,7) 248 255 252 0.0118 | 0.0275
Q(3,4,6,8) 227 268 264 0.0149 | 0.1530
0(3,4,7,8) | 220 258 257 | 0.0039 | 0.1473
0(3,5,6,7) | 225 241 224 | 0.0664 | 0.0705
0(3,5,6,8) | 204 240 236 | 0.0167 | 0.1500
0(3,5,7,8) | 197 230 243 | 0.0535 | 0.1893
0(3,6,7,8) | 247 244 277 | 0.1083 | 0.1191
0(4,5,6,7) | 260 261 247 | 0.0038 | 0.0536
0(4,5,6,8) | 239 260 260 | 0.0808 | 0.0808
Q(4,5,7,8) | 232 253 267 | 0.0524 | 0.1311
Q(4,6,7,8) | 267 267 301 | 0.1130 | 0.1130
Q(5,6,7,8) 239 253 273 0.0733 | 0.1245

4 Lasiurus (Red Bats) Family

The last family we investigated is Lasiurus family which consists of 18 red bats species. As seen in Table 1,
although some of red bats’ species or locations are the same they were defined via different tissue vouchers. We
evaluated DBY squences of Lasiurus family whose length is 1362. The original distance matrix (D) is given

below:
o 856 856 942 847
0] 1 857 834
0 858 834
0 916
0
D p—

808
866
866
922
529

847
834
834
916

529

917
963
963
885
918
909
918

925
962
963
864
939
925
939
363

917
963
963
885
918
909
918

363
0

922
932
932
824
927
923
927
790
830
790
0

922
932
932
824
927
923
927
790
830
790
0

931
937
938
707
918
925
918
870
868
870
824
824
0

931
937
938
707
918
925
918
870
868
870
824
824
0

944
852
853
149
921
914
921
875
867
875
823
823
701
701

857

856
833
866
833
963
962
963
932
932
936
936
851

946
912
913
217
919
902
919
877
863
877
826
826
698
698
83
911

938
936
937
864
919
945
919
836
809
836
816
816
862
862
872
935
872
0

(7

The number of quadrangles is 3060. Among these 598 are exactly degenerate. The remaining 2462 the maximum

of rin 18 0.0773, thus the distance metric for the family is tree reducible at the level 0.0773.



S Fish family

Table 1: Lasirius (Red Bats) Family.

P, Genus Species Tissue voucher Locality

1 Lasiurus atratus F54400 Guyana

2 Lasiurus blossevillii F44348 Brazil

3 Lasiurus blossevillii F44354 Brazil

4 Lasiurus borealis AK21073 Kansas
5  Lasiurus cinereus AK11014 Queretaro
6  Lasiurus cinereus NK11502 Bolivia
7  Lasiurus  cinereus NK8096 Baja Cal
8  Lasiurus ega AK1635 Tamaulipas
9  Lasiurus ega NK15304 Bolivia
10 Lasiurus ega SP12622 Guatemala
11 Lasiurus  egregius F54554 Guyana
12 Lasiurus  egregius F54845 Suriname
13 Lasiurus  pfeifferi TK32016 Cuba
14 Lasiurus  pfeifferi TK32029 Cuba

15 Lasiurus  seminolus AK21348 Texas
16 Lasiurus frantzii F34142 Guatemala
17  Lasiurus varius AK16070 Argentina
18 Lasiurus  xanthinus NK11103 New Mexico

This family has 20 members. Hamming distances are given below. This family is not tree-reducible. Quadrangle
conditions are computed. Those quadrangles that are not tree reducible are listed. The largest a value is 0.3333.
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1,7, k, l) dij +d | dig + djl dy + djk Tmin Tmaz
1,3,6,9) 6 12 8 0.3333 | 0.5000
1,3,6, 10) 6 12 8 0.3333 | 0.5000
1,3,6, 11) 7 13 9 0.3077 | 0.4615
1,2,3,5) 6 8 6 | 0.2500 | 0.2500
1,2, 3, 4) 7 9 7 0.2222 | 0.2222
1,2,3,8) 7 9 7 0.2222 | 0.2222
3,9,6, 9) 9 7 7 0.2222 | 0.2222
3,9,6, 10) 9 7 7 0.2222 | 0.2222
1,2,3,7) 8 10 8 | 0.2000 | 0.2000
2,5,6,9) 10 8 6 | 0.2000 | 0.4000
2,5,6,10) 10 8 6 0.2000 | 0.4000
3,4,6,9) 10 8 8 0.2000 | 0.2000
3,4,6, 10) 10 8 8 0.2000 | 0.2000
3,9,6, 11) 10 8 8 0.2000 | 0.2000
1,2,6,9) 5 11 9 |0.1818 | 0.5455
1,2,6,10) 5 11 9 |0.1818 | 0.5455
1,3,5,6) 3 9 11 0.1818 | 0.7273
1,3,5, 9) 5 11 9 0.1818 | 0.5455
1,3,5, 10) 5 11 9 0.1818 | 0.5455
2,3,6,9) 5 11 9 |0.1818 | 0.5455
2,3,6,10) 5 11 9 0.1818 | 0.5455
2,4,6,9) 11 9 7 ]0.1818 | 0.3636
2,4,6, 10) 11 9 7 0.1818 | 0.3636
2,5,6, 11) 11 9 7 0.1818 | 0.3636
3,4,6 11) 11 9 9 0.1818 | 0.1818
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SOOI Y 0000000000000 DO

[ I R N I N N e e e e N o T = i = N I N N N e e e N S N o e A CC)

19 23 19 0.1739 | 0.1739
2 10 12 0.1667 | 0.8333
6 12 10 0.1667 | 0.5000
4 10 12 0.1667 | 0.6667
6 12 10 0.1667 | 0.5000
6 12 10 0.1667 | 0.5000
6 12 10 0.1667 | 0.5000
10 12 10 0.1667 | 0.1667
10 12 10 0.1667 | 0.1667
10 12 10 0.1667 | 0.1667
4 12 10 0.1667 | 0.6667
4 12 10 0.1667 | 0.6667
6 12 10 0.1667 | 0.5000
12 10 8 0.1667 | 0.3333
3 11 13 0.1538 | 0.7692
9 13 11 0.1538 | 0.3077
7 13 11 0.1538 | 0.4615
11 13 11 0.1538 | 0.1538
11 13 11 0.1538 | 0.1538
11 13 11 0.1538 | 0.1538
11 13 11 0.1538 | 0.1538
13 9 11 0.1538 | 0.3077
13 9 11 0.1538 | 0.3077
) 13 11 0.1538 | 0.6154
5 13 11 0.1538 | 0.6154
5 13 11 0.1538 | 0.6154
9 13 11 0.1538 | 0.3077
9 13 11 0.1538 | 0.3077
13 11 7 0.1538 | 0.4615




Qi j,k,1) dij +di | dig +dji | day +dji | Tmin | Tmae
Q(1,2,6,7) 10 14 12 0.1429 | 0.2857
0(1,3,7,11) 12 14 12 |0.1429 | 0.1429
Q(1,4,8,9) 14 10 12 |0.1429 | 0.2857
0(1,4,8,10) 14 10 12 | 0.1429 | 0.2857
Q(1,5,7,9) 14 10 12 | 0.1429 | 0.2857
Q(1,5,7,10) 14 10 12 | 0.1429 | 0.2857
Q(1,5,8,11) 14 10 12 0.1429 | 0.2857
Q(1,6,8,9) 14 10 12 |0.1429 | 0.2857
Q(1,6,8,10) 14 10 12 |0.1429 | 0.2857
Q(2,3,4,11) 6 14 12 0.1429 | 0.5714
Q(2,3,7,9) 10 14 12 | 0.1429 | 0.2857
Q(2,3,7,10) 10 14 12 0.1429 | 0.2857
Q(2,3,8,11) 10 14 12 |0.1429 | 0.2857
Q(2,5,6,8) 14 12 8 0.1429 | 0.4286
0(2,5,8,9) 14 10 12 | 0.1429 | 0.2857
Q(2,5,8,10) 14 10 12 | 0.1429 | 0.2857
0(3,4,6,8) 14 12 8 | 0.1429 | 0.4286
Q(3,5,6,7) 14 12 8 0.1429 | 0.4286
0(3,6,8,9) 12 10 14 |0.1429 | 0.2857
Q(3,6,8,10) 12 10 14 | 0.1429 | 0.2857
0(2,15,17,19) | 64 62 74 | 0.1351 | 0.1622
0(3,15,17,19) | 64 61 74 | 0.1351 | 0.1757
Q(6,15,17,19) 64 63 74 0.1351 | 0.1486
0(1,4,7,9) 15 11 13 | 0.1333 | 0.2667
Q(1,4,7,10) 15 11 13 | 0.1333 | 0.2667
0(1,4,8,11) 15 1 13 |0.1333 | 0.2667
0(1,5,7,11) 15 1 13 |0.1333 | 0.2667
Q(1,6,7,9) 15 11 13 0.1333 | 0.2667
0(1,6,7,10) 15 11 13 |0.1333 | 0.2667
0(1,6,8,11) 15 11 13 | 0.1333 | 0.2667
0(1,6,12,13) 35 39 45 | 0.1333 | 0.2222
0(2,3,7,11) 11 15 13 |0.1333 | 0.2667
0(2,4,6,8) 15 13 9 | 0.1333 | 0.4000
Q(2,4,8,9) 15 11 13 0.1333 | 0.2667
0(2,4,8,10) 15 11 13 | 0.1333 | 0.2667
0(2,5,6,7) 15 13 9 | 0.1333 | 0.4000
0(2,5,7,9) 15 1 13 |0.1333 | 0.2667
0(2,5,7,10) 15 1 13 |0.1333 | 0.2667
Q(2,5,8,11) 15 11 13 0.1333 | 0.2667
0(3,4,6,7) 15 13 9 | 0.1333 | 0.4000
Q(3,6,7,9) 13 11 15 | 0.1333 | 0.2667
0(3,6,7,10) 13 1 15 |0.1333 | 0.2667
0(3,6,8,11) 13 1 15 |0.1333 | 0.2667




6 Primates

Q(i,7,k,1) dij +dp | die +dji | diy +dj | Tmin | Tmac
0(2, 14, 15,19) 53 54 62 |0.1290 | 0.1452
Q(3,14,15,19) 52 54 62 0.1290 | 0.1613
Q(6,14,15,19) 52 54 62 0.1290 | 0.1613
0(1,4,7,11) 16 12 14 |0.1250 | 0.2500
Q(1,6,7,11) 16 12 14 | 0.1250 | 0.2500
Q(1,6,9,15) 32 27 28 |0.1250 | 0.1563
Q(1,6,10,15) 32 27 28 |0.1250 | 0.1563
0(2,4,6,7) 16 14 10 | 0.1250 | 0.3750
0(2,4,7,9) 16 12 14 | 0.1250 | 0.2500
0(2,4,7,10) 16 12 14 [0.1250 | 0.2500
0(2,4,8,11) 16 12 14 [0.1250 | 0.2500
0(2,5,7,11) 16 12 14 [0.1250 | 0.2500
0(3,6,7,11) 14 12 16 |0.1250 | 0.2500
Q(13,15,17,19) 71 68 81 0.1235 | 0.1605
0(1,3,9,13) 28 30 34 |0.1176 | 0.1765
0(1,3,10,13) 28 30 34 |0.1176 | 0.1765
0(1,8,9, 14) 30 2% 34 |0.1176 | 0.1765
Q(2,4,7,11) 17 13 15 | 0.1176 | 0.2353
Q(3,8,9,14) 30 30 34 0.1176 | 0.1176
Q(6,9,12,15) 32 43 38 0.1163 | 0.2558
Q(8,9,12,15) 36 43 38 0.1163 | 0.1628
Q(13,14,15,19) | 59 61 69 | 0.1159 | 0.1449
0(1,3,11,13) 29 31 35 | 0.1143 | 0.1714
Q(1,7,9,14) 31 29 35 0.1143 | 0.1714
Q(1,8711714) 31 29 35 0.1143 | 0.1714
Q(2,8,9,14) 31 29 35 | 0.1143 | 0.1714
0(3,7,9,14) 31 31 35 | 0.1143 | 0.1143
Q(3,8,11,14) 31 31 35 0.1143 | 0.1143
Q(7,9,12,15) 37 44 39 0.1136 | 0.1591
Q(2,9,14,15) 28 53 47 0.1132 | 0.4717
Q(6,8,13,16) 58 63 71 0.1127 | 0.1831
Q(1,2,3,12) 16 18 16 |0.1111 | 0.1111
0(1,7,11,14) 32 30 36 | 0.1111 | 0.1667
0(1,8,9,13) 32 31 36 | 0.1111 | 0.1389
0(1,8,10,13) 32 31 36 | 0.1111 | 0.1389
0(2,7,9,14) 32 30 36 | 0.1111 | 0.1667
Q(2,8,11,14) 32 30 36 |0.1111 | 0.1667
Q(3,7,11, 14) 32 32 36 | 0.1111 | 0.1111
Q(6,7,13,16) 59 64 72 | 0.1111 | 0.1806
Q(8,15,17,19) 64 63 72 | 0.1111 | 0.1250

This family has 12 members. The normalized Hamming distance matrix is given below. It is shown that the metric
is tree-reducible at the level o = 0.069.

4]

0.3080
0.3091
0.2934
0.2926
0.2956
0.2822
0.2889
0.2979
0.2867
0.2854
0.2520

References

0.3091 0.2934
0.0893 0.1038
0.0893 0 0.1060
0.1060 0

0.1709 0.1665
0.1886 0.1886
0.2433 0.2366
0.2511 0.2355
0.2679 0.2623
0.2489 0.2444
0.2844
0.3210

0.3080
0

0.1038
0.1609
0.1819
0.2321
0.2333
0.2489
0.2556
0.2732
0.3221

0.2710
0.3143

0.2926
0.1609
0.1709
0.1665

0.1877
0.2447
0.2469
0.2615
0.2413
0.2836
0.3035

0.2956
0.1819
0.1886
0.1886
0.1877

0.2467
0.2388
0.2567
0.2422
0.2688
0.3087

0.2822
0.2321
0.2433
0.2366
0.2447
0.2467

0.0357
0.0837
0.1239
0.2889
0.3143

0.2889
0.2333
0.2511
0.2355
0.2469
0.2388
0.0357

0.0926
0.1194
0.2934
0.3166

0.2979
0.2489
0.2679
0.2623
0.2615
0.2567
0.0837 0.1239
0.0926 0.1194
0 0.1228
0.1228 0
0.2867 0.2867
0.3110 0.3188

0.2867
0.2556
0.2489
0.2444
0.2413
0.2422

0.2854
0.2732
0.2844
0.2710
0.2836
0.2688
0.2889
0.2934
0.2867
0.2867

0
0.3199

0.2520
0.3221
0.3210
0.3143
0.3035
0.3087
0.3143
0.3166
0.3110
0.3188
0.3199

€))

1. T. H. JUKES, C. R. CANTOR, Mammalian Protein Metabolism, H. MUNRO, ed. (Academic Press, 1969), pp.

21 -132.



W

SN b

. M. Kimura, Journal of molecular evolution 16, 111 (1980).

. J. Felsenstein, Journal of molecular evolution 17, 368 (1981).

. M. Kimura, Proceedings of the National Academy of Sciences - PNAS 78, 454 (1981).
. M. Hasegawa, H. Kishino, T.-a. Yano, Journal of Molecular Evolution 22, 160 (1985).
. D. H. Huson, D. Bryant .



Phylogenetic Data for Biological Organisms

The most crucial step in phylogenetic constructions is the multiple sequence
alignment of DNA or protein sequences of N distinct species (taxons) that will
provide the degree of similarity or differences which is often expressed with N(N-1)/2
pairwise distances. The biological organisms which display conflicting bifurcating
tree-based models due to reticulate events [1. 2] were specifically selected for this
study.

Reticulate evolution is a direct result of horizontal gene transfer (HGT). hybridization
or recombination. HGT 1is the direct transfer of genes between organisms and
frequently encountered in bacteria and prokaryotes [3. 4]. Because of HGT. the
phylogenetic analysis of different genes that belong to the same set of taxons can give
rise to different phylogenetic trees. In hybridization which is ubiquitious in plants.
two species hybridize and merge their chromosomes to produce a hybrid species
which is rarely reproductive and rarely evolves as a distinct species [5. 6]. In
recombination. similar DNA sequences are shuffled to produce new combinations of
the genetic material. This may result in different phylogenetic constructions for
different segments of an individual gene [7]. In all these cases mentioned so far. the
problem is addressed using a phylogenetic network model that incorporates different
gene variations.

A variety of organisms was studied in this project; bee, fish, algea, HIV virus. and
muskrats. The distance matrices were either generated using the aligned
DNA/RNA/protein sequences or directly adopted from previously published works.

4.1. Bee family

Already aligned short DNA sequences (677 nucleotides) of six species of bees were
considered to generate the distance matrix given below. This data set originates from
the example file bees.nex of the SpitsTree program by Huson and Bryant (Huson and
Bryant, 2006)

A.andrenof A.mellifer A.dorsata A.cerana A florea A .koschev
A.andreno | 0.0
A.mellifer | 0.090103395 | 0.0
A.dorsata | 0.10339734 0.09305761 | 0.0
A.cerana 0.09601182 0.090103395 | 0.116691284 | 0.0
A florea 0.004431314 | 0.09305761 | 0.106351554 | 0.098966025 | 0.0
A koschev | 0.07533235 0.10044313 | 0.10339734 | 0.098966025 | 0.07828656 | 0.0

4.2 Barbus fish family:




The following distance values were reported by Khaefi and his coworkers (Khaefi et
al. 2018) for 33 gene sequences of cytochrome oxidase subunit I of two genera.
Luciobarbus and Barbus. Later the sequences were aligned and intergentic distances
were calculated by Mega software and Kimura 2-parameter distance method.

B. lacerta |L. mursa |L. capito [L. pectoralis |L. barbulus |L. xanthopterus t Ezzjbiﬂlus L. kersin |L. esocinus t g:rz?#(l)gierus
B. lacerta 0.0
L. mursa 11.03 0.0
L. capito 9.72 9.75 0.0
L. pectoralis  |8.49 9.59 2.48 0.0
L. barbulus 9.44 9.97 3.07 1.79 0.0
L. xanthopterus |8.85 9.62 2.51 1.44 1.01 0.0
L. kersin
L barbulus 9.28 9.73 2.60 1.72 0.71 1.01 0.0
L. kersin 10.37 10.15 14.35 3.63 3.28 3.08 3.37 0.0
L. esocinus 8.85 9.51 2.60 1.35 0.91 0.09 1.10 2.98 0.0
L. barbulus
L. xanthopterus 8.8 9.74 2.22 1.35 1.83 0.27 0.73 2.98 0.36 0.0

4.3 Algea family: Selected RNA sequences were used to calculate eight different
distance values using the aligned RNA sequences of 920 nucleotides following the
distance tables. This data set originates from the example file bees.nex of the
SpitsTree program by Huson and Bryant (Huson and Bryant, 2006)

Hamming Distance:

Tobacco Rice Marchantia I?ll;l;:slydo_ Chlorella |Euglena Iﬁiﬁ;’z?— Olithodiscus
Tobacco 0.00
Rice 0.026115343{0.00
Marchantia 0.02937976 10.041304346(0.00
Chlamydomonas |0.112445414/0.12104689 [0.099236645(0.00
Chlorella 0.07836644 0.088202864|0.06394708 |0.09955752|0.00
Euglena 0.13626374 0.14379802 |0.12294182 |0.14207049{0.1160221 (0.00
Anacystis_nidulans|0.12295974 [0.13152175 [0.12065218 |0.14285715]|0.11797133{0.15916575(0.00
Olithodiscus 0.14052288 |0.14472252 |0.132753 0.15611354(0.11589404|0.13516484(0.13601741|0.00
BaseFreq Distance:
Tobacco Rice Marchantia rcntl)]r?:slydo_ Chlorella Euglena ﬁgﬁ?ﬁ?s_ Olithodiscus
Tobacco 0.00
Rice 0.0142785680.00
Marchantia 0.029512519]0.01523395 |0.00
Chlamydomonas [0.071786016|0.057507448|0.0422735 0.00
Chlorella 0.06681672 {0.052538153(0.0373042  |0.013322151{0.00
Euglena 0.1659604 |0.15168183 [0.13644788 |0.094174385/0.0991436840.00
Anacystis_nidulans|0.029512519(0.01523395 |0.0065288357|0.0422735 {0.0373042 |0.13644788 |0.00
Olithodiscus 0.1503268 |0.13604823 [0.12081428 |0.07854078 |0.08351008 [0.018511336|0.12081428|0.00

Ledget Distance




Tobacco Rice Marchantia r(illcl)lgzydo- Chlorella |Euglena ﬁ‘ﬁi‘iﬁss— Olithodiscus
Tobacco 0.00
Rice 0.027883343|0.00
Marchantia 0.032022476(0.04496163(0.00
Chlamydomonas |0.12754661 [0.13690494|0.10953057/0.00
Chlorella 0.085726134(0.09710287(0.06816578|0.111699775|0.00
Euglena 0.14987901 |0.15935506(0.13410266|0.15984116 |0.12607436(0.00
Anacystis_nidulans|0.14177562 [0.15307303(0.13834897|0.16407073 |0.1351617 |0.17630866|0.00
Olithodiscus 0.15844822 0.16529733|0.14937684/0.17930831 {0.12735935(0.15113328|0.15074529|0.00
F81 Distance:
Tobacco Rice Marchantia r(r:l}:)f:;ydo_ Chlorella |Euglena ﬁiﬁiﬁﬁtsig Olithodiscus
Tobacco 0.00
Rice 0.026580855|0.00
Marchantia 0.02997069 |0.042485278|0.00
Chlamydomonas [0.12182498 [0.13201238 [0.10644535|0.00
Chlorella 0.08277024 0.09383561 |0.06683883|0.106815256|0.00
Euglena 0.15038092 |0.15964499 |0.1342754 ]0.1575107 {0.12604433(0.00
Anacystis_nidulans|0.13429683 [0.14460838 |0.13154183|0.15848182 [0.12835385|0.17890327|0.00
Olithodiscus 0.15560384 |0.16078967 [0.14610295|0.17503878 |0.12589285(0.14903925|0.15007998|0.00
F84 Distance:
Tobacco Rice Marchantia S;f:slydo_ Chlorella |Euglena filéiﬁrs,tsis_ Olithodiscus
Tobacco 0.00
Rice 0.026627325|0.00
Marchantia 0.030086145|0.042571124(0.00
Chlamydomonas |0.122818515(0.13278906 |0.106896415(0.00
Chlorella 0.083544426(0.094461486(0.06713761 |0.107504696|0.00
Euglena 0.15384829 [0.16262908 [0.13676623 |0.15965487 |0.12844175(0.00
Anacystis_nidulans|0.13536446 [0.14544883 |0.13243945 |0.15970297 (0.12943254|0.18158154/0.00
Olithodiscus 0.1600877 0.16469441 |0.14917389 |0.17824154 |0.12807469(0.15133785(0.15168762|0.00
GTR Distance:
Tobacco Rice Marchantia I(I:l}(l)l;l;slydo_ Chlorella |Euglena r/?ilziiizztsis_ Olithodiscus
Tobacco 0.00
Rice 0.04921772 {0.00
Marchantia 0.052097257|0.06498793|0.00
Chlamydomonas  [0.14725205 |0.1562832 [0.12645796(0.00
Chlorella 0.106617145|0.11774201{0.08677514|0.12747823|0.00
Euglena 0.1757383 |0.18427755|0.15677047|0.17820384|0.14431894(0.00
Anacystis_nidulans|0.1634779 |0.17473312{0.15815634(0.18185239]0.1541929 |0.19986351(0.00
Olithodiscus 0.18133584 |0.18731333|0.16877677|0.19501169{0.14353554{0.16774793|0.16979857{0.00

HKY85 Distance:




Tobacco Rice Marchantia r(illcl)lgzydo- Chlorella |Euglena ﬁir(ll?;glsltsis— Olithodiscus
Tobacco 0.00
Rice 0.026657386|0.00
Marchantia 0.030001977)0.04273202|0.00
Chlamydomonas [0.12347773 |0.13456242|0.10818272|0.00
Chlorella 0.08313749 |0.09475303|0.06732381{0.10818313(0.00
Euglena 0.15078707 |0.16101041{0.13483661(0.15969175(0.12634157|0.00
Anacystis_nidulans|0.13651815 [0.14784408(0.13386476|0.16202244(0.13022801|0.18186255(0.00
Olithodiscus 0.15538442 0.16132386(0.14666674/0.17711866(0.12638576|0.15054101{0.15248564/0.00
K3ST Distance:
Tobacco Rice Marchantia rcnt(l)f:;ydo_ Chlorella |Euglena ﬁiﬁiﬁﬁtsig Olithodiscus
Tobacco 0.00
Rice 0.026627647|0.00
Marchantia 0.030089103]0.042572476(0.00
Chlamydomonas |0.122862965[0.13284372 [0.106946655(0.00
Chlorella 0.08356431 |0.0945029 |0.06716182 |0.10756703|0.00
Euglena 0.1539113 |0.16279978 |0.13679734 |0.15970647(0.12844944(0.00
Anacystis_nidulans|0.13536446 |0.14545302 |0.1324399 |0.15970346|0.1294492 |0.1815821 |0.00
Olithodiscus 0.16011366 |0.16470289 |0.1491919 |0.17826827(0.12807469(0.15133785|0.15173626|0.00

Aligned RNA sequences of eight algea species, each composed of 920 nucleotides:
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AAGAACCUGCCCUUGGGAGCUGGAAACGGCUGC
AAGAACCUGCCCUUGGGAACUGGAAACGGUUGC
AAGAACCUGCCCUUGGGAGCUGGAAACGGUUGC
AAGAACCUACCUAUCGGAUUGGGAAACUGUUGC
AAGAACCUACCUUUAGGAACUGGAAACGGUUGC
AAGAAUCUGCGCUUGGGAGAUGGAAACGUUUGC
GAGAAUCUGCCUACAGGAGUUGGAAACGACUGC
GAGAAUCUGCCUUUAGGAUUUGGAAACGAAUGC

UCCGAGAGGAUGAUCAGCCACACUGGGACUGAG
UCCGAGAGGAUGAUCAGCCACACUGGGACUGAG
UCUGAGAGGAUGAUCAGCCACACUGGGACUGAG
UCUGAGAGGAUGAUCAGCCACACUGGGACUGAG
UCUGAGAGGAUGAUCAGCCACACUGGGACUGAG
UUUGAGAGGAUGAUCAGCCACACUGGGAUUGAG
UCUGAGAGGAUGAUCAGCCACACUGGGACUGAG
UUUGAGAGGAUGAUCAGUCACACUGGAACUGAG

AUGCCGCGUGGAGGUAGAAGGGGGUCGUGACUU
AUGCCGCGUGGAGGUGGAAGGGGUCGUCAACUU
AUGCCGCGUGGAGGUAGAAGGGGGUCGUAACUU
AUGCCGCGUGCAGGAAGAAGGGGGUCGUAACUU
AUGCCGCGUGGAGGAUGACAGGGGUCGUAACUU
AUACCGCGUGAAGGAAGACGGGGGUUGAAACUU
ACGCCGCGUGGGGGAGGAAGGGGACUGUAACUU
AUACCGCGUGAGGGAUGACAGGGAUUGUAACUU

CUGGACAGGCGGUGGACUGGAGUACGGUAGGGG
CUGGACAGGCGGUGGACUGGAGUACGGUAGGGG
CUGGACAGGCGGUGGACUGGAGUACGGUAGGGG
UUGGACCGGCAUUGGACUUGAGUACGGUAGGGG
CUGAGUCGGCAGUAGACUUGAGUACGGUAGGGG
UUGGAAGGGCAUUAAACUUGAGUAUGGUAGGGG
UCAUACAGGCAAUGGACUAGAGUAUGGUAGGGG
UUAAACCAGCARUGGACUUGAGUGUGGUAGAGG

UAAUACCCCGUAGGGGCUCGCGUCUGAUUAGCU AGUUGGUGGCAAGCUUACCAAGGCGAUGACUGG
UAAUACCCCGUAGGGGCUCGCGUCUGAUUAGCU AGUUGGUGGCAAGCUUACCAAGGCGAUGACUGG
UAAUACCCCAUAGGGGCUUGCGUCUGAUUAGCU AGUUGGUGGUAAGCUUACCAAGGCGACGACUGG
UARAUACCCCAUAGGGGCUUGCGUCUGAUUAGCU AGUUGGUGGUAAGCCUCCCAAGGCCACGACUGG
UAAUACCCCAUAUGGGCUUGCGUCUGAUUAGCU UGUUGGUGGUAAGCUUACCAAGGCAACGACUGG
UAAUGCCUCAUAUGAGCUUGCAUCUGAUUAGCU UGUUGGUGGUAAGCUUACCAAGGCGACGACUGA
UAAUACCCGAUAUGAGCUCGCGUCUGAUUAGCU AGUUGGUGGUAAGCCUACCAAGGCGACGACUGG
UAAUACCUUAUAGGAGCUCGCGGCUGAUUAGCU AGUUGGUGGUAAGCCUACCAAGGCGAUCACUGA

ACACGGCCCAGACUCCUACGGGAGGCAGCAGUG GGGAAUUUUCCGCAAUGGGCGAAAGACGGAGCA
ACACGGCCCAGACUCCUACGGGAGGCAGCAGUG GGGAAUUUUCCGCAAUGGGCGAAAGACGGAGCA
ACACGGCCCAGACUCUUACGGGAGGCAGCAGUG GGGAAUUUUCCGCAAUGGGCGAAACACGGAGCA
ACACGGCCCAGACUCCUACGGGAGGCAGCAGUG AGGAAUUUUUCGCAAUGGGCGCAAGACGGAGCA
ACACGGCCCAGACUUCUACGGAAGGCAGCAGUG AGGAAUUUUCCGCAAUGGGCGAAAGACGGAGCA
A-ACGGAACAGACUUCUACGGAAGGCAGCAGUG AGGAAUUUUCCGCAAUGGGCGCAAGACGGAGCA
ACACGGCCCAGACUCCUACGGGAGGCAGCAGUG GGGAAUUUUCCGCAAUGGGCGCAAGACGGAGCA
ACACGGUCCAGACUCCUACGGGAGGCAGCAGUG GGGAAUUUUCUGCAAUGGGCGAAAGACAGAGCA

UUCCCGGAGAAGAUGACGGUAUCUGGGGAAUAA GCAUCGGCUAACUCUGAAUCCCAGGGCUCAACC
UUCUCGGAGAAGAUGACGGUAUCUGAGGAAUAA GCAUCGGCUAACUCUGAAUCCCAGGGCUCAACC
UUCUCAGAGAAGAUGACGGUAUCUGAGGAAUAA GCAUCGGCUAARCUCUGAAUCCCAGGGCUCAACC
UUCUCAGAGAAGAUGACGGUAUCUGAGGAAUAA GCACCGGCUAACUCUGAAUACCAGGGCUCAACC
UUCUCAGAGAAGAUGACGGUAUCUGAGGAAUAA GCAUCGGCUAARCUCCGAAGAUCAGGGCUUAACC
UUCUCAAAGAAGAUGACGGUAUUUGAGGAAUAA GCAUCGGCUAAUUCCGAAAGUCAAAGCUUAACU
UUCUCAGGGAAGAUGACGGUACCUGAGGAAUAA GCCUCGGCUARUUCCGAAGCGUGGGGCUCAACC
UUUUCAGGGAGGAUGACGUUACCUGAAGAAUAA GCAUCGGCUAACUCCGAAUCUUAAGGCUCAACC

CAGAGGGAAUUGUGGAGCGGUGAAAUGCGUAGA GAUCGGAAAGAACACCAACGGCGAAAGCACUCU
CAGAGGGAAUUGUGGAGCGGUGAAAUGCAUUGA GAUCGGAAAGAACACCAACGGCGAAAGCACUCU
CAGAGGGAAUUGUGGAGCGGUGAAAUGCGUAGA GAUCGGAAAGAACACCAAUGGCGAAAGCACUCU
CAGAGGGAAUUGUGGAGCGGUGAAAUGCGUAGA GAUAUGGAGGAACACCAGUGGCGAAGGCGCUCU
CAGAGGGAAUUGUGUAGCGGUGAAAUGCGUAGA GAUCGGGAAGAACACCAAUGGCGAAAG-ACUCU
UGAAGGGAAUUGUGUAGCGGUGAAAUGCGUAGA GAUUGGAAAGAACACCAAUGGCGAAGGCACUUU
UAGCGGGAAUUGUGUAGCGGUGAAAUGCGUAGA UAUCUGGAAGAACACCAGCGGCGAAAGCGCGCU
UAGAGGGAAUUGUGGAGCGGUGAAAUGCGUAGA UAUUGGAAAGACCACCAAUGGCGAAGGCACUCU

GCUGGGCCGACACUGACACUGAGAGACGAAAGC UAGGGGAGCGARUGGGAUUAGAUACCCCAGUAG
GCUGGGCCGACACUGACACUGAGAGACGAAAGC UAGGGGAGCAAAUGGGAUUAGAGACCCCAGUAG
UCUGGGCCGACACUGACACUGAGAGACGAAAGC UAGGGGAGCARARUGGGAUUAGAUACCCCAGUAG
GCUGGGCCGAAACUGACACUGAGAGACGAAAGC UGGGGGAGCGARUAGGAUUAGAUACCCUAGUAG
GCUGGGCCGAAACUGACACUCAGAGACGAAAGC UAGGGGAGCGAAUGGGAUUAGAUACCCCAGUAG
UCUAGGCCAAUACUGACGCUGAGAAACGAAAGC UGAGGGAGCAAACAGGAUUAGAUACCCU-GUAG
ACUGGGCCAUAACUGACGCUCAUGGACGARAGC UAGGGGAGCGAAAGGGAUUAGAUACCCCUGUAG
ACUGGGCCAUUACUGACACUGAGAGACGAAAGC UAGGGGAGCAAAUGGGAUUAGAUACCCCAGUAG

AGUGCUGUAGCUAACGCGUUAAGUAUCCCGCCU GGGGAGUACGUUCGCAAGAAUGAAACUCAARAGG
AGUGCUGUAGCUAACGCGUUAAGUAUCCCGCCU GGGGAGUACGUUCGCAAGAAUGAARACUCAAAGG
AGUGCUGUAGCUARACGCGUUAAGUAUCCCGCCU GGGGAGUACGUUCGCAAGAAUGAAACUCAAAGG
AGUGCUGUAGCUAACGCGUUAAGUCUCCCGCCU GGGGAGUAUGCUCGCAAGAGUGAARACUCARAAGG
AGUACUGUAGCUAACGCGUGAAGUAUCCCGCCU GGGGAGUAUGCUCGCAAGAGUGAAACUCARAGG
ACUGCUGUAGUUAACACGUUAAGUAUCCCGCCU GGGGAGUACGCUUGCACAAGUGARACUCAAAGG
AGUGCCGUAGCCAACGCGUUAAGUGUUCCGCCU GGGGAGUACGCACGCAAGUUGGAARACUCARAGG
GGUAUUAUAGCUAACGCGUUAAGUAUCCCGCCU GGGAAGUAUGCUCGCAAGAGUGARACUCAAAGG

GUGGUUUAAUUCGAUGCAAAGCGAAGAACCUUA CCAGGGCUUGACAAUCCUCUUGAAAACAGGUGG
GUGGUUUAAUUCGAUGCAAAGCGAAGAACCUUA CCAGGGCUUGACARUCCUCUUGAAAACAGGUGG
GUGGUUUAAUUCGAUGCAACGCGAAGAACCUUA CCAGGGCUUGACAAUCUUUUUGAAAACAGGUGG
GUGGAUUAAUUCGAUACAACGCGAAGAACCUUA CCAGGGUUUGACAACCUCUCAGAAAACAGGUGG
GUGGUUUAAUUCGAUGCAACGCGAAGAACCUUA CCAGGGCUUGACA- --—ACAGGUGG
GUGGUUUAAUUCGAUGCAACACGAAGAACCUUA CCAGGAUUUGACAA-—————— GAAAACAGGUGG
GUGGUUUAAUUCGAUGCAACGCGAAGAACCUUA CCAGGGUUUGACAAUCUCUUGGAAAACAGGUGG
GUGGUUUARUUCGAUGCAACGCGAAGAACCUUA CCAGGGUUUGACAAGUUUUUUGAAAACAGGUGG

GGUUAAGUCCCGCAACGAGCGCAACCCUCGUGU
GGUUAAGUCUCGCAACGAGCGCAACCCUCGUGU
GGUUAAGUCCCGCAACGAGCGCAACCCUCUUGU
AGUUAAGUCUCAUAACGAGCGCAACCCUCGUCU
GGUUAAGUCCCGCAACGAGCGCAACCCUUGUUU
GGUUAAGUCCCGCAACGAGCGCAACCCUUUUUU
GGUUAAGUCCCGCAACGAGCGCAACCCACGUUU
GGUUAAGUCCCGCAACGAGCGUAACCCUUGUUU

UCGGAGGAAGGUGAGGAUGACGUCAAGUCAUCA
UCGGAGGAAGGAGAGGAUGAGGCCAAGUCAUCA
UCGGAGGAAGGUGAGGAUGACGUCAAGUCAGCA
UCGGAGGAAGGUGAGGAUGACGUCAAGUCAGCA
UCGGAGGAAGGUGAGGAUGACGUCAAGUCAGCA
UCGGAGGAAGGUGAGGACGACGUCAAGUCAUCA
UCGGAGGAAGGUGUGGACGACGUCAAGUCAUCA
UCGGAGGAAGGUAAGGACGACGUCAAGUCAUCA

UCCUAGCCGUAAACGAUGGAUACUAGGCGCUGC
UCCUAGCCGUAAACGAUGGAUACUAGGUGCUGC
UCCUAGCCGUAAACGAUGGAUACUAAGCGCUGC
UCCCAGCCGUAAACUAUGGAGACUAAGUGCUGC
UCCUAGCCGUAAACGAUGGAUACUAAGUGCUGC
UCUUGGCCGUAAACUAUGGAUACUAAGUGGUGC
UCCUAGCCGUAAACGAUGAACACUAGGUGUUGC
UCCUAGCUGUAAACGAUGGAUACUAGAUGUCGC

ARUUGACGGGGGCCCGCACAAGCGGUGGAGCAU
AAUUGACGGGGGCCCGCACAAGCGGUGGAGCAU
AAUUGACGGGGGCCCGCACAAGCGGUGGAGCAU
AAUUGACGGGA--CCGCACAAGCGGUGGAUUAU
ARAUUGACGGGGGCCCGCACAAGCGGUGGAGCAU
AAUUGACGGGGGCCCGCACAAGCGGUGGAGCAU
ARUUGACGGGGGCCCGCACAAGCGGUGGAGUAU
AAUUGACGGGGGCCCGCACAAGCGGUGGAGCAU

UGCAUGGCUGUCGUCAGCGUGCCGUAAGUGUUG
UGCAUGGCUGUCGUCAGCGUGCCGUAAGUGUUG
UGCAUGGCUGUCGUCAGCGUGCCGUAAGUGUUG
UGCAUGGCUGUCGUCAGCGUGCUGUGAAUGUAU
UGCAUGGCUGUCGUCAGCGUGUCGUGAGUGUUG
UGCAUGGCUGUCGUCAGCGUGUCGUGAGUGUUG
UGCAUGGCUGUCGUCAGCGUGUCGUGAGUGUUG
UGCAUGGCUGUCGUCAGCGUGUCGUGAGUGUUG

UGCCCCUUAGGGCGACACACGUGCUACAAUGGC
UGCCCCUUAGGGCGACACACGUGCUACAAUGGG
UGCCCCUUAGGGCGACACACGUGCUACAAUGGC
UGCCCCUUAGGGCUUCACACGUAAUACAAUGGU
UGCCCCUUAGGGCGACACACGUGCUACARUGGC
UGCCCCUUAGGGCUACACACGUGCUACAAUGGU
UGCCCCUUAGGGCUACACACGUACUACAAUGCU
UGCCCCUUAGGGCUACACACGUGCUACAUUGGG

CGGGACAAAGGGUCGCGAUCCCGCGAG-GUGAG CUAARACCCGUCCUCAGUUCGGAUUGCAGGCUG CAACUCGCCUGCAUGAAGCCGGAAUCGCUAGUA
CGGGACAAAGGGUCGCGAUCUCGCGAGGGUGAG CUAAAACCCGUCCUCAGUUCGGAUUGCAGGCUG CAACUCGCCUGCAUGAAGCAGGAAUCGCUAGUA
CGGGACAAAGGGUCGCGACCUCGCGAGAGAAAG CUAARACCCGGCCUCAGUUCGGAUUGCAGGCUG CAACUCGCCUGCAUGAAGCCGGAAUCGCUAGUA
UGGGACAAUCAGAAGCGA-CUCGUGAGAGCUAG CGGCAACCCAACCUCAGUUCGGAUUGUAGGCUG CAACUCGCCUACAUGAAGCCGGAAUCGCUAGUA
CAGGACAAUGAGAUGCUACCUCGCGAGAGCAAG CUAAAACCUGGUCUCAGUUCGGAUUGCAGGCUG CAACUCGCCUGCAUGAAGUCGGAAUCGCUAGUA
UAAGACAAUAAGUUGCAAUUUUGUGAAARUGAG CUAAAACUUAGCCUAAGUUCGGAUUGUAGGCUG ARACUCGCCUACAUGAAGCCGGAAUCGCUAGUA
CCGGACAGCGAGACGCGAAGCCGCGAGGUGAAG CAAARACCGGGGCUCAGUUCAGAUUGCAGGCUG CAACUCGCCUGCAUGAAGGCGGAAUCGCUAGUA
UAGAACAAUAAGUUGCUAAGUUGCGAAACCAAG CGAAAAUCUACUCUAAGUUCGGAUUGUAGGCUG CAACUCGCCUACAUAAAGAUGGAAUCGCUAGUA

AUCGCCGGUCAGAUACGGCGGUGAAUUCG
AUCGCCGGUCAGAUACGGCGGUGAAUCCG
AUCGCCGGUCAGAUACGGCGGUGAAUCCG
AUCGCCAGUCAGAUAUGGCGGUGAAUACG
AUCGCUGGUCAGAUACAGCGGUGAAUACG
AUCGCCGGUCAGAUACGGCGGUGAAUACG
AUCGCAGGUCAGAUACUGCGGUGAAUACG
AUCGCUGGUCAGACACAGCGGUGAAU-CG

4.4. Muskrat family:



Samples from nine local populations of muskrats of the La Houille River Basin were
extracted and skull measurements were collected for 144 individuals (Le Boulange et
al., 1996). Finally, the following distance matrix was determined.

Population E ] L M N o T 7
zones

C 0.0

E 2.1380 ]0.0

J 2.2713 |2.9579 0.0

L 1.7135 |2.3927 |1.7772 |0.0

M 1.5460 |1.9818 |2.4575 |1.0125 |0.0

N 2.6979 [3.3566 [1.9900 |1.8520 |2.6954 |0.0

0) 2.9985 |3.6848 (3.4484 |2.4272 |2.6816 (2.3108 |0.0

T 2.3859 |2.3169 |2.4666 [1.4545 |1.7581 |2.2105 |2.5041 |0.0

Z 2.3107 |2.3648 |1.8086 [1.6609 [2.0516 |2.2954 |3.4301 [2.0413 |0.0

4.5. Human/Simian Immunodeficiency Virus (HIV/SIV) Relationship.
4.5.1 Data Extraction:

Three protein coding regions from sixteen different isolated strains of HIV and SIV
were extracted from GenBank using their accession numbers. Three protein coding
regions belong to gag protein (GAG). pol polyprotein (POL) and envelope
polyprotein precursor (ENV). MATLAB® was used as the working environment.

>> data = {'HIV-1 (Zaire)' 'K03454" [1 2 8] ;
'"HIV1-NDK (Zaire)' 'M27323" [1 2 8] ;
'"HIV-2 (Senegal)'' 'M15390" [1 2 8] ;
'HIV2-MCN13' 'AY509259" [1 2 8] ;
'"HIV-2UC1l (IvoryCoast)' 'L07625" [1 2 8] ;
'SIVMM251 Macaque' 'M19499" [1 2 8] ;
'SIVAGM677A Green monkey' 'M58410" [1 2 7] ;
'SIVlhoest L''Hoest monkeys' 'AF075269"' [1 2 7] ;
'SIVcpz Chimpanzees Cameroon' 'AF115393"' [1 2 8] ;
'SIVmnd5440 Mandrillus sphinx' 'AY159322' [1 2 8] ;
'SIVAGM3 Green monkeys' 'M30931" [1 2 7] ;
'SIVMM239 Simian macaque' 'M33262" [1 2 8] ;
'CIVcpzUS Chimpanzee' 'AF103818' [1 2 8] ;
'SIVmon Cercopithecus Monkeys' 'AY340701' [1 2 8] ;
'SIVcpzTAN1l Chimpanzee' 'AF447763" [1 2 8] ;
'SIVsmSL92b Sooty Mangabey' 'AF334679"' [1 2 8] ;
}i

>> numViruses = size(data.l)

Then. the getgenbank function was used to copy the data from GenBank into a
structure in MATLAB®. The SearchURL field of the structure contains the address
of the actual GenBank record. This record can be browsed using the web command.

>> acc_num = data{l.2};
>> lentivirus = getgenbank (acc_num);
>> web (lentivirus (1) .SearchURL)



This example was given for the first nucleotide sequence with the accession id
‘K03454°. The information about the remaining 15 sequences was retrieved from
NCBI GenBank in a similar fashion using the following loop construction.

>> for ind = 2:numViruses
lentivirus(ind) = getgenbank (data{ind.2});
end

>> load('lentivirus.mat')

lentivirus.mat holds all the information about the three protein coding region
of 16 species. Now. we can extract the coding sequence information (CDS) of GAG.
POL and ENV and save them separately.

>> for ind = l:numViruses
temp seq = lentivirus(ind) .Sequence;
temp seq = regexprep(temp seq.'[nry]'.'a'");

CDSs = lentivirus (ind) .CDS (data{ind.3});

gag (ind) .Sequence = temp seq(CDSs(l).indices (1) :CDSs (1) .indices(2));
pol (ind) .Sequence temp seq(CDSs (2) .indices (1) :CDSs(2) .indices (2));
env (ind) . Sequence temp seq(CDSs(3).indices (1) :CDSs(3) .indices (2));
end

All three protein-coding sequences for each sixteen viral species was given in
Appendix A.
4.5.2 Determination of Distance Matrices

Once we retrieve the sequence information. we are ready to calculate the distance
matrices. The distance between 16 species was measured using the “Tajima-Nei”
method (Tajima ve Nei. 1994) [11]. which takes into account unequal rates of
substitution among different nucleotide pairs. The expected number of nucleotide
substitutions per site between two sequences is given by

§ =—b,log (1—m/fb)) (1)
Where b, = 1 — X q7 and 7 is the proportion of sites with different nucleotides.

Here. qj is the equilibrium frequency of the i nucleotide (i = 1. 2. 3. 4 corresponding
to the nucleotides A. T. G. C). When the rate of nucleotide substitution is the same for
all nucleotide pairs. g = 1/4. so that by = 3/4 which makes the above expression to

§ =—3/4log_ (1 —4m/3) ()
which corresponds to Jukes Cantor model [12].

However. as the “Tajima-Nei” method is only defined for nucleotides. the nucleotide
sequences were used instead of translated amino acid sequences. The following
seqgpdist built-in function was used for that purpose:

>> gagd =
segpdist (gag. 'method'.'TajimaNei'.'Alphabet'.'NT'.'indel'. ''pair"');

which yields the following table.



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0
2 0045 0
3 0343 0346 0
4 0367 0362 0.071 0
5 0326 0348 0.194 0.199 0
6 0352 0350 0.190 0204 0179 0
7 0363 0373 0341 0345 0288 0318 0
8 0357 0380 0397 0384 0344 0350 0387 0
9 0302 0304 0343 0363 0328 0351 0365 0380 0
10 0368 0357 0320 0348 0326 0351 0352 0363 0371 O
11 0356 0352 0337 0341 0322 0312 0282 0355 038 0323 0
12 0363 0363 0.200 0208 0.187 0.009 0325 0359 0366 0353 0321 0
13 0276 0264 0354 0386 0359 0359 0363 0370 0.202 0377 0354 0357 0
14 0391 0398 0389 0385 0375 0362 0403 039 0392 0363 0380 0370 0399 0
15 0289 0293 0336 0360 0310 0347 0359 0335 0306 0332 0373 0356 0304 0355 0
16 0367 0377 0219 0228 0.220 0211 0344 0339 0366 0323 0345 0216 0342 0364 0358 0

In addition to Tajima-Nei. there exist several other distance methods for calculating
pairwise distances between nucleotides only and they are listed below:

1.

Kimura: transitional and transversional nucleotide substitutions are treated
separately [13]
Tamura: transitional. transversional nucleotide substitutions as well as GC
content are considered separately [14].
Hasegawa: transitional. transversional nucleotide substitutions as well as
background nucleotide frequencies are considered separately [15].

Nei-Tamura:

transitional nucleotide substitution between purines. the
transitional nucleotide substitution between pyrimidines. the transversional
nucleotide substitution. and the background nucleotide frequencies are
considered separately [14].

Also. two methods exist for calculating pairwise distances between nucleotides and

amino acids and they are:

1. p-distance: Also called Hamming distance. This is the fraction of sites at which

two sequences are different.

