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Abstract

We consider a Zj-equivariant flow in R* with an integral of motion and a hyperbolic equilibrium with
a transverse homoclinic orbit I". We provide criteria for the existence of stable and unstable invariant man-
ifolds of I'. We prove that if these manifolds intersect transversely, creating a so-called super-homoclinic,
then in any neighborhood of this super-homoclinic there exist infinitely many multi-pulse homoclinic loops.
An application to a system of coupled nonlinear Schrédinger equations is considered.
© 2022 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
1.1. Background

Consider a Hamiltonian system (or more generally, a system with a smooth first integral)
defined for x € R?", n > 2 with an integral H, and a hyperbolic equilibrium O at the origin. An
orbit I' = {x (¢) : t € R} of this system is said to be ‘homoclinic to O’ or ‘a homoclinic loop’ if
it belongs to both stable and unstable invariant manifolds of O, or equivalently, x (t) — O as
t — *£oo. Existence of homoclinic orbits for systems with a smooth first integral is known to be
arobust phenomenon. This is due to the fact that the n-dimensional stable and unstable invariant
manifolds of O lie in the same (2n — 1)-dimensional level H = constant, and they may intersect
transversely in that level along the homoclinic orbits. A natural question which arises here is the
possible dynamics near homoclinic orbits in the level H (x) = H (O).

When x(¢) oscillates as it converges to O (this happens when the leading, i.e. the nearest to
the imaginary axis, eigenvalues of the linear part of the system at O are complex), the dynamics
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in H™! (0) is highly non-trivial [9,6,17,19,18,7,3]. On the other hand, when the leading eigen-
values are real and ||x (¢) || decays to zero monotonically as ¢t — 00, the generic dynamics in
H~!(0) are very simple. Thus, the only orbits staying in a small neighborhood of a finite bunch
of generic homoclinic loops to a saddle with real leading eigenvalues are only the homoclinic
loops themselves and the point O [26,29].

In this case, to have interesting behavior, we need degeneracies or symmetries. It was shown
in [24] (based on an earlier work [12]) that symmetries can lead to the emergence of the so-called
super-homoclinic orbits which, in turn, serve as limits of infinite series of multi-pulse homoclinic
loops. Namely, as shown in [24,28], in certain situations, the homoclinic loops or bunches of ho-
moclinic loops can have stable or unstable invariant manifolds; the super-homoclinics correspond
to the intersection of these manifolds.

In the non-conservative setting, super-homoclinic orbits and the non-trivial dynamics asso-
ciated with them were discovered and studied by Homburg [14]. Eleonsky et al. [12] spotted
super-homoclinic orbits in the numerical investigation of an electromagnetic field in a nonlinear
medium. Barrientos et al. [5] found super-homoclinics near a homoclinic loop to a saddle-focus
in the context of reversible systems, similar to the structure described for the Hamiltonian case
by Belyakov and Shilnikov in [6]. Chawanya and Ashwin [8] built an example of a heteroclinic
network that possesses a super-homoclinic in the sense of an orbit which connects sub-networks.
In general, super-homoclinic orbits may potentially appear in heteroclinic networks, especially
if the network undergoes a chaotic behavior, see e.g. [20].

In this paper, we consider the simplest case of Z,-symmetry which results in the emergence
of stable and unstable invariant manifolds for homoclinic loops, enabling the creation of super-
homoclinic orbits, and describe the multi-pulse homoclinics associated to them.

1.2. Problem setting and results

Consider a C*°-smooth 4-dimensional system of differential equations
f=X(x), xeR* (1.1
with a C*°-smooth first integral H : R* > R,ie.
VH(x)-X(x)=0. (1.2)
Assumption 1. X has a hyperbolic equilibrium state O at the origin.

By (1.2), we have H'(0)X’(0) = 0. Since X’(0) is nonsingular by Assumption 1, the linear
part of H at O vanishes.

Assumption 2. The quadratic part of H at O is a nondegenerate quadratic form.

It is easy to see (see e.g. [2]) that when Assumptions | and 2 are satisfied, system (1.1) near
O can be brought to the following form by a linear transformation:

i=—Au+o(lul,[v)), v=ATv+o(ul|v]), (1.3)
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Fig. 1. The transverse homoclinic loop I" in the invariant plane {u; = v{ = 0}.

where u = (uy, us) € R2, v = (v, 1) € R? and A is a matrix whose eigenvalues have positive
real parts. Moreover, the first integral takes the form:

H:(U,AM)+0<M2+U2), (1.4

where (-, -) is the standard inner product on R2.

Assumption 3. System (1.3) is invariant with respect to the symmetry

(u1,v1) < (—ug, —vy). (1.5)

Assumption 3 implies that the plane {u; = v; = 0} is invariant with respect to the flow of
system (1.3).
Note that we can always assume that H is invariant with respect to symmetry (1.5), i.e.

H (—uy,uz, —vi,v2) = H (u1,uz, v1,v2) . (1.6)

Otherwise, H (ui,uz,v1,v2) ;= % [H (uy,uz,v1,v2) + H (—uy,uy, —v1, v2)] can be taken as
the first integral.

The equilibrium state O is a saddle with 2-dimensional stable and unstable invariant manifolds
W+ (0) and W* (O) which are tangent at O to the u-plane and v-plane respectively. Both the
invariant manifolds lie in the 3-dimensional level { H = 0} and may intersect transversely in that
level, producing a number of homoclinic loops. We consider the following specific case:

Assumption 4. In the invariant plane {#; = v; = 0}, there exists a homoclinic loop I" of the
transverse intersection of W* (O) and W* (O) (see Fig. 1).

Since the action of this symmetry commutes with the linear part of system (1.3), the matrix A
is diagonal and takes the form
A 0
=(52)

for some positive real numbers A1 and L. Without loss of generality, let A1 < A».

Assumption 5. A # 21;.
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This is not a technical assumption. Indeed, we will see that the cases Ay < 2A1 and 2A1 < Ay
are dynamically different.

Let U be a sufficiently small neighborhood of I' U { O} in the zero level-set { H = 0}. The main
issue which is addressed in this paper is giving a complete description of dynamics in .

Definition 1.Let A=T, U, U--- Uy, where I'; are homoclinic to an equilibrium O, and
m > 1. Consider a sufficiently small open neighborhood U of A U {O} in the energy level of O.
The local stable (resp. unstable) set of A, denoted by Wi (A, U) (resp. Wi (A, U)), is the union
of A itself and the set of the points in &/ whose forward (resp. backward) orbits lie in ¢/ and their
w-limit sets (resp. a-limit sets) coincide with A U {O}. We may use the notations W} (A) and
Wyt .(A) for the stable and unstable sets of A when the neighborhood ¢/ is clear from the context.

By this definition, the local stable and unstable sets of I" always contain I'. Note that these
sets lie in the zero-level set {H = 0}. Denote by W}, (O) (resp. Wj; (O)) the set of the points in
ngo( 0O) (resp. ngO(O)) whose forward (resp. backward) orbits lie entirely in ¢/. Obviously,

W (0) N Wi () = Wy (0) N Wy () =T.

1.2.1. Dynamics near a single homoclinic orbit
Our first result is the following:

Theorem Al. Under Assumptions 1-5, the forward (backward) orbit of a point in U lies entirely
in U if and only if it belongs to W}, (0) U W}, (') (resp. W5 (O) U Wy, (I)).

By this theorem, to understand the dynamics near the homoclinic orbit I', we need to study
the local stable and unstable sets of this orbit. This is done in the following two theorems.

Theorem A2. If A, < 2A| and Assumptions 1-4 hold, then W}, (I') = W}, .(I') = I. Thus, by
Theorem Al, the forward and backward orbits of any point in U either leave U or converge to

0.

The next theorem describes the local stable and local unstable sets of I' when 2A; < A».
The formulation uses a specific choice of coordinates near the equilibrium O. We introduce this
coordinate system in Section 2 (see normal form (2.12)). For this choice of coordinates, system
(1.3) keeps its form and its invariance with respect to symmetry (1.5). Moreover, the first integral
takes the form

H (u1, u2, v1,v2) = Au1v] — Auava + 0 (u2 + v2> , (1.7)

and satisfies (1.6). The local stable and unstable, as well as the local strong stable and strong
unstable, invariant manifolds of O are straightened (i.e. W} (0) = {vi =v2 =0}, W) (0) =
{uy =uz =0}, Wik, (0) = {uy = vi = v2 =0}, Wit (0) = {uy = uz = vy = 0}), and the loop
I" leaves O along v;-axis toward positive v, and enters O along u»-axis toward positive u, (see
Fig. 2).

Take a small § > 0 and consider two small 2-dimensional cross-sections to the loop I" inside
the level {H = 0}: IT* = {up =8} N {H =0} and IT* = {vy, = 8} N {H = 0} (see Fig. 2). On each

5
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Fig. 2. This figure shows the positions of the cross-sections IT* and IT* to the homoclinic loop I'. The green and blue
curves correspond to the maps T1°¢ and T€°, respectively. Namely, 71°° maps the green point on IT® to the blue point
on I and then T8 maps the blue point to the red point on I1*. The red point is the image of the green point by the
Poincaré map T = T8 o T19¢_ (For interpretation of the colors in the figure(s), the reader is referred to the web version
of this article.)

of the cross-sections IT® and IT“, the variables u; and v, are uniquely determined by (u1, vy)
(see Lemma 2.12). This allows us to parametrize IT® and IT* by the (u1, v1)-coordinates.

Orbits which lie in ¢/ define a Poincaré map 7T that takes a subset of IT* to IT®. This map can
be written as a composition of a local map 7' from a subset of IT* to IT* which is defined by
the flow inside the §-neighborhood of O, and a global map 7€ from IT* to IT* which is defined
by the flow near the global piece of I" outside the §-neighborhood of O (see Fig. 2). Since the
flight time from IT* to I1® is bounded, the global map 7€ is a diffeomorphism. Consider the
points M* =T NTII® and M* =T NII* (note that both points correspond to (0, 0) in IT*-*). The
Taylor expansion of T at M* has the form

TE° (uy, v1) = (aus +bvy + o0 (ur,v1), cuy +dvy + o (ur,v1)), (1.8)

for some a, b, ¢, d € R. Since the local unstable manifold of O corresponds to {u; = 0}, and the
local stable manifold corresponds to {vi = 0}, the transversality assumption (see Assumption 4)
is equivalent to d # 0.

Theorem A3. Let 211 < Ay and Assumptions 1-4 hold. Suppose that system (1.3) near the equi-
librium O is brought to the form (2.12) and let b, c and d in (1.8) be non-zero.

(i) If cd > 0, then W}, (I') =T If cd <0, then W}, (') is a C'-smooth 2-dimensional invari-
ant manifold which is tangent to W;l , (0) at every point of T".

(ii) If bd <O, then W) (T') =T. If bd > 0, then W}, (") is a C!-smooth 2-dimensional invari-
ant manifold which is tangent to W;lo (O) at every point of T.

To stress the smoothness of W;; (I') and W}’ (T"), we further call them local stable and unsta-
ble invariant manifolds.

We remark a parallel to the case of a general homoclinic loop, considered in detail by Hom-
burg [14], see also [27,22,25], for which the existence of stable/unstable manifolds depends on
the sign of a certain coefficient in the Poincaré map (the so-called separatrix value [23]).
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Fig. 3. A pair of transverse homoclinic loops (I'{ U I'2) in the invariant plane {#| = v{ = 0}.

1.2.2. Dynamics near a homoclinic figure-eight
Next, we consider the existence of a pair of homoclinic loops in the invariant plane {u; =
vy = 0}:

Assumption 6. There exist two homoclinic loops I'| and I'; of transverse intersection of W* (O)
and W* (O) in the invariant plane {#; = v; = 0} such that they leave and enter O along opposite
directions (see Fig. 3).

Such scenario happens generically, when the level-set { H = 0} is compact. Let V be a small
neighborhood of I'y U {O} U 'y in the level-set { H = 0} and denote by ij (O) (resp. W{; 0))
the set of the points in ngO(O) (resp. Wé‘lo(O)) whose forward (resp. backward) orbits lie en-
tirely in V. Then

Theorem B1. Under Assumptions 1-3, 5 and 6, the forward (resp. backward) orbit of a point in
V lies entirely in'V if and only if it belongs to Wy, (O) U W;, (') U Wy, (1 UT2) U Wy (I"2)
(resp. Wi (0)UW} (D) UWE (T UT2) U WL (T)).

The next two theorems give analogues of Theorems A2 and A3 for the case of homoclinic
figure-eight.

Theorem B2.If A> < 2Ay, and Assumptions 1-3 and 6 hold, then W; (I'yUT?)
=W (I UT2) =T UTs. Thus, by Theorem Bl, the forward and backward orbits of any
point in'V either leave V or converge to O.

Consider the cross-sections I = {up =8} N {H =0} and I1{ = {v, =6} N{H =0} on I'y,
and IT} = {up = -6} N {H =0} and I1§ = {vo = =8} N {H =0} on I'; (see Fig. 7). We can
choose (11, v1)-coordinates on each of these cross-sections (see Lemma 2.12). Let T;, Tl.10C and

Tl.glo be the associated maps along I';. For i = 1, 2, consider the points M;"* =T; N I1;"", and let
a;, b;, ¢; and d; be the corresponding Taylor coefficients of Tiglo, as in (1.8).