2. Jukes-Cantor: for nucleotides: § = —3/4log (1 — 4m/3)

Translated DNA sequences:
In addition to DNA sequences. amino acid sequences obtained by translating the
corresponding DNA sequences were also used to determine distance matrices. To
illustrate. for POL polyprotein coding gene. the 'Jukes-Cantor' method was used to
measure the distance between species. As 'Jukes-Cantor' method was defined for
amino-acid sequence only. the nucleotide was translated into its corresponding amino
acid sequence using nt2aa built-in function:

for ind
aapol (ind) .Sequence

end

= l:numViruses

nt2aa (pol (ind) .Sequence) ;

for amino acids: § = —19/20leg_(1 — 20m/19)[12]



Ex. Translated POL coding region 'HIV-1 (Zaire)' '"K03454'

'MNLPGKWKPKMIGGIGGFIKVRQYDQIPIEICGQKAIGTVLVGPTPVNIGRNLLTQIGCTLNFPISPIETVPVKLKPGMDG
PKVKQWPLTEEKIKALTEICTDMEKEGKISRIGPENPYNTPIFAIKKKDSTKWRKLVDFRELNKRTQDFWEVQLGIPHPA
GLKKKKSVTVLDVGDAYFSVPLDEDFRKY TAFTISSINNETPGIRYQYNVLPQGWKGSPAIFQSSMTKILEPFRKQNPEM
VIYQYMDDLYVGSDLEIGQHRTKIEKLREHLLRWGFTRPDKKHQKEPPFLWMGYELHPDKWTVQSIKLPEKESWTVN
DIQNLVERLNWASQIYPGIKVRQLCKLLRGTKALTEVIPLTEEAELELAENREILKEPVHGVYYDPSKDLIAEIQKQGHG
QWTYQIYQEPFKNLKTGKYARMRGAHTNDVKQLAEAVQRISTESIVIWGRTPKFRLPIQKETWETWWAEYWQATWIP
EWEFVNTPPLVKLWYQLEKEPIIGAETFYVDGAANRETKLGKAGY VTDRGRQKVVPLTDTTNQKTELQAINLALQDSG
LEVNIVTDSQYALGIIQAQPDKSESELVNQIIEQLIKKEKVYLAWVPAHKGIGGNEQVDKLVSQGIRKVLFLDGIDKAQE
EHEKYHNNWRAMASDFNLPPVVAKEIVASCDKCQLKGEAMHGQVDCSPGIWQLDCTHLEGKVILVAVHVASGYIEAE
VIPAETGQETAYFLLKLAGRWPVKVVHTDNGSNFTSAAVKAACWWAGIKQEFGIPYNPQSQGVVESMNKELKKIIGQV
RDQAEHLKTAVQMAVFIHNFKRRRGIGGY SAGERIIDIIATDIQTKELQKQIIKIQNFRVYYRDSRDPIWKGPAKLLWKG
EGAVVIQDKSDIKVVPRRKVKIIRDYGKQMAGDDCVASRQDED*

The following seqpdist built-in function was then used to determine the distance
matrix:

pold = seqpdist (aapol.'method'.'Jukes-Cantor'.'indel'.'pair');

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1
1 0
2 003 0
3 050 049 0
4 051 055 006 0
5 049 053 015 019 O
6 052 055 015 020 022 O
7 046 051 050 058 058 056 0
8 054 057 051 058 057 056 058 0
9 017 020 050 057 056 058 053 058 0
1 037 040 046 051 049 048 046 055 042 0
1 050 053 046 057 053 053 034 056 055 046 0
1 052 054 015 019 022 000 055 056 057 048 054 O
1 019 020 047 054 054 054 050 056 014 042 057 054 O
1 061 064 055 062 061 061 060 067 062 061 062 062 062 0
1 032 035 049 053 051 052 048 056 035 040 051 052 034 061 O
1 050 053 025 030 029 026 057 058 056 048 055 026 052 058 052 0

4.5.3. GAG protein-coding genes for 16 species
1. 'HIV-1 (Zaire)' '"K03454'

‘atgagagcga taga ttgtcaaaactggtggaaatggggcatcatgctecttgggatattgatgacctgtagtgctgcagacaatetgtgggteacagtttattatggggtecctgtatggaaggaageaaccacca
ctctattttgtgcatcagatgctaaatcatatgaaacagaggcacataatatctgggccacacatgectgtgtacccacggacccecaacccac actggaaaatgtgacagaaaactttaacatgt; aacatgg
tggaacagatgcatgaggatataatcagtttatgggatcaaagectaaaaccatgtgtaaaattaaccecactcetgtgteactttaaactgtagtgatgaatt gaggaacaatggeactatggggaacaatgteactac
gaatgaaaaactgetctttcaatgtaaccacagtactaaaagataagaagecageaagtatatgeacttttttatagacttgatatagtaccaatagacaatgatagtagtaccaatagtaccaattataggttaataaattgtaatacctcagee
attacacaggcttgtccaaaggtatcctttgageceaattcceatacattattgtgecccagetggttttgegattctaaagtgtagagataagaagttcaatggaacaggececatgeacaaatgtcageacagtacaatgtacacatggaatt
aggccagtggtgtcaactcaactgcetgttgaatggeagtctagcag: ggtcataattagatc tcacaaacaatgc acatcttaatgaatctgtaaaaattacctgtgcaaggecctatcaaa
atacaagacaaagaacacctataggactagggcaatcactctatactacaagatcaagatcaataat: aagmmﬂomamtmmaoa gcacaat. tttacaac 1. 1. ‘mggaacccttcttaa
caaaacaataat ttaaaccatcctcaggaggggacceagaaattacaacacacagttttaattgtgga tettctactgtaatacatcaggactgtttaatagtacatggaatattagtgcatggaataatattacagagtca
aataatagcacaaacacaaacatcacactccaatgcagaataaaacaaattataaagatggtggeaggeaggaaageaatatatgeccctectatcgaaagaaacattctatgttcatcaaatattacagggcetactattgacaagagat
ggtggtataaataatagtactaacgagacctttagacctggagga gacaatt tgaattatataaatat: 1 aaattgaaccactaggagtagcacccaccagggc tggtg
gaaagagaaaaaagagcaataggattaggagctatgttcettgggttcttgggageageaggaageacgatgggegeacggtecagtgacgetgacggtacaggecagacaattaatgtetggtatagtgcaacageaaaacaatttg
ctgagggctatagaggegcaacageatcetgttgeaactcacggtetggggeattaaacagetccaggc: tectggetgt, acct aacagctcctaggaatttggggttgctet; acatttgea
ccactaatgtgcectggaactctagttggagtaatagatctctaaatgagatttggeagaacatgacetggatggagtgggaaagagaaattgacaattacacaggcettaatatatagettaattgaggaatcgecagacccageaagaaa
agaat; ttgttggaattggacaagtgggcaagtitgtggaattggtitagcataacacaatggetgtggtatat tcataatgataataggaggcttgataggtttaagaatagtttttgctgtgctttctttagtaaata
gagttaggcagggatactcacctetgtegtttcagaccetectcecageccegaggggacecgacaggeccgaaggaacagaagaagaaggtggagagegaggeagagacagatcegtgagattgctgaacggattetcggeac
ttatctgggacgacctgeggagectgtgectettcagetaccaccgettgagagacttaatcttaattgecagtgaggattgtagaacttetgggacgeagggggtgggacatectcaaatatetgtggaatctectacagtattggagtea
ggaactgaggaacagtgcetagtagettgtttgatgccatagcaatageagtagetgaggggacagatagagttatagaaataatacaaagagettgeagagetgttcttaacatacce agggcttagaaaggtettt
actttaa'

2. 'HIV1-NDK (Zaire)' 'M27323'

'atgagagcgagggagaaaga ttgtcaaaacttgtggaaatggggcatcatgctecttgggatgttgatgacctgtagtgetgecagaagatttgtgggteacagtttattatggggtgcctatatggaaggaagceaactaccac
tctattttgtgcatcagatgcetaaageatataaaaaagaggeacataatatctgggecacacatgectgtgtacccacggaccccaacccac agaattggaaaatgtgac tttaacatgtggaaaaataacatggt
ggaacaaatgcatgaggatataatcagtttatgggatcaaagectaaaaccatgtgtaaaattaactccactctgtgteactttaaactgeactgatgaattgaggaacagcaagggeaatgggaaggtagaagaggaggaaaaaagg
aaaaactgctctttcaatgtaagggataagagggagcaagtatatgeacttttttataaacttgatatagtgccaatagacaataataataggaccaatagtactaattataggttaataaattgtgatacctcaaccattacacaggettgtee
aaagatatcctttgaaccaattcccatacatttttgtgccccagetggttttgeaattctaaagtgtagagataagaagttcaatgggacaggeccatgetcaaatgtcageacagtacaatgtacacatggaattagaccagtggtgtcaac
tcaactgetgttgaatggeagtctagcagaagaagagatcataattagatctgaaaatctcacaaacaatgttaaaaccataatagtacagettaatgeatctatagtaattaattgtacaaggecctacaaatatacaaggcaaaggacatc
gataggactaaggcaatcactctatacaataacagg: aggatacataggacaagcacattgtaaaattagcagagcagaatggaataaagetttacaacaggtagctacaaaactaggaaaccttcttaacaaa
acaacaataacttttaagccatcctcaggaggggacccagaaattacatcacacatgettaattgtggaggggacttcttctactgtaatacatcaagactgtttaatagtacatggaatcagactaatagtacagggttcaataatggeaca
gtcacactcccatgcagaataaaacaaattgtaaacttgtggeagagagtaggaaaageaatgtatgecceteccatcgaaggactaattaaatgttcatcaaatattacagggetactattaacaagagatggtggtgcaaataatagttc
teat, catcagacct; gatatgagggacaattggagaagtgaattatataaatataaagt tgaaccaatay t acccaccaaggeaa tggtggaaa gagca
ataggactaggagctgtgttcettgggttcttgggageage acgatgggcgcagegtcagtgacgetgacggtacaggecagacagttaatgtetggtatagtgeaccageaaaacaatttgetgagggctatagaggeg
caacaacatctgttgcaactcacggtctggggcattaaacagetccaggc ctggetgtggaaagatacctaagggatcaacagetcctaggaatttggggttgctetggaaggeacatttgeaccactaatgtacectggaa
ctc[agt[ggagtaatagatctctagatgagantggrzaaar‘aloar‘r‘tavatpgam gaaattgacaattacacaggcttaatatacagcttaatt; gcagatccage ttatt




ggaattggacaaatgggcaagtttgtggaattggtttagecataacaaaatggetgtggtatataaaattattcataatgatagtaggaggectgataggtitaagaatagtttttgetgtgetttetgt gttaggcagggatact

cacctctgtcatttcagaccctecteccagteccgaggggacccgacaggecc tagaa tggagagcgaggcagagacagatceattcgattggtgaacggattatttgeactttictgggacgacctgagga
acctgtgcctcttcagctaccaccgcttgagagactcaatcttaattgcagcgaggattgtggaacttctgggacgcagggggtgggaagccctcaaatacctgtggaacctcctgcagtattggagtcaggaactgaggaatagtgct
agtagcttgcttgataccatagcaatagcagtagetgagaggacagatagggttat: tagtac ttgcagagctattcttaacgtaccca 1 agggcttggaaaggcttttgctataa'

3. "HIV-2 (Senegal)' 'M15390"

‘atgatgaatcagctgcttattgecattttattagetagtgcttgettagtatattgecacccaatatgtaactgttttctatggegtacccacgt, gcaaccattecectettttgtgcaaccagaaatagggatacttggggaaccata
cagtgcettgectgacaatgatgattatcaggaaataactttgaatgtaacagaggcettttgatgeatggaataatacagtaacagaacaagceaatagaagatgtctggeatctattcgagacatcaataaaaccatgtgtcaaactaacace
matgtgtagcaatgaaatgcagcagcacagagagcagcacagggaacaacacaacclcaaagagcacaagcacaaccacaaccacacccacagaccaggagcaagagataagtgaggataclccatgcgcacgcgcagaca
actgetcaggattggga gatcaattgccagttcaatatgacaggatt. agtataatgaaacatggtactcaaaagatgtggtttgtgagacaaataatagcacaaatcagacccagtgt
tacatgaaccattgcaacacatcagtcatcacagaatcatgtgacaageactattgggatgcetataaggtttagatactgtgcaccaccgggttatgecctattaagatgtaatgataccaattattcaggetttgecacccaactgttctaaag
tagtagcttctacatgcaccaggatgatggaaacgcaaacttccacatggtttggctttaatggeactagagcagagaatagaacatatatctattggeatggcagagataatagaactatcatcagettaaacaaatattataatctcagttt
gcattgtaagaggccagggaataagatagtgaaacaaataatgcettatgtcaggacatgtgtttcactcccactaccagecgate ccagacaagcatggtgctggttcaaaggcaaatggaaagacgecatgcagga

ggtgaaggaaacccttgcaaaacatcccaggtatagaggaaccaatgacacaaggaatattagetttgecagegec: tcagacce gtagcatacatgtggactaactgcagaggagagtttctctactgcaacat
gacttggttcctcaattggataga t acaccgcaattatgcaccgtgccatat aaataattaacacatggcat: t tgtatatttgectcccagggaaggggagetgtectgeaactcaacagtaac
cagcataattgctaacattgactggcaaaacaataatcagacaaacattacctttagtgeagaggtggcagaactatacagattggagttgggagattataaattggt accaattggettcgeacctac g

atactcctetgetcac atacaagaggtgtgttcgtgctagggttettgggttttctcgeaacageaggttetgeaatgggegeggegteectgaccgtgteggetcagteccggactttactggeegggatagtgeageaac

agcaacagctgttggacgtggtcaagagacaacaagaactgttgegactgaccgtetggggaac ctccaggcaagagtcactget: tacctacaggaccaggegeggctaaattcatggggatgtgegttt

agacaagtctgccacactactgtaccatgggttaatgattcettagecacctgactgggacaatatgacgtggeaggaatgggaaaaacaagtecgetacctggaggcaaatatcagtaaaagtttagaacaggcacaaattcagecaag

agaaaaatatgtatgaactacaaaaattaaatagctgggatatttttggeaattggtttgacttaacctcctgggtcaagtatattcaatatggagtgcttataatagtageagtaatagetitaagaatagtgatatatgtagtacaaatgttaag
taggcttagaaagggctataggectgttttetcticecececeggttatatccaacagatccatatccacaaggaccggggacagecagecaacgaagaaacagaagaagacggtggaageaacggtggagacagatactggecect
ggecgatageatatatacatttcetgatccgecagetgattegectcttgaccagactatacageatetgecagggacttactatccaggagettectgaccectecaactcatctaccagaatctcagagactggetgagacttagaacage

cttcttgcaatatgggtgcgagtggatccaagaageattccaggeegecgegagggetac tettgegggegegtgeaggggcttgtggagggtattggaacgaatcgggaggggaatactegeggticcaagaagg
atcagacagggagcagaaatcgecctectgtga'

4. 'HIV2-MCN13' 'AY509259"

‘atgatgggtggtagaaatcagetgcttgttgecattttgetaactagtacttgettgatatattgeaccaattatgtgactgttttctatggeataccegegt tgcatccattcecctettttgtgcaaccaagaatagggatacttgg
ggaaccatacagtgettgecagacaatgatgattatcaggagataactttgaatgtgacagaggctttcgatgeatgggataatacagtaacagaacaageaatagaagatgtctggaatctatttgagacatcaataaaaccatgtgtca
aattaacgcctttatgtgtagcaatgagatgtaacaacacagatgcaaggaacacaaccacacccacaacageatccecgegtacaataaaaccegtgaca taagtgagaattcctcatgeatacgegcaaacaactgetcag
gattgggagaagaagaggtggtcaattgtcaattcaatatgacaggattagagagagataagaaaaagcaatatagtgagacatggtactcgaaggatgtagtttgtgaaggaaatggeaccacagatacatgttacatgaaccattge
aacacatcggtcatcacagagtcatgtgacaagcactattgggatgctatgaggtttagatactgtgcaccaccaggttttgeectactaagatgcaatgataccaattattcaggcetttgegeecaattgetctaaggtagtagetgetaca
tgcaccagaatgatggaaacgcaaacttctacatggtttggctttaatggcactagagcagaaaatagaacatttatctattggeatggtagggataacagaactatcatcagettaaacaaatattataatctcactatacattgtaagagge
caggaaataagacagtggtaccaataacacttatgtcagggttaaggtttcactcccagecggtcatcaat: ccagacaagcatggtgttggttcaaaggtgaatggaagg; catgcaggaggtgaag; cettg
caaaacatcccaggtat. caatgaaac: tattaactttacagcacc ggctcagacccagaggtggcatacatgtggactaactgcagaggagaatttctctactgcaacatgacttggttcetcaattgg

aagacacaccgcaattatgtaccgtgccatataagacaaataattaacacctggeataaggtagg gtatatttgcctece ggggagttgacctgcaactcaacagtaactagcataattgetaacatt
gatgcaaatggaaataatacaaatattacctttagtgcagaggtggcagaactataccgattagagttgggagattataaattggt taacaccaattggcttcgcacctacage tactcctctactccaatgagga
acaagagaggtgtgttcgtgctagggttcttgggttttctcgeaacageaggetctgeaatgggegeggegtecttaacgetgteggetcagtetecggactttactggecgggatagtgecageaacageaacagetgttggacgtggte
aagagacaacaggaaatgttgcgactgaccgtetggg tetecagge gtcactgctatcgagaagtacttaaaggaccaggegcaactaaattcatggggatgtgcatttagacaagtetgecacactactgtac
catgggtaaatgataccttaacgectgagtggaacaatatgacgtggcaagaatgggaaggcaaaatcegegacctggaggcaaatatcagtcaacaattagaacaagcacaaattcage: tatgtatgaactacaaa
agttaaatagctgggatgtttttggtaactggtttgacttaacctcctggatcaagtatattcaatatggagtttatataataat: t. ttagaaagggctataggect
gttttctcttcceecceeggttacctccaacagatceatatccacaaggactgggaacagecagecagagaagaaacagaagaagacgttggaaacaacgttggagacagetegtggecttggecgataagatatatacatttectgat
ccaccagctgattcgectettggecggactatacaacatctgeaggaacttactatccaggateteectgacectecgaccagttttccagagtctte: actgacagcaatcagagactggetaagaactgacgeagectactt

geagtatgggtgegagtggatccaaggagegticcaggectticgeaagggetacgagagagactcttgegggeacgtggagagacttgtggggggcactgecageggatcgggaggggaatacttgcagteccaagaagaatca
ggcagggageagagategecctcectatga'

tagttcttagaatagtaatatatatagtacagatgtt:

5. 'HIV-2UC1 (lvoryCoast)' 'L07625

'atggcacacactagcaatcacctgtttattttgetcctacttataagtgtctatgggtttctgggtcataagaaaaactatgtcactgtcettctatggeatacctgeatggaggaacgeaacggtteetetettetgtgecaaccacaaacaggg
atacctggggaactgtacagtgectcccagacaatggggattacaccgagatcagtgtaaatataacagaggettttgatgeatggaataatacagtaacagaacaggeagtagatgatgtgtggagtetttttgaaacctccataaaac
catgtgttaagctgacgeegetgtgegtggeaatgagatgtaataacacaggaaccaatactactactaaacctattactacacctattactactactaaaccatcagaaaacttactcaacgacacaagtccatgtattaaaaatgacacct
geceegggaataggactagaaaacacagttgactgttactttaacatgacaggact gagatga, aatataaggacacctggtac ttagagtgcaacggcaacageaccagceaccatatgttacatga
gaacttgtaatacctcagtgatccaagagtcatgtgataaacattactgggacagcttaagatttaggtactgtgctcccccaggatatgctctgctaagatgtaatgacaccaactattcaggcﬂmi ccaaaat, tagtagt
gtcctettgecacaagaatgatggagacacagacctctacatggtttggettcaatggtacgaggacagaaaataggacatatatgtattggcatagt: catcataagcttgaataagtattataatctaacaatgcattg
cagaaggccagggaacaagacagtcataccaataacaatcatgtcaggactgaatttccattcgcagectctcaataccagacccagacaggettggtgctggtitaagggaaactggatagaagecataagggaggtaaaggaga
ccatcataaaacatcccaggtataaaggaacaaataacaccgagaggataagattggtagggecctcggeaggttcagacccagaggtgagacatatgtggactaactgtaggggagaattcttctattgtaatatgacetggtttttaa
actgggt, agaacaggtacaactca ttatgtgacgtgccacatcaaacagatagtcaacacgtggcacaaggtt acgtatatttgectccaagggagggtacgcetcteetgtaattccagtgtcaccagt
cttatagccaacattgacgtgtattatgatggcaatgataccaagaccaatattaccatgagtgcagaagtgggagaactgtacagattggaactgggggactacaaattagtagaaataacace gattggetttgeacctacagagataa
aaagatattcctcaacgacaccgaggaataaaagaggtgtaatggtgctagggticttgggacttcttgecaatggeaggttctgecaatgggegeaacgtccettgacgetgtcagetcagtcceggactttactggetgggatagtgeage
agcagcaacagctgetggacgtggtcaaaagacaacaggaactgttgeggcetgacegtctggggaac ctccagac actgcecatc Ct accaggcactactaaattcgtggggatgtge
ttttaggcaggtttgtcacacgactgtaccatggecaaatgaaactctcacaccagactgggaaaacatgacatggcaacagtgggaaaagegagtcaatttcttggatgcaaatataacagecectgttagaagaggetcagatacaac

atgtatgaattacagaaattaaatagctgggatgtttttggtaattggtttgacttcacctectggatggeatacatcaggttaggactatatgtagtagecaggattaatagtgttaagaatagtaatatacattatgeagatg
ctagcaagacttaggaagggctataggecagtattctectecectecctcettatactcaacagatcectatccgeaaacaccggggacagecagecaacgaagaaacagaagacgaaggtggaaacgaaggggcttacagatettg
gecetggeagatagaatacgeteactttctgattcgecaactgaggaacctettgatttggetgtacaacggetgeaggaacttactgttgaagaccteccaaatectccaaccageactccaaccgetcaggctttcacttgeatacctee
agtatgggatcagetggttccaagaagcaatccaagcagcaacgagggetgc tettgecgaacac gccctat, tctcagaaggacageggaageaatcatcgegatececaggaggatcaga
caaggacttgaactcgecctettgtga'

6. 'SIVMM251 Macaque' '‘M19499'

‘atgggatgtcttgggaatcagetgettatcgecatcttgettttaagtgtctatgggatctattgtactcaatatgtcacagtcettttatggtgtaccagettggaggaatgegacaattecectettetgtgeaace ttgg
ggaacaactcagtgectaccagataatggtgattattcagaattggeccttaatgttacagaaagetttgatgettgggagaatacagtcacagaacaggeaatagaggacgtatggeaactcetttgagacctcaataaagecttgtgtaa
aattatccccattatgcattactatgagatgcaataaaagtgagacagatagatggggattgacaaaatcatcaacaacaataacaacagcageaccaacatcageaccagtatc: agacatggtcaatgagactagttctt
gtatagctcagaataattgcacaggettggaacaagageaaatgataagetgtaaattcaccatgacagggttaaaaagagacaagacaaaggagtacaatgaaacttggtactctacagatttggtttgtgaacaagggaatageact
gataatgaaagcagatgctacatgaatcactgtaacacttetgttatccaagaatcttgtgacaaacattattgggatactattagatttaggtattgtgcacctccaggttatgetttgettagatgtaatgacacaaattattcaggetttatgee
taaatgttctaaggtggtggtcetcticatgcacaaggatgatggagacacagacttctacttggtttggetttaatggaactagageagaaaatagaacttatatttactggeatggtagggataataggactataattagtttaaataagtatta
taatctaacaatgaaatgtagaagaccaggaaataagacagttttaccagtcaccattatgtctggattggttticcactcacaaccaatcaatgataggccaaagcaggceatggtgttggtitggaggaaaatggaaggatgecaataaaa
gaggtgaaacagaccattgtcaaacatcccaggtatactggaactaacaatact; aatttaacggetcctggaggaggagatccggaagttaccttcatgtggacaaattgeagaggagagttcetetactgtaaaatgaatt
ggtttctaaattgggtagaggatagggatgtaactacccagaggecaaaggaacggeat: ggaattacgtgeegtgteatattagac aacacttggcat t aaaaatgtttatttgectec gga
gacctcacgtgtaactccacagtgaccagtcetcatageaaacatagattggactgatggaaaccaaactagtatcaccatgagtgeagaggtggeagaactgtatcgattggagttgggagattataaattagtagagatcacteegatt
ggettggeececacagatgtgaagaggtacactactggtggeacctcaagaaataaaagaggggtetttgtgetagggttettgggttttctcgeaacggeaggttetgeaatgggegeggegtegttgacgetgacegeteagtece
ggactttattggetgggatagtgeageaacageaacagetgttggacgtggtcaagagacaacaagaattgttgegactgaccgtetggggaac ctccagactagggtcactgecatc, tacttaaaggaccagg
cgcagctaaatgettggggatgtgcgtttagacaagtctgecacactactgtaccatggecaaatgeaagtctaacaccagactggaacaatgatacttggeaagagtgggagegaaaggttgacticttggaggaaaatataacagee
ctect: acaaattcaacaaga atgtatgaattacaaaagttgaatagetgggatgtgtttggcaattggtttgaccttgettcttggataaagtatatacaatatggaatttatgtagttgtaggagtaatactgttaag
aatagtgatctatatagtacaaatgctagcetaagttaaggecaggggtataggecagtgttctcticceccaccctettatticcagtagactcatacccaacaggacceggeactgecaaccagagaaggeaaagaaggagacggiggag
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aaggcggtggcaacageteetggecttggeagatagaatatatteatttcctgatccgecaactgatacgectcttgacttggetattcageaactgeagaaccttgctatcgagageataccagateetccaaccaatactccagagget
ctetgegaccectacgaagggttcgagaagtectcaggactgaactgacctacctacaatatgggtggagcetatttccatgaggeggtecaagecggetggagatetgegacagaaactcettgegggegegtggagagacttatggga
gactcttaggagaggtggaagatggatcctcgeaatcectaggaggattaggeaagggettgagetcacgetettgtga'

7. 'SIVAGMG677A Green monkey' "M58410"

'atggggagattgcttataaaaatactaataatagcaatagggataagtataggaataggtaacctgtatgtgacagtgttttatggaatcccagtatggaaaaattcaacagttcaggeatttt gcatgacgeccaataccaatatgtggge
aaccaccaactgcataccagatgatcatgataatacagaggtgcectctaaacattacagaagctttcgaggettgggataatccgetggtaaaacaagcagagagtaatatacatctactctttgaacaaacgatgaggecttgtgttaag
ctcteecccatatgtattaaaatgteetgtgtagagetgaatggtacagecacgacaaaggecaccactactgeaactacaacaatgactaceecctgtcagaattgecagtacagageagata tggcagaggaaccag
catccaactgcacttttgcaattgcaggatatc t. ttatagcatgacctggtatgatcaggagttagtctgcaataat gaagt; ggaagt ttgttacatgatacattgtaatgattca
gtgataaaagaagcttgtgataaaacatattgggatactttaagagtaagatactgtgecaccagcagggtatgetttgctaaaatgtaatgataaggattatagaggctttgetccaaagtgeaagaatgtttcagtagtgcattgtactagat
taatcaatactactataactacagggatagganaaatggtagtagatcagaaaatagaacagagatatggcagaaaggaggaaatgataatgatacagttataataaagttgaataagttttacaacttgacagtgagatgccgaagacc
tgg agtgtt, rmamzmnrmrggcagggttagtatttcactctcagaaatataataccaggttaaaacaagcgtggtgccacnccaaggagatt gaaaggggcat, gtc

gtgaaaaatcttaca 1 tatacatctga gatatgg, tccagaatcagcegaatttttggttcaattgtcaaggtgaatttttctattgtaagatggactggtttatcaattatctaaacaatcgaacagaag
atgcagaaggtactaataggacctgtgacaaagggaagecaggaccaggaccatgtgttcagagaacttatgttgectgecatatacgacaagtagtaaatgattggtacactgtetctaaaaaggtatatgetccaccaagggaaggt
catttggagtgtaactcatcagtcacggcactatacgtggeaatagattataacaacaagtctggeccaataaatgtgaccectaagteetcaggtacgcageatatgggegtacgaactgggagactataaattagtagagataacacca
attggcetttgetcctacagatgtaagaagatatactggecccacaagagaaaaaagggtgccattegtgetagggtttctaggettettgggagetgctggaactgeaatgggegeageggeaacaacgetgacagtecagtetegge
atttgcttgetgggatattgeageageagaagaacttgetggeggetgtggaacageaacaacagttgttgaagetgaccatttggggtgtgaaaaacctcaatgeecgegteacagetetcgagaagtacctagaggatcaggeacg
gctaaattcatggggatgtgcgtggaaacaagtatgtcacaccacagtgecatggaagtataataacactectaagtgggacaatatgacttggttggagtgggagagacaaattaatgecttggaaggeaacataactcaactattgga
agaagcacaaaatcaggaatcaaagaatctggatctgtaccagaaattggatgattggtcagggttctggteatggttctcactgtcaacttggttaggetatgttaaaataggatttttagtgatagtgattattctaggattaagatttgeatg
ggtattatggggatgtatcagaaatattaggcagggatataatcctctcecccagatecatatccacagttcageggaacggecagacaacggaggagggcaagacagaggtggagaaageageageagcaaattgataagattge
aggaagagtcctcaacaccttcgaggatcaacaactggtggetcaacttcaagagetgeagett t acttggtgttacaacatctgectgaccctecteatattcatcaggacageagtgggatacctgeagtatgggetee
agcaactcc agcaacagggcttgctcaagetetggegagggctgcgagggaagectggggcagactgggtgctattgtccgateegettatcgggeagtcatcaacagtccaagaagagtgeggcaaggecttgaaa

aagtcctggggtaa'

8. 'SIVIhoest L""Hoest monkeys' 'AF075269"

‘atggcatgtccaggattaggaattctgcttttgettcttggeataatatggggaaaacaatatgtaacagtattttatggggtgccaaattgggatgataatgtttcagtgeccttgatttgtgettcagecaatactagectetgggtcacgac
atcttgettgecagatttgcaatcttatgcagaggtacctatctataatatttc tttacaataccagt aatcaggttatacagcaagectggtetgcetatgaatgcetatggtagacagtattatgaaaccatgtgtaaaaat
caatccatattgtgtgagaatgcagtgtggggaagttacaaaaacaccaacaacaacaccaaaaactactacacagatgectigttttatcaacgaacaggtaacagttaagaacccggggaatgaaacaagattagaggaagatctta
attgcacaagagggcttaatgagaccacagagaggaatgcagaatgecagtataatgtaacagggttatgecagagactgeaggacggaaataaaacaaagetttagatatgatgatgtaacgtge tcaggagagagggagaacaga
acctgttacatgactcattgtaatgattcaataataacacaagattgtaataagggggtaatgcaaaatgcttattttaggetttgtgctccageaggcetatatgetattgagatgeaatgaacaattaaactttagtaaaaaatgtgaaaatata
acagctacaccatgtact ggatatatgcttagtagtgtaagtagtttctttggctttaatggaactaatcataccag ggatgagcttattccactaactccaaataagatggaagatctaaatggtgcaaagtttgtgtataaagtagcaggaaa

atggggtttaattattagatgcataagaaaaggaaat: tatccacaattagctctac ttattttattatggcctagaacatggcagceagattaagattagcacagtgtaaatttgaaggcec ottt
aataatctaggcaaaatgctaaaggagttgaatgcagaagecatgaattatacagaagggacagggacatgtgattct: aacttgtggacggaaatt ttaccaatagctaatatgactaggcatggageagactt
agcaacagagatgttaatgcatacttgtggagaggaaatgttcttitgtaatgtaactaggatattccaagaatggaacaataaaaattcagataaatggtatcettgggccaactgecacat: atcattgatgattgggctacaat

agg: tttatctaccacctacttcaggtttcaacaat: tcagatgtactcat: taacagaaatgttctttgagat: gggaaccacatgaggacttaggaggcaacctaagtataaagttcttgectecatcat

gggaaactaatcaatttgtggecagaagggtctaaatataaattgataaaattgaatccaattgggtttgetcctacagatgageacaggtacgeacccaggggaaggeaaaccagageagegectetggetttaggagecttgggactt
ctcagtgetgecaggeactgeaatgggettagtatcgacgatactaactgtccaggeccaageagtettgecaagggatattgcagecagecagaageagttgetggtgettgttgagaaacageaagaactgttaagactcaccatatgggg
agtgaagaatctccaagcacgcectgacageecttgaggagtatgtgaaacatcaagegetecttgectettgggggtgtcaatggaaacaggtttgtcatactaatgtggagtggacatataatatcacacccaattggaccaaggatac
ctggagagaatgggaatcaaaggtagcaatttatgacaagaacattacttctetgttacaagaageatacaccacagagctagagaatcagaataaatttaagaagttacaagaatttaacttttggagttggttggatatctcacactggttt
acttatgttaagtatgcagtgttaattatacttgtaatcatagggttaagagtattgagetttataatacaaaatgtagtaaaaatgtgtagggggtatagggtgctcteccectetgtttatattgaacaggactacaagtgg ga

gaaccaagaacagccagacagagaagaagagaaaggagcagatacagagactatctacatcaacttagagcagtgcaagaaagaatcttccaggecactgtggaacgtggactggaacgagectttacaagactegetgttagtg

actctcetgaagtggetcaaggaagggggaatactecteetatcactagtgtggcagagecteagttggetgtggeatttgttgatecttttcttccaaaatgggcaacgectttggeagaccageageagatggatggtggaaaacget

cagaagattcagagctggetcagggagaaatgeagaaggaacagaggacagttatcgageactgat atccaattgggc gagatggagactcagattcggaggaagaagtgggatttccagtgaagee

acagagaccgctttgtag'

9. 'SIVcpz Chimpanzees Cameroon' 'AF115393"

'atgaaagtgatggagaagatcaaaggeagettgatagagaaatacatgtttatgggtttgataatcceatgtttgactggtagtgatcagttgtgggeaacagtgtactatggggtacetgtgtggaaagaggcagacacaacactctttt
gtgectcagaggegteagetettaacaaagaggeccataatatttgggectcacaagectgtgttcctacagaccctaacccacaagaagtgeagateccaaatgtaactgaaaactttaatatgtggaacaataccatggeagaacaa
atgaatactgacattattagtctgtgggatcaaagtttgaaaccatgtgttaagetgacgecaatatgtgtcaccatggaatgtagaaaggttactttcaatageacttctaataggaataaaacttctactatgactactaacagtcctaatgaa
aaaaaagacagcacagtaaagaattgtacctttaatatgactactgaggtaagagat gtatattcccttttttatgtagatgatctagtattgattgataacgataccgatacatatagactaataaattgcaataccacag
ctattacacaggcgtgtcctaagacctcctttgagecaattccaatacattactgtgeaaccecaggttatgeaatcatgaaatgeaatatgecaaactttaatggaacaggaacaggaagatgtaacaatataagcacagtecaatgtact
catggcatcagaccagtggtaactacacaattgatccttaatggaagtgtagccgaaaacaagactattgectagaaggaacgggtacaacttcctgatacaatttcagaaaacggtcageataaattgtacaagaccaggaaataacag
cagaggacaaatacagataggaccaggcatgaccttttataacatagaaaatattgtaggagataccagacgagcatattgtcagatcaataggacagtctgggacgaaagactaaatgaaactggtcaagecttgegagagcttttta
caaaccttacacaagtcaactttacagt: caggaggagacccagaagtaacaaatatgatgtttaattgtggaggagaattcttttattgcaatactactacattgtttaattatacgtggaaaaacaacaatataactaagggagataa
caccaccttcttcccatgtagaataaggcaaattgtaaactectggatgagagtggggaagggaatttatgecccaccaattagaggagttataagttgeacatcaaacgttactgggattatacttgagacagggeatggeatcaacaac
agcatcaccaacatcacgctataccctacaggaggaaacatggtagacttgtggaggcttgaattgeataaatacaaggtagttagcatagaacccataggagtageaccaagt taaaaggcacacagtatc
agagcagcctttggactgggtgcgctgtttcttgggttcttaggageage: actatgggegceageatcagtggtgctgacggtacaggeccggceaattattgtcagggatagtgcaacageagaacaacctgetgegagea
atagaggcgcaacagcatttgttgcaactctcagtttggggcattaaacagetccaagecaagagttettgetgtagaaagataccte agcaaatcctaggectatggggcetgetc: catttgttatactactgtge
cttggaataatacttggagtgctaatacatcctttgatgagatctggaataatttaacatggcaagactgggacaaaagggtaaaaaattattcaggtgtcatttttagecttatagaacaagcacaagagcaacaaaacacaaatgagaaa
agtctattggaattggatcaatggtcaagtttatggaattggtttgatattaccegetggetgtggtacataaaattgtttataatgatagtagcaggettagtaggeataagaatagtaggggctatcatatcatttgtagcaaaggttaggea
gggatactctccectetegttgeagacecttatccegacaacaagggaaccagacaggec gacgttggagagccaggcaaaggcagatccattcgettagtgageggattettagetcttatctgggaag
atctccggaacctectgetcettetgttaccaccgattgagagacttactattgatactggggaggacattggaaaacctgggacagagectcaacaagggactgeaacagetgaggaacttcageagatacetgtggggagtgataace
tactggggaagggagetacaaactagtgecataagettattagatgeaacagecattgeagtagetgaaggaacagacagaattctagaagttgeacaaataataggtagaggceattctgeatataccaagaagaattagacagggttt
ttgctataa'

10. 'SIVmnd5440 Mandrillus sphinx' 'AY 159322

'atgttaagatatcttaggtatatagtcttaggaataatagtaagtgtaatagtaggagaacaatgggtgacagtgtactatggeacacccaaatggeataaggeaaggacacacctgttttgtgecaacagacaataatteattetgggtgac

cacaagctgtgtccecagtetgttgeactat, agcatatcccc aac ttttacaggccctatagaagagaat, gacacaagcttggggagcaatttcttccatgatagatgcagtattaaaaccatgt
gtaaggttaacaccttattgtgtgaagatgaaatgtacagaaggtcaaaatgaaacagagcaagcaacagetaagaccacaacacctgtacccacaacaacaacccectccactaccactagetccageacaaataagacaacaact
cctgtgttggttottgagaaac gagacaacaacacagc tatgtaaattcaacacgacaggattatgtagggactgcaaattggaaatagaggaaaactttagatatgaagatgtaacttgcacaaagettaata

aaactggtagtgctactaatagtactgaacctgaatatgagtgttacatgacttcatgtaacgcaacagtaataacacaggaccgtaacaaagettccacagatagaatgacatttaggttgtgt gcacccccagggtttgtcttactaaaat
gtaatgaaaaattgaacaagacaaaattatgtgggaatgtgtctgeagtgcagtgeacageaccgetgecagecacaatetctacaatgtitggettcaatggaactaageatgattatgatgagettattcagacaaacccacgaaaag
gaaaagatgagtttcatgaccataaatatgtatatagagtgoat: ggattacaggtaaggtgtagaaggaagggaaatagatctatcatttccacaccaagttctacaggattgetgttctatcatgggttggagecaggaaa
gaatcttagaaagggcaag{gtcagnagaagggaaatggggacaggcmamna 'rm'ranaoagr‘ taaatgatagcatttacaaagacaaccacaatatgacatgt. agtaacaac aca
acagggtgtcatcttaaaactataagtataagtgagtccaccgttaaaggegaaccaggagetgaaactattatgetectetgtgga ttcttttgtaattggactaaaatatggaaggcatggaatagcaaacaaagttcagtt
tggtaccettacatgtetcgeaatattagacaaatagtaggtgattggeataaagtagge ttatatgectectgtgtetgggtttaataatgaaataagatgtactaatgatgtgacagaaatgttetttgaggtccaaaaaactga
tgatgacaatggatatatcataaaatttataccacaagattggattcaaaatcaatacacagcagtgggggctcattacaaattggtgaaggtggatecgataggttttgccceccacagacatacacagacatcatttgectaatacaagge
aaaaaagaggageggtcttacttggaatgetcggectectaggtitggeaggttcecgegatgggetcagtggeggtggecctgactgtececagteccagactttactgaatgggattgtggageageagaaggttetgetgagectgata
gatcagcactccgagttattaaaactaactatctggggtgtaaagaatcettcaggtecgectcacagecttggaggaatacgtageggaccaatcaaggeteteggtatggggatgtteattctcccaagtttgtcatactagtgtaaaatg
geccaataatagtatagtgeccaattggacctcagagacatggetggaatgggacagaagagtaaacageatagtgacaaatatgaccatagacttacagagggeatatgaattagaacagaggaacatctttgagttgcaaaaattag
gggacttaaacttccatgggctaactgggttcgaccttacatggtgecttaagtatgttaagataggactgttagtagtagtagttatcataggattaagaatgttagettgcttatggtcagtattagggaagtttaggcaggeatatcgeect
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cttccttatgtettcaagggagactatctecggecccacaacctcaaacggecagacagagaaggagea cagactt: agaacatcaagtcagagagcetccagac taggaagccttggaagecag
agcaagtcaggagctggetgaaaaggtcgacgctttacatttggetgaagaacctccaageagtaattgaatatgggtggcaagagetcaaagecagegggageagceattatatcaagtattacaaggetttgegeagaggctatggag
cagagggtaccaacttggactatcaggtgttagaggageageagcctttggeaggggceatctggaacatcectcgecgeatcagacaaggtgetgaggeectactcaactga'

11. 'SIVAGM3 Green monkeys' 'M30931"

'atgaagctgacattactgatagggatactattaatagggataggagtagtgcttaatacaaggeaacaatgggtcacagtattttatggagtaccagtatggaaaaacagetcagtacaggetttetgeatgacaccecaccaccagactat
gggcaactactaactcgataccagatgatcatgactacacagaggtaccattaaacatcactgaaccatttgaagcatgggctgacagaaaccecttagtagcacaage taatatacacctgctatttgagcagactctgaag

ccatgtgtaaaattatcacctttgtgcattaaaatgtectgtgtagaattgaactectetgagectaccaccactcctaaaagtaccacggectcaacaaccaatatcacagectcaacaaccactttgecgtgtgtccagaacaagacaagt
actgtgttagaatcatgtaatgaaacaatcatagaaaaggaattaaatgaagagcctgctictaattgtacatttgcaatggcagggtatgt: t gtattcagtggtgtggaatgatgcagaaatcatgtgtaagaa
gggtaacaattctaacagagaatgttatatgattcattgtaatgattcagttataaaagaagectgtgataaaacatattgggatgagttaagattaaggtactgtgceceggeagggtttgctttattaaaatgcaacgattatgattatgeag

ggtttaagacaaactgttctaatgtttcagtggtgcattgtactaacttgataaatacaacagtgactactggactgttgttgaatgggagetactc gaacccagatatggcagaaacat staagcaatgactcagtgttag
tgttatttaataaacattacaatctaacagttacttgcaaaagaccaggaaacaaaacagtcttaccagtaacaatcatggcagggctagtgtttcattctcagaggtacaatacaaggctgagacaagcettggtgtcacttccagggceaac
tggagaggagectggaaa tagt ttacc tagatacc: caatgatactgaagagatttatctgcagagactatttggagatccagaagcagcaaatttatggtttaattgtcaggggga
attcttctattgtaaaatggattggtttctaaattacctgaataatcgtacagtagatccggaccataatecgtgtaatggtac t
cattaatgattggtacacactatc ctatgeaccgec ggcacttgeaatgeacatccacggtaacgggtatgtcagtggagetaaattacaatagtaagaacaggactaatgtaacattaagtceccagatag
aaaccatctgggeagceagaattgggcaggtacaaattagtagaaattacaccaattggettcgeacccacagaagtaagaaggtatacgggaggtcatgacagaacaaagegagtecegticgtgetagggttectaggeticttagg
agctgetgggactgeaatgggageageggcegacagecctgacggtceagtetcageatttacttgetgggatactgecageageagaagaatetgetggeggcetgtggaggctcaacageagatgttgaagetgaccatttggggtgt
gaaaaacctcaatgcccgegtcacagetcttgagaagtacctagaggaccaggegeggttgaatgettgggggtgcgeatggaageaagtctgtcatacaaccgtaccgtggeagtggaataataggaceectgattggaataatat

gacttggctggaatgggaaagacagatategtatttggaaggtaacataacaacacaattagaggaagecagagceacaggaggagaagaatttggatgeataccaaaaattaagtagttggtcagatttctggtcttggttcgatttctca
aagtggctgaacattctaaaaataggatttttggatgtactaggtattataggattaagattgctttatacagtatattcttgcatagctagggttaggcagggttactetectcetttctccacagatceatatccaccegtggaagggacageca
gacaacgcagaagggcecaggagaaggtggagacaagegeaagaacagetecgagecttggecagaaagaatetggeacageagagtggaagageaactggtgeaagegattgaccaattggtgete gatcageageatetgget
atacaacagttgectgaccetcctagttcatcttaggagegctttccagtacatacaatatgggettggggaactcaaageegeageacaagaageagttgtegetttggeacgecttgeacaaaacgegggetaccagatatggettge
ttgcagatcegcttatagggeaatcatcaactctccaagaagagtgegacaaggecttgaaggaatccttaattag'

accag; accctgtgcac zm'utfu(‘ﬂar‘r‘zmmr‘umr‘fgt

12. 'SIVMMZ239 Simian macaque' 'M33262'

'atgggatgtcttgggaatcagetgettatcgecatcttgettttaagtgtctatgggatctattgtactctatatgtcacagtettttatggtgtaccagettgga tgcgacaattceectcttttgtgeaaccaagaatagggatacttgg
ggaacaactcagtgectaccagataatggtgattattcagaagtggeccttaatgttac tttgatgectggaataatacagtcacagaacaggcaatagaggatgtatggeaactctttgagacctcaataaagecttgtgtaa
aattatccccattatgcattactatgagatgcaataaaagtgagacagatagatggggattgacaaaatcaataacaacaacagcatcaacaacatcaacgacagceatcagcaaaagtagacatggtcaatgagactagttcttgtatag
cccaggataattgcacaggettggaacaagagcaaatgataagetgtaaattcaacatgacagggtt: gtacaatgaaacttggtactctgcagatttggtatgtgaacaagggaataacactggtaat
gaaagtagatgttacatgaaccactgtaacacttctgttatccaagagtcttgtgacaaacattattgggatgctattagatttaggtattgtgcacctccaggttatgetttgettagatgtaatgacacaaattattcaggetttatgectaaatg
ttctaaggtggtggtcteticatgeacaaggatgatggagacacagacttctacttggtttggetttaatggaactagagcagaaaatagaacttatatttactggeatggtagggataataggactataattagtts attataatct
aacaatgaaatgtagaagaccaggaaataagacagttttaccagtcaccattatgtctggattggttttccactcacaaccaatcaatgataggecaaageaggeatggtgttggtitggaggaaaatggaaggatgcaataaaagaggt
gaagcagaccattgtcaaacatcccaggtatactggaactaacaatactgataaaatcaatttgacggcetectggaggaggagatccggaagttaccttcatgtggacaaattgecagaggagagttcctctactgtaaaatgaattggttt
ctaaattggot: t. tac agctaaccagaagccaaaggaaca gcat: Tm‘ofgccatgﬂ‘ztmm gac t. aaaaatgtttatttecctccaaga nzoggagacct
cacgtgtaactccacagtgaccagtctcatagcaaacatagattggattgatggaaaccaaactaatatcaccatgagtgcagaggtggcagaactgtatcgattggaattgggagattataaattagtagagatcactccaattggettg
geeeccacagatgtgaagaggtacactactggtggeacctcaagaaataaaagaggggtctttgtgctagggttettgggttttctcgecaacggeaggtictgeaatgggegeggegtegttgacgetgacegeteagteecgaacttt
attggctgggatagtgcagcaacageaacagetgttggacgtggtcaagagacaacaagaattgttgegactgacegtctggggaacaaagaacctccagactagggtcactgecatcgagaagtacttaaaggaccaggegeag
ctgaatgcettggggatgtgcgtttagacaagtetgecacactactgtaccatggecaaatgeaagtctaacaccaaagtggaacaatgagacttggeaagagtgggagegaaaggttgacticttggaagaaaatataacageectect

acaaattcaacaaga atgtatgaattacaaaagttgaatagctgggatgtgtitggcaattggtitgaccttgeticttggataaagtatatacaatatggagtttatatagttgtaggagtaatactgttaagaata
gtgatctatatagtacaaatgctagetaagttaaggcaggggtataggecagtgttctcttcecccaccctcttatttccageagacccatatccaacaggacceggeactgecaaccagagaaggcaaagaaagagacggtggagaag
geggtggceaacagcetcetggecttggcagatagaatatattcatttcctgatcegecaactgatacgectettgacttggetattcageaactgeagaaccttgetatcgagagtataccagatcctccaaccaatactccagaggctetct
gcgaccctacagaggattcgagaagtectcaggactgaactgacctacctacaatatgggtggagcetatttccatgaggeggtccaggecegtetggagatctgegacagagactettgegggege gtggggagacttatgggagact

cttaggagaggmo;m gatggatactcgcaatccec ttagacaa ag_gcttgaoctcac(ctcngtga'

tcaacacttggc

13. 'ClVcpzUS Chimpanzee' 'AF103818"