Theorem B3. Assume 2\ < Ay and Assumptions -3 and 6. Suppose that system (1.3) near the
equilibrium O is brought to the form (2.12) and let b;, ¢; and d; (i = 1,2) be non-zero.

(i) Ifcidy > O and cady > 0, then W, (' UTy) isa C!-smooth 2-dimensional invariant man-
ifold which is tangent to Wgslo (O) at every point of T'1 U ;.

7
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(u1,1)

Fig. 4. The orbit I" (brown) is homoclinic to the saddle equilibrium O. The super-homoclinic orbit S (blue) is homoclinic
toTU{0}.

(ii) If bidy < 0 and bady < O, then Wy, (I''UT?) is a Cl-smooth 2-dimensional invariant
manifold which is tangent to Wg”lo (O) at every point of 'y U T'.
(iii) Otherwise, we have W) (' UT'2) =W (I'tUl') =T UT.

Let 0 <y = i—l <1, and consider a one-parameter family {X, } of the vector fields of the
form (1.3) that satisfy the assumptions stated above. In particular, suppose that X, possesses a
homoclinic orbit I, which persists as y varies. Then, according to our results, when y > 0.5,
there is no dynamics near the homoclinic orbit I'), in its energy level, while when y < 0.5,
depending on how the global map behaves (i.e. what the coefficients a, b, c and d are), there may
exist stable and unstable invariant manifolds to the homoclinic loop I',,. This lets us to conjecture
that saddle periodic orbits can be born in the level H = 0 as y crosses % This question requires
a further investigation.

1.2.3. Dynamics near a super-homoclinic orbit

Coming back to the case of the single homoclinic loop I', we consider the case in which both
Wi () and Wy¢ (I") are non-trivial. Notice that, according to Theorem A3, in order for these
two manifolds to coexist, we require cd < 0 and bd > 0. Continuing these two local manifolds
by the flow of the system gives the global stable and unstable invariant manifolds of I", denoted
by ng10 (I') and Wg"10 (I'), respectively. These manifolds lie in the 3-dimensional level {H = 0}
which means that it would be reasonable if we assume that they intersect transversely in that
level. Any orbit at this intersection is bi-asymptotic, or in other words, homoclinic to the union
of I' and the equilibrium O, i.e. converges to I' U {O} as t — Fo00. We refer to such an orbit as
‘homoclinic to homoclinic’ or ‘super-homoclinic’ orbit (See Fig. 4).
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Assumption 7. There exists a super-homoclinic orbit S of the transverse intersection of ng o (D)
and Wé’] o (D).

Theorem C1. Under Assumptions 1-4 and 7, there exist infinitely many multi-pulse homoclinic
loops in a small neighborhood of S UT U {0} (i.e. the closure of S).

A similar result holds for a homoclinic to homoclinic figure-eight:

Assumption 8. There exists a super-homoclinic orbit & of the transverse intersection of
ngo (I'yury) and ngo (ryury).

Theorem C2. Under Assumptions 1-3, 5, 6 and 8, there exist infinitely many multi-pulse homo-
clinic loops in a small neighborhood of SU{0O}UT' | UT; (i.e. the closure of S).

The multi-pulse homoclinic orbits in Theorem C1 (and Theorem C2) refer to homoclinic
loops that intersect the cross-section I1° (resp. IT] U IT3) in n points. We call such orbits n-
pulse homoclinic. We prove that the existence of super-homoclinic orbits implies the existence
of n-pulse homoclinic orbits for arbitrarily large n.

1.3. Coupled nonlinear Schrodinger equations

The coupled nonlinear Schrodinger equation (CNLSE) is one of the basic models for light
propagation. This equation also has various applications in different branches of physics since
it appears as a universal model of behavior near a threshold of instability (see e.g. [16]). In this

section, we discuss this equation as an application of our theory.
The CNLSE is written as

W+ W +2 (o WP+ ) w =0,
(1.9)
i@+ Ou +2 (W12 + B1OF) @ =0,

where W and ® are complex-valued functions of (¢, x). We consider the case where o and g are
positive real constants. We consider the steady-state solutions of (1.9) which are of the form

W x) =y (x),  D(x) = (x),

for some real valued functions ¥ and ¢. By a rescaling, we can assume w; =1 and wr = w
(w > 0). Thus, the stationary solutions of CNLSE satisfy

Va=v=2(av?+0) Y. =09 -2(v+e%)9.
Define 1 (x) = W/, 2 () = e, 91 () = § and ¢2 (x) = . Then,

. oH . oH
bi=o—=vn  da=—am =y —2(avi+¢}) v,

CAZ) Y1 (1.10)
b= _y b= g2 (v +80}) 6 |

9
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where H = % [1/;22 + ¢% — wlz - a)2¢>12 + ompf + 2¢12¢f + ﬂ(f)ﬂ. This system is Hamiltonian
with two degrees of freedom. Diagonalizing the linear part reduces this system to

. . 1
uy=-—ui+ Ey (u,v), v =+v; + - Ep (4, v),
2 (1.11)

iy = —wuz + E (u,v), vz=+wvz—%Ez(u,v),

where E| and E; are cubic functions of (u, v), and transforms the Hamiltonian H to the form
H =uv; — wuzvy + O (|| (u,v) ||4). This system is invariant with respect to symmetry (1.5)
and the symmetry (13, v3) <> (—u3, —v2). Therefore, assuming 1 < w # 2, system (1.11) meets
all Assumptions 1-3 and 5. In addition, it possesses a pair of homoclinic solutions (homoclinic
figure-eight):

=0, w(n)=—— 2 D=0, m= KTy
up(x)=0, wx)=——5——, v (x)=0, EX)=—m—5——, K= .

! ? /B cosh? (wx) ! 2 2./B cosh? (wx)
(1.12)

These solutions correspond to the following solutions of (1.9):
weiwzt

W(t,x)=0, P, x)=——. 1.13
(t, %) (t, %) /B cosh (@) (1.13)

We consider the case where the homoclinic figure-eight (1.12) is transverse, i.e. Assumption 6
is met. Therefore, the dynamics near this homoclinic figure-eight in the level { H = 0} can be an-
alyzed by Theorems B2 and B3. For w < 2, Theorem B2 implies that both forward and backward
orbits of any point close to the homoclinic figure-eight leave a small neighborhood of it (in the
level {H = 0}) unless it lies on the stable or unstable invariant manifolds of O. For the case of
w > 2, in order to apply Theorem B3, one needs to reduce system (1.11) to normal form (2.12)
and compute the coefficients a;, b;, ¢; and d; (i =1, 2).