'atgaaagtgatggagaagaagaagagactctggctaagttattgtcttctctcgagettgataatcccaggattgtetagettatgggctacagtatattatggggtacctgtatggagagatgtagagacaaccttattetgtgectetgat
gcaaaggceatacaagecaggaggeccacaacatttgggecacacaggeatgtgteectactgaccecaatccacaagaagtacatttgecaaatgtgactgaaaagtttgacatgtggg: atggcagaacaaatgcaggaa
gatattattagcctatgggaccagagcttaaaaccttgtataaagttaaccccattgtgtgttactatgacttgtcttaaccccgatagtaatagtagtgetgtaaatactactgatataatgagaaactgttcttttaatataactactgaattaag
agacaaaaagaaacaagtgtattccttattttatgtagatgatctagctcatatcaataataatacctatagactgataaattgcaacaccaccgetatcacacaggettgtcctaagacctectttgagecaattccaatacactattgtgeac
caccaggctttgccatcctaaaatgtaatgaaaaagatttcaaaggaaagggagagtgtaaaaatgttagtacagtgecagtgtactcatggeataaaaccagtggtgactacacagetcataataaatggeagtttagcaactaaaaatgt
tac tttgcagacattattctagtacaattctcagagggagtcaatatgacttgtattagaccag; aatacagt gtacaactaggaccaggaatgactttttataacataccaaagatagtaggag
atgt: acattgtaacatctcaaaactgacat tacactttagagataataaaaaaggaagcaaacctgacaaaggtagagttaattccaaatgcaggaggagacccagaagtggtaaatatga
tgcttaattgtggaggagaatttttttattgtaatacaattccectatttaacatgacctacaacaataccgacaacaccactatcacacttaagtgtagaataagacaaattgtaaatca gtggatgagagtaggaaaaggaatctttgececa
ccaatcaaaggtgtgctaagttgtaactcaaatataacgggaatgattcttgacataagcataagecgeagtcaataacgatagt tataacagtgatgcctacaggaggagatatgacggcetttatggaaaaatgaattacataagt
ataaggtggtcagcatagaacctataggagtggcaccaggtaaggecaaaaggcatacagt; agccttcggactaggtgeactgttectggggtttcttggageageaggaageactatgggegeage
atcagtagtgctgacggtacaggcccgacaattattgtcagggatagtgcaacagce tgctaagagcaatagaggeccaacagcatttattgcaactatcagtttggggcattaaacagettcaagecagagtacttgetgt
ggaaagataccttaaggatcagcagatcctaggtctgtggggctgctcaggaaaaacaatttgttataccactgtgecttggaatgatacct aacctctcctatgatgetatttggggceaatctaacttggecaagaatgggac
t: tattcaggtactatttttagtcttatagaacaagcacaagaacage tacaaat tcactcttggaattggatcaatggtcaagtctatggaactggtttgatattaccaactggetgtggtatataaaaa
tatttttaatagtagtagcaagcttagtaggaatcagaattgtaggtgtgatattttcactagtagcaaaagttaggcagggttattctceectetegttacagacccttttcccaacaactcgggaaccagacaggecagaaggaacagaag
aaggcgetggaaaaacagacaacgtcagatcaacgagattagtcageggattettageacttgtetgggaagatettcggaacctectgatcettectetaccaccgattggaggacttactattaattctgaggaggacagtacaaatect
gggacagaacatcaacaagggactgeaactgttgaatgaactcagageacgetgetggggggtaategettactgggcaagggagetaaaagttagtgctacaagettattagatacaacageaatageagtagetgaaggaactga
tagaattatagaattaacaagaaggctctttctaggtattatacacataccaagaagaattaggcaaggectagagagaagcttattataa'

14. 'SIVmon Cercopithecus Monkeys' 'AY 340701

'atgagagaaggagacatgactcaggggttgacacagaatctgaatcagageaacat; tcatggetttgtcaaccetgtgtttaatgatgactttggtgaatgggtetaactggaccacegtetactacggtgttccagtatgg
aaaccggcaactcctectctcttttgtgectctgatccaaattacgggt agggaacaattggetggegtettcctgectccegacagacecetacceegeaatctetatatttgaacatcactgaggagttcaatgettatcaa
aactacatggtgg: tggt tatgaagtctetgttctcgeaggetttaaagecttgtgtgaaattaacacceatgtgtgttaggatgetetgtgttgaagttaacaccgtttcgaatgecagtaccactectgecectagtace
cccacaccetggggaaattggggagggaatggaacaggacagecagtatataattgeteatttaaccagactacagaattcagggat aaatgtatagcttattttggaa ataatgaaggaggaaggaage
aatggcagtcactattacatcctgaattgcaacacatcatacataacccaagettgtgagaagtccaattatgagecagttectttgeattattgtgeacccccaggetatgetttattgagatgtgatgaceeegectttacgggacaaggg
agttgttctaatgtttctgcagtaacatgtactcatgetatccaacctatagtagetacttggttccagttgaacagtacgggtaatgetcccaatacaacagtaatgatgaataage tgagtct: tagattggctaagca
cctacatgtcaacattacttgcattaggecaggaaacaaaactattaggaatttacagataggageaggeatgacattctattcgeaacttatagtgggaggtaatactcgtaaagectactgcaaagttaataagacccaatgggagact
gccctacaggceagttcacgaggcagtaaaaactgagt aatggaaccaatgtgaccacaatatcttggagatttcaaccccaaggggacaaggaggtccagactcactggtttaactgecagggagaattctttt
attgtaatgtctcagctttattcattaata caacaaaacggacgggatatctccattcgacgtgaataacaageccaacaccacgtatcatggtgggtggctageatgtaccataagacaaatggtgacacaatggggatatgt
gtcaaagagtatctacctacctccacggaaaggecatgtgeagtgtacatctaatatcactgecctectgattacaggggagttgtatcaaaacaacgtgacccttgttcectcggeacaggtgagtgactcatggagatcagageteagt
cgatataaggtggtggaaattgaccccttatctatggeacctacaacagegeagagaaggactggggtacacagggaaaagagageaattactttgggtatggectttetgggcettcctcageac ggeaggaggeacaatgggegea
geggegacageectgacggtacagteteggteattactggetgggatagtgecageageaggagaaccetgetgagggecgtaacageccaacagagettactacagettactgtttggggagtcaageagetacaggecegectgac
ggctgtagagaagttcataaaggaccaaacattgctaaatgeatggggatgtgce cgtgtgtcacacaacagtgeegtggaacaattcttgggcaaaaggteacttecetgagtgggacaatatgacatggeaacagtgg
agtgagttagtagataatgacacaatgaccattcagecagetcttggaagetgegeaagageageaaggeaaaaaccaacatgagttaatgaageegggacaatgggacttcetgtggaattggtttgacatctccaaatggttgtggta
catcaaaatattcattatagtagtagcagetttgataggcttaagaatacttatgttcatactaggagttatcagtaggttagggcagggatactetcttctttettctcagatcectatcccatcccacgegggacagecaacgecegacgga
acaggcgeaggeggtggegacggeageaactccagatcgecageatatctgaaaggattttttaccattatctgggaagatctcaggaaccttgtectetggacataccagatettgaaagactcagtattagtgatctaccggatecte
cagagagtgtcccagaggetgecaccectectgeacatacgectgetecaactgtgggaaagecttagacgettgetagectactgecagtatgggatecaagaactccaageageagteacctetetectcgacgeccttgetaggtt
cacaatcgtctggacggatgegctacttcatgetggaggacgactatggagageaategtggetatceccagacgeatcegacagggage, tcettaactga’

=
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15. 'SIVcpzTAN1 Chimpanzee' "AF447763'

'atgaagaatttaattggaataactttgatcctcataattacaatcctagggattggatttageacttattacaccacagtgttttatggagtacctgtttggaaagaggeccaaccaaccttgttttgtgcetet gatgetgatattactagtagag
ataaacacaacatatgggcaacacataactgtgtgcctttagatcccaatccttatgaagtaaccctagecaatgtgtcaataaggtttaatat, ttacatggtac t, tatattatcactttttcaacaga
gttttaagccttgtgtaaaattaacaccattttgcataaagatgacatgtacaatgactaataccacaaataaaaccctgaattcggeaacaacaaccttaacaccaacagtaaatttgagttctatacctaactatgaggtgtataattgttcatt
tatattccttgttttatagagaagatattgtaaaagaggatggtaacaataatagttattatttacataattgcaatacctcagtcattactcaagaatgt
caattcccatcagatactgtgetccageaggctttgeccetgttaaaatgtagagatcagaatttcacagggaaaggacaatgcetecaatgtetcagtagttcactgtacacatgggatttatcctatgatagecacageattacacttaaatg
ggtcectggaagaagaagaaacaaaagettactttgttaatacctcagttaatacaccettattagtaaaatttaatgtatcaataaatttaacgtgtgaaagaacaggaaacaatacaagaggtcaagtacagataggtccaggtatgacct
tttataatatagaaaatgtagtaggggacaccaggaaagcttattgticagtcaatgcaacaacatggtacaggaacttagattgggctatggetgecataaacacaaccatgagggccagaaatgaaacggtacaacaaacgttccaat
ggcagagggatggagaccetgaggteactagettetggttcaattgtcaaggagaattcttttactgtaatctcacaaattggactaatacctggacagcetaatagaaccaataatactcatggtactettgttgecaccatgecagactgagg
cagatagtaaatcattggggtatagtgtcaaaaggggtttaccticccccaaggaggggaacagtaaaatgteactcaaacatcacaggacttatcatgacagcagaaaaagacaacaataatagttataccecccaattttetgetgtag
tagaagactattggaaagtagaattagcaagatataaagtggtggaaattcageccttgtcagtggetccaaggec ctgaaattaaggccaatcatactaggtcaagaagagatgtgggcataggactgttgtttettg
gatttcttagtgcagcaggaagtacaatgggegeagegtcaatagegetgacggeacaggecagaggattactetetggtattgtacagcagceaacaaaacctgettcaggecatagaagegeaacaacacttgttgeagetctetgta
tggggcattaagcagetccaggecagaatgcettgeagt: t caacagctcctaagectctggggatgtgctaacaaattggtgtgtcacagtagtgtgecatggaacctcacctgggetgaagattctacaaa
gtgcaatcacagtgatgcaaagtactatgactgtatatggaacaatttgacttggcaggaatgggatcgattagt tctacaggaaccatatactcectgttaga aaacaagagt
tgttagaattagacaaatggagcagtctttgggattggtttgatataacacaatggcetgtggtatataaaaatagctataatcatagtagcaggattagtaggacttagaattctcatgtttatagttaatgtagttaagcaagttaggcagggtt
atacacccctattttcacagatccctacccaageggageaggatccagaacagecaggaggaatcgeaggaggaggtggaggeagagacaacatcaggtggacgeectegecageaggattettcagtategtetgggaggacct
caggaacctcctcatctggatataccagacctttcaaaacttcatctggateetctggatcagectgeaageactgaaacaggggataatcagettggeacacagectagtaatagtgcatagaactatcatagtaggagttagacagate
attgagtggagcagtaatacttatgctagettaagagttttgctaatacaagecatagacagacttgetaactttacagggtggtggacagatttaatcatagaaggagtggtttacatagecaggggaatcagaaatattcctagaagaatt
agacagggtctggaactagecttaaattaa'

taatcagacaactgagtttagagataa

tacttttgaac
£

tac:

acaaacacaac

16. 'SIVsmSL92b Sooty Mangabey' 'AF334679'

‘atggegtgtectggacttcacctgettatagacatcttgtitttaagtgtgttagggacctggtgtgcacagtatgtaacaatcttitatggtattcetgeatggaggaacgetacgatceecctettetgtgegacccagaatagagacacat
gggggaccgttcagtgcttgecagataatggagactattcagaattggeecttaatgttacagaggecttcgatgettgggataatacagtaactgaacaageaatagaagatgtttggaatctctttgaaacatctattaaaccttgtgtaa
agttaactccattatgtattgctatgaaatgtaataaaaatgagacagacagatgggggttgacaagagcagcetactactactagetcaccaactactactagecccttaactgetgetageccatcaggagaggaaatcgttaacgacac
tatgtcttgtacaaagaacaacaattgctctggeatagageaggaaccaatgataggttgtcaatttaacatgacaggac gagacc: agtacaatgaaacctggtactccagagatctagtetgtgagcaaggag
gaaatgaaagcagtagatgttacatgaatcattgcaatacaagtgttatacaagagtcatgtgacaagcactattgggatgccatcagatataggtactgtgecaccaccaggctatgetttgcttagatgtaatgatacaaattattcaggett
tgcacctaattgtagtaaggtagtagtatcatcatgtacaaggatgatggaaacacagacttctacatggtttggctttaatggtactagagcagagaatagaacatatatatattggeatggeg tagaacaataattagcttaaat
aagtattataatttgacaataaagtgcagaagaccaggaaataagacagtcctaccagtcaccattatgtcaggtitggtctttcattcgcaaccaataaatgagaggccaagacaageatggtgctggtttggaggaaaatggagagaa
getatgeaggaggttaagaaaaccatagtcaaacaccccaggtatactggaaccaatgatactaggaaaattaatctaacggecccgggaggaggggatceggaagteacattcatgtggacaaattgcagaggagaattectttact
gtaaaatgaattggttcctcaattgggtagaggataggaatacgageageccaaggtggacaactcaaacc: ttatgtaccttgccacatcaggceaaataattaatacgtggcacagggtaggaa
aaaatgtctatttgcctccaagggaaggagacttaacttgtaactccacagtgaccagectaatageaaatattgattggattgacaacaatgagaccaatattaccatgagtgcagaagtggeagaattgtatcgattggaattgggggat
tataaattggtagagatcactccaattggeatggetcecacacatgtgaaaaggtacaccacaagtacctcaaagaataaaagaggagtctttgtgctagggttettgggttttctcgegacggeaggttctgeaatgggegeagegteg
ctaacgctgactgcetcagteccggactttattggetgggatagtgcaacaacageaacagetgttggacgtggtcaagagacaacaagaattgttgegactgaccgtetggggaac ttcagactagagtcaccgccatcga
gaaatacctaaaggatcaggcacagctaaattcatggggatgtgcatttaggeaagtctgecacactactgtactatggccaaatgacagtettgtcccagactggaacaatatgacatggcaagaatg gttgaattect
agaggcaaatataactcaaatgttggaggaagcacgactacagcaagagaaaaacatgtatgaattacagaaattgaatagetgggatgtgtttggaaattggtttgaccttacctectgggtaagatacatacagtatggagtctttctag
tcataggaatagtattgttaagaatagttatctatgtagtacaaatgttaagtaggttaaggcagggttataggectgttttctectcececccatcttatcatcageagatccatatccagegggaccaggaactgecagecaaagaaggaa
tggatacagattgtggccttggeagat: atattcatttcctgatccgecagetgatacggatattgacttggetatacaacaatttgactcgettageatccagagectaccagaacctee
aacaactgtgccagagactctcagagatcagtcagecgattagagagettgtcagaagagaageaggctatateegttatgggtggaattacttcatcgaagectgec: atggagatctgcgcaagaagctattgtcggege
gtggggactcatatgggagactctgggacgggttggaagagggatcgeageaatcee tcagacagggccttgaactcatgcttaactag'

agceac

c gaaggtggaaacgga

=t

4.5.4 Multiple Sequence Aligment Results For GAG

The following command for progressive multiple sequence alignment is used via
MATLAB;

>> gagaligned=multialign(gag. 'terminalGapAdjust'. true)

Table 1. Only the aligned result of the first 99 nucleotide sites were listed for
demonstration.

LOCUS NAME VERSION MULTIPLE SEQUENCE ALIGNMENT
'HIV-1 (Zaire)' 'K03454" [atgggtgcgagagegteag---tattaagcgggggaaaattagataaatgggaaaaaatteggttacggecaggaggaaagaaaaaatatagactaaaa
'"HIV1-NDK (Zaire)' 'M27323" [atgggtgcgagagcgtcag---tattaagcgggggaaaattagatacatgggaaagaattcggttacggccaggaggaaagaaaaaatatgcactaaaa
'HIV-2 (Senegal)’ 'M15390" [atgggcgcgagaaactceg---tettgagagggaaaaaagcagatgaattagaaagaatcaggttacggcccggcggaaagaaaaagtacaggctaaaa
'HIV2-MCN13' 'AY509259' ['atgggcgcgagaaactceg---tetigaaagggaaaaaagcagacgaattagaaacaattaggttacggeccggeggaaag tacaggctaaag
'HIV-2UC1 (lvoryCoast)* 'L07625" [atgggcgcgagaagcteeg---tettgtcagggaagaaaacagatgaattagaaaaagttaggttacggeccggeggaaagaaaaggtattgtctaaaa
'SIVMM251 Macaque' 'M19499" [atgggcgcgagaaactceg---tettgtcagggaagaaageagatgaattagaaaaaattaggcetacgacccggeggaaagaaaaagtacatgttgaag
'SIVAGMG6E77A Green monkey'| 'M58410" [atgggcgggggteactcag---cactgtcagggagaagectcgacacgttcgagaagattaggetacgtecgaacgggaaaaagaagtaccaaattaaa
'SIVIhoest L""Hoest monkeys' | 'AF075269" ['atgggatcgggtaactctg---tcctcagtaggcaaattgaaaaagatttttgtagtgtcaggctaagacctgggagtaaaaagacttate ga
Sl chgrg:ironogar]a}nzees 'AF115393" ['atgggtgcgagagegtcag---tattaacagggggacgattagatgcttgggaaaaaattaggctaaggccagggggaaagaaaaaatatatgatgaaa
'S Iandggﬁ?nl)\(/ll andrillus 'AY159322" |'atgggegegagegegteag---gacttaggggagaaaaattggatgaactggaaaagattaggttacggecctccggaaagaaaaagtaccagttaaaa
'SIVAGM3 Green monkeys' 'M30931" [atgggggcggctacctcag---cactaaataggagacaattagacaaatttgagcatatacgacttcgcccgaccggaaagaaaaagtaccaaattaaa
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'SIVMMZ239 Simian macaque' | '‘M33262" [atgggcgtgagaaactceg---tettgtcagggaagaaageagatgaattagaaaaaattaggctacgacccaacggaaagaaaaagtacatgttgaag
'C|chzus Chimpanzee' 'AF103818" ['atgggtgcgagagcgtcag---ttctgacagggggacgattagatgettgggaaaagattcggettagacctgggggaaag Jtatatgatgaaa
SIVmO’\r)I;eIIEC;SF?ItheCUS 'AY340701' ['atgggggcgaggcactcggegatgcttagtggtactaaattagacaagtatgagaaggtgcggettagaccgcgeggtaagaagaagtacctgattaag
'SIVcpzTANL Chimpanzee' | 'AF447763" ['atgggtgcgagagegtcag---tgttgaggggagataagetggatacatgggaatceataaggettaaatccagaggcaggaaaaaatatttaataaaa
'SIVsmSL92b SOOty Mangabey' 'AF334679" ['atgggcgcgagaggceteeg---tettgtcagge jcagatgaattag jttaggttacggcccggcggaags gtacatgcttaag
4.5.5 Distance Tables of GAG protein coding gene
Table 2. P-distance (gag)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.04685 0.00000
3 0.38277 0.37855 0.00000
4 0.39202 0.39355 0.07014 0.00000
5 0.38806 0.38885 0.17145 0.17149 0.00000
6 0.39217 0.39298 0.18079 0.18425 0.18031 0.00000
7 0.40312 0.40442 0.35477 0.35427 0.34926 0.35199 0.00000
8 0.41720 0.41961 0.41614 0.42109 0.42170 0.40588 0.41319 0.00000
9 0.27058 0.27150 0.36735 0.37571 0.37811 0.37678 0.38783 0.42617 0.00000
10 0.38862 0.38885 0.35266 0.35554 0.35255 0.35057 0.35644 0.43074 0.38132 0.00000
11 0.39518 0.39130 0.34553 0.34904 0.36003 0.34953 0.28029 0.43064 0.39887 0.35418 0.00000
12 0.39375 0.39457 0.18783 0.19133 0.18526 0.00986 0.35385 0.40988 0.38380 0.35843 0.35074 0.00000
13 0.26514 0.26166 0.38717 0.40214 0.38964 0.39134 0.38092 0.42777 0.18717 0.38920 0.38630 0.39532 0.00000
14 0.41500 0.41744 0.39944 0.39817 0.40028 0.39662 0.38717 0.44615 0.40510 0.39483 0.37692 0.40294 0.40385 0.00000
15 0.30934 0.30341 0.38338 0.39256 0.38456 0.38920 0.38402 0.41484 0.32584 0.38947 0.39889 0.39343 0.30922 0.40636 0.00000
16 0.39301 0.39455 0.22492 0.21860 0.22813 0.20590 0.36339 0.42157 0.38363 0.36203 0.36764 0.21242 0.39588 0.39776 0.40196 0.00000
Table 3. Alignment score (gag)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.00711 0.00000
3 0.47470 0.46430 0.00000
4 0.49791 0.50181 0.01594 0.00000
5 0.48791 0.48990 0.09524 0.09528 0.00000
6 0.49831 0.50038 0.10590 0.10999 0.10533 0.00000
7 052653 0.52993 0.40780 0.40663 0.39522 0.40142 0.00000
8 0.56393 0.57046 0.56108 0.57451 0.57618 0.53375 0.55316 0.00000
9 0.23721 0.23882 0.43722 0.45735 0.46321 0.45996 0.48733 0.58846 0.00000
10 0.48931 0.48990 0.40296 0.40957 0.40270 0.39820 0.41163 0.60113 0.47111 0.00000
11 0.50599 0.49611 0.38682 0.39473 0.41997 0.39583 0.25454 0.60087 0.51547 0.40644 0.00000
12 0.50232 0.50441 0.11431 0.11861 0.11120 0.00032 0.40567 0.54433 0.47725 0.41624 0.39857 0.00000
13 0.22777 0.22184 0.48567 0.52395 0.49189 0.49618 0.47012 0.59288 0.11350 0.49079 0.48350 0.50633 0.00000
14 0.55801 0.56459 0.51696 0.51368 0.51913 0.50969 0.48567 0.64493 0.53170 0.50508 0.46031 0.52606 0.52842 0.00000
15 0.31004 0.29827 0.47622 0.49929 0.47916 0.49079 0.47781 0.55758 0.34399 0.49146 0.51553 0.50151 0.30979 0.53501 0.00000
16 0.50044 0.50436 0.16390 0.15483 0.16862 0.13736 0.42785 0.57581 0.47684 0.42466 0.43791 0.14620 0.50777 0.51261 0.52349 0.00000
Table 4. Hasegawa (gag)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.05368 0.00000
3 1.14095 1.07420 0.00000
4 1.48551 1.73390 0.08075 0.00000
5 1.27535 1.30356 0.24595 0.24629 0.00000
6 1.51237 1.61249 0.26190 0.26638 0.26660 0.00000
7 121318 1.18499 0.83418 0.83704 0.80556 0.82151 0.00000
8 1.07549 1.06001 1.09045 1.05992 1.05201 1.20293 1.10736 0.00000
9 047197 0.47236 0.95364 1.04116 1.07317 1.06060 1.26289 1.03954 0.00000
10 1.28092 1.28833 0.82819 0.84439 0.82874 0.80952 0.84894 1.02016 1.11676 0.00000
11 1.62666 1.42097 0.77636 0.79748 0.87070 0.81179 0.51948 1.01803 1.34783 0.83537 0.00000
12 1.80745 1.84647 0.27318 0.27790 0.27470 0.01029 0.83199 1.15174 1.17129 0.85928 0.81795 0.00000
13 0.45579 0.44521 1.24930 1.24940 1.33733 1.44083 1.11131 1.03840 0.27244 1.31647 1.22723 1.63029 0.00000
14 1.08780 1.06599 1.32725 1.38037 1.29519 1.47598 1.25471 1.00293 1.20093 1.70528 1.05085 1.23439 1.22224 0.00000
15 0.61660 0.59178 1.16017 1.54860 1.18618 1.32802 1.16840 1.09781 0.69414 1.31930 1.34781 1.70320 0.62216 1.17851 0.00000
16 1.61140 1.83470 0.35943 0.34766 0.36494 0.31688 0.89488 1.06181 1.15903 0.88624 0.93690 0.32905 1.54204 1.39052 1.26178 0.00000
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Table 5. Jukes-Cantor (gag

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.04838 0.00000
3 0.53556 0.52700 0.00000
4 0.55469 0.55791 0.07364 0.00000
5 0.54645 0.54808 0.19466 0.19471 0.00000
6 0.55501 0.55672 0.20687 0.21143 0.20623 0.00000
7 0.57833 0.58114 0.48046 0.47950 0.47007 0.47520 0.00000
8 0.60939 0.61484 0.60701 0.61822 0.61962 0.58431 0.60043 0.00000
9 0.33562 0.33706 0.50471 0.52128 0.52611 0.52343 0.54596 0.62990 0.00000
10 0.54760 0.54808 0.47647 0.48192 0.47625 0.47253 0.48362 0.64054 0.53261 0.00000
11 0.56136 0.55320 0.46312 0.46967 0.49050 0.47057 0.35097 0.64032 0.56918 0.47934 0.00000
12 0.55832 0.56005 0.21620 0.22089 0.21278 0.00993 0.47870 0.59308 0.53766 0.48743 0.47284 0.00000
13 0.32716 0.32180 0.54459 0.57619 0.54972 0.55326 0.53179 0.63361 0.21532 0.54881 0.54281 0.56163 0.00000
14 0.60446 0.60994 0.57041 0.56770 0.57221 0.56441 0.54459 0.67766 0.58261 0.56060 0.52372 0.57794 0.57989 0.00000
15 0.39885 0.38882 0.53681 0.55582 0.53923 0.54881 0.53813 0.60410 0.42746 0.54937 0.56923 0.55766 0.39864 0.58535 0.00000
16 0.55677 0.56001 0.26739 0.25842 0.27199 0.24071 0.49699 0.61931 0.53732 0.49437 0.50528 0.24975 0.56282 0.56682 0.57582 0.00000

Table 6. Kimura (gag)
1 2 3

O 001N N KW —

0.00000

0.04881 0.00000

0.54097 0.53135 0.00000

0.56112 0.56474 0.07487 0.00000

0.55166 0.55350 0.19805 0.19804 0.00000

0.55751 0.55988 0.21101 0.21628 0.20908 0.00000

0.59044 0.59530 0.48838 0.48535 0.47562 0.48116 0.00000

0.61599 0.62198 0.61135 0.62319 0.62599 0.58623 0.60591 0.00000

0.34357 0.34588 0.50726 0.52433 0.52920 0.52543 0.55268 0.63460 0.00000

0.55832 0.55958 0.48177 0.48820 0.48118 0.47940 0.49046 0.64654 0.53736 0.00000

0.57073 0.56249 0.47082 0.47738 0.49899 0.47488 0.35403 0.64704 0.57523 0.48551 0.00000

0.56122 0.56367 0.22126 0.22675 0.21610 0.00995 0.48523 0.59538 0.54062 0.49569 0.47752 0.00000

0.33509 0.32990 0.54904 0.58277 0.55497 0.55625 0.53616 0.63726 0.22020 0.55464 0.54657 0.56542 0.00000

0.61174 0.61927 0.57623 0.57309 0.57943 0.56923 0.54770 0.68099 0.58727 0.57059 0.52821 0.58389 0.58451 0.00000
0.40319 0.39371 0.54034 0.56014 0.54258 0.55152 0.54298 0.60882 0.43006 0.55845 0.57504 0.56100 0.40158 0.59100 0.00000

0.56223 0.56602 0.27192 0.26210 0.27717 0.24470 0.50651 0.62325 0.54249 0.50293 0.51308 0.25446 0.56851 0.57512 0.58018 0.00000

Table 7. Nei-Timura (gag)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.05357 0.00000
3 0.87682 0.86545 0.00000
4 0.92474 0.93301 0.08047 0.00000
5 0.90312 0.90767 0.24281 0.24313 0.00000
6 0.93516 0.93838 0.25828 0.26287 0.26310 0.00000
7 0.97605 0.97208 0.73469 0.73973 0.71891 0.72854 0.00000
8 1.07063 1.09116 1.09085 1.11707 1.10363 1.01537 1.06802 0.00000
9 0.45475 0.45471 0.81371 0.84915 0.85757 0.86646 0.89319 1.14411 0.00000
10 0.88957 0.89372 0.74037 0.74589 0.74472 0.72490 0.75946 1.23116 0.88753 0.00000
11 0.93970 0.91671 0.69767 0.71262 0.75642 0.72858 0.50032 1.17872 0.95638 0.73836 0.00000
12 0.94118 0.94441 0.26907 0.27390 0.27092 0.01029 0.73433 1.03736 0.89532 0.75219 0.73206 0.00000
13 0.44052 0.43069 0.90450 0.98759 0.90933 0.93752 0.87140 1.16412 0.26920 0.91639 0.90172 0.95531 0.00000
14 1.07575 1.11521 0.98285 0.96900 0.97259 0.96103 0.92890 1.68479 1.00820 0.93151 0.86041 0.99773 1.02354 0.00000
15 0.58222 0.56239 0.88342 0.92783 0.88696 0.91903 0.88421 1.07553 0.64652 0.90664 0.96412 0.93856 0.58816 1.02572 0.00000
16 0.92895 0.94338 0.35173 0.34084 0.35663 0.31108 0.76649 1.12015 0.87925 0.77319 0.79857 0.32257 0.94232 0.94962 0.97810 0.00000

Table 8. Tajima-Nei (gag)
3

1 2 4 5 6 7 8 9 10 11 12 13 14 15 16

O 01NN B W~

0.00000

0.04843  0.00000

0.477255 0.47025 0.00000

0.491630 0.49403 0.07396 0.00000

0.485572 0.48647 0.19047 0.19058 0.00000

0.491199 0.49223 0.20299 0.20817 0.20074 0.00000

0.511904 0.51441 0.43521 0.43270 0.42580 0.42867 0.00000

0.529734 0.53360 0.52658 0.53558 0.53626 0.50830 0.52173 0.00000

0.320707 0.32199 0.45103 0.46385 0.46722 0.46615 0.48308 0.54531 0.00000

0.490379 0.49125 0.43077 0.43479 0.43020 0.42868 0.43781 0.55113 0.47395 0.00000

0.497677 0.49109 0.42170 0.42631 0.44389 0.42510 0.32735 0.55191 0.50053 0.43256 0.00000

0.493614 0.49471 0.21257 0.21790 0.20726 0.00994 0.43167 0.51491 0.47763 0.44121 0.42717 0.00000

0.313168 0.30830 0.48154 0.50615 0.48605 0.48773 0.47091 0.54457 0.21169 0.48646 0.47988 0.49435 0.00000

0.534980 0.53929 0.50605 0.50370 0.50703 0.50068 0.48541 0.58102 0.51206 0.49832 0.47173 0.51179 0.50988 0.00000
0.367833 0.36042 0.47649 0.49087 0.47769 0.48469 0.47750 0.52520 0.38890 0.48935 0.50150 0.49168 0.36575 0.51548 0.00000
0.494487 0.49734 0.25699 0.24842 0.26148 0.23293 0.45026 0.53577 0.47808 0.44775 0.45708 0.24185 0.49631 0.50438 0.50705 0.00000
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4.5.6_Translated GAG protein-coding gene (Amino Acid Sequence)
(designated by AAGAG)

1. 'HIV-1 (Zaire)"K03454'

'MGARASVLSGGKLDKWEKIRLRPGGKKKYRLKHIVWASRELERY ALNPGLLETSEGCKQIIGQLQPAIQTGTEELRSLYNTVATLYCVHKGIDVKD
TKEALEKMEEEQNKSKKKAQQAAADTGNNSQVSQNYPIVONLQGQMVHQAISPRTLNAWVKVIEEKAFSPEVIPMFSALSEGATPQDLNTMLNTV
GGHQAAMQMLKETINEEAAEWDRLHPVHAGPIAPGQMREPRGSDIAGTTSTLQEQIAWMTSNPPIPVGEIYKRWIIVGLNKIVRMYSPVSILDIRQGP
KEPFRDYVDRFYKTLRAEQASQDVKNWMTETLLVQNANPDCKTILKALGPQATLEEMMTACQGVGGPSHKARVLAEAMSQATNSVTTAMMOQRG
NFKGPRKIIKCFNCGKEGHIAKNCRAPRKKGCWRCGKEGHQLKDCTERQANFLGRIWPSHKGRPGNFLQSRPEPTAPPAESFGFGEEITPSQKQEQKD
KELYPLTSLKSLFGNDPLSQ*'

2. 'HIVI-NDK (Zaire)"M27323'

'MGARASVLSGGKLDTWERIRLRPGGKKKYALKHLIWASRELERFTLNPGLLETSEGCKQIIGQLQPSIQTGSEEIRSLYNTVATLYCVHERIEVKDTK
EAVEKMEEEQNKSKKKTQQAAADSSQVSQNYPIVQNLQGQMVHQAISPRTLNAWVKVIEEKAFSPEVIPMFSALSEGATPQDLNTMLNTVGGHQA
AMQMLKETINDEAAEWDRLHPVHAGPVAPGQMREPRGSDIAGTTSTLQEQIAWMTSNPPIPVGEIYKRWIILGLNKIVRMY SPVSILDIRQGPKEPFR
DYVDRFYKTLRAEQASQDVKNWMTETLLVQNANPDCKTILKALGPQATLEEMMTACQGVGGPGHKARVLAEAMSQVTGSATAVMMQRGNFKG
PRKSIKCFNCGKEGHTAKNCRAPRKKGCWKCGREGHQMKDCTERQANFLGKIWPSHKGRPGNFLQSRPEPTAPPAESFGFGEEITPSQKQEQKDKEL
YPLASLKSLFGNDPSSQ*'

3. 'HIV-2 (Senegal)"M15390'

'MGARNSVLRGKKADELERIRLRPGGKKKYRLKHIVWAANKLDRFGLAESLLESKEGCQKILTVLDPMVPTGSENLKSLFNTVCVIWCIHAEEKVKD
TEGAKQIVRRHLVAETGTAEKMPSTSRPTAPSSEKGGNYPVQHVGGNYTHIPLSPRTLNAWVKLVEEKKFGAEVVPGFQALSEGCTPYDINQMLNC
VGDHQAAMOQIIREIINEEAAEWDVQHPIPGPLPAGQLREPRGSDIAGTTSTVEEQIQWMFRPQNPVPVGNIYRRWIQIGLQKCVRMYNPTNILDIKQGP
KEPFQSYVDRFYKSLRAEQTDPAVKNWMTQTLLVQNANPDCKLVLKGLGMNPTLEEMLTACQGVGGPGQKARLMAEALKEVIGPAPIPFAAAQQ
RKAFKCWNCGKEGHSARQCRAPRRQGCWKCGKPGHIMTNCPDRQAGFLGLGPWGKKPRNFPVAQVPQGLTPTAPPVDPAVDLLEKYMQQGKRQ
REQRERPYKEVTEDLLHLEQGETPYREPPTEDLLHLNSLFGKDQ*'

4. 'HIV2-MCN13"AY509259'

'MGARNSVLKGKKADELETIRLRPGGKKKYRLKHIVWAANELDRFGLAESLLESKEGCQRILTVLGPLVPTGSENLKSLFNTVCVIWCIHAEEKVKDT
EGAKQIVQRHLAAETGTAEKMPNTSRPTAPPSGKGGNFPVQQVGGNYTHVPLSPRTLNAWVKLVEEKKFGAEVVPGFQALSEGCTPYDINQMLNC
VGDHQAAMQIIREIVNEEAADWDVQHPIPGPLPAGQLREPRGSDIAGTTSTVDEQIQWMFRPQNPVPVGNIYRRWIQIGLQKCVRMYNPTNILDIKQG
PKEPFQSYVDRFYKSLRAEQTDPAVKNWMTQTLLVQNANPDCKLVLKGLGMNPTLEEMLTACQGVGGPGQKARLMAEALKEALTPAPIPFAAAQ
QKRTIKCWNCGKEGHSARQCRAPRRQGCWKCGKPGHVIANCPDRQVGFLGMGPRGKKPRNFPVAQVPQGLTPTAPPVDPAVDLLENYMQQGKRQ
REQRERPYKEVTEDLLHLEQGEAPCRETTEDLLHLNSLF*'

5. 'HIV-2UC1 (IvoryCoast)' 'LO7625'

'"MGARSSVLSGKKTDELEKVRLRPGGKKRYCLKHIIWAVNELDRFGLAESLLESKEGCHKILTVLAPLVPTGSENLKSLFNTVCVIYCLHAEEKVKDT
EEAKKIAQRHLAADTEKMPATSRPTAPPSGGNYPVQQIAGNY VHMPLSPRTLNAWVKLVEEKKFGAEVVPGFQALSEGCTPYDINQMLNCVGDHQ
AAMQIIREIINEEAADWDQQHPIPGPLPAGQLRDPRGSDIAGTTSTVEEQIQWMYRAQNPVPVGNIYRRWIQIGLQKCVRMYNPTNILDIKQGPKEPFQ
SYVDRFYKSLRAEQTDPAVKNWMTQTLLIQNANPDCKLVLKGLGMNPTLEEMLTACQGIGGPGQKARLMAEALKEALTPAPIPFAAAQQKAGKRG
TVTCWNCGKVGHTAKQCRAPRRQGCWKCGKQGHIMSKCPERQAGFLGLGPWGKKPRNFPMTQVPQGVTPSAPPMDPAEGMTPRGATPSAPPADP
AVEMLKSYMKMGRQQRESRERPYKEVTEDLLHLNSLFGEDQ*'

6. 'SIVMM251 Macaque"M19499'

'MGARNSVLSGKKADELEKIRLRPGGKKKYMLKHVVWAANELDRFGLAESLLENKEGCQKILSVLAPLVPTGSENLKSLYNTVCVIWCIHAEEKVK
HTEEAKQIVQRHLVVETGTAETMPKTSRPTAPSSGRGGNYPVQQIGGNY VHLPLSPRTLNAWVKLIEEKKFGAEVVPGFQALSEGCTPYDINQMLNC
VGDHQAAMQIIRDIINEEAADWDLQHPQPAPQQGQLREPSGSDIAGTTSSVDEQIQWMYRQQNPIPVGNIYRRWIQLGLQKCVRMYNPTNILDVKQG
PKEPFQSYVDRFYKSLRAEQTDAAVKNWMTQTLLIQNANPDCKLVLKGLGVNPTLEEMLTACQGVGGPGQKARLMAEALKEALAPVPIPFAAAQK
RGPRKPIKCWNCGKEGHSARQCRAPRRQGCWKCGKMDHVMAKCPDRQAGFLGLGPWGKKPRNFPMAQVHQGLTPTAPPEDPAVDLLKNYMQL
GKQQRESREKPYKEVTEDLLHLNSLFGGDQ*'

7. 'SIVAGM677A Green monkey"M58410'

'MGGGHSALSGRSLDTFEKIRLRPNGKKKYQIKHLIWAGKEMERFGLHEKLLETKEGCQKIIEVLTPLEPTGSEGLKALFNLCCVIWCIHAEQKVKDTE
EAVVTVKQHYHLVDKNEKAAKKKNETTAPPGGESRNYPVVNQNNAWVHQPLSPRTLNAWVKCVEEKRWGAEVVPMFQALSEGCLSYDVNQML
NVIGDHQGALQILKEVINEEAAEWDRTHRPPAGPLPAGQLRDPTGSDIAGTTSSIQEQIEWTFNANPRIDVGAQYRKWVILGLQKVVQMYNPQKVLD
IRQGPKEPFQDYVDRFYKALRAEQAPQDVKNWMTQTLLIQNANPDCKLILKGLGMNPTLEEMLIACQGVGGPQHKAKLMVEMMSNGQNMVQVG
PQKKGPRGPLKCFNCGKFGHMQRECKAPRQIKCFKCGKIGHMAKDCKNGQANFLGYGHWGGAKPRNFVQYRGDTVGLEPTAPPMETAYDPAKKL
LQQYAEKGQRLREEREQTRKQKEKEVEDVSLSSLFGGDQ*"

8. 'SIVlhoest L"Hoest monkeys"AF075269'

'MGSGNSVLSRQIEKDFCSVRLRPGSKKTYQKRHVEWATKELDRFGLGSQLLETAEGCKKILSVCWPLY ATGSKNLKALVGTVCVICCCHLGVRISD
TQEAISKVKIEPAPEAAGKKQQTGGNYPLIRENQRWVHTPLSPRTIQTWVKIVEDRGWKPETVAMFSALTEKALPDDLNVMLNAIGDHQGAMQIIKD
HIVEEGAEWDRQHPQQQPAQPGGGLRTPNATDVAGVTSTVEEQLAWTTADTPVDVGKIYKEWVIQAMEKVVRIHQPVSVMDIKQGPKEPFKEY AD
RFFKALRAEGGSHEVKEWMKEKMLVQNANPDCRLVIKALGEGASLEEMMKACQGVGGPAHKGKILAEAMASAIQQQVRQNMVQVTPLRNAQGR
FVRTGGGGPRKPLTCFNCGKPGHTARMCRQPRQEGCWNCGSKEHRFAQCPKPKGK VNFLGY GPWSSKPPGNYPLLGGAAGRIPSAPPMESAPTKAE
RALETYRTLGQQLKRQQQQVPQKCVDEPCLNSLFPDDQ*'

9. 'SIVcpz Chimpanzees Cameroon"AF115393'

'MGARASVLTGGRLDAWEKIRLRPGGKKKYMMKHLVWASRELDRFACNPGLMETAEGCEQLLRQLEPALKTGSEGLRSLFNTLAVLWCVHKRISV
EDTQQALTKLKEAVTASREQEVAQPQQQQQDSAVSRNYPVVQNAQGQLVHQPMSPRTLNAWVKVIEEKNFNPEVIPMFMALSEGATPQDVNTML

NAIGGHQGAMQVLKEVINEEAAEWDRTHPVHAGPVAPGQLREARGSDIAGTTSTLVEQIAWMTANPPVPVGEIYRRWVVLGLNKVVRMYCPVSIL
DIKQGPKEPFRDYVDRFYKTLRAEQATQEVKNWMTDTLLVQNANPDCKNILRALGPGATLEEMMTACQGVGGPAHKARVLAEAMSQLQNPTGVF
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LQRGNNGKPTRKIKCFNCGKEGHLARNCRAPRRKGCWKCGQEGHQMKNCPAGERQANFLGKGWSPWSGGSKRPGNFLQGRKEPTAPPLESYGYQ
EATGKRQEEEREKEKEPLYPPLTSLKSLFGSDPSSE*'

10. 'STVmnd5440 Mandrillus sphinx"AY 159322’

'MGASASGLRGEKLDELEKIRLRPSGKKK YQLKHVIWVSKELDRFGLHEK LLESQEGCEKILSVLFPLVPTGSENLISLYNTCCCIWCVHAKVKVTDTE
EAKEKVKQRYHLVVERENAASEEEKGATATPAVRSKNYPIQVINQTPVHQGISPRTLNAWVKCIEEKKFSPEIVPMFIALSEGCIPY DLNGMLNAIGD
HQGALQIVKDVINEEAADWDLRHPPVGPMPQGVLRNPTGNDIAGTTSSIEEQIEWTTRQQDQVNVGGIYKQWIVLGLQKCVSMYNPVNILDIKQGP
KEPFKDYVDRFYKALRAERTDPQVKTWMTQTLLIQNANPDCKATLKGLGMNPTLEEMLLACQGVGGPKYKAQMMAEAMQQAQAAVMMQNSG
GPPRGPPRQPPRNPRCPNCGKFGHVLRDCRAPRKRGCFKCGDPGHLMRNCPKMVNFLGNTPWGSGKPRNFPAMPLTPSAPPMPGLEDPAEKMLLD
YMKKGQQQRAAAGAQKEEKKGPYEAAYNSLSSLFGTDQLQ*'

11. 'SIVAGM3 Green monkeys"M30931'

'MGAATSALNRRQLDKFEHIRLRPTGKKKYQIKHLIWAGKEMERFGLHERLLESEEGCKKIIEVLYPLEPTGSEGLKSLFNLVCVLFCVHKDKEVKDT
EEAVAIVRQCCHLVEKERNAERNTTETSSGQKKNDKGVTVPPGGSQNFPAQQQGNAWIHVPLSPRTLNAWVKAVEEKKFGAEIVPMFQALSEGCTP
YDINQMLNVLGDHQGALQIVKEIINEEAAQWDIAHPPPAGPLPAGQLRDPRGSDIAGTTSTVQEQLEWIYTANPRVDVGAIYRRWIILGLQKCVKMY
NPVSVLDIRQGPKEAFKDYVDRFYKAIRAEQASGEVKQWMTESLLIQNANPDCKVILKGLGMHPTLEEMLTACQGVGGPSYKAKVMAEMMOQNMQ
SQNMMQQGGQRGRPRPPVKCYNCGKFGHMQRQCPEPRKMRCLKCGKPGHLAKDCRGQVNFLGYGRWMGAKPRNFPAATLGVEPTAPPPPSPYD
PAKKLLQQYADKGKQLREQRKKPPAVNPDWTEGYSLNSLFGEDQ*'

12. 'SIVMM?239 Simian macaque"M33262'

'"MGVRNSVLSGKKADELEKIRLRPNGKKKYMLKHVVWAANELDRFGLAESLLENKEGCQKILSVLAPLVPTGSENLKSLYNTVCVIWCIHAEEKVK

HTEEAKQIVQRHLVVETGTTETMPKTSRPTAPSSGRGGNYPVQQIGGNY VHLPLSPRTLNAW VK LIEEKKFGAEVVPGFQALSEGCTPYDINQMLNC
VGDHQAAMQIIRDIINEEAADWDLQHPQPAPQQGQLREPSGSDIAGTTSSVDEQIQWMYRQQNPIPVGNIYRRWIQLGLQKCVRMYNPTNILDVKQG
PKEPFQSYVDRFYKSLRAEQTDAAVKNWMTQTLLIQNANPDCKLVLKGLGVNPTLEEMLTACQGVGGPGQKARLMAEALKEALAPVPIPFAAAQQ
RGPRKPIKCWNCGKEGHSARQCRAPRRQGCWKCGKMDHVMAKCPDRQAGFLGLGPWGKKPRNFPMAQVHQGLMPTAPPEDPAVDLLKNYMQL

GKQQREKQRESREKPYKEVTEDLLHLNSLFGGDQ*'

13. 'CIVcpzUS Chimpanzee"AF103818'

'MGARASVLTGGRLDAWEKIRLRPGGKKKYMMKHLVWASRELERFACNPGLMETADGCLQLLKQLEPALKTGSEGLRSLFNTLAVLWCVHSRVT
VEDTQQALVKLKEVVQLQKQQEEKEQQQQEASGSNIGSSNYPVIQNAQGQMVHQAMSPRTLNAWVKAVEEKAFNPEVIPMFMALSEGATPQDVN
TMLNAIGGHQGAMQVLKEAINEEAAD*DRTHPLHAGPIAPGQMREPRGSDIAGTTSTLQEQVGWMTANPPIPVGDIYRRWVVLGLNKVVKMYCPV
GILDIKQGPKEPFRDY VDRFYKTLRAEQASPEVK TWMTETLLVQNANPDCKTILRALGPGATLEEMVTACQGVGGPAHKARVLAEAMCQMKNPSS
VFLQKGNAGKPGRKIKCFNCGKEGHLARNCRAPRRKGCWKCGQEGHQMKDCTAGNRQANFLGKHWSPSWSGGSKRPGNFLENRKEPTAPPIEDF
GYQEETVTQEKQGKEKEPFQLTSLKSLFGSDPSSE*'

14. 'SIVmon Cercopithecus Monkeys"AY340701'

'MGARHSAMLSGTKLDKYEKVRLRPRGKKKYLIKHIVWAAKELDRFGLSDSLLETQDGCKKILEVILPLQPTGSESIKSLFGIASVLYCIHAGIEIEDTE
QAKQQVKIRCHLAGEQGEQKAAAAAAPPTGGVPSGNYPVVRTQGGGFQHQAVEPRLLKTWVQVIEEKKFAPEVVALFQALSEGMIPYDINQLLNAI
GDHQGALQIIKDVINEEAANWDLVHPQPPQPQPNAGLGDPTGADIAGVSSTPQQQIEWITRANNPVQVSDIYRKWVILGLQRCVKMYNPVNILDIKQ
GPKEPFKDYVDRFYKCLRAEQTDQAVKNWMTQTLLVQNANPDCKLILKAMPGASLEDMLQACQGVGGPMHKSRILAEAMAGAIANMPMNMVQ
ARGPPQRKGQPKCFNCGKFGHMAKNCKAPQRRKCYNCGQPGHLAKDCPQPPKQNKGVNFLGNPFGPKKGPRNFPLTSVQPSAPTLPAGTAEPVNL
NQEIGSPKTGTPKETRRDLYPSLASLFGEDQ*'

15. 'SIVcpzTANI1 Chimpanzee"AF447763'

'MGARASVLRGDKLDTWESIRLKSRGRKKYLIKHLVWAGSELQRFAMNPGLMENVEGCWKIILQLQPSVDIGSPEIISLFNTICVLYCVHAGERVQDT
EEAVKIVKMKLTVQKNNSTATSSGQRQNAGEKEETVPPSGNTGNTGRATETPSGSRLYPVITDAQGVARHQPISPRTLNAWVRVIEEKGFNPEVIPMF
SALSEGATPYDLNSMLNAVGEHQAAMQMLKEVINEEAAEWDRAHPAHAGPQQAGMLREPTGADIAGTTSTLQEQVLWMTTPQAQGGVPVGDIYK
RWIILGLNKLVRMY SPVSILDIKQGPKEPFRDYVDRFYKTIRAEQASQPVKTWMTETLLVQNANPDCKHILKALGQGATLEEMLTACQGVGGPSHK
AKILAEAMASATAGGVNMLQGGKRPPLKKGQLQCFNCGKVGHTARNCRAPRKKGCWRCGQEGHQMKDCTTRNNSTGVNFLGKRTPLWGCRPGN
FVQNTPEKGKAQEQETAQTPVVPTAPPLEMTMKGGFSLKSIFGSDQ*'

16. 'SIVsmSL92b Sooty Mangabey"AF334679'

'MGARGSVLSGKKADELEKVRLRPGGRKKYMLKHIIWAARELDRFGSAESLLESKEGCQRILAVLAPLMPTGSENLKSLFSTVCVVWCLHAEMKVK

DTEEAKKTVQSHLVVESGTAEKLPAQSRPTAPPSGGNYPVQQVGNNYVHTPLSPRTLNAWVKLVEEKKFGAEVVPGFQALSEGCTPYDINQMLNCV
GEHQAAMOQIIREIINEEAADWDLQHPRGQQPAQPAGGLREPSGSDIAGTTSTPSEQIEWMYRAQNPVPVGDIYRRWIQLGLQKCVRMYNPTNILDVK

QGPKEPFQSYVDRFYKSLRAEQTDPAVKNWMTQTLLIQNANPDCKLVLKGLGMNPTLEEMLTACQGVGGPGQKARLMAEAMKDALTGSLVAAQF
RGAAKGQGNKPIIRCFNCGKTGHSARQCRAPRRKGCWKCGEEGRIQANCPNQKAGFLGLGPWGKKPRNFPMQTTSLTPSAPPDPAARIVKEYLEKA

QREKTRRSRPYKEVTEDLLHLNSLFGEDQ*'
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4.5.7 Distance Tables of Translated GAG protein-coding gene (Amino Acid
Sequence) (designated by AAGAG)

Table 9. P-Distance (AAGAG)
4 5

1 2 3

10 11 12 13 14 15 16

O 00 1N L KW —

0.00000

0.06627 0.00000

0.46107 0.45155 0.00000

0.46281 0.46362 0.06757 0.00000

0.46107 0.45567 0.13000 0.12500 0.00000

0.45399 0.45267 0.12698 0.12200 0.14741 0.00000
0.47862 0.46516 0.42063 0.42800 0.41551 0.41235 0.00000

0.54845 0.54772 0.53170 0.53608 0.52130 0.52245 0.52121 0.00000

0.27800 0.27163 0.44286 0.44444 0.45510 0.44399 0.46045 0.54303 0.00000

0.49798 0.49491 0.42315 0.42656 0.40719 0.39563 0.43028 0.55332 0.47984 0.00000

0.47667 0.47143 0.41865 0.41200 0.40954 0.42231 0.28824 0.53737 0.48283 0.43426 0.00000

0.45918 0.45791 0.13294 0.12800 0.15139 0.00986 0.41235 0.52546 0.44919 0.39842 0.42430 0.00000

0.29659 0.29234 0.47336 0.47107 0.48255 0.46830 0.46436 0.55992 0.15873 0.49798 0.47465 0.47143 0.00000

0.50305 0.50410 0.47686 0.47870 0.46371 0.48193 0.48600 0.54694 0.49293 0.49398 0.49004 0.48193 0.49696 0.00000

0.37778 0.36789 0.49284 0.49897 0.49180 0.49184 0.48577 0.55165 0.39113 0.49696 0.48907 0.49287 0.39960 0.50000 0.00000
0.46217 0.45885 0.21800 0.21169 0.20758 0.21315 0.42600 0.53252 0.45214 0.43141 0.43200 0.22112 0.46516 0.45968 0.48057 0.00000

Table 9. Gamma Distance (AAGAG

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.06975 0.00000
3 0.72434 0.70060 0.00000
4 0.72876 0.73082 0.07120 0.00000
5 0.72434 0.71081 0.14423 0.13809 0.00000
6 0.70663 0.70338 0.14052 0.13443 0.16601 0.00000
7 0.76981 0.73476 0.62757 0.64443 0.61602 0.60898 0.00000
8 0.97631 0.97389 0.92258 0.93636 0.89066 0.89414 0.89040 0.00000
9 0.35376 0.34344 0.67946 0.68328 0.70940 0.68219 0.72278 0.95861 0.00000
10 0.82272 0.81413 0.63330 0.64111 0.59759 0.57263 0.64971 0.99248 0.77307 0.00000
11 0.76467 0.75092 0.62308 0.60820 0.60277 0.63138 0.37062 0.94046 0.78107 0.65903 0.00000
12 0.71960 0.71639 0.14785 0.14176 0.17109 0.00994 0.60898 0.90331 0.69481 0.57860 0.63592 0.00000
13 0.38466 0.37748 0.75596 0.75000 0.78032 0.74282 0.73271 1.01483 0.18053 0.82272 0.75933 0.75092 0.00000
14 0.83711 0.84009 0.76517 0.77005 0.73105 0.77866 0.78964 0.97133 0.80864 0.81154 0.80067 0.77866 0.81986 0.00000
15 0.53546 0.51555 0.80840 0.82552 0.80552 0.80562 0.78902 0.98691 0.56311 0.81986 0.79800 0.80848 0.58113 0.82843 0.00000
16 0.72713 0.71876 0.26166 0.25259 0.24674 0.25467 0.63982 0.92515 0.70206 0.65235 0.65372 0.26618 0.73476 0.72084 0.77503 0.00000
Table 10. Poisson Distance (AAGAG
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.06856 0.00000
3 0.61816 0.60065 0.00000
4 0.62140 0.62291 0.06996 0.00000
5 0.61816 0.60820 0.13926 0.13353 0.00000
6 0.60511 0.60271 0.13580 0.13011 0.15948 0.00000
7 0.65127 0.62579 0.54582 0.55862 0.53701 0.53162 0.00000
8  0.79508 0.79345 0.75864 0.76805 0.73668 0.73908 0.73650 0.00000
9 0.32573 0.31695 0.58493 0.58779 0.60716 0.58697 0.61701 0.78314 0.00000
10 0.68911 0.68302 0.55018 0.55610 0.52287 0.50356 0.56261 0.80591 0.65362 0.00000
11 0.64755 0.63758 0.54240 0.53103 0.52686 0.54872 0.34001 0.77084 0.65938 0.56963 0.00000
12 0.61468 0.61232 0.14264 0.13697 0.16416 0.00991 0.53162 0.74541 0.59636 0.50820 0.55217 0.00000
13 0.35182 0.34579 0.64124 0.63691 0.65884 0.63168 0.62429 0.82079 0.17284 0.68911 0.64368 0.63758 0.00000
14 0.69928 0.70138 0.64791 0.65143 0.62308 0.65764 0.66553 0.79173 0.67910 0.68117 0.67342 0.65764 0.68708 0.00000
15 0.47446 0.45869 0.67893 0.69109 0.67689 0.67695 0.66509 0.80219 0.49615 0.68708 0.67151 0.67899 0.51016 0.69315 0.00000
16 0.62021 0.61405 0.24590 0.23787 0.23267 0.23971 0.55513 0.76040 0.60173 0.56460 0.56563 0.24989 0.62579 0.61559 0.65503 0.00000

Table 11. Alignment-Score Distance (AAGAG)

1 2 3 4 5 6 7

——
e N N N N

0.00000

0.00221 0.00000

0.20867 0.19827 0.00000

0.20814 0.20500 0.00306 0.00000

0.20402 0.19795 0.00984 0.00884 0.00000

0.21109 0.20524 0.01106 0.01036 0.01280 0.00000

0.22774 0.21858 0.16359 0.17095 0.15910 0.16148 0.00000

0.28486 0.28486 0.27997 0.27900 0.26250 0.26234 0.27566 0.00000
0.05810 0.05418 0.19145 0.19272 0.19632 0.19546 0.21265 0.28638 0.00000

0.24957 0.25113 0.16973 0.16927 0.16484 0.16069 0.18529 0.33555 0.24077 0.00000

0.23335 0.23296 0.16395 0.16296 0.15735 0.17025 0.06893 0.28847 0.23832 0.18986 0.00000
0.21597 0.21010 0.01229 0.01156 0.01379 0.51880 0.16208 0.26639 0.20003 0.16265 0.17110 0.00000
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13 0.06424 0.06018 0.21443 0.21286 0.21824 0.21547 0.21819 0.31176 0.01806 0.25519 0.23288 0.21858 0.00000

14 0.23771 0.23999 0.22065 0.22444 0.20336 0.22247 0.23430 0.30568 0.24466 0.24298 0.23022 0.22207 0.23671 0.00000

15 0.13834 0.13177 0.25016 0.24915 0.23738  0.24509 0.24234 0.31559 0.15270 0.27340 0.25438 0.24671 0.16206 0.25225 0.00000

16 0.21405 0.20870 0.03662 0.03485 0.03489 0.03607 0.16767 0.27049 0.20096 0.18427 0.16801 0.03884 0.21673 0.20129 0.23183 0.00000

Table 12. Jukes-Cantor Distance (AAGAG)
1 2 3 4 5 6 7

0.00000

0.06869 0.00000

0.63102 0.61270 0.00000

0.63442 0.63599 0.07009 0.00000

0.63102 0.62060 0.13980 0.13402 0.00000

0.61737 0.61486 0.13631 0.13058 0.16019 0.00000

0.66575 0.63902 0.55554 0.56885 0.54639 0.54079 0.00000

0.81808 0.81634 0.77924 0.78926 0.75592 0.75847 0.75572 0.00000

0.32889 0.31993 0.59629 0.59926 0.61950 0.59841 0.62982 0.80534 0.00000

10 0.70559 0.69917 0.56008 0.56624 0.53171 0.51169 0.57301 0.82967 0.66822 0.00000

11 0.66184 0.65137 0.55199 0.54017 0.53584 0.55856 0.34347 0.79222 0.67428 0.58032 0.00000

12 0.62737 0.62490 0.14321 0.13749 0.16492 0.00991 0.54079 0.76518 0.60822 0.51649 0.56215 0.00000

13 0.35555 0.34938 0.65522 0.65067 0.67370 0.64519 0.63744 0.84560 0.17368 0.70559 0.65778 0.65137 0.00000

14 0.71633 0.71855 0.66222 0.66592 0.63617 0.67245 0.68075 0.81450 0.69504 0.69722 0.68906 0.67245 0.70345 0.00000

15 0.48159 0.46531 0.69486 0.70768 0.69271 0.69277 0.68028 0.82568 0.50402 0.70345 0.68705 0.69492 0.51852 0.70985 0.00000
16 0.63317 0.62672 0.24765 0.23950 0.23423 0.24137 0.56522 0.78111 0.61383 0.57508 0.57616 0.25170 0.63902 0.62833 0.66970 0.00000
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4.5.8 POL protein-coding genes for 16 species

1. 'HIV-1 (Zaire)' 'K03454"

‘atgaatttgcca ggaaaccaaaaatgatagggggaattggaggttttatcaaagt: agtatgatcaaatacccatagaaatctgtggacagaaagctataggtacagtattagtaggacctacgectgtcaacataatcg

monam‘f‘moanaomm‘armaammrcaattagtcctattgaaactgtacr oft; taaagccaggaatggatg: r‘r‘mmmarmaammggcmnoamoaa attaacagaaatttgt
acagatatggaaaaggaaggaaaaatttcaagaattgggcctgaaaatccatacaatactccaatatttgec agtaccaagtggagaaaattagtagatttcagagaacttaataagagaactcaagatttctggga
agttcaattaggaataccgcatcctgcagggctgaaaaagaaaaaatcagtaacagtactggatgtgggtgatgeatatttttcagttccettagatgaagattttaggaaatataccgcectitaccatatctagtataaacaatgagacaccag
ggattagatatcagtacaatgtgcettccacagggatggaaaggat: tagcatgacaaaaatcttagagccettt: aaaatccagaaatggttatctatcaatacatggatgatttgtatgtaggatctga
cttagaaatagggcagcataggacaaaaatagagaaattaagagaacatctattgaggtggggatttaccagaccagataaaaaacatcagaaagaacccccatttctttggatgggttatgaactccatcctgataaatggacagtacagt
ctataaaactgccagaaaaggagagetggactgtcaatgatatacagaacttagtggagagattaaactgggcaagecagatttatccaggaatt: (¥ aattatgtaaactccttaggggaaccaaageactaacagaagtaat
accactaacagaagaagcagaattagaactggcagaaaacagggaaattttaaaagaaccagtacatggagtgtattatgacccatc ttaatagcagaaatacagaaacaagggcacggccaatggacataccaaatttate
aagaaccatt tgaaaaca gtatgcaagaatgaggggtgcccacactaatgatgtaaagcaattagcagaggeagtgeaaagaatatccacagaaageatagtgatatggggaaggactectaaatttagactaccca
tacaaaaggaaacatgggaaacatggtgggcagagtattggecaagecacttggattcctgagtgggaatttgtcaataccectectttagtaaaattatggtaccagttagagaaggaacccataataggageagaaactttctatgtagatg
gggcagcetaatagagagactaaattaggaaaagcaggatatgttactgacagaggaagacagaaagttgtcectttgactgacacgacaaatcagaagactgagttacaagcaattaatctagecttgcaggattcgggattagaagtaaa
catagtaacagattcacaatatgcattaggaatcattcaagcacaaccagataagagtgaatcagagttagtcaatcaaataat: agtt; tttacctggeatgggtaccageacac tggagoea
aatgaacaagtagataaattagtcagtcaaggaatcaggaaagtactatttttggatggaatagataaggcte at tatcacaacaattggagagcaatggetagtgattttaacctaccaccegtggtagcaaaaga
aatagtagctagctgtgataaatgtcagctaaaaggagaagecatgeatggacaagtagactgtagtccaggaatatggeaattagattgtacacacttagaaggaaaagttatcctggtageagttcatgtagecagtggcetatatagaag
cagaagttattccagcagaaacaggge agcatattttcttttaaaattage tggccagt: gtagtacatacagacaatggcagcaatttcaccagtgetgeagttaaggeegectgttggtgggcaggtatcaa
acaggaatttggaattccctacaatccccaaagtc tagtagaatctatgaataaagaatt: ttataggacaggt aagctgaacatcttaagacagcagtacaaatggceagtattcatccacaattttaaaag
aagaagggggattgggggatacagtgcaggg taat ataatagcaacagacatacaaac ttacaaaaacaaattataaaaattcaaaattttcgggtttattacagagacagcagagatccaatttggaaagg
accagcaaagctcctctggaaaggtgaaggggcagtagtaatacaagacaagagtgac gtagtaccaa gtaaagattattagggattatggaaaacagatggcaggtgatgattgtgtggcaagtagacaggat
gaggattaa'

accggcaatattcc:

2. 'HIV1-NDK (Zaire)' 'M27323'

'ttttttagggaagatttggecttcccacaagggaaggecggggaattttcttcagageagaccagagecaacageeccaccageagagagettcgggtttggggaggagataaceecctctcagaaacaggage aagga
actgtatcctttagettccctcaaatcactctttggeaacgaccectegtcacaataaagatagggggacagetaaaggaagetctattagatacaggageagatgatacagtattagaagaaataaatttgecaggaaaatggaagecaaa
tgatagggggaattggaggttttatcaaagt agtatgatcaaatactcat tctgtggatataaagetatgggtacagtattagtaggacctacacctgtcaacataattggaagaaatttgttgacccagattggetgeacttt
aaattttccaattagtcctattgaaactgtaccagtaaaattaaagccaggaatggatggeccaaaagttaaacaatggecattgac attaacagaaatttgtacagaaatggaaaaggaaggaaaaatttcaa
gaattgggcctgaaaatccatataatactccaatatttgecat: gacagtaccaagtggagaaaattagtagatticagagaacttaataagagaactcaagatttctgggaggttcaattaggaataccgeatcctgecaggge
tgaaaaagaaaaaatcagtaacagtactggatgtgggtgatgeatatttctcagttcecttagatgaagattttaggaaatataccgceatttaccatacctagtataaacaatgagacaccagggattagatatcagtacaatgtgetcccacag
ggatggaaaggatcaccgnr‘amzﬂr‘r‘ 1 atgac: ttagagccctt aaaatccagaaata mhfm1tf‘am2(‘2rrmﬂfrrﬂﬁfmatgtaggatctgactm gaaatagggcagcatagaac

ttaagagaacatctattgaggtggggatttaccacacc atc ctccatttctttggatgggttatgaactccatcctgataaatggacagtacagectataaacctgee agctggac
tgtcaatgatatacagaagttagtggggaaattaaactgggcaagecagatttatgcaggaattaaagtaaageaattatgtaaactccttaggggaaccaaageactaaca tagtaccactaac gaagcagaattagaactg
C agggaaattct: cagtacatggagtgtattatgacccatcaaaagacttaatagcagaactacagaaacaaggggacggecaatggacataccaaatttatcaagaaccatttaaaaatctaaaaacaggaaag
tatgcaagaacgaggggtgcccacactaatgatgtaaaacaattaacagaggceagtgc cac atagtgatatggggaaagactcctaaatttaaactacccatacaaaaggaaacatgggaaacatggtggat
agagtattggcaagccacctggattcctgagtgggaatttgtcaataccectectttagtaaaattatggtaccagtt: ccataataggagcagaaactttctatgtagatggggcagcetaatagagagactaaattaggaaa
agcaggatatgttactgacagaggaagacagaaagttgtcectttcactgacacgacaaatcagaagactgagttacaageaattaatctagetttacaggattcgggattagaagtaaacatagtaacagattcacaatatgeactaggaat
cattcaagcacaaccagataagagtgaatcagagttagtcagtcaaataatagagcagctaataaaaaaggaaaaggtttacctggeatgggtaccageacacaaaggaattggaggaaatgaacaagtagataaattagtcagtcagg

gaatcaggaaagtactatttttggatggaatagataaggctc atgagaaatatcacaacaatt; aatggctagtgattttaacctaccacctgtggtage tagctgtgataaatgtcagetaa
aa| catgcatggacaagtagactgtagtccaggaatatggeaattagattgtacacatctggaaggaaaagttatcetggtagcagttcatgtagecagtggcetatatagaageagaagttattccagcagaaacggggeaag
aaacagcatactttctcttaaaattagcaggaagatggecagt: t atacagataatggcagcaatttcaccagtgcetacagttaaggecgectgttggtgggcagggatcaaacaggaatttggaattcectacaatccccaa
agtc tagtagaatctatgaataaagaatt ttataggacaggtaagagatcaagetgaacatcttaagacageagtacaaatggeagtatttatccacaattttaaaagaaaaggggggattgggggatacagtgeag
taatagacataatagcaacagacatacaaac tacaaaaacaaatcataaaaattcaaaattttcgggtttattacagggacagcagagatccaatttggaaaggaccagcaaagcttctctggaaaggtgaagg
ggcagtagtaatacaagacaatagtgacataaaggtagtaccaa t attagggattatggaaaacagatggcaggtgatgattgtgtggcaagtagacaggatgaggattaa'

3. '"HIV-2 (Senegal)’' "M15390"

'atgacaggcgacaccccaatcaacatttttggeagaaatattctgacagecttaggeatgteattaaatctaccagtcgecaaagtagagecaataaaaataatgetaaagecagggaaagatggaccaaaactgagacaatggecectta
ac tagaagcactaaaagaaatctet. gg cagct; acctccaactaatccttataatacccccacatttgcaatc aaaaar‘aamggaggatgctaa[ag
atttcagagaactaaacaaggtaactcaagatttcacagaaattcagttaggaattccacacccagcagggttggecaagaagagaagaattactgtactagatgtaggggatgettacttttccataccactacatgaggactttagaccata
tactgcatttactctaccatcagtgaacaatgcagaacc tacatat tettgccacagggatggaagggatcaccageaatttttcaacacacaatgagacaggtattagaaccattcagaaaagcaaacaaggat
gtcattatcattcagtacatggatgatatcttaatagetagtgacaggacagatttagaacatgatagggtagtcctgeagetcaaggaacttctaaatggectaggattttctaccccagat ttec cctccataccactg
gatgggctatgaactatggccaactaaatggaagttgcag: agttgecc atggacagtcaatgacatccagaagetagtgggtgtectaaattgggeageacaactctacccagggataaagaccaaacactt
atgtaggttaatcagaggaaaaatgacactcacagaagaagtacagtggacagaattagcagaagcagageta agaattatcctaagccaggaac actattaccaagaa gctagaagcaa
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cagtccaaaaggatcaagagaatcagtggac acce tctaaaagta atgcaaaggtgaaa acccataccaatggaatcagattgttagcacaggtagttc

geactagtcatttggggacgaataccaaaatttcacctaccagtagagagagaaatctgggageagtggtgggataactactggcaagtgacatggateccagactgggacttegtgtetaccecaccactggtcaggttagegtttaacce
tggtaggggatcctataccaggtgeagagaccttctacacagatggatcetgeaataggcaatcaaaa caggatatgtaac 1 ggaaagacaaggtaaagaaactagagcaaactaccaatcagcaagcag
aactagaagcctttgecgatggcactaacagactcgggtccaaaagttaatattatagtagactcacagtatgtaatggggatcagtgcaagecaaccaacagagtea t
ggaagcaatctatgttgcatgggtcccageccacaaaggeatagggg: C tagatcatttagtgagtcagggtatcagacaagtgttgttcct; ccgetcaggaa, at;
atgtaaaagaactgtctcataaatttggaatacccaatttagtggcaaggcaaatagtaaactcatgtgeccaatgtcaac: ggaagctatacatgggcaagtaaatgcagaactaggeacttggcaaatggactgeacacattta
gaaggaaagatcattatagtagcagtacatgttgcaagtggatttatagaagcagaagtcatcccacaggaatcaggaagacaaacageactcticetattgaaactggeaagtaggtggecaataacacacttgeatacagataatggtg
ccaacttcacttcacaggaggtgaagatggtageatggtggataggtatagaacaatectttggagtaccttacaatccacagagecaaggagtagtagaagceaatgaatcaccatc caaat gagaacagg
caaatacaatagaaacaatagtactaatggcaattcattgcatgaattttaaaagaaggggogoaataggggatatgactccatc ttaatcaatatgatcaccacagaac aattcctccaagccaaaaattcaaaa
tt: ttttcgggtctattte agagatcagttgtggaaaggacctggggaactactgtggaaaggagaaggagcagtcctagtc ta, agacat: acc caagatcatcag

agactatggaggaagacaagagatggatagtggttcccacctggagggtgccagggaggatggagaaatggeatag'

tagtgaaccagatcat

atagca

4. 'HIV2-MCN13' 'AY509259'

'acaggtgggttttttagggatgggcccecggggaaagaagececgeaacttceecgtggeccaagtecegeaggggetaacaccaacageacececagtagatceageagtggacctact tatatgcagc
gacaaagagaacagagagagagaccatacaaagaagtgacagaggacttactgcacctcgagcagggagaggeaccatgcagagagacgacagaggacttgetgeaccteaattctetettttgaaaagaccagtagtcacggeata
cgtcgagggccagccagtagaagnotgotagacacgggggctgacgactcaatagtagcagggatagagttagggagcaattatagtccaaagatagtaggaggaatagggggattcataaataccaaggaatataaaaatgtaaaa
atagaagttttaggtaaaaaggtaagggccaccataatgacaggtgacaccccaatcaacatttttggea tattctgacagecttaggcatgtcattaaatttaccagtegec caataaaaataatgttaaagccagga
aaagatggaccaaaactgaggcaatggceccttaac agaggcactaaaagaaatctgt ggaaag: cagcta gectecaactaatecttataacacceccacatttgeaatcaaga
aaaaataaat. tgctaatagattttagagaactaaac tcaagatttcacagaaattcagttaggaattccacacccagcaggattggecaa gaattactgtactagatataggggatgcttac
ttttccataccactacatgaagactttagacagtatactgcatttactttaccatcaataaacaatgcagaaccagg: atatataaggtcctgectcagggatggaaggggtcaccageaatttttcaatacacaat, caggt
cttagaaccattcagaaaagcaaacctagatgtcattatcattcagtacatggatgatatcctaatagctagtgacaggacagatctagaacatgacaaggtggtcctgcagetaaaggaacttctaaataacctaggattttctaccccagat
gagaagttccaaaaggaccctccataccactggatgggetatgaactgtggecaactaagtggaagetgeagaagatacagttgecce gtatggacagtaaatgacatccaaaagttagtgggtgtcttaaactgggeagea
caaatctacccagggataaaaaccagacacttatgtaagctaattagaggaaaaatgacactcacagaagaagtacagtggacagaactagcagaggeggagttagaagagaacaagattatcttaagccaggagcaagagggacac
tattaccaagaagaaaaagagttagaagcaacagtccaaaaggatcaagacaatcagtggacatataaagtacaccagggagagaaaattctaaaagtagggaaatatgcaaagat ccataccaatggggtcagattgtta
cacaagt tcaaaagat: m‘mmr‘mngggom‘oaamrmnnmnmrrmrn 1. atggoaaca 019otgggatgactactggcagg[gacatgga[ccctgactgggacttcg{atct
accccgecgetggtcagactageatttaacctggtaaaagatcctataccaagaacagagactttctacacagatggatectgeaataggeaatcaaaggaaggaaaageaggatatgtaacagatagagggagagacaaggtaagga
tgctagaacaaactaccaatcagcaagcagaattagaagectttgcaatggeactaacagactcaggtccaaaagecaatattata gtagactcaca gtatgtaatggggatagtagcaggcecagecaacagaatc gtagaatag
taaatcaaatcatagaggagatgat: aatctatgttgecatgggtcecagece gcataggagg agttagtaagtcagggcatcagacaagtgttgttcctggaaaaaatagageec
gctcaggaagaacatgagaaataccatagcaatgtaaaagaactatcccataaatttggattgcccaaattagtagcaagacaaatagtaaacacatgtgcccaatgtcaacagaaaggggaggctatacatgggcaagtagatgcagaa
ttaggcacttggeaaatggactgcacacacttagaaggaaagatcattatagtagcagtacatgttgcaagtggattcatagaagc atcccac aaggcagacageactcttcctattaaaactggecagtaggt
ggccaataacacacttgcacacagataatggtgccaacttcacttcacagg ggtageatggtgggtaggtatagaacaatctttcggagtaccttacaatccacaaagecaaggagtagtagaageaatgaatcaccacct
1. tagagaacaggcaaatacagt: aatagtactgatg r‘am‘m‘m‘to(‘maammaaaaoaapgg t. ggomm accccagc: taatcaatat; atcaccacagaac
acaattcctccacgccaaaaattcaaaattaaaaaattttcgggtctatttcagagaaggcagagatcagetgtggaaaggacecggggaactactgtggaagggagacggageagtcatagtcaaggtagggacagacata
tagtacc caagatcatcaaagactat; aagaactggatagtggttcccacttggagggtgccagggaggatggagaaatggeatag'

5. '"HIV-2UCI1 (lvoryCoast)' 'L07625"

'atgctggaaatgtggaaaacaaggacacatcatgtcaaaatgece aggctggttttttagggttaggaccctggggaaagaagectcgeaacttcecccatgacccaagtgectcagggagtgacaccatctgeaceeecg
atggacccagcagagggcatgacacctcggggggcgacaccatctgegeccectgeagatccageagtggagatgetgaaaagetacatgaagatgg, agc cgagagagaccctacaaggaggtgac
agaggatttgctgcacctcaattetctctttggagaagaccagtagtcagageatgtatcgagggtcagecagtggaagtattactagacacaggagetgacgactcaatagtagcaggaatagaattaggtagcaattacaccccaaaaa
tagtaggggggat tcataaataccaaagaatacaaagatgt ta tagtggg gtaagggcaactataatgacaggagacaccccaataaacatttttggecagaaatattttaaatacattaggeatgac
tctaaatttcccagtagcaaagatagaaccagtaaaagtcaaactaaagectgggaaagatggaccaaaaatcagacaatggectetatec tggceectcaaggaaatetgt t gggacage
tagaagaagcgeeccctactaatccatacaacacacccacctttgecat aaatggagaatgctaatagattttagagaattaaacaaggtgacccaagactttacagaagtccaactgggtattccecacce
ggcagggttggca taacagtactagatgt tgcctacttcagtatcccactagatccaaacttcagacagtatacagceattcaccttgecatcaataaacaatgecagagec: gatacatttataaa
gttctaccacaaggatggaaggggtccccageaatttticaatactccatgaggaaggtattagatcetttcagaaaggecaacagegatgteattataattcagtacatggatgacatecttatagcaagtgacagaagtgatctggageat
gacagggtagtgtcccaactaaaagagctattaaatgacatgggattctctaccccagaagaaaagttccaaaaagaccctcegticaaatggatgggttatgagetctggecaaaaaggtggaaactgc acaactgccagaa
aaggaagtttggacagtgaatgacattcaaaaactagtgggagtattaaactgggceagetcaactetttcctggaattaagacaaggeacatatgtaaactaattaggg tgaccctaaca tacaatggacagaattag
cagaggcagagﬁacagga aacaaaatcattttagaacaggaac tcctactac gggtaccact; aacagtac; ctagcaaatcagtggacatacaaaattcatcagggaaatagaatttta

atgcaaaggttaaaaacacccacaccaacggggtaagactactggeacatgtagttc cctagtcatctggggagagataccagtattccatctgecagtagaaagagagacatggg
accagtggtggacagattactggcaagtaacttggatcccagaatgggattttgtctcaaccecaccattagtaagactagectacaacctagtcaaagacecectagaaaaggtggaaacctactacacagatggatectgcaacagage
ctcaaaggagggaaaggcaggatatgtcacagacaggggaaaagataaggttaaagtgctagagcagacaacaaatcaacaagcagaacttgaageatttgecactageactacaggattcaggaccacaagtcaacatcatagtaga
ctcacaatatgtcatgggaatagtagctggacagccaacagaaacggagtcaccactagtaaatcaaataattgaagaaatgatcaaaaaagaagcaatatatgtaggatgggtgccagctcacagaggactaggtggtaatcaggaagt
agaccacctagtaagtcaaggaattaggcaggttctattccta cagcac at, taccatggcaatgtaaaagaattagttcataaatttggactcccacagttagtggcaaaacaaatagtaaact
cctgtgataaatgccaacaaaaaggggaagcetgticatggacaggtaaatgcagaactaggaacatggeagatggactgtacacacttagaaggaaaggtcataatagtggcagtecatgtagecagtggatttatagaggcagaggta
ataccccaagaaacaggaagacaaacagetctcttcctgttaaaattggecageagatggectatcacacacctgeacacagacaacggegecaacttcacctcacaagacgtgaagatggeggectggtggatagggatagaacaaa
ccttcggggtaccctataacccacaaagtcagggagtagtagaageaatgaaccatcacctaaaaaaccaaatagatagaatcagggaccaggeagtatcaatagagacagttgtactaatggeageteactgeatgaattttaaaagaa
ggggaggaataggggatatgaccectgecagagagactagttaacatgataaccacagaacaagaaatacagttcttccaagcaaaaaatttaaaatttcaaaatttccaggtctattacagagaaggeagagatcaactctggaaaggac
ctggtgagetattgtggaaa agtcctcataaaggtagggacagagat taatacccagaaggaaagcaaagatcataaggeactatggagggggaaaagaattggattgtggtaccgacatggaggatacca
ggeaggetagagaaatggeacagtetggtcaagtacctgaageatag'

6. 'SIVMM251 Macaque' 'M19499'

'gtgttggaattgtgggaaggagggacactetgecaaggeaatgeagagecccaagaagacagggatgetggaaatgtggaaaaatggaccatgttatggecaaatgeccagacagacaggegggttttttaggecttggtecatgggg
aaagaagccccgceaatttcecccatggetcaagtgeatcaggggetgacgecaactgetceeecc gacccagctgtggatctget tacatgcagttgggcaagcagc gcagagagaagccttacaagg
aggtgacagaggatttgctgcacctcaattctctctttggaggagaccagtagtcactgetcatatt; agectgtag: tattggatacaggggctgatgattctattgtaacaggaatagagttaggtccacattataccccaa
aaatagtaggaggaataggaggttttattaatactaaagaatacaaaaat gttttaggcaaaaggattaaagggacaatcatgacaggggacactccgattaacattttt, ttgctaacagcetetggggatgtc
tctaaatcttcccatagctaaggtagagcctgtaaaagtcaccttaaagccaggaaaggnggaccaaaattgaagcagtggcmf-m. tagttgcatt: tgt tggaaaaggatggteagttg
gaggaagctceccegaccaatccatacaacacceecacatttgecat aaat; tgctgatagattttagggaactaaatagggtcactcaggactttacagaagtccaattaggaataccacaccct
geaggactagcaaaaaggaaaaggattacagtactggatataggtgatgeatatttctccatacctctagatgaagaatttaggeagtacactgectttactttaccatcagtaaataatgeaga geccaggaaaacgatacatttataaggttct
gectcagggatggaaggggtcaccagecatcticcaatacactatgagacatgtgetagaacecttcaggaaggeaaatccagatgtgaccttagtccagtatatggatgacatcttaatagetagtgacaggacagacctggaacatgac

agggtagttttacagctaaaggaactcttaaatagecatagggttctctaccec: ttec ccccatttcaatggatggggtacgaattgtggccgacaaaatggaagttgcaaaagatagagttgccacaaagag
agacctggacagtgaatgatatacagaagtt taaattgggcagctcaaatttatcc caaacatctctgtaggttaatta gactctaacagaggaagttcagtggactgagatggcagaa
geagaatatgaggaaaataagataattctcagtcaggaacaagaaggatgttattaccaagaaggeaagecattagaagecacggtaataaagagtcaggacaatcagtggtcttataaaattcaccaagaagacaaaatactgaaagta
ggaaaatttgcaaagat: tacacataccaatggagttagactattagcacatgtaatac gaaaggaagcaatagtgatctggggacaggtcccaaaattccacttaccagttgagagggatgtatgggaacagtggt

ggacagactattggeaggtaacctggataccggagtgggattttatctcaacgecaccactagtaagattagtettcaatctagtgaaggaccectatagagggagaagaaacctattatacagatggatcatgtaataaacagtcaaaagaa
gggaaagcaggatatatcacagataggggeaaagacaaagtaaaagtgttagaacagactactaatcaacaagcagaattagaageatttctcatggeattgacagactcagggecaaagacaaatattatagtagattcacaatatgttat
gggaataataacaggatgecctacagaatcagagageaggetagttaaccaaataatagaagaaatgattaaaaagtcagaaatttatgtageatgggtaccageacacaaaggtataggaggaaace cacctagtta
gte tagacaagttctettett, tagagccagceac atgataaataccatagtaatgtaaaagaattggtattcaaatttggattacccagaatagtggccagacagatagtagacacctgtgataaatgte
atcagaaaggagaagctatacatgggcaggtaaattcagatctagggacttggcaaatggactgtacccatc agtcatagttgcagtacatgtagctagtggattcatagaagcagaagtaattccac: a

gaagacagacagcactatttctgttaaaattggeaggeagatggectattacacatctacacacagataatggtgctaactttgectcgcaagaagtaaagatggttgcatggtgggcagggatagageacacctitggggtaccatacaat
ccacagagtcagggagtagtggaagcaatgaatcaccacct ¥ agggaacaagcaaattcagtagaaaccatagtattaatggcagttcattgcatgaattttaaaagaaggggaggaataggggatatg
actccagcagaaagattaattaacatgatcactacagaac tacaatttcaacaate tcaaaatttaaaaattttcgggtctattac agagatcaactgtggaagggacceggtgagetattgtggaaagg
ggaaggagcagtcatcttaaaggtagggacagacattaaggtagtacccagaagaaaggcetaaaattatcaaagattatggaggagg ggatagcagttcccacatggaggataccggagaggctagagaggtggcata

g
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7. 'SIVAGMG677A Green monkey' "M58410'

'gtgcggcaaaattggecatatggcaaaagactgeaagaatggacaggeaaatttttt, tatggccattggggaggagegaaaca ttttgtgcaatac acagttggtctggaaccaacagececcccaatg
gaaacagcttacgatccagcaaagaagetectecageagtatgeagagaagggacagegectgagagaggagagagaacagacaaggaaacagaagga gtggaggatgtttecttgageteectetttggaggagace

gagtcatcata gecagtgeaagecttgttagatacaggageagatgacactataattc ggacttgcactttcececacataaaccatggegticcaaggtagtaggaggtataggaggagggattca
tatc: tatc aagtacaattggagg; atcaccggctcaattct: tacaccaatcaatattat. attttagctcaggcaggcatgaaattagttatgggagttctatctagtcagattg

aactaaaagaagggaaagatggacctaaattgaaacaatggeccttatc: tgaagctttaacagaaatatgcaaacaaatggaagagg tatctaggatagga 1

ttataatacaccagtgtttgccat: acaatggagaatgcttgtagatttcagg taaacaaagctactcaagacttttttgaggttcagetgggaattcctcacccagegggecttcagaaaaagaagcaaat
cacagtaatagacataggggatgcctattattcaataccattatge ttC agcatttaccatccectcagtaaataatacagggccagggataaggtatcagttcaattgtetgectcagggatggaaaggatctect
acaattttccagaatacggcagcaaacattttagaggagatcaaaaggcacactcctgggttagaaattgtccaatacatggacgatttgtggttggegtcagaccatgatgagactagacataatcaacaggtagacatagtaagaaagat
getgetagaaaaaggtctagaaaccecagacaagaaagtcd cgccatgggaatggatggggtataaattgeatccgaataaatggaccattaacaaaatagaattacececcttagaaggagaatggacagtaaacaaa
atacagaaggtagtaggagttctaaattgggcaagtcaaatttatccaggaattaaaaccaaacatacctgtgecatgttgagaggg: ctecta tagtatggacagaagaggcagaggcagaatataagaacaat
caagggatagtgcaggaaacacaagaaggaacatactatgaccctetc taatagcaacagttcaaaage aatggacataccaattcacccaagaaggggcagtattaaaggtgggaagatatgccaag
Ci tcatactaatgatctaaggactctagcacaccttgtccaaaaaatctgt: acttaccattt ttccacgagtacaactcccagtagac: atgggatatgtggtggcaggactattgge
aagtatcctggataccagaatgggagtttgttagcacaccactectagtaaaactgtggtattecttagt: caatc tgtttattatgtggatggggcageatccaaagtgaccaaattaggtaaggcaggatate
tgtcagaga tagaattagggaattagaaaacaccactaaccaacaagcagaattaacagcagttaagatggeattggaggacagtggagaaaatgtaaatatagtcacagattctcaatatgtaatgaacatcttgacage
atgtccacaggaaagtaactcacccttagtggaacagataatacaagecctaatgaaaaagaggcaggtcetacttacaatgggtaccagctcat: ggataggaggcaatac tagataaattagt taagac
agatcctcttcttagatagaatagaagaagcacaagatgaccatgc: cataacaatt, tatggtacaggaatttggattacctaatatagtagcaaaa tagtagcggcatgtcecaaatgcec
acctaagcatggacaggtagacgcectecattgaaacttggeagatggactgeacccatttagaaggaaaagttataatagtageagtacatgtagecagtggattcatagaagcagaggtgatece gaaac! ag
cacactttctgctgaaactgttagcaagatggecagtgaaacatctacacactgataatggeccaaactttacetctcagaatgtggeageggtgtgctggtggggtaat: acaccactggaataccttataacccacagtcacag
ggtagtgtagaaagcatgaacagacagetcaaggaaatcatctctcaaataagagatgattgtgagagattggagacageagtgcaaatggetacgeatatecacaatttt ggaggaatagggggtatctctagtgcagaa
agattggttaatatgctaacaacacaactagaactaaatactctacaaaaccaaatcc tttgaattttaaggtctactac: t tccagtgtggaaaggaccagegegactcatctggaaaggagaaggegegg
tggtaattaaaga atcaaggtagtcecc taagattatcaaagattat aatggatagtgagggtagtatggagggtgtcagagaggeaaataagcagatggagggggatagt
gacttacaagatcaggaataa'

8. 'SIVIhoest L'"Hoest monkeys' 'AF075269"

‘atttgcacagtgeccaaaaccaaaaggaaaggtgaattttttaggatatggtecctggageageaaacctccaggeaattatectetactgggaggagetgecagggagaattccatcagetececcaatggagagtgetccaacaaaage
agagagagcactggagacttacaggactttaggacaacagctgaaaaggeageageageaagtcccacagaaatgtgtggacgageectgectgaattcactctttccagacgace tatattggtcaatgggcaaccagt
gtcagcactgttggacactggggctgatgacacaattttttcagaaaattcagt: t; ggaccctatactccaagagtagtagggggcataggggogcaaattagggtaaaagaatatagagatgtctitat agga
aaaactacagtagggacagtcttattaggacctaccccagtagatatt tattttaactgcaatgggggccaaattgattttagetcagttaagtgataaaattcctattacaaaggtatctttaaaacctgggtgtgatggacca
agagtaaagcagtggcctctatcaaaagagaaaatagaaggectacaagctatttgtgataggtt tccagtggatccagggaacceatacaatactccaatatttgetatce aaaaatg
aat; ttaattgatttcagaaagcetcaatgaattaactcaagactttcatgagctacaattaggtattccacacccageaggtatcaagaaatgcaaacagattacagtagtagacataggagatgcectatttcagtatccctttagate
caaattac ‘m‘zf'mﬁmt‘tamf‘cttctctcaataatcaagagccaggaaaaagatatcagtacaatgtgctgccacaagggtggaaggggagcccttgtatatttcagggaacagtagcaggacttctctcagagtttagga
aattaaatccagacatgatcatttaccaatatatggatgatttattcataggatcagatagagaga atgatcagec tC .t(‘ttatgacatggaacttagagacaccagaaaagaagt[ccaagca
gagccaccctatcattggatgggttatgtactgeatcetgataggtgggaaat: ttaaattaccagagatggatctaacaaaaactacagtaaatcaaatacagaaactggtgggagtacttaattgggcagcetcaattgtatgat
ggtattaggacaaaagaactctgcaaattaataaggggagtaaaacccttgg: ataaactggac cttggaagaatatgggcagaacaaagaggtacttaaagaaaagatgcagggagectattatgacccag

ttattgtc agcaaaac: gggataattactttccagtggagacaaggaaataacatcttaagagetgggaggtatcaaagacagaaggeageacacacaaatcecctacagaaattagtagaagetatte
agaagat: gaaagcatagtcatctggggctttgtgccaaaaattcaagtcccagtgactagagaagtetgggageactggtggagegaceactggeaggttacatggattccagactta gaattcatttctacccegeaattaga
acaagagtggtacatttgggaggcagaacccataataggggtagacacctactatgtagatggagecagea a, gc tatataacacaatcagg taaaggagttaactgaca
ccacaaatcagcaagcagaactagaggcagttctaatggcattacaagatagcaatagtaaagtaaatatagtaacagattcacaatatgtaatgaaaatattgtcacaaagaccaacagaaacagaacaccccatagtaaaagacatcat
agaacaatgcaagcagaaagatcaagtttatctaggatgggtgcctgctc: taggaggtaatcaagaggtagaccacct: aagacagaaacaggtcatgtttctagaaaagatagaacctgcagtaga
agaacatagcaaattccataacaatgc: tcta ttaacctaccccccatggtagecaaacaaattgtcaatgactgtgeaaactgte ggagaagccataacaggacaagtggatgtctcagtgggtatt
tggcagetagactgtactcacttagaaggacaggtcattataaatgeagtecatgtggectcaggettcatggttgeagaagttataccagatgagacaggaaaaacaacgtcacatttcctgttaaaattatgeagtagatggectgtaaaac
aaatacatacagacaatggtccaaattttgtaagtaaggaggtacaggcagtaacctggtggatagggatagaacatacaactgggataccttataaccctcagagtcaaggggttgtagaage aaagtttt tattata
gaaagagtaagagaagatgcacageaactaaaaacageagtactaatggeagtccacattcataattttaaacaaaggggaggactaggggggcttacaccageagagaggtttattaatatgattaatgcagaactagaaacacaatat
ctacaaaaattaaattcaaaaattttaaaatttaaggtttattacagacaaggaagagatcctcagtggaaaggaccagegeaacttetgt; gaaggtgctgtagtggt og atcttctcagtccccagaag
aaaagcaaaactagt: ttat ggaccaaaggatagtgagagtagectggataacaactag'

9. 'SIVcpz Chimpanzees Cameroon' 'AF115393'

'ttttttagggaaaggttggtctccgtggagcgggggatcaaagagaccagggaacttcctgcagggcaggaaggaacccacagctccgcccctagagagttatggmatm aac acaggaggaggaga

ggagaaggaaaaggaacccctgtatccteegttaacctccetcaaatcactetttggecagegacceecteetegga gaagggcagctaatagaagetetgetagatacaggagcetgatgatacagtaatagataatgtacaac
taacaggaaaatggagaccaaaaatgatagggggaattggaggttttatcaaagttaaacaatatgacaacatagcaat: ttga aacaggceacggtattggtgggaccaacaccagtgaatataattggcaga
aatatattgacacaaattggctgtactttaaattttcctataagtcccattgaaacagtgecagtaaaattaaagecaggaatggatggecctagagtaaaacaatggectttaacagea taaagcattaacagaaatttgtcagga
aatgg: tttcaagaatagggecc C aatacaccaatttttget tagtacaaaatggagaaaactggtagatttcagggaattaaataaaagaacacaggacttttgggaagtc
cagttaggcataccacacccggeaggtt! gtcagtaacagtgctagatgtgggagatgcttatttttcctgeccattagatgaaaattttaggaaatatacageatttactatacccagtgtaaataatgaaacaccaggaat
tagatatcaatataatgtgttaccacaaggatggaaagggtcaccagcaatttttcaaagcagcatgataaaaattctaaccccattcagacagcagceatccagacttaataatttaccagtatatggatgatctttatgtgggatctgatttggaa
ct ataga gtagagctactcagacagcatctacttacttgggggtttactacccctg: atc caccttttttgtggatgggctatgagetccatcctgataagtggacagtgcagecaataca
gttaccacagaaagagacctggactgtcaatgatattcagaaactagtgggaaaactaaattgggeaagtcaaatatatccaggaataaaagtaaaacagttatgcaagetgataaaagggacaaaagcetctaacagacatagtgaccatg
acaca, agaaatggaatta agagagatttt: cagtgcatggggtgtactatgacccagaaaaggaattaatagca agaaacagg tagtcagtggacttatcaaattttccaggaaca
gcataagaacctaaaaacaggcaaatatgctaggcaaagatcageacatactaatgac: aattage: gt aaaaaatagctact; gtatagtaatctggggaaaaacaccaaaattcagattacctgttcaaaag
gaggtctgggaaacctggtggtcagagtattggcaagccacctggatcccagaclgggaattcgtgaatacccctccccttgtaaaattatggtaccaattggaaacagaacccataccaggagcagaaacgttctatgtggatggggca
gctaaca aaa aggctacgtcactgatagaggeagacag: 1t taccactaatc agaactgacagctgtttatctagcattacaagatgcagaacatatagttaatata
gtcactgattcccaatatgtgttagggataattcactcccagecagatcaaagtgagtcagaatt, ggttaatctaataatagaa gagttaataaagaagg tacctttcatgggtgccageacat: gagttgg: tgaa
caagtagataaattagttagttctgggaatcagaaaagttctctttttagatggtatagattaagcac atgaggaaatatcataacaattggagagcetatggeaagtgatttcaatataccacatatagtggecaaagaactagt
agcccgttgtgataaatgecaactaaaaggagaggecatgeatgggcaagtagactgecageccaggeatatggeaattagactgeacacacctagaaggaaaagttatcctggtggeagtacatgtagecagtgggtacctagaggea
gaggtcattcctgcagagactggacaggaaacagcttattttattctaaaattagcaggaagatggcctgtaaaagtaatccacactgataatgggcctaactttaccagtaatacagttaaggcagcctgctggtgggcaggcatccaaca

ggaatttggaattccctataatccacaaagtcaaggagtggtagaatcaatgaat tcataggacaaattagagaacaagcagaacacttgaggacageagtecagatggeagtgttcattcacaattttaaaagaa
aaggggggattggggggtacactgcaggagaaagaattatagacatcatagecaacagacatacaaacaactaatctacaaaaacaaattttaaaagttcaaaattttcgggtctattacagggacageagagatcccatttggaaaggace
tgecagacttetgtggaaaggtgaaggggcagtggtaatt: ggaagttaaagtaatacccagaaggaaageaaaaataattagggattatggaaaacagatggetggtgatgatagtatggeaggtggacaggatgag
agtcaaggcctggaatag'

10.'SIVmnd5440 Mandrillus sphinx’ 'AY159322"

ttttttagggaataccccctggggeagtggeaageccaggaacttcectgecatgecattgaccecatcageacceccgatgecagggttggaagacceggc tgctgttagactatat; aacaacagagg
geagcageaggageccagaaagaggaaaagaagggteectacgaggeagcttacaacteccteagttetetetttggaacagaccaactacagtagtagaaatagaggggcaaaaggtagaggeacttctagatactggageagacg
atacagtaattaaagatttagagttaacaggaaattggaagccacgaattataggaggaattgga aatc t agtattttaattgt aggaaaaattactcatgctgeagttctggtgggecectacce
C tataggt: tgtacttaagaagttaggatgtactttaaattttcctattagt t 1 actaaaaccaggaacagatggaccgagaataaaacagtggecactgtctaaagaaaagatectage
cttacaagaaatatgcaatcaaatggaaaaagaaggceaagatctctagagtaggtccagaaaatccatacaacaccecagtattet gatggaaccagcetgg ttagtagattttagacaactgaacaaagtc
actcaggatttctttgaggtgcagttaggaatcacacatccaggaggectaaageaatgtgageaaattacagtattggacataggagatgectatttttcatgtcecttggatgtggactttagaaagtatactgegttcaccattccatc ggtg
aacaaccagggccc agataccagtataatgtcctaccaca Oggatggaaa ggctctccageaattttccaggcaacageagacaaaattctaaaggcttttaaggaaaageatccagaagtcttaatctatcagtatatggatg
acttgtttgtggggagtgatctaagtgectetgaacac atttgcagttctgggggctcgagaccccagac tccaaaaggaacctccectttgaatggatgggatatgtgetgeaceca
aagaaatggacagttcagaaaatacagctaccagaaaaagaaagctggacagtaaatgatattcagaaat 4 ttaattgggcaagccaaatctattccggaattaaaacaaaagagetctgtaaattgataaggggggca
agacccctagataaaatagtggaatggactagagaageagaac! at aagctaatagtgcaggaggaagtacatggagtgtactaccagecagaaaaacctttaatggcaaaggtgecaaaagttaacacaaggac
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agtggagttaccaaatagaacaggaagacaacaaacctctcaaggt: tatgccaggac tgcccacacaaatgaattgagggtacttgeagggttggtacaaaaggtagetaaggagtgtctagtaatctggggaaa
getaccgaaattctatctcecgttagagagggaggtatgggaccaatggtggeatgactattggeaagtaacatggateccagagtgggacttcatttcaacaccaccattaataaggttatggtacaacctgetaaaagacceaataccag
gggaagatgtatattatgtagatggggcageaaacagaaactccaaggaaggcaaggeaggctattatacctctagaggtaaaageaaggtagtagecttggaagaaacgaccaatcaaaaggeagaattgacagetataaagatgge
tttgcaagattcaggacccagggtgaatatagtcactgattcccagtatgeactaggceatactttcagcagecccagatcagtcagacaaccccatagtt: agaactcatgataggcaa, gatttatctctcatgggt
tagataaattagtaagtaag; taagacaggtactatttti tagataaagcccaggaagaacatgacaaatatcacaataattggagagegttgtctcaggacttt
aacctaccccccatagtggcaaaagagatagttgeacaatgtccaaaatgtcagacaaagggagaacctgttcatgggeaggtaaatgecagatccagggacatggeagatggactgeacccattt atcatagtage
aglccatgtagccagtggatatttagaagcagaggtaataccagcagagacaggaaaagaaacagcgcacttcclgttaaagctagcaggtaggtggccagtaaaacalctacacactgacaatggtccLaactltgtcagtgaaaaggt
ggccacagtctgetggtgggctcaaatagageacaccacaggagtaccttacaacccacagagte t: caaaaaatcatcatcttaagaagatcat aagttagggatcaagctgaaaggctagaaacagea
gtgcaaatggcagtgctaattcacaattttaaaa gggggataggggagtacagtcctggagaaagaatagtagacataataaccacagacatcctaacaaccaaattacgacaaaatatttcaaaaattcaaaattttcaggtttatt
acagagaaggaagggaccaacagtggaaaggaccagcagagctcatttggaaaggagaaggegctgtggtaatcaaa tgatttaaaggtggttccta aaaaataattaaggactat, agtgg
atagcaatccccacatgggaagatag'

cccageccacaagggtat: aatgaac

11.'SIVAGM3 Green monkeys' ‘M30931"