System (1.11) is reversible with respect to the linear involution u <> vy, uz <> v>. In general,
a system X = f (x) on R” is said to be reversible with respect to an involution R, i.e. a diffeo-
morphism on R” with the property R> =id, if dR o f = — f o R. It is easily seen that when x (¢)
is a solution, so does R o x (—t). The reversibility of system (1.11) implies

Proposition 1.1. For A =T'1,I'2, "1 U Ty, the manifold W}, .(A) is non-trivial if and only if
W} . (A) is non-trivial.

Reducing system (1.11) to normal form (2.12) preserves the invariance of the system with
respect to the symmetry (17, v2) <> (—u2, —v2). This implies that the loops I'1 and I'; are sym-
metric, and @y =ap =a, by = by =b, c; = ¢ = c and d| = d» = d. Because of the symmetry,
Proposition 1.1 implies

Proposition 1.2. Simultaneously, all the manifolds Wy, . (I'y), W) . (I'1), W[, . (I'2) and W} . (T2)
are either trivial or non-trivial.

Concerning the coefficients a, b, ¢ and d, notice that the Hamiltonian structure of the equa-
tions implies that the map T2'° is area- and orientation-preserving; hence ad — bc = 1. Therefore,

10
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-1
(‘f b) = ( d 71’), so the reversibility implies b = —c. Recall also that the transversality con-
cd —c a
dition implies d # 0.

It follows from Theorem B3 that if bd > 0, then the local unstable invariant manifold of each
of the loops I'1 and I'; is non-trivial, while the local unstable invariant manifold of the homoclinic
figure-eight I'y U I'; is trivial (i.e. coincides with I'1 U {O} U I'7). In contrast, when bd < 0, the
local unstable invariant manifold of the homoclinic figure-eight is non-trivial, while the local
unstable invariant manifold of each of the loops I'; and I'; is trivial. The same conclusion holds
for the corresponding stable manifolds. This analysis together with Propositions 1.1 and 1.2
yields

Proposition 1.3. Let w > 2 and suppose that the coefficients b, ¢ and d are non-zero. Then, one
(and only one) of the following two scenarios holds:

(i) The manifolds W (I'y UT2) and W}, . (I'1 UT'2) are non-trivial, i.e. bd = —cd < 0.
(i) The manifolds W, .(I'1), Wy (1), W . (I'2) and W;, . (I'2) are non-trivial, i.e. bd =
—cd > 0.

To figure out which of the scenarios above happens for CNLSE, one needs to find the corre-
sponding coefficients a, b, ¢ and d. For any particular values of «, 8 and w, this can be done
numerically by solving the linearization of system (1.10) along the solution (1.13). It is also easy
to show that as w — 0o, the coefficient d changes sign infinitely many times. When d = 0, we
have b? = 1, so crossing d = 0 leads to a change of sign of bd. Thus, both cases of the above
proposition are realized in CNLSE. In either case, there are non-trivial local stable and unsta-
ble invariant manifolds of the homoclinic orbits in the CNLSE. Globalizing these manifolds, we
conjecture that they intersect transversely along some super-homoclinic orbits:

Conjecture 1.4. The coupled nonlinear Schrodinger equations given by (1.9) possess transverse
super-homoclinic orbits.

Our conjecture is based on the fact that the stable and unstable manifolds of the homoclinic
loops are 2-dimensional manifolds lying in the same compact 3-dimensional energy level, and -
by Poincaré recurrence - come infinitely close to each other. Hence, they are likely to intersect
transversely along super-homoclinic orbits. Moreover, numerical evidence [11,10,30,31] points
to the existence of infinitely many multi-pulse homoclinic orbits in the CNLSE. This supports
our conjecture since, by Theorems C1 and C2, the existence of these multi-pulse homoclinics
might be a bi-product of the existence of super-homoclinic orbits.

1.4. The methods and organization of the paper

The standard approach for investigating the dynamics near homoclinic orbits is to study the
Poincaré maps along these orbits. The main difficulty in dealing with these maps is that the
Poincaré map along a homoclinic orbit is a singular map defined on a non-trivial domain. Let I’
be a homoclinic orbit, ¥ be a small cross-section to it, 7 be the Poincaré map defined on some
domain D C %, and M be the intersection point of I" and X. The point M does not belong to
the domain D, however, it is in the closure of this set. The domain D in our case consists of
several (at least two) connected components each with non-empty interior, while the set DU {M}
is connected, but D U {M} does not contain an open neighborhood of M in X. The point M is a

11
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singularity for the Poincaré map T': as z — M for z € D, we have ||dT (z) | — 00, so, extending
the map 7 to D U {M} by defining T (M) = M and turning M to the fixed point of 7', does not
remove this singularity.

Due to these properties, the smooth theory of Hadamard-Perron cannot be applied directly
to study the invariant manifolds of the Poincaré maps along homoclinics. Our approach for in-
vestigating the invariant manifolds is applying the method of Shilnikov cross-maps [23,13]. To
describe this method, assume that the Poincaré map 7T is written by

xX=fx,y)),
y=g(x,y)

where f and g are some functions defined on D such that

f&x,y)y= lim g(x,y)=(0,0),

(x, y)—>(0 0) »y)—(0,0)

and the point M corresponds to (x, y) = (0, 0). Suppose that y in the second equation can be
solved in terms of (x,y), i.e. y = G (x,y) for some function G. This leads us to introduce the
map 7> defined by

x=F(x,y),
=G(x.y),

where F (x,y) = f (x, G (x,¥)). In other words, the Poincaré map T takes (x, y) to (x,7y) if
and only if the cross-map 7 maps (x, y) to (X, y). Denote the domain of 7 by D*. Note that
the point M = (x,y) = (0, 0) is not in the domain D>, however, it lies in the closure of D*.

The advantage of dealing with the cross-map T over the Poincaré map T is that despite
14T (x,y) || = oo as (x,y) = M, the limit lim(, 3 p T (x,y) may exist. This property, if
the (x, y) coordinates system on X is chosen appropriately, enables us to extend the cross-map
T to an open neighborhood of M smoothly. Then, according to Theorem 8 (see Appendix D), if
extended T satisfies certain properties, the Poincaré map T possesses an invariant manifold that
contains the w-limit points of every forward orbit of the domain. This is exactly the procedure
that we follow in this paper to prove the existence of invariant manifolds of the Poincaré maps
along the homoclinic orbits.