'accaagaaagatgagatgcttgaaatgtgggaaaccagggeatttage ttgc gacaggtaaattttttagggtatggccggtggatgggagegaaacccagaaattttcccgec getactettggggtggagecaactg
cgeeccctecaccgagtecatacgaccctgcaaagaagetceetgeageaatatgeagacaagg agttgagggaac caccagcagtgaatcccgattggacagagggatattctttgaactcectetttgg
agaagaccaataaaaacagtttacatagaaggggtccccatcagagcattattagatacgggggcagatgataccattataaaagaagcagatttacaattatcaggaacatggaaaccaaaaataatagggggcattggagggggactc
aatgtaaaagagtatagtgatagggaagtaagattggaagacaaaattttgagagggaccatattgataggaageactcecataaacataattggaagaaatatattageaccagcaggagecaaattagtaatgggtcaactgtcagaac
aaattcccattaccectgtgaaattaaaagaaggggctagaggacctttettaaaacaatggeecctctccaaa taaaagecttacaggaaatatgtgaccaattagagaaa tagcaagatagg

atgcatacaacactccagtgttttgcat: rmr‘aamrzrzmggaczmolmmacmn‘ taaacaaagcaacacaagattttttc of; ammggcatacc[catcca[caggg[tcgaaaagatgacgg
aaataacagtattagacataggggatgcctattattcaataccattagacccagagtttagaaagtataccgcettttaccattccatcagtaaataatcaagggccaggtactagatatcagttcaactgtcttccacaaggatggaagggatce
ccaactatttttcagaacacagcagcttccattct taaaacccctaaccattgtgcaatacatggatgacctatgggtagggtctcaggaagatgaatacacgceatgateggttggtagaacaactaagaat
gaaattaagtgcctggggattagaaacaccagacaagaaagtacagaaaaaaccaccttatgagtggatgggatacaaattgtggecacacaagtggeagataagcageatagaattagaagacaaagaagaatggactgtaaatgat
atacaaagactagtggggaaactaaattgggcageacagctttacccaggactcagaactaaaaacttgtgtaaattaatca ttactagaaacagtaacctggacagaggaagcagaagcagaatatgcagaaaa
caaagagatcttaaaaacggaacaggaagggacctactacaaaccaggaagacccatcagageageagtgeaaaaactagaaggaggtcaatggagttaccaattcaagcaagagggacaagtatt, gtaggtaaatacacaaa
gcagaaaaacactcataccaatgagttecgtgtattggcaggattagtacaaaaactttgtaaagaatctttagttatatggggagagttgccagtecttgaactcecaatagagagggaagtatgggaacaatggtgggctgattactggea

ggtaagttggattccagactgggaatttgtcagtaccccaccectagtaaaattatggtataccctgac ccataccaaa gtctactatgtggatggagcttgtaatagaaattcaagggaaggaaaagcaggatata
tcacacaatatgggaaacaaagggt; tta aacaaaccagcaagceagaattaatggccataaaaatggeact: agtg Bcctaatgtaaacatagtaacagattcacaatatgcaatgggaatattaactg
cccaacccacacagagtgactcacccttaatagaacaaattatagcactaatggtacaaaaacatcagatatacttgcaatgggtaccageagacaaagggataggaggcaat t ggatgagg
aaaattttattttt agceccaggaggaacatgaaaggtaccataataattggaggaacttagcagacacttatgggctaccacaaattgtgge tagtagccatgtgtec tgt
aaccagtccatgggcaagtagatgectcgecaggggtatggeaaatggactgtacacatttagaaggeaaggtaatcatagtagecagtecatgtagecagtggattcat agaagttatacct: aggg a
gcaaaatttttattaaagatactaagtagatggcccataacccaactgeatacagacaatggacccaattttacgtctc: tagcagcaatgtgttggtgggg acaccacaggtgtaccctataaccetcaatcacaa
ggcte gtatgaataaacagtt: tgggaaaataagagatgactgtcaatacacagaaacageagtacttatggcatgecacatccacaattttaaaagaaagggaggaataggggggttaacaccggeagag
agattaatcaatatgattactacacaattagaattacaacacctacaaaccaaaattc tttaaattttagagtctactacagagaagggagagatcctgtetgg: caggacagttaatttggaaaggggaaggtgcagty
gtcatcaaaggaggtgtggaattaaaagaatacccaagaaggaaagcaaaaattataaaggattatgaace tgggtgatgagagtaacttggaaggtgccggaggagetgataactaa’

12.Simian macaque’ "M33262"

'gtgttggaattgtgggaaagagggacactctgcaaggeaatgecagagecccaagaagacagggatgetggaaatgt, ggaccatgttatggccaaatgeccagacagacaggegggttttttaggecttggtecatgggg
aaagaagccccgceaatttccccatggetcaagtgeatcaggggetgatgecaactgeteceee ccagctgtggatetget: tacatgcagttgggcaagcagc: agcaga

agccttac: A ‘am‘zrmogamgctgcacctcaattctctctttggaggagaccagtagtcactgctcatattgaaggacagcctgtagaagtattactggatacaggggctgatgattctattgtaacaggaatagagttaggtcc
acattatacccc: t tttattaatactaaagaatacaaaaatgtagaaatagaagttttaggcaaaaggattaaagggacaatcatgacaggggacaccecgattaacatttttggtagaaatttgetaaca
getetggggatgtetctaaattttcecatagetaaagtagagectgtaaaagtcgecttaaageccaggaaaggatggaccaaaattgaageagtggecattatc: gatagttgcattaagagaaatctgt, tggaaaa
ggatggtcagttggaggaagctecccegaccaatecatacaacacccccacatttget ggataagaacaaatggagaatgcetgatagattitagggaactaaatagggtcactcaggactttacggaagtccaattagga
ataccacaccctgcaggactagcaaaaaggaaaagaattacagtactggatataggtgatgeatatttctccatacctctagatgaagaatttaggcagtacactgectttactttaccatcagtaaataatgcagagecaggaaaacgatac
atttataaggttctgectcagggatggaaggggtecaccagecatettccaatacactatgagacatgtgetagaacccttcaggaaggeaaatccagatgtgaccttagtccagtatatggatgacatcttaatagetagtgacaggacagac
ctggaacatgacagggtagttttacagtcaaaggaactcttgaatagcatagggttttctaccec tce: ccccatttcaatggatggggtacgaattgtggeccaacaaaatggaagttgc ott
gccacaaagagagacctggacagtgaatgatatacagaagttagtaggagtattaaattgggcagctcaaatttatccaggtataaaaaccaaacatctctgtaggttaattagaggaaaaatgactctaacagaggaag‘ttcagtggactg
agatggcagaagc: aattctcagtca gaac oﬂaﬂm‘(‘ aagccattagaagccacggtaataaagagtca oar‘amr‘amDmrttataaaattcaccaagaagacaaa
atact; t tttgcaaagat: acataccaatggagtgagactattagcacatgtaatac. gcaatagtgatctggggacaggtcccaaaattccacttaccagttgagaaggatgtat
gggaacagtggtggacagactattggeaggtaacctggataccggaatgggattttatctcaacaccaccgetagtaagattagtcttcaatctagtgaaggaccctatagagggagaagaaacctattatacagatggatcatgtaataaa
cagtcaaaagaagggaaagcaggatatatcacagataggggcaaagacaaagtaaaagtgttagaacagactactaatcaacaagcagaattggaageatttctcatggeattgacagactcagggecaaaggceaaatattatagtaga
ttcacaatatgttatgggaataataacaggatgecctacagaatcagagagcaggcetagttaatcaaataatagaagaaatgattaaaaagtcagaaatttatgtagcatgggtaccagecacacaaaggtataggaggaaaccaagaaata

gaccacctagttagtcaagggattagacaagttctettett; agagccageacaag; atgataaataccatagtaatgtaaaagaattggtattcaaatttggattacccagaatagtggccagacagatagtagacac
ctgtgataaatgtcatca tatacatgggcaggcaaattcagatctagggacttggeaaatggattgtacccatctagagggaaaaataatcatagttgeagtacatgtagetagtggattcatagaagcagaggtaattc
cac agacagcactatttctgttaaaattggecaggeagatggectattacacatctacacacagataatggtgctaactttgettcgcaagaagtaaagatggttgeatggtgggcagggatagageacacctttgg
ggtaccatacaatccacagagtc gtagtggaagcaatgaatcaccacct aaatagat agggaacaagcaaattcagtagaaaccatagtattaatggcagttcattgcatgaattttaaaagaaggggagg
aataggggatatgactccagcagaaagattaattaacatgatcactacagaacaagagatacaatttcaacaatc tcaaaatttaaaaattttcgggtctattacagagaaggcagagatcaactgtggaagggacceggtgag
ctattgtggaaaggggaaggageagtcatcttaaaggtagggacagacatt t e taaaattatcaaagattatggaggaggaaaagaggtggatageagttcccacatggaggataccggagagget
agagaggtggcatag'

13.'ClVcpzUS Chimpanzee' "AF103818'

'ttttttagggaaacattggtceccatcgtggagegggggate cagggaacttcct gaag, ccacagctccaccaatagaggatttcgggtatcaagaagagacagtgacacaggag ggaa
aggaaaaggagccctttcagctaacttccctcaaatcactetttggeagegaccectectc tagcagggcagatagtagaagetcttttagacacaggagetgatgatacagtactagacaacatacaaattgaagggaca
tggagaccaaaaatgatgggggogaattggaggttttataaaagtaaaacaatatgatcacgtcaatatagaaat g gggttcagttttagtgggaccaacaccagtaaatattattggeaggaatattttaacaca
aattggatgtactttaaattttcctatcagcetctattaaaactgtaccagtaagattaaaaccaggaatggatggcectagagt: aatggccattgacagc ttaaggcattaacagaaatttgcc gg
ggaaagattacaagagtagggccagaaaatecttacaatacaccaatttttgetate gatagcactaaatggagaaaattagtagactttagagaattaaataaaaggacacaagacttctgggaagttcagttaggcatace
acacccagcaggatt. gatcagtaacagtcctagatgtaggggatgcctatttttcttgtccactggataaggaattta acagcatttaccatccctagtgtaaacaatgagaccccaggaattagataccagta
taatgtgttaccacaaggatggaaagggtcaccagcaattttccagageagtatgacaaaaattctagatecttttagaaaacaacatccagatgttataatctatcaatatatggatgatctctatgtagggtcagatctaaacttagaaaagea
tagggaaaaggtagaactgctcagacaatatttgettacttggggattcactaccect; atcagga caccattcttatggatgggctatgaactccatccagataagtggacagtgecageccatacagttaccacaaa
aagaaatttggacagtcaatgatattcagaaattagtagggaaactgaactgggcaagtcagatatatccaggaat agttatgcaaatt: taaagctctaactgaagttgtaaattttacacatgaggcag
aaatggagttagaagaaaacagagaaattctaaaggaaccagtacatggggtctattatgaccc tagtagcagaagtacaaaaacaaggaaggagtcagtggacataccaaatttticaagaacggcataagaatctaa
agacaggaaaatatgccagacaaagatcagceacatactaatgatatcagacagctagttgaagtggtgcaaaaaatagetactgagagceattgteatttggggaaaggtaccaaaatttaaattgetagtgeagaaggaagtcetgggaaac
atggtggtcagaatattggeaggecacctggattccagattgggaatttgtcaataccectecectegtaaaactttggtataagttagagacagaggecatagagggggcagaaacattttatgtggatggageageccaacgagaaace

aagaaaggaaaggcaggatatgttactgataggggmgm‘ ttataacttt: tactaatc agagctcacagcggtatacttagcattaaaagattc t. aommtommmrrggctcccaatat
gtcttaggaatcatccactctcagecagaccaaagtgaatcagaattggtcaatcagataat gaattaat. tatatctcatgggtaccagcacataaaggaattggaggaaatgaacaaatagataaactagt
cagttcagggatcagaaaagttcttttcctagatggeatagataaagecacaggaagaccatgacaaatatcatagtaattggacagcetatggecagtgattttaacctgecaccagtggtege tggccagetgtgataaat

gtcagccaaaaggagaggecatacatgggeaggtagattgeagtccaggtatctggeagetagattgtacacatttagaagggaaaateattatagtggeagtacatgtggecagtggataccta gaageagaggteattectgeagaaa
caggacaagagacagcc1atmatc1taaaanagcaggaagatggcctgtaaaagtgattcatactgataatggatctaacmacaagtagtacagttagagcagcttgctggtgggcaggcatacaacaagagtttggaattccatacaa

tccacaaagtcaaggagtggtagaatccatgaat: ataggacaaatcagggatcaagcagagceatttaaagacagetgtacagatggeagtattcattcacaattttaaaagaaaaggggggattggggggtat
actgcaggagaaa gaatcatagacatcatagcatcagaactacaaacagacttattacaaaaacaaattttaaaagttcaaaattttc gggtctattacagggacageagagatccaatttggaaaggaccagecaaacttctgtggaaagg
tgaaggggcagtagtaatcaaggaaaacgaggaggtt: tagtaccc aaaaattataaaagactat, agatggcaggtgct ggcaggtagacaggatgagagttaa'
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14.'SIVmon Cercopithecus Monkeys' 'AY 340701

'ttttttagggaatcctttcggtcccaagaaggggccaaggaactteecteteacctetgtgeageccagegeaccegactetgecageagggactgeggagecagtcaatctcaace ttggttcccegaagacggggaceccaa
aggagacgaggcegggatctttatccetecttageatetetetttggggaagaccaataagatetgtgetgatagggggacaaaaggtgtceatgetattggatacaggtgccgacgacacaattatacaagatcageacgtaaatttaggg
gagaattggacacctaaagtagtagggggaatagggggaatgatagaagttaaacaatacaaageaatacaagtgatatttgaagacagagaggtitgggcaacagtattagttggaccaactcctataaatattttagggagaaatgtett
agctaagatgggggtaaccctcaacatggetgetgggggagaccetcecaaceeccatcetttagaggteactitaaaagcaggaaaagagggaccaaagttgaaacagtggecattatccagagaaaagatagaggetcettacacaaatta
ctcaagagatgcttaaattaggacaattggaaccaaccgagcccaataacccatataactcaccetgttttgec aagagcaaat tgctcatagatttcagagaacttaacaaggceaactcaggacttcttt
gaggtgcagttgggaatcccacacccagegggacttgagaagatggaccatgtgacaatagtagacatgaaggacgecttctacagceatteccttgtgggaaccgttc: tacacggcegttctcaataccctctttaaacaatgetg
aacctgctaaaaggtatcagttcaaggtectcecgeagggetggaaagggtecccaactgtgtttcaacatacageggeagagcetaccacaggagatc: CC taactttaatacagtacatggatgacctactga
taggatcaaatcactctctgeccagaacacaggaaaatagtaggggtcataagagcegaccctactaaggaaagggattcaaacaccece tttcaggatgactacceggtgcaatggttagggtatgagetacacccateccatt
ggaaaattgccaaaatagagctaccagaccaggaacaatggactgtcaatgagatccaaaagttgataggaaagettaattgggcageacaaatctattcagg caaaaacctgtgcaaaagtatc acggag
cctgacagatacagtggtectctcagatttagetcaagetgagetage t ttctcaaggaggaatccaccgggggatattacgaccecaacgagecattaaaggtggagttaacctcactage: caatggg
octacagattcttccaa agtattgaagac: ttgccaaaatt: tacccactccaatacctatcagcagttagea omm‘m‘tagccaaat[gggaaaagaggcca[ag[cacatggggacgac[tccca[t[t[c
gectaccagtggtgaaagageaatgggacgeatggtgggcagataattggeaaatcaattgggtaccagacatagaggeggtgtattceccacacctgetcagacagtggtatactetggtacaagaccecat: tccaaca
tactacgtggatggggccgecaataggacatcaaaggaagggaaageaggttatgtaaccaactttggggcaagaaaggecgtcacattagaacagaccaccaaccaaaaggeagagetagaggecgtgttactageectcagagat
ggaccacctcagatgaacataattacagattctcagtatgtactgggcat‘tctagcctcctgccc ggagatctcagaaagtcccatagtggaggccatcatacaggaactcttaaaaaaggaccaggtattcttgtcatgggtaccagceteac

tgaagaagtagatcgectagtgggccagggaattaggcaagteetgtttatggaaaatttggaaccegeaagggaagateat atagtaatt; 1t tacctaccacattccta
ctetgttggecaaagaaatagtcaaccattgtcacaaatgtcaaaaccatggagaacccaaatcaggacaggtaaacgeagaagtaggagtatggeagatggactgeacceatctagagggaagceataattttggtagecagtacatgtag
ccagtggttatgtatgggccaagatcctaccaagggaaacaggaaaatgtacagggatageectgttggagetggecgetatgtggecggteactcagatacatacagataatgggecaaatttcaccagecaagaattcgaageaget
geatggtgggcaaatattcatcacaccacaggggtaccetacaacccacaaagecaaggggttgta tatgaat: aact catt agggatgaggttgaatacctcccaacagceattagcacaage
actgttcatcttaaattttaaaagaaagggaggaataggggatatggecectgtagacagatttataaacatgatacacacagaattagaactacaaacctcaaacaaccaaattacaaaattttcaaaatttcgggtttatttcaggacaggtg
ccgaccctcagtggaaaggaccagegegectactctggaaaggtgaaggtgecgtagtcataaaaactgaggagggcgatatcetgacagteectaggagaaaggeaaagataatcaaacectat ggecaccacggaaaatgtgggtg
gtgacaccaaccaatataatctcagaaagcaagatggattggctaattag'

15.'SIVcpzTANL Chimpanzee' 'AF447763'

'ttttttagggaaacgeacceecttgtgggggtgcagaccagggaactttgtgeagaacaccecagagaaagggaaggetcaggageaggagacageacagacaccagtggtgecaactgececaccactggagatgacgatgaaa
ggcgggttetecctcaagteaatctttggeagegaccaatgatgacagtaaaagtccagggacaagtetgtcaagetettttagatactggageagatgacagtgttttttgtaacatcaaattaaagggacagtggacaccaaaaaccatag
gaggaata nomccagﬂaoroaamr‘mmamm‘m tacaaattgoc ot ,.v,-.armmoicctagtgg r‘r‘r‘r‘m'mmmmggtagaaatattttaaagcaattaggatgtaccttaaattttc
ctattagcccaatagaggtagtaaaagtacaattaaaagaaggaatggatgggccaaaagtaaageagtggeecctctccaagg ttgaggcattaacagaaatatgtaagacatt ttctgcagttg
gacc ccatataacacaccaatttttgccattaa tacctctaaatggagaaaattagtagatttc toaa tcaagatttttgggagttacagctaggaataccecatccggeagggttaaga
aaaagaaatatggtgacagtactggatgtaggggatgectacttttccattccectggatecagacttc: tatacagcttttaccatacccagtctcaataataacacacc: tttcagtataacgtgttacctcaaggttg
gaagggatctccageaatttttcagagcagtatgacaaaaatcctagatectttcagaaaagaacacccagatgtggacatttaccaatatatggatgatctttacataggttcagatcttaatgaagaggaacataggaaactgataaagaag
ctgagacagcatctgttaacatggggattagagacccctgac atca ctccattcatgtggatgggctatgagctacatccaaataaatggacagttcaaaatatcacattaccagaaccagageagtggacagtga
atcatatccagaagttggtaggcaaacttaattgggccagtcaaatttatcatggaat: 1: tatgcaaattgatt: agtaaaaggattaactgagccagtagaaatgaccagggaageagaattggagttagaagaa
aataagcagattctaaaagaaaaggttcaaggagceatactatgatcctaaattacctctgcaageageaatacagaageaggggcaaggacagtggacatatcagatatatcaggaa gaagggaaaaatttaaaaacaggaaaatatge
aaaatcaccaggtacccacaccaatgagataagacaattagcaggactgatacagaaaataggeaatgagagcataataatttggggtattgtgcctaaatttttattacctgtatccaaagagacatggagecagtggtggactgattactg
geaagttacctgggtacctgagtgggaatttattaacaccccaccactaatcaggcetatggtacaatctgttgtetgaccecatcccagaageagaaaccttttatgtagatggggcageaaacagagacagtaaaaagggaagageagg
atatgtaacaaacagaggcagatacaggtcaaaggacttagagaacaccactaatcaacaagcagaattatgggeagtagatctagectt: tcaggagcacaggtaaatatagtcacagattcecaatatgttatgggagttttac
agggattaccagatcaaagtgactcccccatagtagagcaaattattcaaaagttaacacaaaagacagcaatttatctagecatgggtaccageccataaaggtatagggggtaatgaagaagtagacaaattggttagtaaaaatattaga
aaaatattattcctggatggaattaatgaagcacaggaagaccatgataaatatcacagtaattggaaagetttagetgatgaatataatctgececcagttgtggct: ttattgctcagtgtccaaaatgcecatat: gagag;

ctatacatggacaggtggactacagtccagaaatctggcaaatagactgtacccacctagaaggaaaggtcatcatagtageagtgcatgtagetagtggtttcatagaage: gtcatacca cgett
acttcatcctaaaattggeaggaagatggectgtaaagaaaatacatacagataatggaccaaattttactagtacageagtgaaggeagectgetggtgggeacaaattcaacatgaatttgggattccatataatcctcaaagtcaaggag
tagtagaatctatgaataaacaattaaagcaaattatagagcaagtcagggaccaagcagageaactgaggacageagtaatcatggeagtgtatatccacaattttaaaa ggggoattggggagtacactgeaggggaaaga
ctattagacatactaactacaaatatacagacaaaacaattacaaaaacaaattttaaaagttcaaaattttcgggtttattatagggacgccagagatccaatttggaagggaccagegegactactgtggaaaggtgaaggggcagtagta

t: ggagaagacatt. tagtacccagga gtatgg: agatggeaggtgcaggtggtatggatgatagacagaatgagacttag'

16.'S1VsmSL92b Sooty Mangabey' 'AF334679"

‘ctgt; aggacactctgcgagacagtgcagageteec gggatgetggaaatgtggggaagaaggacgtattcaggecaactgeccaaaccagaaggegggttttttaggecttggeccatggggaaagaag
cctegeaacttceccatgeagacaacatcattgacaccgtcageacceccagatccageageccggatagtcaaggagtatctagagaaagcacagagggaaaagacaaggaggageaggecttacaaggaggtgacggaggattt
gc[m‘m‘(‘n‘amfmrt(‘tt(‘ gaccagtagtcagagcact: g4 zm‘m‘f‘maangnc[actggacacaggg tccatagt: agggatagagtta chcagggtacacaccaagaat[g[agg
ggggatt, ttcataaa gaatatagaacagtaaaaatagaagttttaggaaaggtaat: aatgacaggagataccccgataaatatttttggcagaaatattctagcageattaggggtctctttaaattac
ccagtggcaaaggtagaatatacaaaagtaaagttgaa; ggagggaatggat gggecaagattaaaacaatggeccttatctaaggaaaagatacaageattaacagagatctgegagaaaatggaaaaggagggacaattggaacga
ccectectacaaatecttataatacaccgacctttgetattaa aagtggagaatgctcatagatttcagagaattaaacaaaatgacacaagaattcacagaagtacagetgggtatcccacatceggeaggect
aaaggaaatggaaaggataacagtgctagatataggggatgectatttttcagtacccctagacccggaatttagacaatacacageattcactataccatcagtgaacaaccaagaaccaggaaagaggtatatttacaaggtectgeca
caaggatggaagggatctcctgeaattttccaggeaaccatgaggeaggtattagaacceettcagaaaagetaaccecagatgtgcettctegtecagtatatggatgatttactaattggcagtaacagaggectaacagageatgacaaaat
ggtaacacagttaagagacatgctcaacaatctggggttcagtaccccagaagacaagtttcaaaagaatccaccattacagtggatgggatatttgttataccccaagaagtggaaattacagaaaatagaacteectgaaaaggagega
tggacagtaaatgacatacaaaaactagtgggagttctaaattgggcagecacagatatatccagggattaaaacaaaaaacctgtgcaaaatgatcagagggaaaatgactctgacagaagaagttcagtggacagaattagcagaage
agaattggcagagaatagaattattctaaatcaagagcaggaaggaagatattacagagaagatgaaccgctagaagcaacggtictaaagaatcaagacaatcagtggagttataagattcatcaaggtgacaggattctcaaggtagg
gaagtttgcaaaaataaaaaatacacatacaaatggaataaggttactggctaatgtagttcaaaagatagg: gtctagtgatat; acaccattttttcaccttccagtagaaagggaggtttgggatcaatggtggac
agattattggcaagctacttggattccagagtgggacttcatctccacaccaccgttaatcaggttagtgtttaatttagtaaaagatccaatagaaaaggaggaagtatattacattgatggetectgeaatagaaacagtaaagaagggaaa
geaggatatgtcacagacaggggaaaagaaaaggtcetgecattagaacaggetaccaatcageaageagagetgeaggecctgttattggecttgaaagattctccaagtaaggtcaatgtagtaacggactcacagtatgtettgaac
ataataacaggacagccatcagaatcggattcagatatagtggeacaaattattgaacaactagttcagaaagaageagtatacataggatgggttccagetcataaaggeataggagggaacaatgaggtagaccgtttagttagtcaag
gaataagacaggtcctgttcctagaaagtatagagccagecacaagaagaccatgacaaatatcatagcaatgtaaaggagttagctcagaaatataacatcccacaattagtagetaaacagatagtaaatgettgtaacaaatgecaaca
gaagggagaagcgatacatggtcagacaaatgcagaggtaggeacatggeagatggactgeacccacttagaaggaaaggttatcatagtagcagtacatgtggetagtggctttatagaagcagaggtaatacctagggaaacagga
agacagacagcattgttcctcttaaaaatagcatcaagatggectataaageatctgecatacagacaacggtgecaatttcacctcccaggaggtgaagatggtageatggtggttaggagtggaacagtectttggagtaccgtacaacc

cacaaagtcagggagtagtagaagccatggacttacatett; atagat: ggaacaagcagagtcagtagagaccctagtactaatggeageacattgcatgaattttaaaagaaggggaggaataggggatatg
acteetgc tagtaaatatgatcaccacagaactagaaacccaatacttaaattcacaaaattcaaaatttcaaaattttcgggtttattac ggaagagaccaactgtggaagggaccagecagagetcetctggaaagg
agaaggggctgttgtaattaaggtagggac tacc aaaaatcatcaaagattatggaggaaggeaagagatgggtageagtgecagtatggaggatcagtag'
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4.5.9 Multiple Sequence Aligment Results For POL

The following command for progressive multiple sequence alignment is used via

MATLAB;

>> polaligned=multialign(pol.'terminalGapAdjust'.true)

Table 13. Only the aligned result of the first 99 nucleotide sites were listed for demonstration.

LOCUS NAME VERSION MULTIPLE SEQUENCE ALIGMENT
'HIV-1 (Zaire)" 'K03454" [
'HIV1-NDK (Zaire)' 'M27323" [
"HIV-2 (Senegal)’ 'M15390"
'HIV2-MCN13' 'AY509259'
'HIV-2UC1 (lvoryCoast)* 'L07625" atgctggaaatgtggaaaacaaggac
'SIVMMZ251 Macaque’ ‘M19499* 'gtgttggaattgtgggaaggagggacactctgcaaggcaatgcagagccccaagaagacagggatgctggaa
'SIVAGME677A Green monkey' ‘M58410° [ gtgcggcaaaattggccatat
'SIVIhoest L'"Hoest monkeys' 'AF075269" atttgc
'SIVcepz Chimpanzees Cameroon' 'AF115393'
'SIVmnd5440 Mandrillus sphinx’ 'AY159322'
'SIVAGM3 Green monkeys' 'M30931" accaagaaagatgagatgcttgaaatgtgggaaacca
'SIVMM239 Simian macaque’ ‘M33262* 'gtgttggaattgtgggaaagagggacactctgcaaggcaatgcagagccccaagaagacagggatgctggaa
'ClVcpzUS Chimpanzee' 'AF103818' |
'SIVmon Cercopithecus Monkeys' 'AY340701"
'SIVepzTAN1 Chimpanzee' 'AF447763"
'SIVsmSL92b Sooty Mangabey* 'AF334679"  |'--------- ctgtggaaagacaggacactctgcgagacagtgcagagctcccagaaggaagggatgetggaaat

4.5.10 Distance Tables of POL

Table 14. Alignment Score (gag)
5

1 2 3 4

6 7

0.00000
0.00236 0.00000
0.41567 0.40509 0.00000

O 01NN B W~

0.42577 0.44237 0.01780 0.00000

0.41977 0.43991 0.13649 0.12740 0.00000
0.41806 0.43353 0.13098 0.13164 0.14655 0.00000
0.41484 0.42278 0.42396 0.45203 0.45670 0.42948 0.00000
0.44177 0.46347 0.43454 0.45119 0.43683 0.44095 0.46994 0.00000
0.12687 0.12995 0.40098 0.41812 0.42807 0.42539 0.40731 0.45470 0.00000

10 0.30175 0.31492 0.38050 0.42979 0.41233 0.38091 0.38255 0.46287 0.31152 0.00000

11 0.40577 0.43038 0.39729 0.42133 0.38786 0.41816 0.28879 0.43098 0.42263 0.40153 0.00000

12 0.41891 0.43821 0.13247 0.13232 0.14788 0.00044 0.42850 0.44619 0.42101 0.38458 0.42333 0.00000

13 0.14690 0.14535 0.39929 0.41494 0.42296 0.42451 0.42478 0.45071 0.07509 0.31721 0.44687 0.42358 0.00000

14 0.51688 0.51910 0.47564 0.49820 0.50431 0.49640 0.50897 0.56394 0.53018 0.51631 0.51129 0.50237 0.54309 0.00000

15 0.23731 0.24344 0.41156 0.44216 0.42402 0.42261 0.40912 0.42712 0.24110 0.33808 0.44441 0.42162 0.24223 0.52087 0.00000

16 0.41071 0.43563 0.20907 0.20885 0.19477 0.21145 0.44687 0.45735 0.42807 0.38840 0.45173 0.21064 0.41231 0.49585 0.44090 0.00000
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Table 15. Nei-Tamura (gag)
1 2 3 4 5 6 7 8 9 10 1112131415 16
0.00000
0.03011 0.00000
0.76791 0.74940 0.00000
0.77888 0.81116 0.08574 0.00000
0.77193 0.81566 0.31037 0.29670 0.00000
0.76998 0.80207 0.29888 0.29921 0.32435 0.00000
0.76176 0.77672 0.77896 0.82810 0.84721 0.79400 0.00000
0.81664 0.85917 0.81015 0.84783 0.81513 0.83545 0.86186 0.00000
0.29685 0.30236 0.74418 0.77238 0.79552 0.78589 0.75204 0.84043 0.00000
10 0.57422 0.59959 0.69815 0.78117 0.75230 0.71040 0.70514 0.85045 0.59693 0.00000
11 0.74829 0.79612 0.73679 0.77524 0.72015 0.77116 0.54645 0.79297 0.78375 0.73627 0.00000
12 0.76964 0.80809 0.30093 0.29982 0.32586 0.01212 0.79414 0.84142 0.77823 0.71476 0.78072 0.00000
13032751 0.32654 0.73976 0.76859 0.77920 0.78942 0.78514 0.83912 0.20547 0.60687 0.83422 0.78783 0.00000
14 0.98975 1.00268 0.90975 0.95423 0.96145 0.96417 0.97859 1.12078 1.05640 1.02225 0.96368 0.98480 1.13058 0.00000
15 0.46916 0.48085 0.76643 0.82270 0.78468 0.79108 0.75421 0.78826 0.48147 0.63301 0.81789 0.79126 0.47991 1.03165 0.00000
16 0.75350 0.79863 042268 0.42296 0.39930 0.42298 0.82096 0.86243 0.79325 0.71868 0.83389 0.42139 0.76478 0.93358 0.82045 0.00000

Table 16. Jukes Cantor (gag

O 0NN R WN—

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.02752 0.00000

0.48695 0.47822 0.00000

0.49528 0.50895 0.07804 0.00000

0.49033 0.50692 0.23980 0.23030 0.00000

0.48893 0.50167 0.23407 0.23476 0.25011 0.00000

0.48627 0.49282 0.49379 0.51690 0.52075 0.49834 0.00000

0.50845 0.52632 0.50250 0.51621 0.50439 0.50778 0.53164 0.00000

0.22973 0.23298 0.47483 0.48897 0.49718 0.49496 0.48006 0.51910 0.00000

10 0.39180 0.40299 0.45788 0.49859 0.48420 0.45822 0.45958 0.52583 0.40011 0.00000

11 0.47879 0.49908 0.47178 0.49162 0.46398 0.48901 0.38071 0.49957 0.49269 0.47529 0.00000

12 0.48963 0.50552 0.23563 0.23547 0.25145 0.01176 0.49753 0.51209 0.49135 0.46126 0.49327 0.00000

13 0.25046 0.24889 0.47343 0.48635 0.49296 0.49424 0.49447 0.51582 0.17016 0.40493 0.51266 0.49347 0.00000

14 0.57035 0.57219 0.53634 0.55493 0.55997 0.55344 0.56381 0.60940 0.58136 0.56988 0.56573 0.55837 0.59205 0.00000

15 0.33571 0.34116 0.48356 0.50878 0.49384 0.49268 0.48155 0.49639 0.33908 0.42251 0.51063 0.49186 0.34009 0.57365 0.00000
16 0.48286 0.50340 0.31016 0.30996 0.29691 0.31234 0.51266 0.52128 0.49717 0.46442 0.51666 0.31160 0.48418 0.55299 0.50774 0.00000

O 001 N bW —

Table 17. P Distance (gag)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0.00000
0.02702 0.00000
0.35818 0.35359 0.00000
0.36250 0.36951 0.07412 0.00000
0.35994 0.36847 0.20525 0.19830 0.00000
0.35921 0.36580 0.20106 0.20157 0.21268 0.00000
0.35782 0.36123 036173 0.37352 0.37544 036408 0.00000
0.36925 0.37821 036622 0.37317 0.36718 0.36891 0.38084 0.00000
0.19788 0.20027 0.35180 0.35923 0.36348 036234 0.35456 0.37462 0.00000
10 0.30518 031177 0.34269 0.36421 035674 0.34288 0.34362 0.37797 0.31008 0.00000
11 0.35389 036446 0.35017 0.36061 034599 0.35925 0.29855 0.36472 0.36117 0.35204 0.00000
12 0.35958 0.36776 0.20220 0.20209 0.21364 0.01167 0.36367 0.37110 0.36047 0.34453 0.36147 0.00000
13 0.21293 021181 035105 0.35787 0.36131 0.36197 0.36209 0.37297 0.15224 0.31290 037138 0.36157 0.00000
14 0.39941 0.40027 0.38315 0.39213 0.39453 0.39142 0.39635 0.41720 0.40452 0.39919 0.39725 0.39377 0.40941 0.00000
15 0.27064 0.27411 035641 0.36942 0.36176 0.36116 0.35535 0.36308 0.27279 0.32303 0.37036 0.36073 0.27343 0.40095 0.00000
16 0.35604 0.36668 0.25402 0.25389 0.24518 0.25546 0.37138 037571 0.36348 0.34623 037339 0.25498 0.35673 0.39120 0.36889 0.00000

O 01NN B W —

Table 18. Kimura (gag)
I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.02766 0.00000

0.49270 0.48315 0.00000

0.50237 0.51668 0.07939 0.00000

0.49670 0.51377 0.24383 0.23390 0.00000

0.49524 0.50769 0.23905 0.23996 0.25487 0.00000

0.49267 0.49884 0.49980 0.52415 0.52721 0.50315 0.00000

0.51279 0.53114 0.50746 0.52114 0.50852 0.51091 0.53941 0.00000

0.23317 0.23636 0.47908 0.49432 0.50319 0.49935 0.48419 0.52356 0.00000

10 0.39564 0.40646 0.46374 0.50733 0.49179 0.46231 0.46541 0.53307 0.40333 0.00000

11 0.48342 0.50394 0.47594 0.49734 0.46870 0.49381 0.38569 0.50435 0.49667 0.48152 0.00000

12 0.49620 0.51203 0.24075 0.24073 0.25645 0.01180 0.50240 0.51570 0.49561 0.46566 0.49851 0.00000

13 0.25432 0.25246 0.47722 0.49036 0.49860 0.49797 0.49991 0.51940 0.17381 0.40780 0.51683 0.49716 0.00000

14 0.57702 0.57805 0.54012 0.55980 0.56594 0.55873 0.56929 0.61814 0.58755 0.57372 0.57309 0.56412 0.59758 0.00000

15 0.34042 0.34508 0.48779 0.51375 0.49867 0.49583 0.48636 0.50096 0.34172 0.42766 0.51653 0.49501 0.34374 0.57900 0.00000
16 0.48806 0.50980 0.31467 0.31440 0.30187 0.31807 0.51856 0.52572 0.50209 0.46901 0.52427 0.31740 0.48826 0.55889 0.51298 0.00000

O 001NN =

25



Table 19. Hasegawa (gag)
1 2 3 4

0.00000

0.03015 0.00000

0.91953 0.88018 0.00000

0.96203 1.05890 0.08602 0.00000

0.93562 1.04385 0.31657 0.30262 0.00000

0.92818 1.00651 0.30354 0.30391 0.33100 0.00000

0.91409 0.95053 0.95618 1.14202 1.19689 0.98776 0.00000

1.06396 1.31050 1.01551 1.13945 1.03214 1.06271 1.54663 0.00000

0.30238 0.30796 0.86758 0.93134 0.97668 0.96832 0.89132 1.17774 0.00000

10 0.61297 0.64198 0.79572 0.97876 0.90045 0.80300 0.80198 1.29414 0.63589 0.00000

11 0.88373 0.99242 0.85504 0.94468 0.82199 0.93332 0.58265 0.99596 0.95653 0.86304 0.00000

12 0.93122 1.03357 0.30562 0.30488 0.33248 0.01212 0.98241 1.09966 0.94800 0.81299 0.95549 0.00000

13 0.33504 0.33363 0.86336 0.92231 0.95252 0.96645 0.96190 1.13913 0.20775 0.64957 1.10327 0.96214 0.00000

14 1.05890 1.05449 1.56058 1.15284 1.11321 1.16337 1.09327 0.95985 1.02308 1.07192 1.07703 1.12426 0.99922 0.00000

15 0.48744 0.50144 0.90761 1.06473 0.96013 0.95969 0.89590 0.97636 0.50293 0.68720 1.07866 0.95509 0.50039 1.05095 0.00000
16 0.90088 1.01778 0.43862 0.43850 0.41242 0.43853 1.09817 1.21021 0.98001 0.82419 1.13822 0.43694 0.91118 1.16484 1.05503 0.00000

O 0N WN—

Table 20. Tajima-Nei (gag)
1 2 3 4

0.00000

0.02756 0.00000

0.44277 0.43536 0.00000

0.44964 0.46099 0.07835 0.00000

0.44644 0.45995 0.23372 0.22413 0.00000

0.44195 0.45204 0.23011 0.23096 0.24454 0.00000

0.44060 0.44503 0.44684 0.46553 0.46850 0.44807 0.00000

0.45575 0.46967 0.45342 0.46395 0.45443 0.45436 0.47672 0.00000

0.22327 0.22610 0.43141 0.44351 0.45096 0.44520 0.43378 0.46430 0.00000

10 0.36422 0.37340 0.41892 0.45232 0.44050 0.41612 0.41924 0.47136 0.37034 0.00000

11 0.43279 0.44875 0.42866 0.44496 0.42318 0.44109 0.35520 0.44873 0.44345 0.43281 0.00000

12 0.44268 0.45527 0.23185 0.23162 0.24624 0.01178 0.44735 0.45784 0.44235 0.41871 0.44472 0.00000

13 0.24228 0.24061 0.43049 0.44100 0.44879 0.44477 0.44625 0.46120 0.16909 0.37413 0.45900 0.44414 0.00000

14 0.51048 0.51168 0.48109 0.49469 0.49802 0.49332 0.50246 0.53828 0.51639 0.50442 0.50674 0.49753 0.52647 0.00000

15 0.31744 0.32099 0.43821 0.45842 0.44718 0.44277 0.43507 0.44635 0.31745 0.38983 0.45859 0.44221 0.31974 0.51000 0.00000
16 0.43680 0.45382 0.29561 0.29547 0.28511 0.29854 0.46061 0.46615 0.44869 0.42144 0.46559 0.29797 0.43802 0.49326 0.45726 0.00000

O 01N U W —

4.5.11 Translated POL protein-coding gene (Amino Acid Sequence) (designated
by AAPOL)

1. 'HIV-1 (Zaire)'K(03454'

'MRARGIERNCQNWWKWGIMLLGILMTCSAADNLWVTVYYGVPVWKEATTTLFCASDAKSYETEAHNIWATHACVPTDPNPQEIALENVTENFNM
WKNNMVEQMHEDIISLWDQSLKPCVKLTPLCVTLNCSDELRNNGTMGNNVTTEEKGMKNCSFNVTTVLKDKKQQVYALFYRLDIVPIDNDSSTNS
TNYRLINCNTSAITQACPKVSFEPIPIHY CAPAGFAILKCRDKKFNGTGPCTNVSTVQCTHGIRPVVSTQLLLNGSLAEEEVIIR SENLTNNAKNIIAHLN
ESVKITCARPYQNTRQRTPIGLGQSLYTTRSRSIIGQAHCNISRAQWSKTLQQVARKLGTLLNKTIIKFKPSSGGDPEITTHSFNCGGEFFYCNTSGLFNS
TWNISAWNNITESNNSTNTNITLQCRIKQIIKMVAGRKAIY APPIERNILCSSNITGLLLTRDGGINNSTNETFRPGGGDMRDNWRSELYKYKVVQIEPL
GVAPTRAKRRVVEREKRAIGLGAMFLGFLGAAGSTMGARSVTLTVQARQLMSGIVQQQNNLLRAIEAQQHLLQLTVWGIKQLQARILAVERYLKD
QQLLGIWGCSGKHICTTNVPWNSSWSNRSLNEIWQNMTWMEWEREIDNYTGLIYSLIEESQTQQEKNEKELLELDKWASLWNWEFSITQWLWYIKIFI
MIIGGLIGLRIVFAVLSLVNRVRQGYSPLSFQTLLPAPRGPDRPEGTEEEGGERGRDRSVRLLNGFSALIWDDLRSLCLFSYHRLRDLILIAVRIVELLGR
RGWDILKYLWNLLQYWSQELRNSASSLFDAIAIAVAEGTDRVIEIIQRACRAVLNIPRRIRQGLERSLL*'

2. 'HIV1-NDK (Zaire)"M27323'

'MRAREKERNCQNLWKWGIMLLGMLMTCSAAEDLWVTVYYGVPIWKEATTTLFCASDAKAYKKEAHNIWATHACVPTDPNPQEIELENVTENFN
MWKNNMVEQMHEDIISLWDQSLKPCVKLTPLCVTLNCTDELRNSKGNGKVEEEEKRKNCSFNVRDKREQVYALFYKLDIVPIDNNNRTNSTNYRLI
NCDTSTITQACPKISFEPIPIHFCAPAGFAILKCRDKKFNGTGPCSNVSTVQCTHGIRPVVSTQLLLNGSLAEEEHIRSENLTNNVKTIIVQLNASIVINCT
RPYKYTRQRTSIGLRQSLY TITGKKKKTGYIGQAHCKISRAEWNKALQQVATKLGNLLNKTTITFKPSSGGDPEITSHMLNCGGDFFYCNTSRLFNST
WNQTNSTGFNNGTVTLPCRIKQIVNLWQRVGKAMY APPIEGLIKCSSNITGLLLTRDGGANNSSHETIRPGGGDMRDNWRSELYKYKVVKIEPIGVA
PTKARRRVVEREKRAIGLGAVFLGFLGAAGSTMGAASVTLTVQARQLMSGIVHQQNNLLRAIEAQQHLLQLTVWGIKQLQARVLAVERYLRDQQL
LGIWGCSGRHICTTNVPWNSSWSNRSLDEIWQNMTWMEWEREIDNY TGLIYSLIEESQIQQEKNEKELLELDKWASLWNWFSITKWLWYIKLFIMIV
GGLIGLRIVFAVLSVVNRVRQGY SPLSFQTLLPVPRGPDRPEEIEEEGGERGRDRSIRLVNGLFALFWDDLRNLCLFSYHRLRDSILIAARIVELLGRRG
WEALKYLWNLLQYWSQELRNSASSLLDTIAIAVAERTDRVIEVVQRACRAILNVPRRIRQGLERLLL*'

3. 'HIV-2 (Senegal)'M15390'

'MMNQLLIAILLASACLVYCTQYVTVFYGVPTWKNATIPLFCATRNRDTWGTIQCLPDNDDY QEITLNVTEAFDAWNNTVTEQAIEDVWHLFETSIKP
CVKLTPLCVAMKCSSTESSTGNNTTSKSTSTTTTTPTDQEQEISEDTPCARADNCSGLGEEETINCQFNMTGLERDKKKQYNETWYSKDVVCETNNS
TNQTQCYMNHCNTSVITESCDKHYWDAIRFRYCAPPGYALLRCNDTNYSGFAPNCSKVVASTCTRMMETQTSTWFGFNGTRAENRTYIY WHGRDN
RTISLNKYYNLSLHCKRPGNKIVKQIMLMSGHVFHSHYQPINKRPRQAWCWFKGKWKDAMQEVKETLAKHPRYRGTNDTRNISFAAPGKGSDPEV
AYMWTNCRGEFLYCNMTWFLNWIENKTHRNYAPCHIKQIINTWHKVGRNVYLPPREGELSCNSTVTSITANIDWQNNNQTNITFSAEVAELYRLELG
DYKLVEITPIGFAPTKEKRYSSAHGRHTRGVFVLGFLGFLATAGSAMGAASLTVSAQSRTLLAGIVQQQQQLLDVVKRQQELLRLTVWGTKNLQAR
VTAIEKYLQDQARLNSWGCAFRQVCHTTVPWVNDSLAPDWDNMTWQEWEKQVRYLEANISKSLEQAQIQQEKNMYELQKLNSWDIFGNWEDLT
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SWVKYIQYGVLIIVAVIALRIVIYVVQMLSRLRKGYRPVFSSPPGYIQQIHIHKDRGQPANEETEEDGGSNGGDRYWPWPIAYIHFLIRQLIRLLTRLYSI
CRDLLSRSFLTLQLIYQNLRDWLRLRTAFLQYGCEWIQEAFQAAARATRETLAGACRGLWRVLERIGRGILAVPRRIRQGAEIALL*'

4. 'HIV2-MCNI13"AY509259'

'MMGGRNQLLVAILLTSTCLIYCTNYVTVFYGIPAWRNASIPLFCATKNRDTWGTIQCLPDNDDYQEITLNVTEAFDAWDNTVTEQAIEDVWNLFETS
IKPCVKLTPLCVAMRCNNTDARNTTTPTTASPRTIKPVTEISENSSCIRANNCSGLGEEEVVNCQFNMTGLERDKKKQYSETWYSKDVVCEGNGTTD
TCYMNHCNTSVITESCDKHY WDAMRFRYCAPPGFALLRCNDTNY SGFAPNCSKVVAATCTRMMETQTSTWFGFNGTRAENRTFIY WHGRDNRTII
SLNKYYNLTIHCKRPGNKTVVPITLMSGLRFHSQPVINKRPRQAWCWFKGEWKGAMQEVKETLAKHPRYKGTNETKNINFTAPGKGSDPEVAYMW
TNCRGEFLYCNMTWFLNWIENKTHRNY VPCHIRQIINTWHKVGKNVYLPPREGELTCNSTVTSIIANIDANGNNTNITFSAEVAELYRLELGDYKLVE
ITPIGFAPTAEKRY SSTPMRNKRGVFVLGFLGFLATAGSAMGAASLTLSAQSRTLLAGIVQQQQQLLDVVKRQQEMLRLTVWGTKNLQARVTAIEK
YLKDQAQLNSWGCAFRQVCHTTVPWVNDTLTPEWNNMTWQEWEGKIRDLEANISQQLEQAQIQQEKNMYELQKLNSWDVFGNWFDLTSWIKYI
QYGVYIIGIVVLRIVIYIVQMLSRLRKGYRPVFSSPPGYLQQIHIHKDWEQPAREETEEDVGNNVGDSSWPWPIRYIHFLIHQLIRLLAGLYNICRNLLS
RISLTLRPVFQSLQRALTAIRDWLRTDAAYLQYGCEWIQGAFQAFARATRETLAGTWRDLWGALQRIGRGILAVPRRIRQGAEIALL*'

5. 'HIV-2UC1 (IvoryCoast)"'L07625'

'MAHTSNHLFILLLLISVYGFLGHKKNYVTVEFYGIPAWRNATVPLFCATTNRDTWGTVQCLPDNGDYTEISVNITEAFDAWNNTVTEQAVDDVWSLF
ETSIKPCVKLTPLCVAMRCNNTGTNTTTKPITTPITTTKPSENLLNDTSPCIKNDTCPGIGLENTVDCYFNMTGLRRDEKKQYKDTWYEKDLECNGNS
TSTICYMRTCNTSVIQESCDKHYWDSLRFRYCAPPGYALLRCNDTNYSGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRTENRTYMY WHSKDNR
THSLNKYYNLTMHCRRPGNKTVIPITIMSGLNFHSQPLNTRPRQAWCWFKGNWIEAIREVKETIIKHPRYKGTNNTERIRLVGPSAGSDPEVRHMWT
NCRGEFFYCNMTWFLNWVENRTGTTQKNY VTCHIKQIVNTWHKVGKYVYLPPREGTLSCNSSVTSLIANIDVYYDGNDTKTNITMSAEVGELYRLE
LGDYKLVEITPIGFAPTEIKRYSSTTPRNKRGVMVLGFLGLLAMAGSAMGATSLTLSAQSRTLLAGIVQQQQQLLDVVKRQQELLRLTVWGTKNLQT
RVTAIEKYLKDQALLNSWGCAFRQVCHTTVPWPNETLTPDWENMTWQQWEKRVNFLDANITALLEEAQIQQERNMYELQKLNSWDVFGNWFDFT
SWMAYIRLGLYVVAGLIVLRIVIYIMQMLARLRKGYRPVFSSPPSYTQQIPIRKHRGQPANEETEDEGGNEGAYRSWPWQIEY AHFLIRQLRNLLIWL
YNGCRNLLLKTSQILQPALQPLRLSLAYLQYGISWFQEAIQAATRAARETLANTGRALWKALRRTAEAIIAIPRRIRQGLELALL*'