In order to obtain necessary estimates for the Poincaré map, we first bring our system near
the equilibrium state O to a normal form. Notice that our system is not necessarily lineariz-
able. Indeed, since the spectrum of the linear part of the system is {—X2, —A1, A1, A2}, for some
0 < A1 < Xy, resonances prevent the linearization. In this paper, we follow the approach of
Ovsyaninkov and Shilnikov [21] (see also [28] and [23]) for the normal form reduction. In con-
trast to the standard normal form approach in which the system near a hyperbolic equilibrium
reduces to a polynomial vector field that consists of only resonant terms up to some order (see
e.g. [15] and [4]), in the approach of [21], some non-resonant terms remain in the normal form,
while some resonant terms of low-orders are eliminated.

Once the system is brought to a normal form, we need to investigate the behavior of the
orbits near the equilibrium state O. This enables us to compute the Poincaré maps. To do this,
we apply the method of successive approximations (more specifically, Shilnikov’s method of
solving boundary value problems, see [23]) to estimate the flow near the equilibrium O.

12
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This paper is organized as follows: Section 2 is dedicated to the study of the local map 7'°°.
In Section 2.1, we define this map and its domain precisely. Then, in Section 2.2, we bring our
system near the equilibrium state O to a normal form. In Section 2.3, we investigate the behavior
of the orbits near the equilibrium state O. Finally, in Section 2.4, we analyze the domain and the
behavior of the local map.

In Section 3, we use the results of Section 2 to study the dynamics near the homoclinic orbits.
In Section 3.1, we introduce some notations. In Section 3.2, we study the dynamics near the
homoclinic orbit I when A, < 21. Theorem A2 is proved in this section. The dynamics near I"
when 2A1 < A is studied in Section 3.3. We prove Theorem A3 in this section. Theorem Al is
also proved in these two sections. The case of homoclinic figure-eight is studied in Section 3.4.
The proofs of Theorems B 1, B2 and B3 are provided in this section. Finally, we discuss the case
of superhomoclinics in Section 3.5. We prove Theorems C1 and C2 in this section.

Most of the technical lemmas and calculations are postponed to appendices. We also give a
brief introduction to the method of cross-maps in Appendix D.

Acknowledgments. SB was supported by EU Marie Sklodowska-Curie ITN Critical Transi-
tions in Complex Systems (H2020-MSCA-ITN-2014 643073 CRITICS), European Union ERC
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and 19-71-10048 of the Russian Science Foundation (RSF), by the Mathematical Center at the
Lobachevsky University of Nizhny Novgorod, and by the grant 075-15-2019-1931 of Russian
Ministry of Science and Higher Education.

2. Analysis near the equilibrium state O
2.1. Set-up and notations

Our approach for studying the dynamics near the homoclinic loop I" (and homoclinic figure-
eight 'y U I'y) is based on the study of the behavior of the corresponding Poincaré map(s). As
was mentioned earlier, the Poincaré map T along the homoclinic loop I' can be written as the
composition of a global and a local map. This section is dedicated to the study of the behavior
of the local map T'°¢. To this end, we first need to choose appropriate coordinates near the
equilibrium state O of system (1.3). This is done in Section 2.2 below. We consider three different
cases of A; = Az, A; < A2 < 2Ap and 21| < A2, and introduce a specific normal form for each
case. In Section 2.3, we employ the Shilnikov technique for solving boundary value problems
to compute the flow near the equilibrium O. This allows us to find an approximation for the
local map. Finally, in Section 2.4, we study the behavior of this map and investigate some of its
properties.

In comparison to the global map, the local map has more complicated behavior. Indeed, T8/
is a diffeomorphism and can be approximated by its Taylor polynomial while the local map 7°°¢
is a singular map with a non-trivial domain.

Let us now give a more precise meaning to the above terminologies. Recall the cross-sections
IT° and IT*. In all of the normal forms considered in Section 2.2, the local stable and local
unstable as well as the local strong stable and local strong unstable invariant manifolds of O are
straightened. Therefore, the homoclinic loop I' intersects IT¥ and IT* at M* = (0, §,0,0) and
M" =(0,0,0, 8), respectively. As it is proved later (see Section 2.4.1), we can choose a (11, v1)
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_(_/n__)_ e (u1,v1)

M i % l:’\l
L 2 0 | //
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Fig. 5. The e-ball around M¥ in IT° and the €,-ball around M* in 1% are shown by green and red colors, respectively.
The domain D of the Poincaré map T is the set of the points (#1(, v1¢) in the green ball whose forward orbits intersect
I1* at (11, v17) in the red ball (see relation (2.1)).

coordinate-system on each of these cross-sections. Both M* and M* correspond to (0, 0) in this
coordinate-system.

Consider a point (u19, v1p) on IT° close to M* (e.g. the green point in Fig. 2) whose forward
orbit goes along the homoclinic loop T', after a certain time 7 it crosses I[1* at a point (¢, vi7)
(e.g. the blue point in Fig. 2), and after a finite time it comes back to IT* at a point (u1¢, v10)
(e.g. the red point in Fig. 2). Obviously, T — oo as (119, vig) = M?. Let D C I1° be the set of
all such points (u19, vio) that satisfy

l(u10, vio)ll <€ and  |[(uic, vio)ll < €u, 2.1

for some sufficiently small constants 0 < € <€, < § (see Fig. 5). It is trivial that M* ¢ D. When
D # (), we define the Poincaré map T : D — IT° by (u19, v19) —> (@10, V10). The local map
T!o¢ . D — TI* is defined by

(10, v10) —> (U172, V17) - (2.2)

The global map is defined on the ¢,-ball B, in [1* centered at M“, i.e. T/ : B., — T1°, and
its restriction to 7% (D) C Bk, is

(17, vi7) —> (410, V10) - (2.3)

Obviously, T = T8 o Tloc,

Not every orbit starting from IT® goes along I' and intersects the cross-section IT*. Trivial
examples are the orbits that start at W} . (O) N I1°. Other examples are the orbits that go along
the other branch of Wi (O) (negative side of v;-axis). Consider a cross-section ¥ = {vy =
—38}N{H = 0} to the negative branch of W (O). It will be shown that (1, v1)-coordinates can
be chosen on this cross-section. Then

Definition 2. We denote by D the set of the points (10, vig) on IT° close to M* whose for-
ward orbits go along the negative branch of Wt (0), and after a certain time 7 they cross ¥ at
(417, v17) such that (2.1) holds (see Fig. 6).

For the case of homoclinic figure-eight, we define the domains D and D for each loop:

Notation 2.1. For i = 1,2, we denote by D’ and D! the corresponding domains D C IT and
D C I of the loop I';, respectively.
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(u1,v1)

I

Fig. 6. The domain D of the Poincaré map is defined as the set of the points on IT¥ close to M* that go along the
homoclinic loop I" and intersect I1# = {vy = &} N {H = 0} at points close to M*. For instance, the blue point on IT*
belongs to D. Similarly, we define D as the set of the points on IT* close to M* that go along I until they get close to O
and then go along the negative side of v-axis and intersect the cross-section ¥ = {vy; = —4§} N {H = 0} at points close
to the point of the intersection of ¥ and v;-axis (e.g. the pink point on IT* belongs to D).