6. 'SIVMM251 Macaque"M19499'

'"MGCLGNQLLIAILLLSVYGIYCTQYVTVFYGVPAWRNATIPLFCATKNRDTWGTTQCLPDNGDYSELALNVTESFDAWENTVTEQAIEDVWQLFET
SIKPCVKLSPLCITMRCNKSETDRWGLTKSSTTITTAAPTSAPVSEKIDMVNETSSCIAQNNCTGLEQEQMISCKFTMTGLKRDKTKEYNETWYSTDL

VCEQGNSTDNESRCYMNHCNTSVIQESCDKHYWDTIRFRY CAPPGYALLRCNDTNY SGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRAENRTY
IYWHGRDNRTISLNKYYNLTMKCRRPGNKTVLPVTIMSGLVFHSQPINDRPKQAWCWFGGKWKDAIKEVKQTIVKHPRY TGTNNTDKINLTAPGG
GDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRDVTTQRPKERHRRNYVPCHIRQIINTWHKVGKNVYLPPREGDLTCNSTVTSLIANIDWTDGNQT
SITMSAEVAELYRLELGDYKLVEITPIGLAPTDVKRYTTGGTSRNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDVVKRQ
QELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNAWGCAFRQVCHTTVPWPNASLTPDWNNDTWQEWERKVDFLEENITALLEEAQIQQEKNMYEL
QKLNSWDVFGNWFDLASWIKYIQYGIYVVVGVILLRIVIYIVQMLAKLRQGYRPVFSSPPSYFQ*THTQQDPALPTREGKEGDGGEGGGNSSWPWQI
EYIHFLIRQLIRLLTWLFSNCRTLLSRAYQILQPILQRLSATLRRVREVLRTELTYLQYGWSYFHEAVQAGWRSATETLAGAWRDLWETLRRGGRWI

LAIPRRIRQGLELTLL*

7. 'SIVAGM677A Green monkey"M58410'

'MGRLLIKILITAIGISIGIGNLYVTVFY GIPVWKNSTVQAFCMTPNTNMWATTNCIPDDHDNTEVPLNITEAFEAWDNPLVKQAESNIHLLFEQTMRPC
VKLSPICIKMSCVELNGTATTKATTTATTTMTTPCQNCSTEQIEGEMAEEPASNCTFAIAGY QRDVKKNY SMTWYDQELVCNNKTGSEKGSKDCYM
IHCNDSVIKEACDKTYWDTLRVRYCAPAGYALLKCNDKDYRGFAPKCKNVSVVHCTRLINTTITTGIGLNGSRSENRTEIWQKGGNDNDTVIIKLNK
FYNLTVRCRRPGNKTVLPVTIMAGLVFHSQKYNTRLKQAWCHFQGDWKGAWKEVREEVKKVKNLTEVSIENIHLRRIWGDPESANFWFNCQGEFF
YCKMDWFINYLNNRTEDAEGTNRTCDKGKPGPGPCVQRTYVACHIRQVVNDWYTVSKKVYAPPREGHLECNSSVTALY VAIDYNNKSGPINVTLS
PQVRSIWAYELGDYKLVEITPIGFAPTDVRRYTGPTREKRVPFVLGFLGFLGAAGTAMGAAATTLTVQSRHLLAGILQQQKNLLAAVEQQQQLLKLT
IWGVKNLNARVTALEKYLEDQARLNSWGCAWKQVCHTTVPWKYNNTPKWDNMTWLEWERQINALEGNITQLLEEAQNQESKNLDLYQKLDDW
SGFWSWFSLSTWLGY VKIGFLVIVIILGLRFAWVLWGCIRNIRQGYNPLPQIHIHSSAERPDNGGGQDRGGESSSSKLIRLQEESSTPSRINNWWLNFKS
CSLRIRTWCYNICLTLLIFIRTAVGYLQYGLQQLQEAATGLAQALARAAREAWGRLGAIVRSAYRAVINSPRRVRQGLEKVLG*'

8. 'SIVlhoest L"Hoest monkeys"AF075269'

'MACPGLGILLLLLGIIWGKQYVTVFYGVPNWDDNVSVPLICASANTSLWVTTSCLPDLQSYAEVPIYNISENFTIPVKDNQVIQQAWSAMNAMVDSI
MKPCVKINPYCVRMQCGEVTKTPTTTPKTTTQMPCFINEQVTVKNPGNETRLEEDLNCTRGLNETTERNAECQYNVTGLCRDCRTEIKQSFRYDDVT
CSGERENRTCYMTHCNDSIITQDCNKGVMQNAYFRLCAPAGYMLLRCNEQLNFSKKCENITATPCTGYMLSSVSSFFGFNGTNHTRDELIPLTPNKM
EDLNGAKFVYKVAGKWGLIIRCIRKGNRSEVSTISSTGYLFYYGLEHGSRLRLAQCKFEGQWGRMFNNLGKMLKELNAEAMNY TEGTGTCDSKKT
TCGRKLKGLPIANMTRHGADLATEMLMHTCGEEMFFCNVTRIFQEWNNKNSDKWYPWANCHIKSIIDDWATIGKKIYLPPTSGFNNRIRCTHRVTE
MFFEMEKWEPHEDLGGNLSIKFLPPSWETNQFVAEGSKYKLIKLNPIGFAPTDEHRY APRGRQTRAAPLALGALGLLSAAGTAMGLVSTILTVQAQA
VLQGILQQQKQLLVLVEKQQELLRLTIWGVKNLQARLTALEEYVKHQALLASWGCQWKQVCHTNVEWTYNITPNWTKDTWREWESKVAIYDKNI
TSLLQEAYTTELENQNKFKKLQEFNFWSWLDISHWFTYVKYAVLIILVIIGLRVLSFIIQNVVKMCRGYRVLSPSVYIEQDYKWEKEENQEQPDREEE
KGADTETIYINLEQCKKESSRPLWNVDWNEPLQDSLLVTLLKWLKEGGILLLSLVWQSLSWLWHLLILFFQNGQRLWQTSSRWMVENAQKIQSWL
REKCRRNRGQLSSTDRKNIQLGKKKRWRLRFGGRSGISSEATETAL*

9. 'SIVcpz Chimpanzees Cameroon"AF115393'

'MKVMEKIKGSLIEKYMFMGLIIPCLTGSDQLWATVYYGVPVWKEADTTLFCASEASALNKEAHNIWASQACVPTDPNPQEVQIPNVTENFNMWNN
TMAEQMNTDIISLWDQSLKPCVKLTPICVTMECRKVTENSTSNRNKTSTMTTNSPNEKKDSTVKNCTFNMTTEVRDKEKKVYSLFYVDDLVLIDND
TDTYRLINCNTTAITQACPKTSFEPIPIHY CATPGY AIMKCNMPNFNGTGTGRCNNISTVQCTHGIRPVVTTQLILNGSVAENKTIARRNGYNFLIQFQK
TVSINCTRPGNNSRGQIQIGPGMTFYNIENIVGDTRRAYCQINRTVWDERLNETGQALRELFTNLTQVNFTVSPGGDPEVTNMMFNCGGEFFYCNTTT
LFNYTWKNNNITKGDNTTFFPCRIRQIVNSWMRVGKGIYAPPIRGVISCTSNVTGIILETGHGINNSITNITLYPTGGNMVDLWRLELHKYKVVSIEPIG
VAPSKAKRHTVSREKRAAFGLGALFLGFLGAAGSTMGAASVVLTVQARQLLSGIVQQQNNLLRAIEAQQHLLQLSVWGIKQLQARVLAVERYLRD
QQILGLWGCSGKAICYTTVPWNNTWSANTSFDEIWNNLTWQDWDKRVKNY SGVIFSLIEQAQEQQNTNEKSLLELDQWSSLWNWFDITRWLWYIK
LFIMIVAGLVGIRIVGAIISFVAKVRQGY SPLSLQTLIPTTREPDRPGGTEEDVGEPGKGRSIRLVSGFLALIWEDLRNLLLFCYHRLRDLLLILGRTLEN
LGQSLNKGLQQLRNFSRYLWGVITYWGRELQTSAISLLDATAIAVAEGTDRILEVAQIIGRGILHIPRRIRQGLERSLL*'

10. 'SIVmnd5440 Mandrillus sphinx"AY 159322'

'MLRYLRYIVLGIIVSVIVGEQWVTVYYGTPKWHKARTHLFCATDNNSFWVTTSCVPSLLHYEEQHIPNITENFTGPIEENEIVTQAWGAISSMIDAVL
KPCVRLTPYCVKMKCTEGQNETEQATAKTTTPVPTTTTPSTTTSSSTNKTTTPVLVVEKQNNETTTQQNRVCKFNTTGLCRDCKLEIEENFRYEDVTC
TKLNKTGSATNSTEPEYECYMTSCNATVITQDRNKASTDRMTFRLCAPPGFVLLKCNEKLNKTKLCGNVSAVQCTAPLPATISTMFGFNGTKHDYD
ELIQTNPRKGKDEFHDHKYVYRVDKKWGLQVRCRRKGNRSIISTPSSTGLLFYHGLEPGKNLRKGKCQLEGKWGQALHSLSLELRKINDSIYKDNH
NMTCKSSNNKKNTTGCHLKTISISESTVKGEPGAETIMLLCGGEYFFCNWTKIWKAWNSKQSSVWYPYMSRNIRQIVGDWHKVGKKIYMPPVSGFN
NEIRCTNDVTEMFFEVQKTDDDNGYIIKFIPQDWIQNQYTAVGAHYKLVKVDPIGFAPTDIHRHHLPNTRQKRGAVLLGMLGLLGLAGSAMGSVAV
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ALTVQSQTLLNGIVEQQKVLLSLIDQHSELLKLTIWGVKNLQVRLTALEEYVADQSRLSVWGCSFSQVCHTSVKWPNNSIVPNWTSETWLEWDRRV
NSIVINMTIDLQRAYELEQRNIFELQKLGDLNFHGLTGFDLTWWLKY VKIGLLVVVVIIGLRMLACLWSVLGKFRQGYRPLPYVFKGDYLRPHNLK
RPDREGGEEPDLEKQNIKSESSRQESRKPWKPEQVRSWLKRSTLYIWLKNLQAVIEYGWQELKAAGAALYQVLQGFAQRLWSRGYQLGLSGVRGA
AAFGRGIWNIPRRIRQGAEALLN*'

11. 'SIVAGM3 Green monkeys"M30931'

'MKLTLLIGILLIGIGVVLNTRQQWVTVFYGVPVWKNSSVQAFCMTPTTRLWATTNSIPDDHDYTEVPLNITEPFEAWADRNPLVAQAGSNIHLLFEQ
TLKPCVKLSPLCIKMSCVELNSSEPTTTPKSTTASTTNITASTTTLPCVQNKTSTVLESCNETIIEKELNEEPASNCTFAMAGY VRDQKKKYSVVWNDA
EIMCKKGNNSNRECYMIHCNDSVIKEACDKTYWDELRLRYCAPAGFALLKCNDYDYAGFKTNCSNVSVVHCTNLINTTVTTGLLLNGSY SENRTQI
WQKHRVSNDSVLVLFNKHYNLTVTCKRPGNKTVLPVTIMAGLVFHSQRYNTRLRQAWCHFQGNWRGAWKEVKNEIVKLPKDRYQGTNDTEEIYL
QRLFGDPEAANLWFNCQGEFFYCKMDWFLNYLNNRTVDPDHNPCNGTKGKGKAPGPCAQRTYVACHIRSVINDWYTLSRKTYAPPREGHLQCTST
VTGMSVELNYNSKNRTNVTLSPQIETIWAAELGRYKLVEITPIGFAPTEVRRYTGGHDRTKRVPFVLGFLGFLGAAGTAMGAAATALTVQSQHLLAG
ILQQQKNLLAAVEAQQQMLKLTIWGVKNLNARVTALEKYLEDQARLNAWGCAWKQVCHTTVPWQWNNRTPDWNNMTWLEWERQISYLEGNIT
TQLEEARAQEEKNLDAYQKLSSWSDFWSWFDFSKWLNILKIGFLDVLGIIGLRLLYTVYSCIARVRQGY SPLSPQIHIHPWKGQPDNAEGPGEGGDK
RKNSSEPWQKESGTAEWKSNWCKRLTNWCSISSIWLYNSCLTLLVHLRSAFQYIQYGLGELKAAAQEAVVALARLAQNAGYQIWLACRSAYRAIIN
SPRRVRQGLEGILN*'

12. 'SIVMM239 Simian macaque"M33262'

'MGCLGNQLLIAILLLSVYGIYCTLYVTVFYGVPAWRNATIPLFCATKNRDTWGTTQCLPDNGDYSEVALNVTESFDAWNNTVTEQAIEDVWQLFET
SIKPCVKLSPLCITMRCNKSETDRWGLTKSITTTASTTSTTASAKVDMVNETSSCIAQDNCTGLEQEQMISCKFNMTGLKRDKKKEYNETWYSADLV
CEQGNNTGNESRCYMNHCNTSVIQESCDKHYWDAIRFRYCAPPGYALLRCNDTNYSGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRAENRTYT
YWHGRDNRTIISLNKYYNLTMKCRRPGNKTVLPVTIMSGLVFHSQPINDRPKQAWCWFGGKWKDAIKEVKQTIVKHPRYTGTNNTDKINLTAPGG
GDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRNTANQKPKEQHKRNYVPCHIRQIINTWHKVGKNVYLPPREGDLTCNSTVTSLIANIDWIDGNQT
NITMSAEVAELYRLELGDYKLVEITPIGLAPTDVKRYTTGGTSRNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDVVKRQ
QELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNAWGCAFRQVCHTTVPWPNASLTPKWNNETWQEWERKVDFLEENITALLEEAQIQQEKNMYEL
QKLNSWDVFGNWFDLASWIKYIQYGVYIVVGVILLRIVIYIVQMLAKLRQGYRPVFSSPPSYFQQTHIQQDPALPTREGKERDGGEGGGNSSWPWQI
EYIHFLIRQLIRLLTWLFSNCRTLLSRVYQILQPILQRLSATLQRIREVLRTELTYLQYGWSYFHEAVQAVWRSATETLAGAWGDLWETLRRGGRWIL
AIPRRIRQGLELTLL*'

13. 'CIVcpzUS Chimpanzee"AF103818'

'"MKVMEKKKRLWLSYCLLSSLIIPGLSSLWATVYYGVPVWRDVETTLFCASDAKAYKQEAHNIWATQACVPTDPNPQEVHLPNVTEKFDMWENNM
AEQMQEDIISLWDQSLKPCIKLTPLCVTMTCLNPDSNSSAVNTTDIMRNCSFNITTELRDKKKQVYSLFY VDDLAHINNNTYRLINCNTTAITQACPKT
SFEPIPIHYCAPPGFAILKCNEKDFKGKGECKNVSTVQCTHGIKPVVTTQLIINGSLATKNVTVRSKNFADIILVQFSEGVNMTCIRPGNNTVGNVQLGP
GMTFYNIPKIVGDVREAHCNISKLTWEKQRKYTLEIKKEANLTKVELIPNAGGDPEVVNMMLNCGGEFFYCNTIPLFNMTYNNTDNTTITLKCRIRQ
IVNQWMRVGKGIFAPPIKGVLSCNSNITGMILDISISAVNNDSRNITVMPTGGDMTALWKNELHKYKVVSIEPIGVAPGKAKRHTVKREKRAAFGLG
ALFLGFLGAAGSTMGAASVVLTVQARQLLSGIVQQQNNLLRAIEAQQHLLQLSVWGIKQLQARVLAVERYLKDQQILGLWGCSGKTICYTTVPWN
DTWSNNLSYDAIWGNLTWQEWDRKVRNYSGTIFSLIEQAQEQQNTNEKSLLELDQWSSLWNWFDITNWLWYIKIFLIVVASLVGIRIVGVIFSLVAK
VRQGYSPLSLQTLFPTTREPDRPEGTEEGAGKTDNVRSTRLVSGFLALVWEDLRNLLIFLYHRLEDLLLILRRTVQILGQNINKGLQLLNELRARCWG
VIAYWARELKVSATSLLDTTAIAVAEGTDRIIELTRRLFLGIIHIPRRIRQGLERSLL*'

14. 'SIVmon Cercopithecus Monkeys"AY340701'

'MREGDMTQGLTQNLNQSNMRKLMALSTLCLMMTLVNGSNWTTVYYGVPVWKPATPPLFCASDPNYGSKEAGNNWLASSCLPTDPTPQSLYLNIT
EEFNAYQNYMVEEMVEDMKSLFSQALKPCVKLTPMCVRMLCVEVNTVSNASTTPAPSTPTPWGNWGGNGTGQPVYNCSFNQTTEFRDKKKQMYS
LFWKEDIMKEEGSNGSHYYILNCNTSYITQACEKSNYEPVPLHYCAPPGYALLRCDDPAFTGQGSCSNVSAVTCTHAIQPIVATWFQLNSTGNAPNTT
VMMNKQKNESIVVRLAKHLHVNITCIRPGNKTIRNLQIGAGMTFY SQLIVGGNTRKAYCKVNKTQWETALQAVHEAVKTEWEKKNNGTNVTTISW
RFQPQGDKEVQTHWFNCQGEFFYCNVSALFINRRTNKTDGISPFDVNNKPNTTYHGGWLACTIRQMVTQWGY VSKSIYLPPRKGHVQCTSNITALLI
TGELYQNNVTLVPSAQVSDSWRSELSRYKVVEIDPLSMAPTTAQRRTGVHREKRAITLGMAFLGFLSTAGGTMGAAATALTVQSRSLLAGIVQQQE
NLLRAVTAQQSLLQLTVWGVKQLQARLTAVEKFIKDQTLLNAWGCANKAVCHTTVPWNNSWAKGHFPEWDNMTWQQWSELVDNDTMTIQQLL
EAAQEQQGKNQHELMKPGQWDFLWNWFDISKWLWYIKIFIIVVAALIGLRILMFILGVISRLGQGY SLLSSQIPIPSHAGQPTPDGTGAGGGDGSNSRS
PAYLKGFFTIIWEDLRNLVLWTYQILKDSVLVIYRILQRVSQRLPPLLHIRLLQLWESLRRLLAYCQYGIQELQAAVTSLLDALARFTIVWTDALLHAG
GRLWRAIVAIPRRIRQGAEIFLN*'

15. 'SIVcpzTANI Chimpanzee"AF447763'

'MKNLIGITLILHTILGIGFSTYYTTVFY GVPVWKEAQPTLFCASDADITSRDKHNIWATHNCVPLDPNPYEVTLANVSIRFNMEENYMVQEMKEDILS
LFQQSFKPCVKLTPFCIKMTCTMTNTTNKTLNSATTTLTPTVNLSSIPNYEVYNCSFNQTTEFRDKKKQIYSLFYREDIVKEDGNNNSYYLHNCNTSVI
TQECDKSTFEPIPIRYCAPAGFALLKCRDQNFTGKGQCSNVSVVHCTHGIYPMIATALHLNGSLEEEETKAYFVNTSVNTPLLVKFNVSINLTCERTGN
NTRGQVQIGPGMTFYNIENVVGDTRKAYCSVNATTWYRNLDWAMAAINTTMRARNETVQQTFQWQRDGDPEVTSFWFNCQGEFFYCNLTNWTN
TWTANRTNNTHGTLVAPCRLRQIVNHWGIVSKGVYLPPRRGTVKCHSNITGLIMTAEKDNNNSYTPQFSAVVEDYWKVELARYKVVEIQPLSVAPR
PGKRPEIKANHTRSRRDVGIGLLFLGFLSAAGSTMGAASIALTAQARGLLSGIVQQQQNLLQAIEAQQHLLQLSVWGIKQLQARMLAVEKYIRDQQL
LSLWGCANKLVCHSSVPWNLTWAEDSTKCNHSDAKYYDCIWNNLTWQEWDRLVENSTGTIY SLLEKAQTQQEKNKQELLELDKWSSLWDWFDIT
QWLWYIKIAIIVAGLVGLRILMFIVNVVKQVRQGYTPLFSQIPTQAEQDPEQPGGIAGGGGGRDNIRWTPSPAGFFSIVWEDLRNLLIWIY QTFQNFIW
ILWISLQALKQGIISLAHSLVIVHRTIIVGVRQIEWSSNTYASLRVLLIQAIDRLANFTGWWTDLIIEGVVYIARGIRNIPRRIRQGLELALN*'

16. 'SIVsmSL92b Sooty Mangabey"AF334679'

'MACPGLHLLIDILFLSVLGTWCAQY VTIFYGIPAWRNATIPLFCATQNRDTWGTVQCLPDNGDY SELALNVTEAFDAWDNTVTEQAIEDVWNLFET

SIKPCVKLTPLCIAMKCNKNETDRWGLTRAATTTSSPTTTSPLTAASPSGEEIVNDTMSCTKNNNCSGIEQEPMIGCQFNMTGLKRDQKRQYNETWY

SRDLVCEQGGNESSRCYMNHCNTSVIQESCDKHYWDAIRYRYCAPPGYALLRCNDTNYSGFAPNCSKVVVSSCTRMMETQTSTWFGFNGTRAENR

TYIYWHGGSNRTIISLNKYYNLTIKCRRPGNKTVLPVTIMSGLVFHSQPINERPRQAWCWFGGKWREAMQEVKKTIVKHPRYTGTNDTRKINLTAPG
GGDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRNTSSPRWTTQTKKEQHKRNY VPCHIRQIINTWHRVGKNVYLPPREGDLTCNSTVTSLIANIDWI
DNNETNITMSAEVAELYRLELGDYKLVEITPIGMAPTHVKRYTTSTSKNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDV
VKRQQELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNSWGCAFRQVCHTTVLWPNDSLVPDWNNMTWQEWEKKVEFLEANITQMLEEARLQQEK
NMYELQKLNSWDVFGNWFDLTSWVRYIQYGVFLVIGIVLLRIVIYVVQMLSRLRQGYRPVFSSPPSYHQQIHIQRDQELPAKEGTEGEGGNGGGYRL
WPWQIEYIHFLIRQLIRILTWLYNNLTRLASRAYQNLQQLCQRLSEISQPIRELVRREAGYIRYGWNYFIEACQEAWRSAQEAIVGAWGLIWETLGRV

GRGIAATPRRIRQGLELMLN*'

28




4.5.12 Distance Tables of Translated POL protein-coding gene (Amino Acid
Sequence) (designated by AAPOL)

Table 21. P-Distance (AAPOL)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.03614 0.00000
3 0.40252 0.40023 0.00000
4 0.41009 0.43713 0.05815 0.00000
5 0.40680 0.43114 0.14481 0.18340 0.00000
6 0.41886 0.43404 0.14139 0.16192 0.18243 0.00000
7 039145 0.41916 0.40365 0.44791 0.45853 0.43689 0.00000
8 0.42354 0.45045 0.41082 0.44926 0.45605 0.43929 0.44801 0.00000
9 0.16539 0.18943 0.40068 0.44862 0.44960 0.45255 0.42885 0.45771 0.00000
10 0.31718 0.33467 0.37832 0.41741 0.40653 0.39900 0.39268 0.43198 0.35159 0.00000
11 0.41009 0.43143 0.38743 0.43542 0.42678 0.42539 0.30221 0.45020 0.44048 0.38393 0.00000
12 0.41667 0.43273 0.14367 0.16618 0.18365 0.00946 0.43659 0.44193 0.45219 0.40279 0.42802 0.00000
13 0.17634 0.18862 0.39220 0.44279 0.44279 0.43932 0.42189 0.44611 0.13532 0.35465 0.44311 0.43800 0.00000
14 0.46820 0.47629 0.43558 0.48269 0.48123 0.47347 0.46542 0.50250 0.47295 0.47183 0.47421 0.47557 0.46667 0.00000
15 0.27711 0.30461 0.39908 0.43043 0.42342 0.42409 0.40140 0.43876 0.30800 0.34573 0.41466 0.42381 0.29288 0.46559 0.00000
16 0.41209 0.42656 0.22414 0.24876 0.24561 0.23727 0.43206 0.44488 0.44132 0.39400 0.42162 0.23946 0.42685 0.45399 0.41860 0.00000
Table 22. Jukes-Cantor Distance (AAPOL)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.03685 0.00000
3 0.52358 0.51961 0.00000
4 0.53680 0.58561 0.06001 0.00000
5 0.53103 0.57458 0.15712 0.20377 0.00000
6 0.55236 0.57991 0.15309 0.17752 0.20257 0.00000
7 0.50456 0.55290 0.52554 0.60579 0.62611 0.58518 0.00000
8 0.56078 0.61062 0.53809 0.60836 0.62134 0.58963 0.60598 0.00000
9 0.18171 0.21128 0.52040 0.60714 0.60901 0.61461 0.57041 0.62453 0.00000
10 0.38596 0.41259 0.48248 0.54977 0.53056 0.51749 0.50666 0.57612 0.43908 0.00000
11 0.53680 0.57512 0.49775 0.58246 0.56664 0.56411 0.36376 0.61013 0.59184 0.49185 0.00000
12 0.54845 0.57750 0.15577 0.18267 0.20409 0.00951 0.58462 0.59455 0.61393 0.52405 0.56889 0.00000
13 0.19507 0.21027 0.50584 0.59615 0.59615 0.58968 0.55780 0.60239 0.14599 0.44394 0.59677 0.58723 0.00000
14 0.64499 0.66107 0.58274 0.67400 0.67102 0.65544 0.63951 0.71515 0.65439 0.65217 0.65690 0.65964 0.64197 0.00000
15 0.32763 0.36728 0.51763 0.57329 0.56056 0.56176 0.52164 0.58863 0.37228 0.42982 0.54488 0.56127 0.35016 0.63985 0.00000
16 0.54033 0.56624 0.25565 0.28843 0.28418 0.27299 0.57628 0.60009 0.59342 0.50891 0.55731 0.27592 0.56677 0.61738 0.55191 0.00000
Table 23. Alignment Score Distance (AAPOL
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.00095 0.00000
3 0.13367 0.13137 0.00000
4 0.13891 0.16632 0.00145 0.00000
5 0.14264 0.16983 0.01344 0.02639 0.00000
6 0.14578 0.16444 0.01157 0.01888 0.02318 0.00000
7 0.12749 0.15978 0.13150 0.18314 0.19860 0.17720 0.00000
8 0.15682 0.18727 0.14800 0.19055 0.19606 0.18804 0.18751 0.00000
9 0.01924 0.02986 0.14147 0.18153 0.19258 0.18708 0.16905 0.19472 0.00000
10 0.08059 0.09934 0.11460 0.15373 0.15485 0.14640 0.14449 0.17425 0.10819 0.00000
11 0.14311 0.17152 0.12739 0.17479 0.17366 0.16992 0.07787 0.18676 0.18223 0.13834 0.00000
12 0.14473 0.16391 0.01194 0.01983 0.02392 0.17657 0.17843 0.19045 0.18817 0.14866 0.17318 0.00000
13 0.01908 0.02622 0.12983 0.17457 0.17805 0.17327 0.15844 0.18772 0.01386 0.10580 0.17581 0.17305 0.00000
14 0.19312 0.20872 0.16606 0.21732 0.22081 0.20578 0.19948 0.23246 0.21401 0.20350 0.20841 0.21005 0.20078 0.00000
15 0.05568 0.07337 0.13364 0.16567 0.16195 0.16287 0.14852 0.17930 0.08080 0.10139 0.15538 0.16357 0.06974 0.20051 0.00000
16 0.13787 0.15845 0.03234 0.04408 0.04451 0.04362 0.17628 0.18553 0.17560 0.13814 0.16183 0.04426 0.16288 0.18794 0.15362 0.00000
Table 24. Poisson Distance (AAPOL)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0.00000
2 0.03681 0.00000
3 0.51504 0.51121 0.00000
4 0.52778 0.57470 0.05991 0.00000
5 0.52222 0.56412 0.15643 0.20260 0.00000
6 0.54276 0.56923 0.15244 0.17665 0.20142 0.00000
7 0.49667 0.54328 0.51693 0.59404 0.61347 0.57429 0.00000
8 0.55085 0.59866 0.52902 0.59649 0.60891 0.57855 0.59422 0.00000
9 0.18079 0.21002 0.51197 0.59532 0.59712 0.60248 0.56011 0.61196 0.00000
10 0.38152 0.40747 0.47532 0.54027 0.52177 0.50916 0.49870 0.56559 0.43324 0.00000
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11 0.52778 0.56463 0.49009 0.57167 0.55649 0.55406 0.35984 0.59819 0.58067 0.48439 0.00000

12 0.53900 0.56692 0.15510 0.18174 0.20292 0.00951 0.57375 0.58327 0.60183 0.51549 0.55865 0.00000

13 0.19400 0.20902 0.49791 0.58481 0.58481 0.57860 0.54799 0.59079 0.14540 0.43796 0.58539 0.57625 0.00000

14 0.63149 0.64681 0.57195 0.65911 0.65629 0.64145 0.62626 0.69816 0.64045 0.63834 0.64285 0.64545 0.62861 0.00000

15 0.32450 0.36328 0.50930 0.56287 0.55065 0.55180 0.51316 0.57760 0.36817 0.42423 0.53556 0.55133 0.34655 0.62659 0.00000

16 0.53118 0.55610 0.25378 0.28603 0.28185 0.27085 0.56574 0.58857 0.58219 0.50088 0.54752 0.27373 0.55661 0.60513 0.54232 0.00000

Table 25. Gamma Distance (AAPOL)
1 2 3 4 5 6

0.00000

0.03715 0.00000

0.58743 0.58248 0.00000

0.60397 0.66578 0.06082 0.00000

0.59674 0.65171 0.16271 0.21322 0.00000

0.62355 0.65850 0.15840 0.18468 0.21191 0.00000

0.56378 0.62423 0.58988 0.69168 0.71796 0.66523 0.00000

0.63419 0.69790 0.60558 0.69499 0.71177 0.67092 0.69193 0.00000

0.18921 0.22144 0.58346 0.69341 0.69583 0.70307 0.64641 0.71591 0.00000

10 0.42034 0.45195 0.53656 0.62028 0.59615 0.57984 0.56638 0.65367 0.48374 0.00000

11 0.60397 0.65240 0.55536 0.66175 0.64162 0.63841 0.39425 0.69728 0.67375 0.54809 0.00000

12 0.61861 0.65543 0.16127 0.19025 0.21357 0.00953 0.66452 0.67723 0.70219 0.58802 0.64447 0.00000

13 0.20372 0.22034 0.56537 0.67929 0.67929 0.67099 0.63042 0.68731 0.15082 0.48961 0.68007 0.66785 0.00000

14 0.74256 0.76365 0.66212 0.78070 0.77677 0.75626 0.73540 0.83553 0.75488 0.75197 0.75818 0.76177 0.73861 0.00000

15 0.35230 0.39837 0.58002 0.65007 0.63391 0.63544 0.58501 0.66965 0.40424 0.47258 0.61412 0.63481 0.37839 0.73585 0.00000
16 0.60840 0.64111 0.27058 0.30750 0.30268 0.29005 0.65387 0.68434 0.67578 0.56917 0.62980 0.29335 0.64178 0.70664 0.62298 0.00000

O 03NN W=

4.5.13 ENV protein-coding genes for 16 species

1. 'HIV-1 (Zaire)''K03454"

'atgagagcgagggggatagagagaaattgtcaaaactggtggaaatggggcatcatgetecttgggatattgatgacctgtagtgetgeagacaatetgtgggteacagtttattatggggtgcctgtatggaaggaageaaccaccact

ctattttgtgcatcagatgcetaaatcatatgaaacagaggceacataatatctgggcecacacatgectgtgtacccacggaceccaaccecac agcact; gtgac tttaacatgtgg atggtgga
acagatgcatgaggatataatcagtttatgggatcaaagcctaaaaccatgtgtaaaattaaccecactctgtgteactttaaactgtagtgatgaatt, aatggcactatgg; aatgtcactac: ggaatga

aaaactgctctttcaatgtaaccacagtactaaaagataagaagcagcaagtatatgceacttttttatagacttgatatagtaccaatagacaatgatagtagtaccaatagtaccaattataggttaataaattgtaatacctcagecattacaca

ggcttgtccaaaggtatcctttgagecaattcecatacattattgtgecccagetggttttgegattctaaagtgtagagataagaagttcaatggaacaggeccatgeacaaatgtcageacagtacaatgtacacatggaattaggecagtg
gtgtcaactcaactgetgttgaatggeagtctagecagaagaagaggteataattagatccgaaaatctcacaaacaatgetaaaaacataatageacatcttaatgaatctgtaaaaattacctgtgeaaggecectatcaaaatacaagacaa

agaacacctataggactagggcaatcactctatactacaagatcaagatc aagcacattgtaatattagtagagcacaat; t tttacaacaagtagctagaaaattaggaacccttcttaacaaaacaataata

aagtttaaaccatcctcaggaggggacccagaaattacaacacacagttttaattgtggaggggaattcttctactgtaatacatcaggactgtttaatagtacatggaatattagtgcatggaataatattacagagtcaaataatagecacaaa

cacaaacatcacactccaatgc aaattat: tggtggcaggc aatatatgeccctectatc attctatgttcatcaaatattacagggctactattgacaagagatggtggtataaataatag
tactaacgagacctttagacctggaggaggagatatgagggacaattggagaagtgaattatataaatataaggtagtacaaattgaaccactaggagtagcacccaccagggc: tggt gage

aataggattaggagctatgttccttgggttcttgggageagcaggaageacgatgggegeacggtcagtgacgetgacggtacaggecagacaattaatgtctggtatagtgcaacagcaaaacaatttgetgagggctatagaggege

aacagcatctgttgcaactcacggtctggggcattaaacagetccaggeaagaatectggetgtgg: tacch aacagctcctaggaatttggggttgctetggaaaacacatttgeaccactaatgtgecctggaactet
agttggagtaatagatctctaaatgagatttggeagaacatgacctggatggagtgggaaagagaaattgacaattacacaggcttaatatatagettaattgaggaatcgeagacccage t, tgttggaatt
ggacaagtgggeaagtttgtggaattggtitageataacacaatggetgtggtatataaaaatattcataatgataataggaggettgataggtttaagaatagtttttgetgtgctttctttagtaaatagagttaggcagggatactcacctetgt
cgtttcagaccctectcecageecegaggggaccegacaggeccgaaggaacagaagaagaaggtggagagegaggeagagacagatcegtgagattgetgaacggatteteggeacttatctgggacgacctgeggagectgtg
cctettcagetaccaccgettgagagacttaatcttaattgeagtgaggattgtagaacttctgggacgeagggggtgggacatectcaaatatetgtggaatetectacagtattggagtcaggaactgaggaacagtgetagtagettgttt
gatgccatagcaatagcagtagetgaggggacagatagagttatagaaataatacaaagagettgeagagetgttcttaacataccea t agggctta gtctttactttaa'

2. 'HIV1-NDK (Zaire)"M27323'

'atgagagcgagggagaaagagaggaattgtcaaaacttgtggaaatggggcatcatgeteettgggatgttgatgacctgtagtgetgeagaagatttgtgggteacagtttattatggggtgcctatatggaaggaageaactaccacte
tattttgtgcatcagatgctaaagcatataaaaaagaggeacataatatctgggecacacatgectgtgtacccacggaccccaacccacaagaaatagaattggaaaatgtgacagaaaactttaacatgtggaaaaataacatggtggaa
caaatgcatgaggatataatcagtttatgggatcaaagectaaaaccatgtgtaaaattaactccactetgtgtcactttaaactgeactgatgaattgaggaacagcaagggeaatgggaaggtagaagaggaggaaaaaaggaaaaact
getctttcaatgtaagggataagagggageaagtatatgeacttttttataaacttgatatagtgccaatagacaataataataggaccaatagtactaattataggttaataaattgtgatacctcaaccattacacaggcettgtccaaagatatee
tttgaaccaattcccatacatttttgtgecccagcetggttttgeaattctaaagtgtagagataagaagttcaatgggacaggeccatgetcaaatgtcageacagtacaatgtacacatggaattagaccagtggtgtcaactcaactgetgttg
aatggcagtctagcagaagaagagatcataattagatctgaaaatctcacaaacaatgttaaaaccataatagtacagcttaatgeatctatagtaattaattgtacaaggecctacaaatatacaaggcaaaggacatcgataggactaagg
caatcactctatacaataac aggatacataggacaagcacattgtaaaattagcagagcagaatggaataaagetttacaacaggtagctacaaaactaggaaaccttcttaacaaaacaacaataactttta
agccatcctcaggaggggacccagaaattacatcacacatgettaattgtggaggggacttcttctactgtaatacatcaagactgtttaatagtacatggaatcagactaatagtacagggttcaataatggeacagtcacactcccatgeag
aataaaacaaattgtaaacttgtggcagagagtaggaaaageaatgtatgeecetcccatcgaaggactaattaaatgttcatcaaatattacagggetactattaacaagagatggtggtgeaaataatagttctcatgagaccatcagacct
ggaggaggagatatgagggacaattggagaagtgaattatataaatataaagt: toaaccaat: tagcacccaccaaggcaaggagaagagtagteg: gagcaataggactaggagctgtgtte
cttgggttcttgggagcagecaggaageacgatgggegeagegtcagtgacgetgacggtacaggecagacagttaatgtetggtatagtgeaccageaaaacaatttgetgagggctatagaggegeaacaacatctgttgeaactcac
ggtetggggcattaaacagetccaggeaagagtcetggetgtggaaagatacctaagggatcaacagetectaggaatttggggttgetctggaaggeacatttgeaccactaatgtaccctggaactctagttggagtaatagatetctag
a[gagatttggcagaacalgacctggatggagtggg tgacaattacacaggcttaatatacagcttaatt. gcagatccagc gaat! ‘mnopaanpom‘aamgggcaagt[tgtg
gaattggtttagcataacaaaatggctgtggtatataaaattattcataatgatagtaggaggcctgataggtttaagaatagtttttgetgtgctttctgtagtaaatagagttaggcagggatactcacctetgtcatttcagaccctectcecagt
cccgaggggacccgacaggeccgaagaaatagaagaagaaggt, gaggcagagacagatccattcgattggtgaacggattatttgeacttttctgggacgacctgaggaacctgtgectettcagetaccaccgettgaga
actcaatcttaattgcagcgaggattgtggaacttctgggacgeagggggtgggaagecctcaaatacetgtggaacctectgeagtattggagtcaggaactgaggaatagtgctagtagettgettgataccatagcaatageagtag
ctgagaggacagatagggttatagaagtagtacaaagagettgcagagcetattcttaacgtacccagaagaataagacagggettggaaaggcettttgctataa'

3. 'HIV-2 (Senegal)**M15390"

'atgatgaatcagetgcettattgecattttattagctagtgettgettagtatattgeacccaatatgtaactgttttctatggegtacccacgtggaaaaatgeaaccattecectettttgtgecaaccagaaatagggatacttggggaaccataca
gtgcttgectgacaatgatgattatcaggaaataactttgaatgtaacagaggcttttgatgeatggaataatacagtaacagaacaagcaatagaagatgtctggeatctattcgagacatcaataaaaccatgtgtcaaactaacacctttat
gtgtagcaatgaaatgcagcageacagagageageacagggaacaacacaaccte acaagcacaaccacaaccacacccacagaccaggageaagagataagtgaggatactceatgegeacgegeagacaactget
caggatt, gatcaattgccagttcaatatgacaggats 1 agtataatgaaacatggtactc tgtggtttgtgagac agcacaaatcagacccagtgttacatgaa
ccattgcaacacatcagtcatcacagaatcatgtgacaageactattgggatgctataaggtttagatactgtgecaccaccgggttatgecctattaagatgtaatgataccaattattcaggetttgcacccaactgttctaaagtagtagettet
acatgcaccaggatgatggaaacgcaaacttccacatggtttggctttaatggeactagagcagagaatagaacatatatctattggeatggeagagataatagaactatcatcagettaaacaaatattataatctcagtttgeattgtaagag
gecagggaataagatagtgaaacaaataatgcettatgtcaggacatgtgtttcactcccactaccagecgatcaataaaagacccagacaageatggtgetggttcaaaggeaaatggaaagacgecatgecaggaggtgaaggaaace
cttgcaaaacatcccaggtatagaggaaccaatgacacaaggaatattagetttgeagegecaggaaaaggetcagacccagaagtageatacatgtggactaactgeagaggagagtttctctactgeaacatgacttggttectcaatt
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ggatagagaataagacacaccgcaattatgcaccgtgecat: taacacatggcataaggt tgtatatttgccteccagggaaggggagctgtectgeaactcaacagtaaccageataattgcetaacat
tgactggcaaaacaataatcagacaaacattacctttagtgcagaggtggeagaactatacagattggagttgggagattataaattggtagaaataacaccaattggettcgeacctac tactcctetgetcacggga
gacatacaagaggtgtgncgtgctagggttcttgggttttctcgcaacagcaggttctgcaatgggcgcggcgtccctgaccgtgtoggctcagtcccggactttactggccgggatagtgcagcaacagcaacagctgttggacgtggt
aacaagaactgttgcgactgaccgtetggg ctccaggc: tcactgctatagagaagtacctacaggaccaggegeggetaaattcatggggatgtgegtttagacaagtctgecacactactgtac
catgggttaatgattccttagcacctgactgggacaatatgacgtggcaggaatgggaaaaacaagtccgctacctggaggcaaatatcagtaaaagtttagaacaggmrzzzﬁmamz gtatgaactacaaaaatt
aaatagctgggatatttttggcaattggtttgacttaacctcctgggtcaagtatattcaatatggagtgcttataatagtagcagtaatagcetttaagaatagtgatatatgtagtacaaatgttaagtaggettagaaagggetataggectgtttt
ctettcececcecggttatatccaacagatccatatccacaaggaccggggacagecagecaac gacggtggaagcaacggtggagacagatactggecctggecgatageatatatacatttcctgatecge
cagctgattcgectcttgaccagactatacageatctgecagggacttactatccaggagetteetgaccetecaactcatctaccagaatctcagagactggetgagacttagaacagecttettgeaatatgggtgegagtggatccaagaa
gcattccaggeegeegegagggctacaa tettgegggegegtgecaggggcttgtggagggtattggaacgaatcgggaggggaatactegeggttee tcagacagggage tcgeectectgtga'

4. 'HIV2-MCN13"AY509259"

'atgatgggtggtagaaatcagetgettgttgecattttgctaactagtacttgettgatatattgecaccaattatgtgactgttttctatggeataccegegt, tgcatccattccectettttgtgcaaccaagaatagggatacttgggg
aaccatacagtgcttgccagacaatgatgattatcaggagataactttgaatgtgacagaggcetttcgatgcatgggat: tgtctggaatctatttgagacatcaataaaaccatgtgtcaaatta
acgcectttatgtgtagcaatgagatgtaacaacacagatgcaaggaacacaaccacacccacaacageatcccegegtacaataaaaccegtgacagagataagtgagaattcctcatgeatacgegeaaacaactgetcaggattggg
agaagaagaggtggtcaattgtcaattcaatatgacaggattagagagagataagaaaaagcaatatagtgagacatggtactcgaaggatgtagtttgtgaaggaaatggeaccacagatacatgttacatgaaccattgcaacacatcg
gtcatcacagagtcatgtgacaagcactattgggatgctatgaggtitagatactgtgeaccaccaggttitgecctactaagatgcaatgataccaattattcaggetttgegeccaattgetctaaggtagtagetgctacatgeaccagaat
gatggaaacgcaaacttctacatggtttggctttaatggeactagagcagaaaatagaacatttatctattggecatggtagggataacagaactatcatcagettaaacaaatattataatctcactatacattgtaagaggccaggaaataaga
cagtggtaccaataacacttatgtcagggttaaggtttcactcccagecggteat ccagacaagcatggtgttggttcaaaggtgaatggaagggagecatgeaggaggtgaaggaaacccttgecaaaacatcccaggt
ataaaggaaccaatgaaacaaagaatattaactttacagcaccaggaaagggctcagacccagaggtggeatacatgtggactaactgcagaggagaatttctctactgeaacatgacttggttcctcaattggat taagacaca
ccgeaattatgtaccgtgecatataagacaaataattaacacctggcataaggtagggaaaaatgtatatttgectcccagggaaggggagttgacctgeaactcaacagtaactageataattgetaacattgatgeaaatggaaataatac
aaatattacctttagtgcagaggtggcagaactataccgattagagttgggagattataaattggta accaattggcttcgeacctacage tactcctctactccaat; gtgtgttegtgct
agggttettgggttttctcgcaacageaggetetgeaatgggegeggegtecttaacgetgteggetcagteteggactttactggecgggatagtgeageaacageaacagetgttggacgtggtcaagagacaacaggaaatgttgeg
actgaccgtctggggaacaaaaaatctccaggeaagagteactgetate tactt caggcgcaactaaattcatggggatgtgcatttagacaagtctgecacactactgtaccatgggtaaatgataccttaacgect
gagtggaacaatatgacgtggcaagaatgggaaggcaaaatcegegacctggaggcaaatatcagtcaacaattagaacaageacaaattcagcaagagaagaatatgtatgaactacaaaagttaaatagetgggatgtttttggtaac
tggtttgacttaacctcctggatcaagtatattcaatatggagtttatataataataggaatagtagttcttagaatagtaatatatatagtacagatgttaagtagacttagaaa tataggcctgttttctcttcceccceceggttacctecaac
agatccatatccacaaggactgggaacagccagecagagaagaaacagaagaagacgttggaaacaacgttggagacagetegtggecttggec atacatttcctgatccaccagctgattegectettggecggactat
acaacatctgcaggaacttactatccaggatctccetgaccctcegaccagttttccagagtettcagagggceactgacageaatcagagactggetaagaactgacgeagectacttgeagtatgggtgegagtggatccaaggagegtt
ccaggecttcgeaagggetacgagagagactcttgegggeacgtggagagacttgtggggggeactgeageggatcgggaggggaatacttgeagteccaagaagaatcaggeagggageagagategeectectatga'

tacagtaacagaacaagcaat

5. 'HIV-2UC1 (lvoryCoast)''L07625'

'atggcacacactagcaatcacctgtttattttgctectacttataagtgtctatgggtttctgggtcataagaaaaactatgteactgtettctatggeatacetgeatggaggaacgeaacggttectctcttctgtgcaaccacaaacagggata
cctggggaactgtacagtgectcccagacaatggggattacaccgagatcagtgtaaatataacagaggcttttgatgeatggaataatacagtaacagaacaggeagtagatgatgtgtggagtetttttgaaacctccataaaaccatgt

gttaagctgacgecgetgtgegtggcaatgagatgtaataacac. aggaaccaatactactactaaacctattactacacctattactactactaaaccatcagaaaacttactcaac gacacaagtccatgtattaaaaatgacacctgeecgg
gaataggactagaaaacacagttgactgttactttaacatgacaggact: aatataaggacacctggtac titagagtgcaacggeaacageaccageaccatatgttacatgagaacttgta

atacctcagtgatccaagagtcatgtgataaacattactgggacagcttaagatttaggtactgtgeteccccaggatatgetctgetaagatgtaatgacaccaactattcaggcetttatgecaaaatgtagtaaagtagtagtgtcetettgea

caagaatgatggagacacagacctctacatggtttggcttcaatggtacgaggacagaaaataggacatatatgtattggeatagtaaagataataggaccatcataagettgaataagtattataatctaacaatgeattgcagaaggecag
ggaacaagacagtcataccaataacaatcatgtcaggactgaatttccattcgcagectctcaataccagacccagacaggettggtgctggtitaagggaaactggatagaagecataagggaggtaaaggagaccatcataaaacatc
ce aaataacacc taagattggtagggccctcggeaggttcagacccagaggtgagacatatgtggactaactgtaggggagaattcttctattgtaatatgacctggtttttaaactgggtggagaacag
aacaggtacaactcagaagaattatgtgacgtgccacatcaaacagatagtcaacacgtggeacaaggttggaaaatacgtatatttgectccaagggagggtacgetctectgtaattccagtgtcaccagtettatagccaacattgacgt
gtattatgatggcaatgataccaagaccaatattaccatgagtgcagaagtg totacagattggaact. tacaaattagtagaaataacaccgattggctttecacctacagagat: tattcctcaacgacac
cgaggaataaaagaggtgtaatggtgctagggttcttgggacttcttgcaatggcaggttctgecaatgggegeaacgteettgacgetgteagetcagtecceggactttactggetgggatagtgecageageagceaacagetgetggacgt
ggtcaaaagacaacaggaactgttgcggctgaccgtcet, ctcecagac gtcactgecatc, tacct caggcactactaaattcgtggggatgtgcttttaggcaggtttgtcacacgactgt
accatggccaaatgaaactctcacaccagactgggaaaacatgacatggeaacagtg gagtcaatttcttggatgcaaatataacagecctgttagaagaggctcagatacaacaagaaaggaacatgtatgaattacaga

aattaaatagctgggatgtttttggtaattggtttgacttcacctcctggatggeatacatcaggttaggactatatgtagtagcaggattaatagtgttaagaatagtaatatacattatgeagatgetageaagacttaggaagggctataggec
agtattctceteeectecctcttatactcaacagateectatccgeaaacaccggggacagecagecaac gacgaaggtggaaacgaaggggcttacagatettggecctggeagatagaatacgeteactttetgatt
cgccaactgaggaacctcttgatttggetgtacaacggetgeaggaacttactgttgaagaccteccaaatcetccaaccageactccaacegetcaggcttteacttgeatacctccagtatgggatcagetggttccaagaageaateca

agcagcaacgagggcetgegagagagactcttgegaacacaggaagagecectatggaaagetetea; agcggaageaatcatcgegatecccaggaggatcagacaaggacttgaactegeectettgtga'