(%) (%) T,
(Ul; 111)

u
11, Ty

Fig. 7. (left) The positions of the cross-sections I1{, [1{, [T} and I} are shown. (right) I'; and I'; are homoclinic orbits.

The blue, brown, green, yellow, red and pink curves correspond to the maps Tlglo, Tllgc, nglo, Tzhl’c, Tl10C and Tzloc,

respectively. The Poincaré maps T (along I'1) and T, (along I'y) are defined by T} = Tlglo o Tl10C and T = ngln o Tzloc,

respectively.

An orbit starting from D! C I} (resp. D> c IT3) goes along I'y (resp. I';) and intersects IT{
(resp. I1%), while an orbit which starts from D' c I} (resp. D2 c IT5) goes along the negative
(resp. positive) side of vy-axis and intersects 1'[’5 (resp. H’f).

We introduced the Poincaré, local and global maps along a single homoclinic loop above. For
the case of homoclinic figure eight, we also define these maps for each loop:

Notation 2.2. We denote by T;, Tl.l"C and Tl.glo the Poincaré, local and global maps along I';
(i =1, 2), respectively (see Fig. 7).

To study the case of a homoclinic figure-eight, we consider two extra local maps:

Definition 3. We define the map Tllgc ‘D! ¢ 1§ — 115 (T21‘1’C ‘D2 15 — TI{) by (u10, vi0) =
(17, vi7) where (u19, vio) € D! (€ D?) and (u17, vi7) € 14 (€ TT¥) (see Fig. 7).
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2.2. Choice of coordinates near the equilibrium state O

This section is dedicated to finding suitable coordinate systems near the equilibrium state O.
As it was mentioned above, we consider three different cases of A = Az, A < A2 < 2A; and
211 < X2, and for each case we bring system (1.3) into a particular normal form. The proofs of
the results stated below are postponed to Appendix A. We start with the following:

Lemma 2.3. Consider system (1.3) and first integral (1.4). There exists a C°°-smooth change of
coordinates which brings system (1.3) to the form

iy =—ruy + fui(uy, uz, vi, v2)ur + fra(un, uz, vi, v2)uz,
up = —up + far(ui, uz, vi,v2)ur + foo(ui, uz, vi, v2)uz, 24
U1 = +A1v1 + g (ur, uz, vi, v2)vr + gr2(u1, Uz, Vi, V2) V2,
U2 = +A2v2 + g1 (U1, uz, v1, V2)vy + g2 (U1, Uz, v1, V2)v2,
where the functions f;;, gij are C*°-smooth and vanish at the origin, i.e.
ij (0,0,0,0) =g;; (0,0,0,0) =0, (2.5)
and transforms first integral (1.4) to
H =X ujvy — Aupvs. (2.6)
Moreover, system (2.4) remains invariant with respect to symmetry (1.5). In particular,
f12(0,u2,0,v2) =0, g12(0,u2,0,v2) =0. (2.7

The statement of Lemma 2.3 holds for arbitrary 0 < A1 < A,. However, we will particularly
use this normal form for analyzing the case A1 = A5.

Lemma 2.4. Consider system (1.3) and first integral (1.4), and assume A1 < L. There exists a
C*>®-smooth change of coordinates which brings system (1.3) to the form

uy=—Aur + fi1 (uy, v)ur + fro (uy, uz, v)uz,

iy = —Aouz + fo1 (uy, v)ur + foo (U, uz, v) uz,

. (2.8)
v =+Avr + g (u, vi) vi + g1z (u, vi, v2) v2,
U2 = +A2v2 + g21 (u, v1) v1 + 822 (u, V1, V2) V2,
where the functions fi}, gij are C*°-smooth and satisfy the identities
m@O,v)=0, fii(u,00=0, f2w,00=0, f21(0,v)=0, [f2(0,v)=0, 29

g11(u,00=0, gn0,v)=0, gp0v)=0, gi1@0=0, gxn,0)=0.

This change of coordinates transforms first integral (1.4) to
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H =Auvi [1+ Hi (u,v)] — 2auzva [1 + Hy (u, v)], (2.10)

where H| and H, are C*° functions that vanish at O. We can write (2.10) as

H=X uvi[14+0()]—2uva[l+o(1)]. 2.11)

Moreover, normal form (2.8) and first integral (2.10) remain invariant with respect to symmetry
(1.5). In particular, (2.7) holds.

The statement of Lemma 2.4 holds for arbitrary A1 < A,. However, we will particularly use
this normal form to analyze the local dynamics near O when A; < Ay < 2X1. The normal form
that is used for analyzing the case 211 < X, is given by the following:

Lemma 2.5. Consider system (1.3) and first integral (1.4) and assume 21| < Xy. Let q be the
largest integer such that gh1 < A. There exists a C1-smooth change of coordinates which brings
system (1.3) to the form

up=—Aur + fir (uy, v)ur + fro (uy, uz, v)uz,

oy = —Aauz + foo (U1, uz, v) uz,
. (2.12)
vp =+Av; +g11 (u, v) vy + g12 (v, v1, v2) V2,

U2 = +A2vp + 822 (u, V1, V2) V2,

where f;; and g;; are C1 ~L_smooth and satisfy identities (2.9). This change of coordinates trans-
forms first integral (1.4) to

H = auvy [1+ Hy (u, v)] — hauava [1 + Hy (u, v)] + uav? Hs (1, v) + vout Hy (u, v), (2.13)

where H is C4, and Hy, Hy, Hy and Hy are some C17 ', C4, C172 and C472 functions, respec-
tively, such that Hi(O) = Hy(O) = 0. Moreover, system (2.12) and first integral (2.13) remain
invariant with respect to symmetry (1.5). In particular, (2.7) holds.

Remark 2.6. For simplicity, we can write (2.13) as

H = uv [1+0(1)] = Auava [1 40 ()] 4+ u2v3 0 (1) + vu3 0 (1)

A common structure of all of normal forms (2.4), (2.8) and (2.12) is that the local stable
and unstable as well as the local strong stable and strong unstable invariant manifolds of the

equilibrium O are straightened, i.e. W} = {v =0}, W = {u =0}, Wi, = {u; = v = v =0}

and W = {u| = uz = v; = 0}. For the particular case of normal form (2.12), the local extended

stable and extended unstable invariant manifolds of O are straightened too, i.e. Wlsof ={vp, =0}
and W*E = {u; = 0).

loc
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2.3. Trajectories near the equilibrium state O

In this section, we estimate the solutions of systems (2.4), (2.8) and (2.12) near the equilibrium
state O by using the technique of successive approximations.
Consider the system

Ui =—Aiu; + F; (uy, uz, vi, v2) .
_ . (=12 (2.14)
v; = +Aiv; + G (uy, uz, v, v2)

where F1, F>, G| and G, and their first derivatives vanish at the origin. By [23] (Theorem
2.9), for given t > 0 and sufficiently small u 9, 129, v1; and vy, there exists a unique solution
(u1 (@), uz(t),v1(t),v2(2)) of system (2.14) such that

ur (0)=uio, u20)=uz, vi(r)=vir, vV2(T)=0v2. (2.15)

The dependence of this solution on each of the variables t, u1q, 29, v1; and v is as smooth as
the original system (2.14).