6. 'SIVMMZ251 Macaque''M19499'

‘atgggatgtcttgggaatcagetgcttatcgecatcttgettttaagtgtetatgggatctattgtactcaatatgtcacagtettttatggtgtaccagettggaggaatgegacaatteecctettetgtgcaaccaagaatagggatacttggg
gaacaactcagtgcctaccagataatggtgattattcagaattggeccttaatgttac: tttgatgctt, tacagtcacagaacaggcaatagaggacgtatggcaactctttgagacctcaataaagecttgtgtaaaatt
atccccattatgcattactatgagatgcaataaaagtgagacagatagatggggattgacaaaatcatcaacaacaataacaacagcagceaccaacatcagecaccagtatc atggtcaatgagactagttcttgtatag
cte taattgcacaggcttggaacaagagcaaatgataagcetgtaaattcaccatgacagggttaaaaagagacaagacaaaggagtacaatgaaacttggtactctacagatttggtttgtgaacaagggaatagcactgataatga
aagcagatgctacatgaatcactgtaacacttctgttatccaagaatcttgtgacaaacattattgggatactattagatttaggtattgtgecacctccaggttatgetttgettagatgtaatgacacaaattattcaggctttatgectaaatgttcta
aggtggtggtctcttcatgcacaaggatgatggagacacagacttctacttggtitggctttaatggaactagagcagaaaatagaacttatatttactggeatggtagggataataggactataattagtttaaataagtattataatctaacaat
gaaatgtagaagaccaggaaataagacagttttaccagtcaccattatgtctggattggttttccactcacaaccaatcaatgataggeca gcatggtgttggtitega ggaaggatgcaat t,
accattgtcaaacatcccaggtatactggaactaacaatactgataaaatcaatttaacggetcctggaggaggagatccggaagttaccttcatgtggacaaattgea ttectetactgtaaaatgaattggtttctaaattgggt
agaggatagggatgtaactacccagaggccaaaggaacggeatagaaggaattacgtgeegtgteatattagacaaataatcaacacttggeataaagtaggcaaaaatgtttatttgectccaagagagggagacctcacgtgtaacte
cacagtgaccagtctcatagcaaacatagattggactgatggaaaccaaactagtatcaccatgagtgcagaggtggeagaactgtatcgattggagttgg gagattataaattagtagagatcactcegattggettggeccecacagatg
tgaagaggtacactactggtggcacctcaagaaataaaagaggggtetttgtgctagggttcttgggttttctcgcaacggeaggttctgcaatgggegeggegtegttgacgetgaccgetcagtcecggactttattggetgggatagtg
cagcaacagcaacagctgttggacgtggtcaagagacaacaagaattgttgcgactgacegtetggg ctccagactagggtcactgecatcgagaagtactt: Accaggegeagcetaaatgettggggatgtg
cgtttagacaagtctgecacactactgtaccatggecaaatgcaagtctaacaccagactggaacaatgatacttggeaagagtgggagc gttgacttcttgga taacagecctec acaaattcaac

gaacatgtatgaatt: ttgaatagctgggatgtgtttggeaattggtttgaccttgcttctt tatatacaatatggaatttatgtagttgt: aatactgtt gatctatatagtacaaatgcta
gctaagttaaggea aggccagtgttctettceccaccetettatttccagtagactcatacccaacaggacceggeactgecaaccagagaaggeaaagaaggagacggtggagaaggeggtggeaacagetectggectt
ggeagatagaatatattcatttcctgatccgecaactgatacgectettgacttggetattcageaactgeagaaccttgetatcgagageataccagatcetccaaccaatactccagaggetetetgegacectacgaagggttcgagaag
tcctcaggactgaactgacctacctacaatatgggtggagctatttccatgaggeggtccaageeggetggagatetgegacagaaactettgegggegegtggagagacttatgggagactettaggagaggtggaagatggatecte
geaatccctaggaggattaggeaagggcettgagetcacgetettgtga'

7. 'SIVAGM677A Green monkey''M58410'

‘atggggagattgcttataaaaatactaataatagcaatagggataagtataggaataggtaacctgtatgtgacagtgttttatggaatcccagtatggaaaaattcaacagttcaggeattttgeatgacgeccaataccaatatgtgggeaa
ccaccaactgceataccagatgatcatgataatacagaggtgcectctaaacattacagaagetttcgaggettgggataatcegetggtaaaacaageagagagtaatatacatctactetttgaacaaacgatgaggecttgtgttaagetete
ccecatatgtattaaaatgtectgtgtagagetgaatggtacagecacgacaaaggecaccactactgeaactacaacaatgactacecectgtcagaattgeagtacagagcagatagaaggagaaatggeagaggaaccageateea
actgcacttttgcaattgcaggatatcaaagagat ttatagcatgacctggtatgatcaggagttagtctgcaataataaaacaggaagtgaaaagggaagtaaggattgttacatgatacattgtaatgattcagtgataaa
agaagcttgtgataaaacatattgggatactttaagagtaagatactgtgcaccagcagggtatgetitgctaaaatgtaatgataaggattatagaggetttgetccaaagtgeaagaatgtttcagtagtgeattgtactagattaatcaatact
actataactacagggataggattaaatggtagtagatcagaaaatagaacagagatatggcagaaaggaggaaatgataatgatacagttataataaagttgaataagttttacaacttgacagtgagatgec, gaagacctg gtaataaaac
agtgttgccagtaacaatcatggeagggttagtatttcactctcagaaatataataccaggttaaaacaagegtggtgccacttccaaggagattggaaaggggeatggaaagaagic: tcttaca
gaagtaagcatagaaaatatacatctgagaaggatatggggagatccagaatcagegaatttitggttcaattgtcaaggtgaatttttctattgtaagatggactggtttatcaattatctaaacaatcgaacagaagatgeagaaggtactaat
aggacctgtgacaaagggaagcecaggaccaggaccatgtgttcagagaacttatgttgectgecatatacgacaagtagtaaatgattggtacactgtetctaaaaaggtatatgetccaccaagggaaggtcatttggagtgtaactcate
agtcacggeactatacgtggcaatagattataacaacaagtetggeccaataaatgtgaccectaagtectcaggtacgeageatatgggegtacgaactgggagactataaattagtagagataacaccaattggetttgetectacagatgt
tatactggecccacaa ggtgccattegtgetagggtttctaggettcttgggagetgetggaactgeaatgggegeageggeaacaacgetgacagtecagteteggeatttgettgetgggatattgeagea
gcagaagaacttgetggeggetgtggaacageaacaacagtigttgaagetgaccatttggggtgtgaaaaacctcaatgeccgegteacagetetcgagaagtacctagaggatcaggeacggetaaattcatggggatgtgegtgga
aacaagtatgtcacaccacagtgccatggaagtataataacactcctaagtgggacaatatgacttggttggagtgggagagacaaattaatgecttggaaggeaacataactcaactattggaagaageacaaaatcaggaatcaaaga
atctggatctgtaccagaaattggatgattggtcagggttctggteatggttctcactgtcaacttggttaggctatgttaaaataggatttitagtgatagtgattattctaggattaagattt gecatgggtattatggggatgtatcagaaatattag
geagggatataatccteteccecagatccatatccacagttcageggaacggecagacaacggaggagggcaagacagaggtggagaaageageageageaaattgataagattgeaggaagagtectcaacaccttcgaggatea
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acaactggtggctcaacttcaagagcetgeagettgagaataaggacttggtgttacaacatetgectgacectectcatattcatcaggacageagtgggatacctgeagtatgggcetccageaactccaagaggeagcaacagggcttge
tcaagetctggegagggetgegagggaagectggggeagactgggtgctattgtcegatecgettatcgggeagtcatcaacagtccaagaagagtgeggeaaggecttgaaaaagtectggggtaa'

8. 'SlIVIhoest L'"Hoest monkeys" AF075269"

‘atggcatgtccaggattaggaattctgettttgettcttggeataatatggggaaaacaatatgtaacagtattttatggggtgccaaattgggatgataatgtttcagtgeccttgatttgtgctticagecaatactagectetgggteacgacate
ttgettgecagatttgeaatcttatgcagaggtacctatctataatatttc tttacaatacc aatcaggttatacagcaagectggtetgetatgaatgetatggtagacagtattatgaaaccatgtgtaaaaatcaate
catattgtgtgagaatgcagtgtggggaagttacaaaaacaccaacaacaacaccaaaaactactacacagatgecttgttttatcaacgaacaggtaacagttaagaacccggggaatgaaacaagattagaggaagatcttaattgeac
aagagggcttaatgagaccacagagaggaatgcagaatgecagtataatgtaacagggttatgcagagactgeaggacggaaataaaacaaagetitagatatgatgatgtaacgtgctcaggagagagggagaacagaacctgttac
atgactcattgtaatgattcaataataacacaagattgtaataagggggtaatgcaaaatgcttattttaggctttgtgctccagcaggctatatgetattgagatgcaatgaacaattaaacttt gt aacagctacac
catgtactggatatatgcttagtagtgtaagtagtttctttggctttaatggaactaatcataccagggatgagcettattccactaactccaaataagatggaagatctaaatggtgcaaagtttgtgtataaagtagcaggaaaatggggtttaatt
attagatgcataagaaaaggaaatagatcagaagtatccacaattagctctacaggatatttattttattatggcctagaacatggeageagattaagattagecacagtgtaaatttgaaggecaatggggaagaatgtttaataatctaggcaa
aatgctaaaggagttgaatgcagaagcecatgaattataca; ggacagggacatgtgattct aacttgtggacggaaattaaaaggcttaccaatagetaatatgactaggeatggageagacttagcaacagagatgtta
atgcatacttgtggagaggaaatgttcttttgtaatgtaactaggatattccaagaatggaacaataaaaattcagataaatggtatcettgggccaactgecacataaaaageatcattgatgattgggctacaataggaaagaagatttatcta
ccacctacttcaggtttcaac agatgtactcatagagtaacagaaatgttctttgagatggaaaaatgggaaccacatgaggacttaggaggeaacctaagtataaagttcttgectccatcatgggaaactaatcaatttgtgg
cagaagggtctaaatataaattgataaaattgaatccaattgggtttgctcctacagatgageacaggtacgeacccaggggaaggcaaaccagageagegectetggetttaggagecttgggacttetcagtgetgecaggeactgeaat
gggcttagtatcgacgatactaactgtccaggeccaageagtettgecaagggatattgeagcageagaageagttgetggtgcttgt: agcaagaactgttaagactcaccatatggggagt tccaagcacgect
gacagcccttgaggagtatgtgaaacatcaagegcetecttgectettgggggtgtcaatggaaacaggtttgtcatactaatgtggagtggacatataatatcacacccaattggacce tacct tgggaatc ta
gcaatttatgacaagaacattacttctctgttacaagaagcatacaccacagagcetagagaatcagaataaatttaagaagttacaagaatttaacttttggagttggttggatatctcacactggtttacttatgttaagtatgcagtgttaattata
cttgtaatcatagggttaagagtattgagctttataatacaaaatgt: gtgtagggggtatagggtgctctcceectetgtttatattgaacaggactacaagtgg aaccaagaacagecagac

agagaaaggagcagatacagagactatctacatcaacttagagcagtgcaagaaagaatcttccaggecactgtggaacgtggactggaacgagectttacaagactegetgttagtgactetectgaagtggctcaaggaagggggaa
tactectcctatcactagtgtggeagagecteagttggetgtggcatttgttgatecttttcticcaaaatgggeaacgectttggeagaccageageagatggatggtggaaaacgcetcagaagattcagagetggetcagggagaaatge

agaa, agaggacagttatcgagcactgat: atccaattgggc tggagactcagattcggaggaagaagtgggatttccagtgaagecacagagacegctttgtag'
Ll H " L]
9. 'SIVcpz Chimpanzees Cameroon' AF115393
'atgaaagtgatggagaagatcaaaggcagcttgatagagaaatacatgtttatgggtttgataatcecatgtttgactggtagtgatcagttgtgggeaacagtgtactatggggtacctgtgt agacacaacactcttttgt

gectcagaggegteagetcttaacaaagaggeccataatatttgggectcacaagectgtgttectacagacectaacccacaagaagtgeagatcecaaatgtaactgaaaactttaatatgtggaacaataccatggcagaacaaatga
atactgacattattagtctgtgggatcaaagtttgaaaccatgtgttaagetgacgecaatatgtgtcaccatggaatgtagaaaggttactttcaatagcacttctaataggaataaaacttctactatgactactaacagtectaat,
agacagcacagtaaagaattgtacctttaatatgactactgaggtaagagat: gtatattcecttttttatgtagatgatctagtattgattgataacgataccgatacatatagactaataaattgcaataccacagctattaca
caggcgtgtcctaagacctectttgagecaattccaatacattactgtgeaaccccaggttatgeaatcatgaaatgeaatatgecaaactttaatggaacaggaacaggaagatgtaacaatataageacagtecaatgtactcatggeate
agaccagtggtaactacacaattgatccttaatggaagtgtagecgaaaacaagactattgectagaaggaacgggtacaacttcctgatacaatttcagaaaacggtcageataaattgtacaagaccaggaaataacagcagaggacaa
atacagataggaccaggcatgaccttttataacat: tgt: taccagacgagcatattgtcagatcaataggacagtctgggac taaatgaaactggtcaagcecttgcgagagctttttacaaaccttacaca
agtcaactttacagtaagtccaggaggagacccagaagtaacaaatatgatgtttaattgtggaggagaattcttttattgcaatactactacattgtttaattatacgtggaaaaacaacaatataactaagggagataacaccaccttcttcee
atgtagaataaggcaaattgtaaactcctggatgagagtggggaagggaatttatgccecaccaattagaggagttataagttgeacatcaaacgttactgggattatacttgagacagggcatggeatcaacaacageatcaccaacatea
cgctataccctacagg atggtagacttgtggaggcttgaattgcataaatacaaggtagttageat. ccat gtagcaccaagtaaagc acacagtatcaaga gcagcctttggactg
ggtgegetgtticttgggttcttaggagecagecaggaageactatgggegeageatcagtggtgctgacggtacaggeecggeaattattgtcagggatagtgecaacageagaacaacctgetgegageaatagaggegeaacageattt
gttgcaactctcagtttggggcattaaacagetccaagcaagagttcttgetgt: tacctcagagatcagcaaatcctaggectatggggetgctcaggaaaagecatttgttatactactgtgecttggaataatacttggagtgct
aatacatcctttgatgagatctggaataatttaacatggcaagactgggacaaaagggtaaaaaattattcaggtgtcatttttagecttatagaacaagcacaagagcaacaaaacacaaatgagaaaagtctattggaattggatcaatggt
caagtttatggaattggtttgatattacccgetggetgtggtacataaaattgtttataatgatagtagcaggettagtaggcataagaatagtaggggctatcatatcatttgtagcaaaggttaggcagggatacteteccctetegttgecagac
ccttatcccgacaacaagggaaccagacaggecaggaggaac gacgttggagagccaggceaaaggeagatccattegettagtgageggattcttagetettatctgggaagatetccggaacctectgctcttetgttacca
ccgattgagagacttactattgatactggggaggacattggaaaacctgggacagagectcaacaagggactgeaacagetgaggaacttcageagatacctgtggggagtgataacctactggggaagggagcetacaaactagtgee
ataagcttattagatgcaacagcecattgcagtagetgaaggaacagacagaattctagaagttgecacaaataataggtagaggeattctgeatataccaagaagaattagacagggtttagaaagaagettgetataa'

10. 'SIVmnd5440 Mandrillus sphinx' AY 159322

'atgttaagatatcttaggtatatagtcttaggaataatagtaagtgtaatagtaggagaacaatgggtgacagtgtactatggeacacccaaatggeataaggeaaggacacacctgttttgtgcaaca gacaataattc
attctgggtgaccacaagctgtgtecccagtctgttgeactat; agcatatccec aacagagaattttacaggccctat: tgaaatagtgacacaagettggggageaatticttccatgatagatgeagtatta
aaaccatgtgtaaggttaacaccttattgtgtgaagatgaaatgtacagaaggtcaaaatgaaacagageaagcaacagctaagaccacaacacctgtacccacaacaacaaccecctcecactaccactagetccageacaaataagac
aacaactcctgtgttggttgttgagaaacaaaataatgagacaacaacacagc gtatgtaaattcaacacgacaggattatgtagggactgcaaattggaaatagaggaaaactttagatatgaagatgtaacttgcacaaage
ttaataaaactggtagtgctactaatagtactgaacctgaatatgagtgttacatgacttcatgtaacgecaacagtaataacacaggaccgtaacaaagettccacagatagaatgacatttaggttgtgtgecacceccagggtttgtettactaa
aatgtaatgaaaaattgaacaagacaaaattatgtgggaatgtgtctgeagtgcagtgeacageacegetgecagecacaatetetacaatgtttggettcaatggaactaageatgattatgatgagettattcagacaaacccacgaaaag
gaaaagatgagtttcatgaccataaatatgtatatagagtgg: ggggattacaggtaaggtgt: tatcatttccacaccaagttctacaggattgetgttctatcatgggttggagecaggaaaga
atcttagaaagggcaagtgtcagttagaagggaaatggggacaggctttacatagtctatcattagagctaagaaagataaatgatageatttacaaagacaaccacaatatgacatgtaaaagcagtaacaacaaaaagaacacaacag
ggtgtcatcttaaaactataagtataagtgagtccaccgttaaaggegaaccaggagetgaaactattatgetectetgtggaggagaatatttcttttgtaattggactaaaatatggaaggcatggaatagcaaacaaagttcagtttggtac
ccttacatgtctcgcaatattagacaaatagtaggtgattggeat: 1 aagaaaatttatatgccteetgtgtetgggtttaataatgaaataagatgtactaatgatgtgacagaaatgttctttgaggtccaaaaaactgatgatgaca
atggatatatcataaaatttataccacaagattggattcaaaatcaatacacagcagtgggggctcattacaaattggtgaaggtggatccgataggttttgcececacagacatacacagacatcatttgectaatacaaggeaaaaaagag
gagceggtettacttggaatgeteggectectaggtttggeaggttcegegatgggcteagtggeggtggeectgactgtecagteccagactttactgaatgggattgtggageageagaaggttetgetgagectgatagatcageacte
cgagttattaaaactaactatctggggtgtaaagaatcttcaggtcegectcacagecttggaggaatacgtageggaccaatcaaggeteteggtatggggatgtteattctcccaagtttgtcatactagtgtaaaatggeccaataatagta
tagtgcccaattggacctcagagacatggetggaatgggac gtaaacagcatagtgacaaatatgaccatagacttacagagggcatatgaattagaacagaggaacatctttgagttgcaaaaattaggggacttaaacttcca
tgggctaactgggttcgaccttacatggtggcttaagtatgttaagataggactgttagtagtagtagttatcataggattaagaatgttagettgettatggtcagtattagggaagtttaggecagggatatcgecctcttcettatgtettcaagg
gagactatctccggececcacaacctcaaacggecagacaga gaagagccagactta agaacatcaagtcagagagctccagac: gccttggaagecagagceaagtcaggagetgge
tgaaaaggtcgacgctttacatttggcet, ctccaagcagtaattgaatatgggtggcaagagctcaaagecagegggageagcattatatcaagtattacaaggetttgecgeagaggcetatggagecagagggtaccaacttggac
tatcaggtgttagaggagcageagectitggecaggggcatctggaacatecetegecgeatcagacaaggtgetgaggecctactcaactga'

11. 'SIVAGMS3 Green monkeys''M30931"

'atgaagctgacattactgatagggatactattaatagggataggagtagtgcttaatacaaggcaacaatgggtcacagtattttatggagtaccagtatggaaaaacagetcagtacaggctttctgecatgacacccaccaccagactatg

ggcaactactaactcgataccagatgatcatgactacacagaggtaccattaaacatcactgaaccatttgaagcatgggctgacagaaaccccttagtagcacaagc t acacctgctatttgagcagactctgaagecat
gtgtaaaattatcacctttgtgcattaaaatgtectgtgtagaattgaacteetetgagectaccaccactectaaaagtaccacggectcaacaaccaatatcacagectcaacaaccactttgeegtgtgtccagaacaagacaagtactgtg
ttagaatcatgtaatgaaacaatcatagaaaaggaattaaatgaagagectgcttctaattgtacatttgcaatggeagggtatgtaagagatc tcagtggtgtggaatgatgc atgtgt: aac

aattctaacagagaatgttatatgattcattgtaatgattcagttataaaagaagcectgtgataaaacatattgggatgagttaagattaaggtactgtgecceggeagggtttgetttattaaaatgcaacgattatgattatgcagggtttaagac
aaactgttctaatgtttcagtggtgcattgtactaacttgataaatacaacagtgactactggactgttgttgaatgggagetactcagagaatcgaacccagatatggcagaaacatagagtaagcaatgactcagtgttagtgttatttaataa
acattacaatctaacagttacttgcaaaagaccaggaaacaaaacagtcttaccagtaacaatcatggeagggctagtgtttcattctcagaggtacaatacaaggetgagacaagettggtgteacttccagggeaactggagaggagee
t, gaaatagtaaaattacc C: caatgatact tttatctgcagagactatttggagatccagaageageaaatttatggtttaattgtcagggggaattcttctattgtaaaat
ggattggtttctaaattacctgaataatcgtacagtagatccggaccataatecgtgtaatggtac gtaaggcaccaggaccctgtgcacaaagaacatatgttgettgecatatacgatctgtcattaatgattggtacaca
ctatc: ctatgcaccgec gggcacttgcaatgcacatccacggtaacgggtatgtcagtggagcetaaattacaatagtaagaacaggactaatgtaacattaagtccccagat: catctgggcageaga
attgggcaggtacaaattagt: ttacaccaattggcttcgcacccacagaagtaagaaggtatacgggaggtcatgacagaacaaagegagtceeegttcgtgctagggttcctaggettettaggagetgetgggactgcaatggg
agcagcggcgacagecctgacggtceagtctcagceatttacttgetgggatactgeagecageagaagaatetgetggeggetgtggaggetcaacageagatgttgaagetgaccatttggggtgtgaaaaacctcaatgeecgegtea
cagctcttgagaagtacctagaggaccaggegeggttgaatgettgggggtgcgeatggaageaagtctgtcatacaacegtacegtggeagtggaataataggaceectgattggaataatatgacttggetggaatgggaaagacag
atatcgtatttggaaggtaacataacaacacaattagaggaagccagageacaggagg: ttggatgcataccaaaaattaagtagttggtcagatttctggtettggttegatttctcaaagtggetgaacattet: gatt
tttggatgtactaggtattataggattaagattgctttatacagtatattcttgcatagctagggttaggecagggttactetcctetttctccacagatecatatccacecgt; agccagacaacgcagaagggccaggagaaggt
ggagacaagcgceaagaacagetcegagecttggcagaaagaatctggeacageagagtggaagageaactggtgcaagegattgaccaattggtgctegatcageageatctggctatacaacagttgectgacectectagttcatct
taggagcgctttccagtacatacaatatgggettggggaactcaaagecgcageacaagaagceagttgtcgetttggeacgecttgeacaaaacgegggetaccagatatggettgcttgecagatecgettatagggcaatcatcaactct
ccaagaagagtgcgacaaggecttgaaggaatecttaattag'

12. 'SIVMM239 Simian macaque''M33262'

‘atgggatgtcttgggaatcagetgcttatcgecatettgettttaagtgtetatgggatctattgtactetatatgtcacagtettttatggtgtaccagettggaggaatgegacaattcecctettttgtgeaaccaagaatagggatacttgggg
aacaactcagtgcctaccagataatggtgattattcagaagtggeccttaatgttacagaaagetttgatgectggaataatacagtcacagaacaggeaatagaggatgtatggeaactctttgagacctcaataaagecttgtgtaaaattat
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ccccattatgeattactatgagatgeaataaaagtgagacagatagatggggattgacaaaatcaataacaacaacagcatcaacaacatcaacgacagceatcagcaaaagtagacatggtcaatgagactagttcttgtatageccagga
taattgcacaggcttggaacaagagcaaatgataagetgtaaattcaacatgacagggtt: g gtacaatgaaacttggtactctgcagatttggtatgtgaacaagggaataacactggtaatgaaagtaga
tgttacatgaaccactgtaacacttctgttatccaagagtcttgtgacaaacattattgggatgctattagatttaggtattgtgecacctccaggttatgetttgettagatgtaatgacacaaattattcaggcetttatgectaaatgttctaaggtggt
ggtctcttcatgcacaaggatgatggagacacagacttctacttggtttggctttaatggaactagage ttatatttactggeatggtagggataataggactataattagtttaaataagtattataatctaacaatgaaatgt
agaagaccaggaaataagacagttttaccagtcaccattatgtctggattggttttccactcacaaccaatcaatgataggccaaagecaggeatggtgttggtitggaggaaaatggaaggatgc gaggtgaagcagaccattgt
caaacatcccaggtatactggaactaacaatactgataaaatcaatttgacggcetectggaggaggagatccggaagttaccttcatgtggacaaattgcagaggagagttectctactgtaaaatgaattggtttctaaattgggt: t
aggaatacagctaaccagaagccaaaggaacagceataaaaggaattacgtgccatgtcatattagacaaataatcaacacttggeataaagtaggcaaaaatgtttatttgectccaagagagggagacctcacgtgtaactcecacagtga
ccagtctcatagcaaacatagattggattgatggaaaccaaactaatatcaccatgagtgcagaggtggcagaactgtatcgattggaattgggagattataaattagtagagateactecaatt ggettggeccecacagatgtgaagagg
tacactactggtggcacctcaagaaataaaagaggggtctttgtgctagggttcttgggtttictcgcaacggeaggttctgeaatgggegeggegtegttgacgetgaccgeteagtecegaactttattggetgggatagtgcageaaca
gcaacagctgttggacgtggtcaagagacaacaagaattgttgcgactgacegtctggggaacaaagaacctccagactagggteactgecatcgagaagtacttaaaggaccaggegeagetgaatgettggggatgtgegtttagac
aagtctgccacactactgtaccatggecaaatgcaagtctaacaccaaagtggaacaatgagacttggecaagagtgggagegaaaggttgacttett, aacagccctectagaggaggeacaaattcaacaagagaag
aacatgtatgaattacaaaagttgaatagctgggatgtgtttggcaattggtttgaccttgettcttggataaagtatatacaatatggagtttatatagttgtaggagtaatactgttaagaatagtgatctatatagtacaaatgctagctaagttaa
ggcaggggtataggccagtgttetcttccecaccetettatttccagcagacccatatccaacaggacceggeactgecaaccagagaaggcaaagaaagagacggtggagaaggeggtggcaacagetectggecttggeagatag
aatatattcatttcctgatccgecaactgatacgectettgacttggetattcageaactgeagaaccttgetatcgagagtataccagatcctecaaccaatactccagaggetetetgegaccetacagaggattcgagaagtectcaggac
tgaactgacctacctacaatatgggtggagctatttccatgaggeggtecaggeegtetggagatetgegacagagactcettgegggegegtggggagacttatgggagactcttaggagaggtggaagatggatactcgeaatececa
ggaggattagacaagggcttgagetcactetettgtga'

13. 'CIVcpzUS Chimpanzee' AF103818"

atgaaagtgatggagaagaagaagagactctggctaagttattgtcttctctcgagcttgataatcccaggattgtctagcttatgggctacagtatattatggggtacctgtatggagagatgtagagacaaccttatlctgtgcctctgatgc
aaaggcatacaagcaggaggceccacaacatttgggecacacaggeatgtgtcectactgaccccaatccacaagaagtacatttgeccaaatgtgactgaaaagtttgacatgtgg; atggcagaacaaatgc
tattagcctatgggaccagagcttaaaaccttgtataaagttaaccccattgtgtgttactatgacttgtcttaaccccgatagtaatagtagtgctgtaaatactactgatataatgagaaactgttcttttaatataactactgaattaagagacaaa
aagaaacaagtgtattccttattttatgtagatgatctagctcatatcaataataatacctatagactgataaattgecaacaccaccgetatcacacaggettgtectaagacctectttgagecaattccaatacactattgtgeaccaccaggett
tgccatcctaaaatgtaatgaaaaagatttcaaaggaaagggagagtgtaaaaatgttagtacagtgeagtgtactcatggeataaaaccagtggtgactacacagetcataataaatggeagtttagcaactaaaaatgttactgtaagaag
taaaaactttgcagacattattctagtacaattctcagagggagtcaatatgacttgtattagaccaggaaacaatacagtgggaaatgtacaactaggaccaggaatgactttttataacataccaaagatagtaggagatgt: a
cattgtaacatctcaaaactgacatgggagaaacagagaaaatacactttagagataataaaaaaggaagcaaacctgac: tagagttaattccaaatgc ccagaagtggtaaatatgatgcttaattgtggagga
gaatttttttattgtaatacaattcccctatttaacatgacctacaacaataccgacaacaccactatcacacttaagtgt t. aaattgtaaatcagtggatgagagta tttgccccaccaatcaaaggtgtocta
agttgtaactcaaatataacgggaatgattcttgacataagcataagcgeagtcaataacgatagt: tataacagtgatgectac; tatgacggctttatggaaaaatgaattacataagtataaggtggtcageatagaa
cctataggagtggcaccaggtaaggccaaaaggceatacagt gagcagecttcggactaggtgeactgttcctggggtttettggageageaggaageactatgggegeageatcagtagtgetgacggtacag
geecgacaattattgtcagggatagtgcaacageagaataatetgetaagageaatagaggeccaacageatttattgeaactatcagtttggggcattaaacagettcaagee tacttgctgt taccttaaggatcagca
gatcctaggtetgtggggctgetcaggaaaaacaatttgttataccactgtgecttggaatgatacctggagtaacaacctetectatgatgetatttggggeaatctaacttggecaagaatgggacagaaaagtaagaaactattcaggtact
atttttagtcttatagaacaagcacaagaacagcagaatacaaatgaaaaatcactcttggaattggatcaatggtcaagtctatggaactggtttgatattaccaactggetgtggtatataaaaatatttttaatagtagtagcaagettagtag

gaatcagaattgtaggtgtgatattttcactagtagcaaaagttaggeagggttattctcecctetegttacagacccettttcccaacaactcgggaaccagacaggecagaaggaac ggcgct agacaacgtca
gatcaacgagattagtcagcggattcttagcacttgtctgggaagatcttcggaacctcetgatcettectctaccaccgattggaggacttactattaattctgaggaggacagtacaaatectgggacagaacatcaacaagggactgeaac
tgttgaatgaactcagageacgetgetggggggtaategettactgggeaagggagetaaaagttagtgetacaagettattagatacaacageaatageagtaget, tgat ttatagaattaac tetttcta

ggtattatacacataccaagaagaattaggcaaggectagagagaagcttattataa'

14. 'SIVmon Cercopithecus Monkeys' AY340701'

'atgagagaaggagacatgactcaggggttgacacagaatctgaatcagagcaacatgaggaaactcatggctttgtcaaccctgtgtttaatgatgactttggtgaatgggtctaactggaccaccegtctactacggtgttccagtatggaa
accggcaactcctectetcttttgtgectetgatecaaattacgggtctaaagaggeagggaacaattggetggegtettcetgecteecgacagaccctaceccgeaatetcetatatttgaacatcactgaggagttcaatgettatcaaaact
acatggtggaagaaatggtagaggatatgaagtctetgttctcgcaggcetttaaagecttgtgtgaaattaacacccatgtgtgttaggatgetctgtgttgaagttaacaccgtttcgaatgecagtaccactectgeccctagtacceccaca

ccctggggaaattggggagggaatggaacaggacagecagtatataattgetcatttaaccagactacagaattcaggg: aaatgtatagettatttt ataat gaaggaagcaatggeag
tcactattacatcctgaattgcaacacatcatacataacccaagettgtgagaagtccaattatgagecagttcctttgeattattgtgeacccecaggetatgetttattgagatgtgatgacecegectttacgggacaagggagttgttctaat
gtttctgcagtaacatgtactcatgetatccaacctatagtagetacttggttccagttgaacagtacgggtaatgetcccaatacaacagtaatgatgaat: gagtctatagtagttagattggctaagecacctacatgtcaac

attacttgcattaggccaggaaacaaaactattaggaatttacagataggagcaggcatgacattctattcgcaacttatagtgggaggtaatactcgtaaagectactgcaaagttaataagacccaatgggagactgecctacaggeagtt
cacgaggceagtaaaaactgagtgggaaaagaaaaacaatggaaccaatgtgaccacaatatcttggagatticaaccccaaggggacaaggaggtccagacteactggtttaactgeccagggagaattcttttattgtaatgtctcagettt
attcattaat: caacaaaacggacgggatatctccattcgacgtgaat: ccaacaccacgtatcatggtgggtggctageatgtacc aaatggtgacacaatggggatatgtgtc: tatctaccta

cctccacggaaaggecatgtgeagtgtacatctaatatcactgeectectgattacaggggagttgtatcaaaacaacgtgacccttgttecctcggeacaggtgagtgactcatggagatcagagetcagtegatataaggtggtggaaat
tgaccccttatctatggeacctacaacagegcagagaaggactggggtacacagggaaaagagageaattactttgggtatggectttetgggettectcagecacggeaggaggeacaatgggegeageggegacageectgacggt

acagtctcggtcattactggetgggatagtgeageageaggagaacctgetgagggecgtaacageccaacagagettactacagettactgtttggggagtcaageagetacaggeecgectgacggetgtagagaagttcataaagg
accaaacattgctaaatgcatggggatgtgecaataaagecgtgtgtcacacaacagtgecgtggaacaattettgggeaaaaggteactteectgagtgggacaatatgacatggeaacagtggagtgagttagtagataatgacacaat
gaccattcagcagctcttggaagetgecgeaagagcageaaggeaaaaaccaacatgagttaatgaageecgggacaatgggactteetgtggaattggtttgacatctccaaatggttgtggtacatcaaaatattcattatagtagtagecag
ctttgataggcttaagaatacttatgttcatactaggagttatcagtaggttagggcagggatactetettetttettctcagateectatcecatececacgegggacagecaacgeccgacggaacaggegeaggeggtggegacggeage
aactccagatcgccagcatatctgaaaggattttttaccattatctgggaagatctcaggaaccttgtectctggacataccagatettgaaagactcagtattagtgatctaccggatectccagagagtgtceccagaggetgecacecctee
tgcacatacgectgetccaactgtgggaaagecttagacgettgctagectactgecagtatgggatccaagaactccaageagceagtcacctetcteetcgacgeccttgetaggttcacaatcgtctggacggatgegcetacttcatget

ggaggacgactatggagageaatcgtggetatccccagacgeatcegacagggageggaaatattecttaactga'

15. 'SIVcpzTAN1 Chimpanzee' AF447763'

'atgaagaatttaattggaataactttgatcctcataattacaatcctagggattggatttageacttattacaccacagtgttttatggagtacctgtttggaaagaggeccaaccaaccttgttttgtgectetgatgetgatattactagtagagat
aaacacaaca[atgggcaacacataac[gtgtgccﬁm gatcccaatccttat, 1 cctagccaatgtgtcaataaggtttaatat: tacatggtgc t gatatattatcactttttcaacagagtttt
aagccttgtgtaaaattaacaccattttgcataaagatgacatgtacaatgactaataccacaaataaaaccctgaattcggeaacaacaaccttaacaccaacagtaaatttgagttctatacctaactatgaggtgtataattgttcatttaatca
acaactgagtttagagat; aaatatattccttgttttatagagaagatattgtaaaagaggatggtaacaataatagttattatttacataattgcaatacctcagtcattactcaagaatgtgataaatctacttttgaaccaattcce
atcagatactgtgctccageaggetttgeectgttaaaatgtagagatcagaatttcacagggaaaggacaatgetccaatgtetcagtagttcactgtacacatgggatttatcetatgatagecacageattacacttaaatgggteectgga
gaaacaaaagcttactttgttaatacctcagttaatacacccttattagt: tttaatgtatc tttaacgtgt aatacaagaggtcaagtacagataggtccaggtatgaccttttataatataga
aaatgtagtaggggacaccaggaaagcttattgttcagtcaatgcaacaacatggtacaggaacttagattgggetatggetgecataaacacaaccatgagggecagaaatgaaacggtacaacaaacgttccaatggeagagggatg
gagaccctgaggtcactagcettctggttcaattgtcaaggagaattcttttactgtaatctcacaaattggactaatacctggacagctaatagaaccaataatactcatggtactettgttgeaccatgcagactgaggcagatagtaaatcatt
ggggtatagt; gggtttaccttccecc: gggaacagtaaaatgtcactcaaacatcacaggacttatcatgacagc aac agttataccccccaattttctgetgtagtagaagactattggaaa
gtagaattagcaagatataaagtggtggaaattcageecttgtcagtggcetccaaggee ctgaaattaaggccaatcatactaggtcaagaagagatgtgggcataggactgttgtticttggatttcttagtgcageagg
aagtacaatgggcgeagegtcaatagegetgacggeacaggecagaggattactetetggtattgtacagcageaacaaaacctgettcaggecatagaagegeaacaacacttgttgeagetetetgtatggggceattaageageteea
ggcecagaatgcettgecagtagagaaatacataagagaccaacagetectaageetetggggatgtgctaacaaattggtgtgtcacagtagtgtgecatggaacctcacctgggetgaagattctacaaagtgeaatcacagtgatgeaaa
gtactatgactgtatatggaacaatttgacttggcaggaatgggatcgattagtagaaaactctacaggaaccatatactcectgttagagaaageacaaacacaacaggagaaaaacaaacaagagttgttagaattagacaaatggage
agtctttgggattggtitgatataacacaatggetgtggtatat: tagctataatcatagtagcaggattagtaggacttagaattctcatgtttatagttaatgtagttaagcaagttaggcagggttatacacccctattttcacagatcect
acccaagcggageaggatccagaacagecaggaggaatcgeaggaggaggtggaggcagagacaacatcaggtggacgeectcgecageaggattcttcagtatcgtetgggaggacctcaggaacctectcatetggatatacca
gacctttcaaaacttcatctggatectetggatcagectgeaageactgaaacaggggataatcagettggeacacagectagtaatagtgeatagaactatcatagtaggagttagacagatcattgagtggageagtaatacttatgetag
cttaagagttttgctaatacaagccatagacagacttgctaactttacagggtggtggacagatttaatcatagaaggagtggtttacatagccaggggaatc: tattccta ttagacagggtctggaactagecttaaattaa'

16. 'SIVsmSL92b Sooty Mangabey' AF334679'

'atggegtgtcctggacttcacctgcttatagacatcttgtttttaagtgtgttagggaccetggtgtgcacagtatgtaacaatettttatggtattectgeatggaggaacgetacgatccecetettetgtgegacee acatgg
gggaccgttcagtgettgccagataatggagactattcagaattggeccttaatgttacagaggecttcgatgettgggataatacagtaactgaacaagcaatagaagatgtttggaatctettt gaaacatctattaaaccttgtgtaaagtta
actccattatgtattgctatgaaatgtaataaaaatgagacagacagatgggggttgacaagageagcetactactactagetcaccaactactactageeccttaactgetgetageccatcaggagaggaaategttaacgacactatgtett
gtacaaagaacaacaattgctctggcatagagcaggaaccaatgataggttgtcaatttaacatgacaggactaaaaagagaccagaaaaggeagtacaatgaaacctggtactccagagatctagtetgtgagecaaggaggaaatgaa
agcagtagatgttacatgaatcattgcaatacaagtgttatacaagagtcatgtgacaagcactattgggatgccatcagatataggtactgtgeaccaccaggetatgetttgettagatgtaatgatacaaattattcaggetttgeacctaatt
gtagtaaggtagtagtatcatcatgtacaaggatgatggaaacacagacttctacatggtttggetttaatggtactagagecagagaatagaacatatatatattggeatggeggaagtaatagaacaataatta gcttaaataagtattataant
gacaataaagtgcagaagaccaggaaataagacagtcctaccagtcaccattatgtcaggtitggtetttcattcgecaaccaataaatgagaggecaagacaageatggtgctggttt aatgg tatgc

t. catagtcaaacaccccaggtatactggaaccaatgatactaggaaaattaatctaacggecccgggaggagggeaatce, gtcacattcatgtggacaaattgc ttcctttactgtaaaatgaattggttc
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ctcaattgggtagaggataggaatacgagcageccaaggtggacaactcaaaccaaaaaggaacageacaaaagaaattatgtaccttgccacatcaggceaaataattaatacgtggeacagggtaggaaaaaatgtctatttgecteca
agggaaggagacttaacttgtaactccacagtgaccagcctaatagcaaatattgattggattgacaacaatgagaccaatattaccatgagtgcagaagtggeagaattgtatcgattggaatt tataaattggt tcact
ccaattggcatggctcccacacatgtgaaaaggtacaccacaagtacctcaaagaataaaagaggagtctttgtgctagggttcttgggttttctcgcgacggcaggﬂctgcaatgggcgcagcgtcgctaacgctgactgctcagtccc
ggactttattggctgggatagtgcaacaacagcaacagetgttggacgtggtcaagagacaacaagaattgttgecgactgacegtetggg tcttcagactagagtcaccgecatcgagaaatacctaaaggatcaggeac
agctaaattcatggggatgtgcatttaggcaagtctgccacactactgtactatggecaaatgacagtcettgtcccagactggaacaatatgacatggcaagaatgggagaaaaaggttgaattcctagaggceaaatataactcaaatgttgg
aggaagcacgactacagcaagagaaaaacatgtatgaattacagaaattgaatagetgggatgtgtttggaaattggtttgaccttacctcctgggtaagatacatacagtatggagtctttcta gtcataggaatagtattgttaagaatagtt
atctatgtagtacaaatgttaagtaggttaaggcagggttataggectgttttctectcecceccatcttatcatcagcagatccatatccagegggaccaggaactgecagee tggaaacggaggt
ggatacagattgtggecttggeagatagaatatattcatttcctgatcecgecagetgatacggatattgacttggetatacaacaatttgactegettageatccagagectaccagaacctecaacaactgtgecagagactctcagagatca
gtcagecgattagagagcttgtcagaagagaageaggctatatecgttatgggtggaattacttcatcgaagectgecaggaageatggagatetgegeaagaagetattgtcggegegtggggactcatatgggagactetgggacgg
gtt tcgcageaatecc tcagacagggecttgaactcatgettaactag'

4.5.14. Multiple Sequence Aligment Results For ENV
The following command for progressive multiple sequence alignment is used via

MATLAB;

>> envaligned=multialign(env.'terminalGapAdjust’.true)

Table 26. Only the aligned result of the first 99 nucleotide sites were listed for demonstration.

LOCUS NAME VERSION

MULTIPLE SEQUENCE ALIGMENT

"HIV-1 (Zaire)' 'K03454'  ['atgagagcgagggggatagaga---gaaattgtcaaaactggtggaaatggggcatcatg------ctecttgggatattgatgacctgtagtgetge------------ agacaa
"HIV1-NDK (Zaire)' 'M27323'  ['atgagagcgagggagaaagaga---ggaattgtcaaaacttgtggaaatggggcatcatg------ctectigggatgttgatgacctgtagtgetge------------ agaaga
'HIV-2 (Senegal)’ 'M15390° 'atgatg aatcagct: gcttattgccattttattag---------------------- ctagtgcttgcttagtatattgc------------ acccaatatgtaactgt
"HIV2-MCN13' "AY509259"  ['atgatgggtggtagaaatcaget-------------- gettgttgccattttgetaa--------------------- ctagtacttgcttgatatattge------------ accaattatgtgac
'HIV-2UCL1 (lvoryCoast)' 'L07625" 'atggcacacactagcaatcacct-------------- gtttattttgctcctactta---------------=------ taagtgtctatgggtttctgggt------ cataagaaaaactatgtca
'SIVMM251 Macaque' 'M19499" ‘atgggatgtcttgggaatcagct-------------- gcttatcgccatcttgettt--------------monmmoas taagtgtctatgggatctattgt------------ actcaatatgtcaca
'S'VA?H'\;'SIZZS Green 'M58410°  ['-oeeee atggggagat -t - gettataaaaatactaataa tagcaatagggataagtatagga-—---ataggtaacctgtatgtga
'S'V'r*:]%e:lt(;:"’es‘ 'AFO75269'  ['atggeatgtocaggar-----------------r---c- T e e 1 tgcttcttggcataatatgggga---—-----— aaacaatatgtaacag
'S'chgﬁ:rigz)%?”zees 'AF115393' [atgaaagtgatggagaagatca------------ aaggcagcttgatagagaaatacatg------titatgggtttgataatceeatgtttgactggtag--------- tgatcagttgt
'S'Vm"d;‘)‘ﬁ?n')\(’,'a”dri”us "AY159322" |- atgttaagatate - —wrm o eemeemee- ttaggtatatagtcttaggar————-——— ataatagtaagtgtaatagtagga------------ gaacaatgggtgac

'SIVAGM3 Green monkeys* ‘M30931"

'SIVMM239 Simian

acaaggcaacaatgggtc

macaque’ 'M33262'  [atgggatgtcttgggaatcagct-------------- gettatcgecatettgottt------------=--------- taagtgtctatgggatctattgt------------ actctatatgtcacag
"CIVepzUS Chimpanzee' 'AF103818'  [atgaaagtgatggagaagaaga------------ agagactctggctaagttattgtctt------ctctcgagcttgataatcccaggattgtetag------------------ cttatggg
'SIVmo’\rJloCneI::;SQithecus 'AY340701'  [atgagag--aaggagacatgactcaggggttgacacagaatct-gaatcagagcaacatgaggaaactcatggetttgtcaaccetgtgtttaatgatgactttggtgaatggg
'SIVcpzTANL Chimpanzee' |  ‘'AF447763' atgaagaatttaa ttggaataactt----------------- tg------atcctcataattacaatcctagggattggattta------------ gcacttattacaccaca
'Slvi/rlr;ilégéleays'ooty "AF334679'  ['atggcgtgtectggacttcacet-------------- gcttatagacatcttgtttt---------------------- taagtgtgttagggacctggtgt------------ gcacagtatgtaaca

4.5.15 Distance Tables of ENV protein coding gene

Table 27. Alignment Score (env)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0.00000
0.01917 0.00000

0.79405 0.76644 0.00000

O 00NN W~

0.81489 0.79811 0.03934 0.00000

0.84224 0.82827 0.22862 0.23233 0.00000

0.82799 0.81486 0.21664 0.21095 0.23054 0.00000

0.81141 0.81000 0.56917 0.54168 0.54547 0.56141 0.00000

0.95719 0.96633 0.78416 0.77768 0.83838 0.77877 0.75747 0.00000
0.31742 0.32306 0.74565 0.76186 0.78950 0.82980 0.79461 0.95579 0.00000

10 0.96326 0.93964 0.75884 0.75884 0.74769 0.72964 0.72322 0.50012 0.92031 0.00000

11 0.82184 0.81842 0.58113 0.58024 0.56925 0.58107 0.26533 0.78353 0.80724 0.75662 0.00000

12 0.80039 0.79001 0.20985 0.19982 0.22689 0.00241 0.55867 0.77683 0.81341 0.72439 0.58383 0.00000

13 0.35266 0.34945 0.76378 0.75524 0.79733 0.81768 0.75750 0.91740 0.16946 0.88040 0.78104 0.80303 0.00000

14 0.66093 0.65137 0.75492 0.74098 0.75649 0.80340 0.75710 0.95899 0.60499 0.86585 0.74686 0.79810 0.61681 0.00000

15 0.52473 0.51692 0.78067 0.76445 0.80588 0.78232 0.79405 0.93713 0.50188 0.87836 0.78539 0.76695 0.48262 0.57847 0.00000

16 0.83689 0.82873 0.21227 0.21242 0.24473 0.12482 0.56632 0.78731 0.79989 0.73055 0.59807 0.12059 0.80237 0.76200 0.77842 0.00000
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Table 28. Hasegawa (env)
1 2 3 4 5 6 7 8 9 10 1 2 13 14 15 16

0.00000

0.09814 0.00000

1.22946 1.21802 0.00000

1.24130 1.22449 0.14220 0.00000

1.26235 1.24538 0.45067 0.45360 0.00000

1.24573 1.23098 0.43899 0.43197 0.45907 0.00000

1.22405 1.22085 1.35338 1.17749 1.19442 1.28896 0.00000

1.51941 1.55272 1.21005 1.20865 1.24946 1.21161 1.21154 0.00000

0.60929 0.61734 1.20489 1.20244 1.21434 1.24640 1.22929 1.51740 0.00000

10 1.53716 1.45261 1.19020 1.19869 1.20233 1.20661 1.20290 1.01977 1.39552 0.00000

11 1.22978 1.22687 1.48937 1.47689 1.35378 1.49104 0.52476 1.21543 1.23850 1.20914 0.00000

12 1.22840 1.21870 0.42907 0.41570 0.45221 0.03105 1.26848 1.21005 1.23239 1.20971 1.53674 0.00000

13 0.66650 0.66000 1.20333 1.20463 1.21970 1.23940 1.20683 1.39703 0.36782 1.33352 1.21388 1.23009 0.00000

14 1.26325 1.28961 1.19579 1.20259 1.20164 1.22228 1.21065 1.53109 1.65286 1.29568 1.20296 1.22120 1.46424 0.00000

15 1.09778 1.06784 1.21872 1.21259 1.22970 1.22759 1.23221 1.44792 1.02366 1.32781 1.22665 1.22526 0.96493 1.45809 0.00000
16 1.25978 1.24810 0.43769 0.43880 0.48086 0.29824 1.32376 1.21981 1.22664 1.19651 1.91535 0.29226 1.22383 1.20888 1.22304 0.00000

Table 29. Jukes Cantor (env)

O 0NN WU h W —

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.08116 0.00000

0.80927 0.78414 0.00000

0.82850 0.81299 0.11918 0.00000

0.85412 0.84098 0.32793 0.33125 0.00000

0.84071 0.82847 0.31708 0.31188 0.32965 0.00000

0.82527 0.82396 0.61376 0.59089 0.59403 0.60729 0.00000

0.96745 0.97692 0.80022 0.79432 0.85048 0.79532 0.77607 0.00000

0.40511 0.40987 0.76548 0.78001 0.80510 0.84241 0.80977 0.96601 0.00000

10 0.97373 0.94949 0.77730 0.77730 0.76731 0.75125 0.74557 0.55651 0.92999 0.00000