The following lemmas estimate the solutions of systems (2.4), (2.8) and (2.12) that satisfy
boundary condition (2.15). We prove these lemmas in Appendix B.

Lemma 2.7. Let A = A1 = Ao. There exists M > 0 such that for any sufficiently small § > 0, and

any w10, u20, Vi and var, where max{luiol, [uzol, [vizl, [v2c [} <6, the solution (u (1), v (1)) of
system (2.4) that satisfies boundary condition (2.15) can be written as

ur(t) =e Muyo +& (x), ur(t) = e Mung + & (x),

(2.16)
v1(t) =e Ty 44y (x), v(t) =e TNy + 5 (x),

where x = (t, T, u10, 420, V17, V27), t € [0, T], max{|&], |&2]} < Me 82 and max{|¢1], ||} <
Me D82 We can also write

ui(r) —e M [ulo + 0 (82)] , uy(t) = e M [uzo + 0 (82)] s

2.17)
Vi (t) =e @D [vlf +0 (32)] , o (t) = e HTD [vz, 10 (52)] .

Lemma 2.8. There exists M > 0 such that for any sufficiently small § > 0, and any w19, uzg, vi¢
and vy, where max{|uygl, lu2ol, [vicl, [var |} <6, the solution (u (t),v (t)) of system (2.8) that
satisfies boundary condition (2.15) can be written as

uy () =e " uo + & (x), ur(t) = e unp + & (x),

(2.18)
v () =e My + 4 (x), v () =e 2T Dy + 05 (x),

where x = (t, T, u10, 420, V17, V27), t € [0, 7], and
|61l =M [fw5|u10| + fh(f*l)*h’rﬂvlrl] , |62 < Me 7282,
161l =M [e_kl(t_t)fslvlrl +e_“(’_’)_”3|u10|], lca] < Me 227082,
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We can also write
ur(t) =e " Mup[1 4 0 ()] + e MT7210 (Suyr) ua(t) = e~ [”20 +0 (52)]’

01 () =e MDY [14 0 )] +e 2T D7MO (Suyg), va(r) =e 277D [vzf +0 (52>] '
(2.19)

Lemma 2.9. There exists M > 0 such that for any sufficiently small § > 0, and any u1¢, w20, v1¢
and va,, where max{|uiol, |u20l, |11, |v2r|} <8, the solution (u (t), v (t)) of system (2.12) that
satisfies boundary condition (2.15) can be written in the form (2.18), where t € [0, ] and

1§11 <M [@_M%Iuwl +e_“(’+’)6|v1r|], &2 < Me™'62,

161l =M [eﬁl(tft)fslvlrl +e’“(2’+t)8|u10|] , 0o < Me 2277052,
Remark 2.10. For simplicity, we can write the solution given by Lemma 2.9 as

uy () =e Mup[14 0 )] +e 0 (Svy,), up (1) = e [“zo +0 (52)] :

v (1) =e MDY 140G +e P D0 Buyg),  va(r)=e 200 [vzf +0 (52)] :
(2.20)

2.4. Local maps and their properties

In this section, we use the results of the previous two sections to study the local maps for each
of systems (2.4), (2.8) and (2.12). Recall (2.2) and write

T (w10, v10) = (17, vie) = (M (10, v10) , 12 (w10, V10) ), (221)

where 11 and 7, are some functions. In the previous section, for each of systems (2.4), (2.8) and
(2.12), we have approximated the unique solution (u*, v*) which satisfies boundary conditions
(2.15) (see Lemmas 2.7, 2.8 and 2.9). We write this solution as

uj (t) =uj (t,7,ui0, u20, vz, V2r),

us (t) =u (t, T, u10, u20, Vir, V2r),
) : (2.22)
vy (1) =v] (¢, T, u10, U20, V17, V27)

vy (1) = (t, T, u10, U20, Vir, V27),

to emphasize that it explicitly depends on ¢, T, ujg, u29, vir and vy,. This solution repre-
sents an orbit which at + = 0 is at the point (u19, 429, v10, v20) and at ¢t = t is at the point
(17, u2e, Vic, V27).

To study the map T!°¢ we consider the case in which uyy = vy, = §, i.e. the points
(410, u20, v10, V20) and (u1r, U2, V17, V27) belong to IT° and IT*, respectively. Evaluating the
first equation of (2.22) at t = t and the last two equations of (2.22) at = 0 gives
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Ul = MT (T9 T,U10, 87 Vi, 8) ’
vio =] (0, 7, u10, 8, vi7,8), (2.23)

vao =5 (0, 7, u10, 8, V17, 98),

which is an implicit relation between u19, vi9, v20, 41 = 11 (410, v10), V1r = 12 (U190, v10) and
7. On the other hand, 7 and v;¢ can be expressed as functions of (119, vig). This allows us to
approximate the functions n and ;.

Notation 2.11. Hereafter, we use the following notation: y = %

2.4.1. Choice of coordinates on the cross-sections
We point out here that we can always choose (u1, vi)- coordinate system on each of our
cross-sections:

Lemma 2.12. In each of the cases A1 = Ay, Ay < 2A1 and 2A1 < \y, for any arbitrary point
(u1,uz, vy, v2) of each of the cross-sections 1%, T, Hsl, Iy, 1'[5, 15 and %, the variables u;
and vy are uniquely determined by (u1, vy).

Proof. We only prove the statement for IT° and IT*. The proof for the other cross-sections is the
same.

Consider system (2.4) and suppose A1 = Ap. Let (uj9, 8, vi0, v20) and (uir, uz;, vi¢,8) be
two points on IT* and IT*, respectively. By virtue of the relation { H = 0}, where H is as in (2.6),
we have

v20=871u10v10 and uzfzb‘*lul,vlr. (2.24)

This proves the lemma for the case A1 = A;.