11 0.83496 0.83178 0.62376 0.62301 0.61383 0.62370 0.36041 0.79965 0.82140 0.77530 0.00000

12 0.81509 0.80556 0.31087 0.30161 0.32636 0.02778 0.60501 0.79355 0.82712 0.74661 0.62602 0.00000

13 0.43472 0.43204 0.78175 0.77407 0.81227 0.83109 0.77610 0.92709 0.27281 0.89067 0.79738 0.81752 0.00000

14 0.69136 0.68316 0.77378 0.76132 0.77519 0.81786 0.77573 0.96931 0.64380 0.87661 0.76656 0.81298 0.65377 0.00000

15 0.57684 0.57038 0.79704 0.78235 0.82015 0.79854 0.80927 0.94694 0.55796 0.88869 0.80134 0.78461 0.54209 0.62153 0.00000
16 0.84907 0.84140 0.31309 0.31323 0.34231 0.22756 0.61138 0.80309 0.81463 0.75206 0.63797 0.22303 0.81691 0.78014 0.79499 0.00000

O 0NN W=

Table 30. Kimura (env)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0.00000
0.08163 0.00000
0.81305 0.78773 0.00000
0.83301 0.81878 0.12075 0.00000
0.86025 0.84786 0.33463 0.33901 0.00000
0.84738 0.83617 0.32151 0.31578 0.33468 0.00000
0.83454 0.83409 0.61907 0.59507 0.59898 0.61341 0.00000
0.97129 0.98294 0.80815 0.80170 0.85971 0.80187 0.78071 0.00000
0.40859 0.41379 0.77161 0.78771 0.81251 0.84945 0.81367 0.96889 0.00000
10 0.98037 0.95482 0.78965 0.78610 0.77428 0.75719 0.75316 0.55918 0.93639 0.00000
11 0.84552 0.84230 0.63075 0.62930 0.61928 0.62881 0.36317 0.80569 0.82512 0.78055 0.00000
12 0.82018 0.81163 0.31506 0.30515 0.33169 0.02790 0.61169 0.80034 0.83392 0.75200 0.63173 0.00000
13 0.43975 0.43724 0.78930 0.78058 0.81944 0.83680 0.78206 0.93084 0.27618 0.89235 0.80354 0.82264 0.00000
14 0.69927 0.68977 0.78342 0.76816 0.78276 0.82554 0.78059 0.97196 0.64608 0.88178 0.77331 0.81982 0.65864 0.00000
15 0.58235 0.57579 0.80176 0.78714 0.82597 0.80137 0.81243 0.95131 0.56104 0.89077 0.80468 0.78678 0.54508 0.62485 0.00000
16 0.85420 0.84754 0.31615 0.31610 0.34766 0.23021 0.61900 0.80840 0.82013 0.76136 0.64469 0.22545 0.82382 0.78579 0.79841 0.00000

Table 31. Nei Tamura (env)

O 0NN W~

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.09807 0.00000

1.84202 2.02732 0.00000

2.13972 2.43702 0.14249 0.00000

2.29896 2.88011 0.44572 0.44849 0.00000

246113 2.46901 0.43352 0.42675 0.45301 0.00000

2.66815 2.52592 1.09095 1.02339 1.02806 1.06447 0.00000

1.44052 1.40957 2.04683 1.97390 2.07304 2.00841 2.17656 0.00000

0.59585 0.60305 2.10085 2.15537 1.82193 2.06358 2.06869 1.48843 0.00000

10 1.41265 1.47994 1.86214 2.33979 2.29466 1.86340 1.72081 0.93495 1.67280 0.00000

11 2.26507 2.37356 1.14471 1.13988 1.09213 1.13473 0.51641 1.70637 2.32542 1.72325 0.00000

12 226745 2.28999 0.42392 0.41113 0.44629 0.03107 1.05859 2.06956 1.95822 1.77781 1.13752 0.00000

13 0.65004 0.64358 1.94213 1.91504 1.80954 1.86641 2.22871 1.58818 0.36576 1.94359 1.85901 1.88113 0.00000

14 1.45104 1.38257 1.73241 2.77154 2.06225 1.84049 2.26538 1.50817 1.22476 2.24671 2.31044 1.94191 1.25034 0.00000

15 0.98275 0.96406 1.79791 1.86507 2.03778 1.75420 1.98642 1.52004 0.93736 1.97992 1.82428 1.73305 0.89731 1.15622 0.00000
16 2.21332 2.42351 0.43274 0.43367 0.47414 0.29653 1.07417 2.65791 1.74255 1.84856 1.16907 0.29071 1.81139 2.04481 1.90318 0.00000

O 0NN AW~
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Table 32. P Distance (env

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.0000

0.07692 0.00000

0.49505 0.48637 0.00000

0.50151 0.49632 0.11019 0.00000

0.50985 0.50561 0.26564 0.26778 0.00000

0.50552 0.50150 0.25858 0.25516 0.26675 0.00000

0.50044 0.50000 0.41913 0.40888 0.41031 0.41626 0.00000

0.54353 0.54612 0.49196 0.48992 0.50868 0.49027 0.48352 0.00000

0.31300 0.31577 0.47973 0.48491 0.49363 0.50607 0.49523 0.54314 0.00000

10 0.54526 0.53853 0.48395 0.48395 0.48038 0.47455 0.47246 0.39289 0.53296 0.00000

11 0.50364 0.50259 0.42351 0.42319 0.41916 0.42349 0.28617 0.49176 0.49915 0.48324 0.00000

12 0.49703 0.49379 0.25450 0.24834 0.26463 0.02727 0.41525 0.48966 0.50105 0.47284 0.42449 0.00000

13 0.32992 0.32841 0.48553 0.48280 0.49607 0.50237 0.48353 0.53212 0.22870 0.52128 0.49098 0.49784 0.00000

14 0.45165 0.44837 0.48270 0.47822 0.48320 0.49796 0.48340 0.54404 0.43212 0.51695 0.48012 0.49631 0.43632 0.00000

15 0.40243 0.39943 0.49086 0.48574 0.49873 0.49138 0.49505 0.53781 0.39357 0.52067 0.49235 0.48653 0.38595 0.42254 0.00000
16 0.50823 0.50575 0.25596 0.25605 0.27483 0.19628 0.41808 0.49295 0.49687 0.47485 0.42964 0.19292 0.49764 0.48496 0.49016 0.00000

O 01NN AW~

Table 33. Tajima-Nei (env)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.08046 0.00000

0.66175 0.64635 0.00000

0.67348 0.66534 0.11840 0.00000

0.69074 0.68355 0.31225 0.31606 0.00000

0.68128 0.67427 0.30117 0.29528 0.31226 0.00000

0.67182 0.67141 0.53329 0.51571 0.51908 0.52717 0.00000

0.75207 0.75748 0.65839 0.65292 0.68918 0.65202 0.63982 0.00000

0.37269 0.37703 0.63445 0.64431 0.66056 0.68086 0.65998 0.75090 0.00000

10 0.75758 0.74422 0.64736 0.64428 0.63694 0.62435 0.62125 0.48836 0.73110 0.00000

11 0.67978 0.67732 0.54322 0.54062 0.53310 0.53840 0.33456 0.65515 0.66743 0.63968 0.00000

12 0.66402 0.65904 0.29555 0.28617 0.30996 0.02779 0.52657 0.65065 0.67157 0.62074 0.54057 0.00000

13 0.39778 0.39587 0.64710 0.64124 0.66688 0.67551 0.64040 0.72855 0.26112 0.70925 0.65471 0.66658 0.00000

14 0.59243 0.58604 0.64581 0.63483 0.64471 0.67002 0.64413 0.75736 0.55569 0.70414 0.63832 0.66716 0.56590 0.00000

15 0.50615 0.50150 0.65591 0.64520 0.67106 0.65294 0.66079 0.73969 0.49114 0.70831 0.65641 0.64386 0.47862 0.54010 0.00000
16 0.68470 0.68139 0.29636 0.29529 0.32309 0.21991 0.53112 0.65610 0.66419 0.62599 0.54971 0.21563 0.66712 0.64679 0.65274 0.00000

O 00NN AW~

4.5.16 Translated ENV protein-coding gene (Amino Acid Sequence) (designated
by AAENV)

1. 'HIV-1 (Zaire)'- 'K03454'

'MRARGIERNCQNWWKWGIMLLGILMTCSAADNLWVTVYYGVPVWKEATTTLFCASDAKSYETEAHNIWATHACVPTDPNPQEIALENVTENFNM
WKNNMVEQMHEDIISLWDQSLKPCVKLTPLCVTLNCSDELRNNGTMGNNVTTEEKGMKNCSFNVTTVLKDKKQQVYALFYRLDIVPIDNDSSTNS
TNYRLINCNTSAITQACPKVSFEPIPIHY CAPAGFAILKCRDKKFNGTGPCTNVSTVQCTHGIRPVVSTQLLLNGSLAEEEVIIRSENLTNNAKNIIAHLN
ESVKITCARPYQNTRQRTPIGLGQSLYTTRSRSIIGQAHCNISRAQWSKTLQQVARKLGTLLNKTIIKFKPSSGGDPEITTHSFNCGGEFFYCNTSGLFNS
TWNISAWNNITESNNSTNTNITLQCRIKQIIKMVAGRKAIY APPIERNILCSSNITGLLLTRDGGINNSTNETFRPGGGDMRDNWRSELYKYKVVQIEPL
GVAPTRAKRRVVEREKRAIGLGAMFLGFLGAAGSTMGARSVTLTVQARQLMSGIVQQQNNLLRAIEAQQHLLQLTVWGIKQLQARILAVERYLKD
QQLLGIWGCSGKHICTTNVPWNSSWSNRSLNEIWQNMTWMEWEREIDNYTGLIYSLIEESQTQQEKNEKELLELDKWASLWNWEFSITQWLWYIKIFI
MIIGGLIGLRIVFAVLSLVNRVRQGYSPLSFQTLLPAPRGPDRPEGTEEEGGERGRDRSVRLLNGFSALIWDDLRSLCLFSYHRLRDLILIAVRIVELLGR
RGWDILKYLWNLLQYWSQELRNSASSLFDAIAIAVAEGTDRVIEIIQRACRAVLNIPRRIRQGLERSLL*'

2. 'HIV1I-NDK (Zaire)'- 'M27323'

MRAREKERNCQNLWKWGIMLLGMLMTCSAAEDLWVTVYYGVPIWKEATTTLFCASDAKAYKKEAHNIWATHACVPTDPNPQEIELENVTENFN
MWKNNMVEQMHEDIISLWDQSLKPCVKLTPLCVTLNCTDELRNSKGNGKVEEEEKRKNCSFNVRDKREQVYALFYKLDIVPIDNNNRTNSTNYRLI
NCDTSTITQACPKISFEPIPIHFCAPAGFAILKCRDKKFNGTGPCSNVSTVQCTHGIRPVVSTQLLLNGSLAEEEHIRSENLTNNVKTIIVQLNASIVINCT
RPYKYTRQRTSIGLRQSLY TITGKKKKTGYIGQAHCKISRAEWNKALQQVATKLGNLLNKTTITFKPSSGGDPEITSHMLNCGGDFFYCNTSRLFNST
WNQTNSTGFNNGTVTLPCRIKQIVNLWQRVGKAMY APPIEGLIKCSSNITGLLLTRDGGANNSSHETIRPGGGDMRDNWRSELYKYKVVKIEPIGVA
PTKARRRVVEREKRAIGLGAVFLGFLGAAGSTMGAASVTLTVQARQLMSGIVHQQNNLLRAIEAQQHLLQLTVWGIKQLQARVLAVERYLRDQQL
LGIWGCSGRHICTTNVPWNSSWSNRSLDEIWQNMTWMEWEREIDNY TGLIYSLIEESQIQQEKNEKELLELDKWASLWNWFSITKWLWYIKLFIMIV
GGLIGLRIVFAVLSVVNRVRQGY SPLSFQTLLPVPRGPDRPEEIEEEGGERGRDRSIRLVNGLFALFWDDLRNLCLFSYHRLRDSILIAARIVELLGRRG
WEALKYLWNLLQYWSQELRNSASSLLDTIAIAVAERTDRVIEVVQRACRAILNVPRRIRQGLERLLL

3. 'HIV-2 (Senegal)'- M15390'

'MMNQLLIAILLASACLVYCTQYVTVFYGVPTWKNATIPLFCATRNRDTWGTIQCLPDNDDYQEITLNVTEAFDAWNNTVTEQAIEDVWHLFETSIKP
CVKLTPLCVAMKCSSTESSTGNNTTSKSTSTTTTTPTDQEQEISEDTPCARADNCSGLGEEETINCQFNMTGLERDKKKQYNETWYSKDVVCETNNS
TNQTQCYMNHCNTSVITESCDKHYWDAIRFRYCAPPGYALLRCNDTNYSGFAPNCSKVVASTCTRMMETQTSTWFGFNGTRAENRTYIY WHGRDN
RTIHSLNKYYNLSLHCKRPGNKIVKQIMLMSGHVFHSHY QPINKRPRQAWCWFKGKWKDAMQEVKETLAKHPRYRGTNDTRNISFAAPGKGSDPEV
AYMWTNCRGEFLYCNMTWFLNWIENKTHRNYAPCHIKQIINTWHKVGRNVYLPPREGELSCNSTVTSIIANIDWQNNNQTNITFSAEVAELYRLELG
DYKLVEITPIGFAPTKEKRYSSAHGRHTRGVFVLGFLGFLATAGSAMGAASLTVSAQSRTLLAGIVQQQQQLLDVVKRQQELLRLTVWGTKNLQAR
VTAIEKYLQDQARLNSWGCAFRQVCHTTVPWVNDSLAPDWDNMTWQEWEKQVRYLEANISKSLEQAQIQQEKNMYELQKLNSWDIFGNWFDLT
SWVKYIQYGVLIIVAVIALRIVIYVVQMLSRLRKGYRPVFSSPPGYIQQIHIHKDRGQPANEETEEDGGSNGGDRYWPWPIAYIHFLIRQLIRLLTRLY SI
CRDLLSRSFLTLQLIYQNLRDWLRLRTAFLQYGCEWIQEAFQAAARATRETLAGACRGLWRVLERIGRGILAVPRRIRQGAEIALL*'
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4. 'HIV2-MCN13'-*‘AY509259'

'MMGGRNQLLVAILLTSTCLIYCTNYVTVFYGIPAWRNASIPLFCATKNRDTWGTIQCLPDNDDY QEITLNVTEAFDAWDNTVTEQAIEDVWNLFETS
IKPCVKLTPLCVAMRCNNTDARNTTTPTTASPRTIKPVTEISENSSCIRANNCSGLGEEEVVNCQFNMTGLERDKKKQYSETWYSKDVVCEGNGTTD
TCYMNHCNTSVITESCDKHY WDAMRFRYCAPPGFALLRCNDTNYSGFAPNCSKVVAATCTRMMETQTSTWFGFNGTRAENRTFIY WHGRDNRTII
SLNKYYNLTIHCKRPGNKTVVPITLMSGLRFHSQPVINKRPRQAWCWFKGEWKGAMQEVKETLAKHPRYKGTNETKNINFTAPGKGSDPEVAYMW
TNCRGEFLYCNMTWFLNWIENKTHRNY VPCHIRQIINTWHKVGKNVYLPPREGELTCNSTVTSIIANIDANGNNTNITFSAEVAELYRLELGDYKLVE
ITPIGFAPTAEKRYSSTPMRNKRGVFVLGFLGFLATAGSAMGAASLTLSAQSRTLLAGIVQQQQQLLDVVKRQQEMLRLTVWGTKNLQARVTAIEK
YLKDQAQLNSWGCAFRQVCHTTVPWVNDTLTPEWNNMTWQEWEGKIRDLEANISQQLEQAQIQQEKNMYELQKLNSWDVFGNWFDLTSWIKYI
QYGVYIIGIVVLRIVIYIVQMLSRLRKGYRPVFSSPPGYLQQIHIHKDWEQPAREETEEDVGNNVGDSSWPWPIRYIHFLIHQLIRLLAGLYNICRNLLS
RISLTLRPVFQSLQRALTAIRDWLRTDAAYLQYGCEWIQGAFQAFARATRETLAGTWRDLWGALQRIGRGILAVPRRIRQGAEIALL*'

5. 'HIV-2UC1 (IvoryCoast)'-'L07625'

'MAHTSNHLFILLLLISVYGFLGHKKNYVTVEFYGIPAWRNATVPLFCATTNRDTWGTVQCLPDNGDYTEISVNITEAFDAWNNTVTEQAVDDVWSLF
ETSIKPCVKLTPLCVAMRCNNTGTNTTTKPITTPITTTKPSENLLNDTSPCIKNDTCPGIGLENTVDCYFNMTGLRRDEKKQYKDTWYEKDLECNGNS
TSTICYMRTCNTSVIQESCDKHYWDSLRFRYCAPPGYALLRCNDTNYSGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRTENRTYMYWHSKDNR
THSLNKYYNLTMHCRRPGNKTVIPITIMSGLNFHSQPLNTRPRQAWCWFKGNWIEAIREVKETIIKHPRYKGTNNTERIRLVGPSAGSDPEVRHMWT
NCRGEFFYCNMTWFLNWVENRTGTTQKNYVTCHIKQIVNTWHKVGKYVYLPPREGTLSCNSSVTSLIANIDVYYDGNDTKTNITMSAEVGELYRLE
LGDYKLVEITPIGFAPTEIKRYSSTTPRNKRGVMVLGFLGLLAMAGSAMGATSLTLSAQSRTLLAGIVQQQQQLLDVVKRQQELLRLTVWGTKNLQT
RVTAIEKYLKDQALLNSWGCAFRQVCHTTVPWPNETLTPDWENMTWQQWEKRVNFLDANITALLEEAQIQQERNMYELQKLNSWDVFGNWFDFT
SWMAYIRLGLYVVAGLIVLRIVIYIMQMLARLRKGYRPVFSSPPSYTQQIPIRKHRGQPANEETEDEGGNEGAYRSWPWQIEY AHFLIRQLRNLLIWL
YNGCRNLLLKTSQILQPALQPLRLSLAYLQYGISWFQEAIQAATRAARETLANTGRALWKALRRTAEAIIAIPRRIRQGLELALL*'

6. 'SIVMM251 Macaque'-'M19499'

'"MGCLGNQLLIAILLLSVYGIYCTQYVTVFYGVPAWRNATIPLFCATKNRDTWGTTQCLPDNGDYSELALNVTESFDAWENTVTEQAIEDVWQLFET
SIKPCVKLSPLCITMRCNKSETDRWGLTKSSTTITTAAPTSAPVSEKIDMVNETSSCIAQNNCTGLEQEQMISCKFTMTGLKRDKTKEYNETWYSTDL

VCEQGNSTDNESRCYMNHCNTSVIQESCDKHYWDTIRFRY CAPPGY ALLRCNDTNY SGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRAENRTY
IYWHGRDNRTIISLNKY YNLTMKCRRPGNKTVLPVTIMSGLVFHSQPINDRPKQAWCWFGGKWKDAIKEVKQTIVKHPRYTGTNNTDKINLTAPGG
GDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRDVTTQRPKERHRRNYVPCHIRQIINTWHKVGKNVYLPPREGDLTCNSTVTSLIANIDWTDGNQT
SITMSAEVAELYRLELGDYKLVEITPIGLAPTDVKRYTTGGTSRNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDVVKRQ
QELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNAWGCAFRQVCHTTVPWPNASLTPDWNNDTWQEWERKVDFLEENITALLEEAQIQQEKNMYEL
QKLNSWDVFGNWFDLASWIKYIQYGIYVVVGVILLRIVIYIVQMLAKLRQGYRPVFSSPPSYFQ*THTQQDPALPTREGKEGDGGEGGGNSSWPWQI
EYIHFLIRQLIRLLTWLFSNCRTLLSRAYQILQPILQRLSATLRRVREVLRTELTYLQYGWSYFHEAVQAGWRSATETLAGAWRDLWETLRRGGRWI

LAIPRRIRQGLELTLL*

7. 'SIVAGM677A Green monkey'-'M58410'

'MGRLLIKILITAIGISIGIGNLYVTVFY GIPVWKNSTVQAFCMTPNTNMWATTNCIPDDHDNTEVPLNITEAFEAWDNPLVKQAESNIHLLFEQTMRPC
VKLSPICIKMSCVELNGTATTKATTTATTTMTTPCQNCSTEQIEGEMAEEPASNCTFAIAGY QRDVKKNY SMTWYDQELVCNNKTGSEKGSKDCYM
IHCNDSVIKEACDKTYWDTLRVRYCAPAGYALLKCNDKDYRGFAPKCKNVSVVHCTRLINTTITTGIGLNGSRSENRTEIWQKGGNDNDTVIIKLNK
FYNLTVRCRRPGNKTVLPVTIMAGLVFHSQKYNTRLKQAWCHFQGDWKGAWKEVREEVKKVKNLTEVSIENIHLRRIWGDPESANFWFNCQGEFF
YCKMDWFINYLNNRTEDAEGTNRTCDKGKPGPGPCVQRTYVACHIRQVVNDWYTVSKKVYAPPREGHLECNSSVTALY VAIDYNNKSGPINVTLS
PQVRSIWAYELGDYKLVEITPIGFAPTDVRRYTGPTREKRVPFVLGFLGFLGAAGTAMGAAATTLTVQSRHLLAGILQQQKNLLAAVEQQQQLLKLT
IWGVKNLNARVTALEKYLEDQARLNSWGCAWKQVCHTTVPWKYNNTPKWDNMTWLEWERQINALEGNITQLLEEAQNQESKNLDLYQKLDDW
SGFWSWFSLSTWLGY VKIGFLVIVIILGLRFAWVLWGCIRNIRQGYNPLPQIHIHSSAERPDNGGGQDRGGESSSSKLIRLQEESSTPSRINNWWLNFKS
CSLRIRTWCYNICLTLLIFIRTAVGYLQYGLQQLQEAATGLAQALARAAREAWGRLGAIVRSAYRAVINSPRRVRQGLEKVLG*'

8. 'SIVlhoest L"Hoest monkeys' 'AF(075269'

'MACPGLGILLLLLGIIWGKQYVTVFYGVPNWDDNVSVPLICASANTSLWVTTSCLPDLQSYAEVPIYNISENFTIPVKDNQVIQQAWSAMNAMVDSI
MKPCVKINPYCVRMQCGEVTKTPTTTPKTTTQMPCFINEQVTVKNPGNETRLEEDLNCTRGLNETTERNAECQYNVTGLCRDCRTEIKQSFRYDDVT
CSGERENRTCYMTHCNDSITQDCNKGVMQNAYFRLCAPAGYMLLRCNEQLNFSKKCENITATPCTGYMLSSVSSFFGFNGTNHTRDELIPLTPNKM
EDLNGAKFVYKVAGKWGLIIRCIRKGNRSEVSTISSTGYLFYYGLEHGSRLRLAQCKFEGQWGRMFNNLGKMLKELNAEAMNYTEGTGTCDSKKT
TCGRKLKGLPIANMTRHGADLATEMLMHTCGEEMFFCNVTRIFQEWNNKNSDKWYPWANCHIKSIIDDWATIGKKIYLPPTSGFNNRIRCTHRVTE
MFFEMEKWEPHEDLGGNLSIKFLPPSWETNQFVAEGSKYKLIKLNPIGFAPTDEHRY APRGRQTRAAPLALGALGLLSAAGTAMGLVSTILTVQAQA
VLQGILQQQKQLLVLVEKQQELLRLTIWGVKNLQARLTALEEY VKHQALLASWGCQWKQVCHTNVEWTYNITPNWTKDTWREWESKVAIYDKNI
TSLLQEAYTTELENQNKFKKLQEFNFWSWLDISHWFTYVKYAVLIILVIIGLRVLSFIIQNVVKMCRGYRVLSPSVYIEQDYKWEKEENQEQPDREEE
KGADTETIYINLEQCKKESSRPLWNVDWNEPLQDSLLVTLLKWLKEGGILLLSLVWQSLSWLWHLLILFFQNGQRLWQTSSRWMVENAQKIQSWL
REKCRRNRGQLSSTDRKNIQLGKKKRWRLRFGGRSGISSEATETAL*"

9. 'SIVcpz Chimpanzees Cameroon'-'AF115393'

'MKVMEKIKGSLIEKYMFMGLIIPCLTGSDQLWATVYYGVPVWKEADTTLFCASEASALNKEAHNIWASQACVPTDPNPQEVQIPNVTENFNMWNN
TMAEQMNTDIISLWDQSLKPCVKLTPICVTMECRKVTENSTSNRNKTSTMTTNSPNEKKDSTVKNCTFNMTTEVRDKEKKVYSLFYVDDLVLIDND
TDTYRLINCNTTAITQACPKTSFEPIPIHY CATPGY AIMKCNMPNFNGTGTGRCNNISTVQCTHGIRPVVTTQLILNGSVAENKTIARRNGYNFLIQFQK
TVSINCTRPGNNSRGQIQIGPGMTFYNIENIVGDTRRAYCQINRTVWDERLNETGQALRELFTNLTQVNFTVSPGGDPEVTNMMFNCGGEFFYCNTTT
LENYTWKNNNITKGDNTTFFPCRIRQIVNSWMRVGKGIY APPIRGVISCTSNVTGIILETGHGINNSITNITLYPTGGNMVDLWRLELHKYKVVSIEPIG
VAPSKAKRHTVSREKRAAFGLGALFLGFLGAAGSTMGAASVVLTVQARQLLSGIVQQQNNLLRAIEAQQHLLQLSVWGIKQLQARVLAVERYLRD
QQILGLWGCSGKAICYTTVPWNNTWSANTSFDEIWNNLTWQDWDKRVKNY SGVIFSLIEQAQEQQNTNEKSLLELDQWSSLWNWFDITRWLWYIK
LFIMIVAGLVGIRIVGAIISFVAKVRQGY SPLSLQTLIPTTREPDRPGGTEEDVGEPGKGRSIRLVSGFLALIWEDLRNLLLFCYHRLRDLLLILGRTLEN
LGQSLNKGLQQLRNFSRYLWGVITYWGRELQTSAISLLDATAIAVAEGTDRILEVAQIIGRGILHIPRRIRQGLERSLL*'

10. 'SIVmnd5440 Mandrillus sphinx'-'AY 159322

'MLRYLRYIVLGIIVSVIVGEQWVTVYYGTPKWHKARTHLFCATDNNSFWVTTSCVPSLLHYEEQHIPNITENFTGPIEENEIVTQAWGAISSMIDAVL
KPCVRLTPYCVKMKCTEGQNETEQATAKTTTPVPTTTTPSTTTSSSTNKTTTPVLVVEKQNNETTTQQNRVCKFNTTGLCRDCKLEIEENFRYEDVTC
TKLNKTGSATNSTEPEYECYMTSCNATVITQDRNKASTDRMTFRLCAPPGFVLLKCNEKLNKTKLCGNVSAVQCTAPLPATISTMFGFNGTKHDYD
ELIQTNPRKGKDEFHDHKYVYRVDKKWGLQVRCRRKGNRSIISTPSSTGLLFYHGLEPGKNLRKGKCQLEGKWGQALHSLSLELRKINDSIYKDNH
NMTCKSSNNKKNTTGCHLKTISISESTVKGEPGAETIMLLCGGEYFFCNWTKIWKAWNSKQSSVWYPYMSRNIRQIVGDWHKVGKKIYMPPVSGFN
NEIRCTNDVTEMFFEVQKTDDDNGYIIKFIPQDWIQNQYTAVGAHYKLVKVDPIGFAPTDIHRHHLPNTRQKRGAVLLGMLGLLGLAGSAMGSVAV
ALTVQSQTLLNGIVEQQKVLLSLIDQHSELLKLTIWGVKNLQVRLTALEEYVADQSRLSVWGCSFSQVCHTSVKWPNNSIVPNWTSETWLEWDRRV
NSIVINMTIDLQRAYELEQRNIFELQKLGDLNFHGLTGFDLTWWLKY VKIGLLVVVVIIGLRMLACLWSVLGKFRQGYRPLPYVFKGDYLRPHNLK
RPDREGGEEPDLEKQNIKSESSRQESRKPWKPEQVRSWLKRSTLYIWLKNLQAVIEYGWQELKAAGAALYQVLQGFAQRLWSRGYQLGLSGVRGA
AAFGRGIWNIPRRIRQGAEALLN*'
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11. 'SIVAGM3 Green monkeys' '™M30931'

'MKLTLLIGILLIGIGVVLNTRQQWVTVFYGVPVWKNSSVQAFCMTPTTRLWATTNSIPDDHDYTEVPLNITEPFEAWADRNPLVAQAGSNIHLLFEQ
TLKPCVKLSPLCIKMSCVELNSSEPTTTPKSTTASTTNITASTTTLPCVQNKTSTVLESCNETIIEKELNEEPASNCTFAMAGY VRDQKKKYSVVWNDA
EIMCKKGNNSNRECYMIHCNDSVIKEACDKTYWDELRLRYCAPAGFALLKCNDYDYAGFKTNCSNVSVVHCTNLINTTVTTGLLLNGSY SENRTQI
WQKHRVSNDSVLVLFNKHYNLTVTCKRPGNKTVLPVTIMAGLVFHSQRYNTRLRQAWCHFQGNWRGAWKEVKNEIVKLPKDRYQGTNDTEEIYL
QRLFGDPEAANLWFNCQGEFFYCKMDWFLNYLNNRTVDPDHNPCNGTKGKGKAPGPCAQRTYVACHIRSVINDWYTLSRKTYAPPREGHLQCTST
VTGMSVELNYNSKNRTNVTLSPQIETIWAAELGRYKLVEITPIGFAPTEVRRYTGGHDRTKRVPFVLGFLGFLGAAGTAMGAAATALTVQSQHLLAG
ILQQQKNLLAAVEAQQQMLKLTIWGVKNLNARVTALEKYLEDQARLNAWGCAWKQVCHTTVPWQWNNRTPDWNNMTWLEWERQISYLEGNIT
TQLEEARAQEEKNLDAYQKLSSWSDFWSWFDFSKWLNILKIGFLDVLGIIGLRLLYTVYSCIARVRQGY SPLSPQIHIHPWKGQPDNAEGPGEGGDK
RKNSSEPWQKESGTAEWKSNWCKRLTNWCSISSIWLYNSCLTLLVHLRSAFQYIQYGLGELKAAAQEAVVALARLAQNAGYQIWLACRSAYRAIIN
SPRRVRQGLEGILN*'

12. 'SIVMM?239 Simian macaque'-'"M33262'

'"MGCLGNQLLIAILLLSVYGIYCTLYVTVFYGVPAWRNATIPLFCATKNRDTWGTTQCLPDNGDYSEVALNVTESFDAWNNTVTEQAIEDVWQLFET
SIKPCVKLSPLCITMRCNKSETDRWGLTKSITTTASTTSTTASAKVDMVNETSSCIAQDNCTGLEQEQMISCKFNMTGLKRDKKKEYNETWY SADLV
CEQGNNTGNESRCYMNHCNTSVIQESCDKHYWDAIRFRYCAPPGY ALLRCNDTNY SGFMPKCSKVVVSSCTRMMETQTSTWFGFNGTRAENRTYI
YWHGRDNRTIISLNKYYNLTMKCRRPGNKTVLPVTIMSGLVFHSQPINDRPKQAWCWFGGKWKDAIKEVKQTIVKHPRYTGTNNTDKINLTAPGG
GDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRNTANQKPKEQHKRNYVPCHIRQIINTWHKVGKNVYLPPREGDLTCNSTVTSLIANIDWIDGNQT
NITMSAEVAELYRLELGDYKLVEITPIGLAPTDVKRYTTGGTSRNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDVVKRQ
QELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNAWGCAFRQVCHTTVPWPNASLTPKWNNETWQEWERKVDFLEENITALLEEAQIQQEKNMYEL
QKLNSWDVFGNWFDLASWIKYIQYGVYIVVGVILLRIVIYIVQMLAKLRQGYRPVFSSPPSYFQQTHIQQDPALPTREGKERDGGEGGGNSSWPWQI
EYIHFLIRQLIRLLTWLFSNCRTLLSRVYQILQPILQRLSATLQRIREVLRTELTYLQYGWSYFHEAVQAVWRSATETLAGAWGDLWETLRRGGRWIL
AIPRRIRQGLELTLL*'

13. 'CIVcpzUS Chimpanzee'-'AF103818'

'"MKVMEKKKRLWLSYCLLSSLIIPGLSSLWATVYYGVPVWRDVETTLFCASDAKAYKQEAHNIWATQACVPTDPNPQEVHLPNVTEKFDMWENNM
AEQMQEDIISLWDQSLKPCIKLTPLCVTMTCLNPDSNSSAVNTTDIMRNCSFNITTELRDKKKQVY SLFY VDDLAHINNNTYRLINCNTTAITQACPKT
SFEPIPIHY CAPPGFAILKCNEKDFKGKGECKNVSTVQCTHGIKPVVTTQLIINGSLATKNVTVRSKNFADIILVQFSEGVNMTCIRPGNNTVGNVQLGP
GMTFYNIPKIVGDVREAHCNISKLTWEKQRKYTLEIKKEANLTKVELIPNAGGDPEVVNMMLNCGGEFFYCNTIPLFNMTYNNTDNTTITLKCRIRQ
IVNQWMRVGKGIFAPPIKGVLSCNSNITGMILDISISAVNNDSRNITVMPTGGDMTALWKNELHK YK VVSIEPIGVAPGKAKRHTVKREKRAAFGLG
ALFLGFLGAAGSTMGAASVVLTVQARQLLSGIVQQQNNLLRAIEAQQHLLQLSVWGIKQLQARVLAVERYLKDQQILGLWGCSGKTICYTTVPWN
DTWSNNLSYDAIWGNLTWQEWDRKVRNYSGTIFSLIEQAQEQQNTNEKSLLELDQWSSLWNWFDITNWLWYIKIFLIVVASLVGIRIVGVIFSLVAK
VRQGYSPLSLQTLFPTTREPDRPEGTEEGAGK TDNVRSTRLVSGFLALVWEDLRNLLIFLYHRLEDLLLILRRTVQILGQNINKGLQLLNELRARCWG
VIAYWARELKVSATSLLDTTAIAVAEGTDRIIELTRRLFLGIIHIPRRIRQGLERSLL*'

14. 'SIVmon Cercopithecus Monkeys'-'/AY340701'

'MREGDMTQGLTQNLNQSNMRKLMALSTLCLMMTLVNGSNWTTVYYGVPVWKPATPPLFCASDPNYGSKEAGNNWLASSCLPTDPTPQSLYLNIT
EEFNAYQNYMVEEMVEDMKSLFSQALKPCVKLTPMCVRMLCVEVNTVSNASTTPAPSTPTPWGNWGGNGTGQPVYNCSFNQTTEFRDKKKQMYS
LFWKEDIMKEEGSNGSHYYILNCNTSYITQACEKSNYEPVPLHYCAPPGYALLRCDDPAFTGQGSCSNVSAVTCTHAIQPIVATWFQLNSTGNAPNTT
VMMNKQKNESIVVRLAKHLHVNITCIRPGNKTIRNLQIGAGMTFYSQLIVGGNTRKAYCKVNKTQWETALQAVHEAVKTEWEKKNNGTNVTTISW
RFQPQGDKEVQTHWFNCQGEFFYCNVSALFINRRTNKTDGISPFDVNNKPNTTYHGGWLACTIRQMVTQWGY VSKSIYLPPRKGHVQCTSNITALLI
TGELYQNNVTLVPSAQVSDSWRSELSRYKVVEIDPLSMAPTTAQRRTGVHREKRAITLGMAFLGFLSTAGGTMGAAATALTVQSRSLLAGIVQQQE
NLLRAVTAQQSLLQLTVWGVKQLQARLTAVEKFIKDQTLLNAWGCANKAVCHTTVPWNNSWAKGHFPEWDNMTWQQWSELVDNDTMTIQQLL
EAAQEQQGKNQHELMKPGQWDFLWNWFDISKWLWYIKIFIIVVAALIGLRILMFILGVISRLGQGY SLLSSQIPIPSHAGQPTPDGTGAGGGDGSNSRS
PAYLKGFFTIIWEDLRNLVLWTYQILKDSVLVIYRILQRVSQRLPPLLHIRLLQLWESLRRLLAYCQYGIQELQAAVTSLLDALARFTIVWTDALLHAG
GRLWRAIVAIPRRIRQGAEIFLN*'

15. 'SIVcpzTANI1 Chimpanzee'-'AF447763'

'"MKNLIGITLILITILGIGFSTYYTTVFY GVPVWKEAQPTLFCASDADITSRDKHNIWATHNCVPLDPNPY EVTLANVSIRFNMEENYMVQEMKEDILS

LFQQSFKPCVKLTPFCIKMTCTMTNTTNKTLNSATTTLTPTVNLSSIPNYEVYNCSFNQTTEFRDKKKQIYSLFYREDIVKEDGNNNSYYLHNCNTSVI
TQECDKSTFEPIPIRYCAPAGFALLKCRDQNFTGKGQCSNVSVVHCTHGIYPMIATALHLNGSLEEEETKAYFVNTSVNTPLLVKFNVSINLTCERTGN
NTRGQVQIGPGMTFYNIENVVGDTRKAYCSVNATTWYRNLDWAMAAINTTMRARNETVQQTFQWQRDGDPEVTSFWFNCQGEFFYCNLTNWTN

TWTANRTNNTHGTLVAPCRLRQIVNHWGIVSKGVYLPPRRGTVKCHSNITGLIMTAEKDNNNSYTPQFSAVVEDYWKVELARYKVVEIQPLSVAPR
PGKRPEIKANHTRSRRDVGIGLLFLGFLSAAGSTMGAASIALTAQARGLLSGIVQQQQNLLQAIEAQQHLLQLSVWGIKQLQARMLAVEKYIRDQQL

LSLWGCANKLVCHSSVPWNLTWAEDSTKCNHSDAKYYDCIWNNLTWQEWDRLVENSTGTIYSLLEK AQTQQEKNKQELLELDKWSSLWDWFDIT
QWLWYIKIAHIVAGLVGLRILMFIVNVVKQVRQGY TPLFSQIPTQAEQDPEQPGGIAGGGGGRDNIRWTPSPAGFFSIVWEDLRNLLIWIYQTFQNFIW
ILWISLQALKQGIISLAHSLVIVHRTIIVGVRQIIEWSSNTY ASLRVLLIQAIDRLANFTGWWTDLIIEGVVYIARGIRNIPRRIRQGLELALN*'

16. 'SIVsmSL92b Sooty Mangabey'-'AF334679'

'MACPGLHLLIDILFLSVLGTWCAQYVTIFYGIPAWRNATIPLFCATQNRDTWGTVQCLPDNGDYSELALNVTEAFDAWDNTVTEQAIEDVWNLFET

SIKPCVKLTPLCIAMKCNKNETDRWGLTRAATTTSSPTTTSPLTAASPSGEEIVNDTMSCTKNNNCSGIEQEPMIGCQFNMTGLKRDQKRQYNETWY

SRDLVCEQGGNESSRCYMNHCNTSVIQESCDKHYWDAIRYRYCAPPGYALLRCNDTNYSGFAPNCSKVVVSSCTRMMETQTSTWFGFNGTRAENR
TYTYWHGGSNRTIISLNKY YNLTIKCRRPGNKTVLPVTIMSGLVFHSQPINERPRQAWCWFGGKWREAMQEVKKTIVKHPRYTGTNDTRKINLTAPG
GGDPEVTFMWTNCRGEFLYCKMNWFLNWVEDRNTSSPRWTTQTKKEQHKRNY VPCHIRQIINTWHRVGKNVYLPPREGDLTCNSTVTSLIANIDWI
DNNETNITMSAEVAELYRLELGDYKLVEITPIGMAPTHVKRYTTSTSKNKRGVFVLGFLGFLATAGSAMGAASLTLTAQSRTLLAGIVQQQQQLLDV
VKRQQELLRLTVWGTKNLQTRVTAIEKYLKDQAQLNSWGCAFRQVCHTTVLWPNDSLVPDWNNMTWQEWEKKVEFLEANITQMLEEARLQQEK

NMYELQKLNSWDVFGNWFDLTSWVRYIQYGVFLVIGIVLLRIVIYVVQMLSRLRQGYRPVFSSPPSYHQQIHIQRDQELPAKEGTEGEGGNGGGYRL
WPWQIEYIHFLIRQLIRILTWLYNNLTRLASRAYQNLQQLCQRLSEISQPIRELVRREAGYIRYGWNYFIEACQEAWRSAQEAIVGAWGLIWETLGRV

GRGIAAIPRRIRQGLELMLN*'
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4.5.17. Distance Tables of Translated ENV protein-coding gene (Amino Acid
Sequence) (designated by AAENV)

Table 34. Alignment-Score Distance

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.01682 0.00000

0.47126 0.45818 0.00000

0.50089 0.48739 0.02048 0.00000

0.48277 0.46881 0.06695 0.06128 0.00000

0.48756 0.48203 0.05863 0.05858 0.06392 0.00000

0.45538 0.45173 0.27393 0.26919 0.27231 0.27991 0.00000

0.65543 0.64876 0.51323 0.51732 0.52982 0.53869 0.48029 0.00000

0.13818 0.12859 0.44576 0.44955 0.45572 0.47295 0.45076 0.63388 0.00000

10 0.63095 0.60857 0.51741 0.52053 0.52856 0.51628 0.49957 0.33880 0.58529 0.00000

11 0.47328 0.45917 0.28475 0.28984 0.28766 0.29101 0.10044 0.51843 0.45876 0.51675 0.00000

12 0.48311 0.47606 0.05445 0.05336 0.06032 0.00139 0.27058 0.53076 0.46331 0.50819 0.28826 0.00000

13 0.13251 0.13304 0.44900 0.45206 0.43477 0.46934 0.42410 0.61215 0.06340 0.55895 0.45543 0.45911 0.00000

14 0.31795 0.31696 0.42205 0.43293 0.41417 0.43811 0.43449 0.58126 0.31471 0.58102 0.42786 0.43113 0.29285 0.00000

15 0.28342 0.27918 0.43851 0.45230 0.45229 0.44904 0.46203 0.61254 0.25359 0.60762 0.44226 0.44913 0.23970 0.26806 0.00000
16 0.50012 0.49061 0.06320 0.06408 0.07383 0.02776 0.28199 0.53660 0.47451 0.52778 0.30430 0.02550 0.46860 0.43510 0.44731 0.00000

O 03NN AW~

Table 35. Gamma Distance
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0.00000
0.17189 0.00000
1.35083 1.32449 0.00000
1.39935 1.38243 0.18678 0.00000
1.41794 1.37850 0.37825 0.34347 0.00000
1.40027 1.38960 0.34247 0.33401 0.36088 0.00000
1.36092 1.36367 0.95567 0.91304 0.90554 0.90807 0.00000
1.93244 1.97517 1.57856 1.58068 1.60877 1.64863 1.51581 0.00000
0.57328 0.55297 1.29938 1.32119 1.36823 1.38734 1.40948 1.89155 0.00000
10 1.88158 1.82075 1.54868 1.56010 1.56733 1.54321 1.51897 1.04345 1.74519 0.00000
11 1.41140 1.40245 0.96825 0.97076 0.98619 0.94996 0.43735 1.54262 1.39958 1.51100 0.00000
12 1.40421 1.38151 0.32488 0.31663 0.34850 0.04585 0.88632 1.62318 1.36007 1.53237 0.94277 0.00000
13 0.56593 0.57884 1.35002 1.33750 1.30214 1.36165 1.34451 1.88514 0.35797 1.62299 1.39359 1.33839 0.00000
14 1.00267 1.01676 1.30709 1.28317 1.24184 1.30147 1.29074 1.74166 1.01156 1.74744 1.24969 1.28692 0.97044 0.00000
15 0.91416 0.90534 1.31307 1.33650 1.32789 1.31363 1.36581 1.88546 0.84193 1.78672 1.32584 1.30963 0.80801 0.88492 0.00000
16 1.43690 1.42201 0.36009 0.35139 0.38386 0.22533 0.93345 1.65006 1.39912 1.62009 0.96958 0.21347 1.36546 1.31321 1.30470 0.00000

O 01NN~

Table 36. Jukes-Cantor Distance

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 0.00000

2 0.16566 0.00000

3 1.07546 1.05804 0.00000

4 1.10730 1.09624 0.17946 0.00000

5 1.11943 1.09366 0.35005 0.31996 0.00000

6 1.10791 1.10093 0.31909 0.31171 0.33507 0.00000

7 1.08210 1.08392 0.80323 0.77229 0.76681 0.76866 0.00000

8 1.43995 1.46547 1.22244 1.22378 1.24149 1.26647 1.18255 0.00000

9 0.51222 0.49581 1.04134 1.05585 1.08691 1.09945 1.11392 1.41539 0.00000

10 1.40938 1.37254 1.20350 1.21075 1.21534 1.20002 1.18457 0.86588 1.32632 0.00000

11 1.11517 1.10933 0.81229 0.81409 0.82516 0.79910 0.40032 1.19965 1.10746 1.17948 0.00000

12 1.11048 1.09563 0.30372 0.29648 0.32433 0.04539 0.75272 1.25053 1.08155 1.19312 0.79390 0.00000

13 0.50629 0.51669 1.07492 1.06665 1.04318 1.08259 1.07128 1.41153 0.33254 1.25042 1.10354 1.06724 0.00000

14 0.83694 0.84697 1.04648 1.03052 1.00276 1.04273 1.03558 1.32415 0.84328 1.32771 1.00805 1.03303 0.81386 0.00000

15 0.77310 0.76667 1.05045 1.06599 1.06029 1.05083 1.08532 1.41172 0.71991 1.35179 1.05893 1.04817 0.69457 0.75169 0.00000
16 1.13175 1.12208 0.33438 0.32684 0.35486 0.21482 0.78714 1.26736 1.10715 1.24860 0.81324 0.20400 1.08509 1.05055 1.04489 0.00000
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Table 37. Poisson Distance

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.16490 0.00000

1.03212 1.01634 0.00000

1.06087 1.05090 0.17856 0.00000

1.07178 1.04857 0.34644 0.31697 0.00000

1.06142 1.05513 0.31612 0.30888 0.33178 0.00000

1.03813 1.03977 0.78116 0.75210 0.74694 0.74868 0.00000

1.35223 1.37384 1.16363 1.16481 1.18044 1.20241 1.12824 0.00000

0.50407 0.48822 1.00117 1.01435 1.04248 1.05379 1.06682 1.33132 0.00000

10 1.32619 1.29460 1.14686 1.15328 1.15734 1.14377 . 0.83969 1.25465 0.00000

11 1.06795 1.06270 0.78965 0.79134 0.80170 0.77729 0.39553 1.14344 1.06101 1.12551 0.00000

12 1.06373 1.05035 0.30104 0.29393 0.32126 0.04533 0.73367 1.18841 1.03763 1.13764 0.77241 0.00000

13 0.49835 0.50838 1.03164 1.02415 1.00285 1.03857 1.02834 1.32803 0.32930 1.18830 1.05748 1.02468 0.00000

14 0.81271 0.82207 1.00585 0.99133 0.96599 1.00244 0.99593 1.25276 0.81862 1.25585 0.97083 0.99361 0.79113 0.00000

15 0.75287 0.74681 1.00946 1.02355 1.01838 1.00979 1.04104 1.32819 0.70267 1.27671 1.01715 1.00738 0.67865 0.73270 0.00000
16 1.08284 1.07416 0.33111 0.32372 0.35115 0.21352 0.76606 1.20319 1.06074 1.18670 0.79055 0.20283 1.04083 1.00954 1.00440 0.00000

O 0NN WU h W=

Table 38. P-Distance Distance

1 2 3 4 S 6 7 8 9 10 11 12 13 14 15 16

0.00000

0.15202 0.00000

0.64375 0.63808 0.00000

0.65385 0.65038 0.16353 0.00000

0.65760 0.64956 0.29280 0.27165 0.00000

0.65403 0.65185 0.27103 0.26573 0.28235 0.00000

0.64589 0.64646 0.54212 0.52862 0.52619 0.52701 0.00000

0.74134 0.74687 0.68765 0.68802 0.69286 0.69953 0.67640 0.00000

0.39593 0.38628 0.63255 0.63736 0.64742 0.65139 0.65590 0.73587 0.00000

10 0.73451 0.72599 0.68237 0.68440 0.68568 0.68138 0.67698 0.56816 0.71482 0.00000

11 0.65629 0.65448 0.54600 0.54676 0.55144 0.54035 0.32667 0.68128 0.65389 0.67551 0.00000

12 0.65483 0.65019 0.25995 0.25467 0.27476 0.04432 0.51986 0.69529 0.64571 0.67943 0.53810 0.00000

13 0.39247 0.39853 0.64358 0.64090 0.63317 0.64604 0.64240 0.73500 0.28058 0.69526 0.65267 0.64109 0.00000

14 0.55635 0.56048 0.63426 0.62892 0.61939 0.63302 0.63062 0.71429 0.55896 0.71517 0.62123 0.62976 0.54667 0.00000
15 0.52899 0.52612 0.63558 0.64068 0.63882 0.63571 0.64691 0.73504 0.50474 0.72105 0.63838 0.63482 0.49270 0.51939 0.00000

O 03NN B W —

16 0.66137 0.65842 0.28187 0.27655 0.29612 0.19226 0.53516 0.69977 0.65380 0.69477 0.54640 0.18358 0.64684 0.63561 0.63373 0.00000
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hareketle cesitli ydntemler gelistirilmis, ancak agac yapisi varsayiminin gegerli olmadigi
durumlarda zorluklarla karsilasiimistir. Projede, aga¢ varsayimi yapilmadan, verilen bir ailenin
gen/protein yaisindaki dizilimlerden hareketle hesaplanan mesafe fonksiyonlari hesaplanmisg,
sonlu bir metrik uzay olarak Gromov ¢arpimi ve dortgen yapilari ¢ikariimis, agac yapisina
sahip olma/olmama ve déngulerin varligina karar verme konusunda yaklasiklik kriterleri
getirilmistir.
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