A straightforward calculation (see [2]) shows that for the cases of systems (2.8) and (2.12),
and their corresponding first integrals, we have H,, (0, 8,0, 0) # 0 and H,, (0,0, 0, §) # 0. Then,
the proof for the cases A, < 211 and 21| < A; follows from the implicit function theorem. O

2.4.2. Local maps: case Ay = \»
We prove D = J by showing that (2.1) never holds. This implies that the Poincaré map along I
cannot be defined when A1 = X,. This also proves Theorem A2 for the particular case of A| = X;.
Let A = A1 = A, and consider the case usy = vy, = §. Evaluating the first two equations of
(2.17) at t = t and the last two equations at ¢t = 0 gives

e =" [uo+0 ()], wme=eSHH0G),
(2.25)
vip =T [vlf +0 (32)] , v = e TS [1+ 0 (8)].
Substituting (2.24) into this relation gives e = “lg# [1+ O (8)]. Therefore,
AT 2\ o2 -1 2\ . —1¢2
vie =" o1+ 0 (87) =% [1+ 0 @)1+ 0 (87) =uj 82 [1 4+ 0 B)].
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For a given sufficiently small §, we have
lim @iz, vi0)]l = lim fvie] = lim [uo]~'8%[1+ O (8)] = oo.
u10—0 u19—0 u19p—0

This means that (2.1) does not hold when € and €, are chosen sufficiently small. On the other
hand, it is easily seen that the same happens for the points (19, vig) in D. The same also holds
for the case of homoclinic figure-eight. Therefore,

Proposition 2.13. When 11 = Ay, we have D=D =D!' =D! =D* =D? = .
2.4.3. Local maps: case A <,y < 2X

Let A < Ay < 2X; and consider the case upy = vo; = 8. Evaluating the first two equations of
(2.19) at t = t and the last two equations at r = 0 gives

ure = MTuro[1 4 0 ()1 + 77270 (Sviy), Uz = e 27§14 0 ()], (2.26)
vip =¢ M1, [14 O ()] + €270 (Suyg) , v = e TS [1+ 0 (5)]. '
This, in particular, implies
Vi = M0 [1 4+ O (8)]+ X170 (Suyg). (2.27)

First integral (2.10) vanishes at (#19, 8, v10, v20) € IT°. Thus vyg = % -u1ovio[1 + o(1)]. There-
fore, (2.26) implies

e =y5 2uovi0[1 4 0 (9], (2.28)
and therefore
Y
M7 = (v 2uiovi0) (140 @], (2229)
By these relations, we rewrite (2.27) as
n2 (10, v10) = vir = vy [1+ 0 (8)]. (2.30)
Substituting this into the equation of u1, in (2.26) gives
— _ o, MT (A1—A2)T
N1 (u10,vi0) =uir =e "uj[l1+ 0 ()] +e O (Svy0) - (2.31)

Let us now explore the domain D of the map 7'°°. By choosing § sufficiently small such that
|O (8)| <1, we have

Ul a7 110l e Y o 8y »
ol <emtor ZI0  phar < 28 (32 4 ujgugo]) < —2€2
=% ol =57 o+ lmoviol) = 53

Vit

Therefore, for any given (fixed) sufficiently small 6, we have u1; = v1; O (62). Thus,
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M

» U10

Fig. 8. The regions D and D for the case 1| < Ap < 2A; are shown in green and blue, respectively. They are surrounded
by horizontal axis, e€-ball B¢ and the curves characterized by (2.32). Since y = )\1)»2_1 > (.5, these curves are tangent
to the horizontal axis at M* = (0, 0).

e vio)l =i+ 03, = oiel [1+0 ()| = (872) " husol 7 uiol' 7 114 0 ®)1.

Therefore, || (117, vi7)| < €, if and only if

Y
T—

e % _
ol <& (y872) 7 ol T 1+ 0 @1, (v =2123" > 05). (2.32)
By virtue of (2.28), we see that if (u#19, vig) € D, then ujgvig > 0. It is also easy to see that
analogous statements hold for the points in D. This gives:

Proposition 2.14. Let A < Ay < 2A1. For a given sufficiently small §, we can choose € and €, so
that the domain D (resp. D) becomes the set of all points (u19, vig) in I1° such that 0 < ujgvyg
(resp. u1gvio <0), |[(u10, v10) || < € and (2.32) holds (see Fig. 8).

Remark 2.15. The case of homoclinic figure-eight is the same. Relation u1; = v1; O (62) holds
for any (u10, vi0) on IT{, and the domains D' and D' are given by Proposition 2.14 (i =1, 2).
2.4.4. Local maps: case 2h1 < Ay

Let 2A1 < Aj. Evaluating the first two equations of (2.20) at = t and the last two equations

at t =0 gives

we =g [14+ 0 @] +eT0 Guie), uze =7 [ug + 0 (87)]

vio=e MU [14 0 ()] +e 2170 (Buig),  vap=e [uh +0 (62)] . ¢
For the particular case of uyy = vo; = 8, we have
ure =e MTuyo[14 0 )]+ e 170 Blvir]) ure =e 278 [14 0 (9)], 034
vip=e Tvi [1+ 0 ()] +e 1170 (Slurol) , v =e T8 [1+ 0 ()] '
This, in particular, implies
n2 (10, vi0) = vir =€ vio[1 + O (O)]+ e 170 (Sluiol) - (2.35)
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V10 (

—Y; V10,

HS

Fig. 9. We divide the e-ball in TI* centered at M* into three disjoint regions: Y| (blue), Y5 (green) and Y3 (pink), shown
in the left figure. To investigate the sets D and D when Ay > 21|, we consider the intersection of each of these sets with
the regions Y;, Y, and Y3. We then define D; = DN Y; and D; =D NY;. The regions Dy, D;, D and D, are shown
by blue, green, yellow and gray, respectively in the right figure. The sets D3 and D3 are subsets of the pink region.

Substituting this into the equation of u, in (2.34) gives

n (10, v10) = 1 =€ Tuip[1+ 0 (8)1+e 170 (8|vio)) - (2.36)

Then, local map (2.21) maps (u#10, v10) to (41, vi¢), where uj; and vy, are as in (2.36) and
(2.35), respectively, and 7 is a function of (u19, v1g). It is not as straightforward as the previous
two cases to express T as a function of (u19, v1p). This is not straightforward either to find the
domain D of T'°¢. Below, we divide D into three regions (it is shown that D # @) and study each
region separately.

Let B¢ be the e-ball in IT° centered at M*. For a given m > 1 define

) -
Y{"={(ulo,vlo)€5’e-|v10|<m Iulol},

Y= {(MIOa v10) € Be :m ™ uyol < 1ol Smluwl} (2.37)
Y3" = {(u10, v10) € Be : m|uiol < [viol}
(see Fig. 9). Obviously, Be = Y{" U Y}" U Y3". We define
Di:=DNY/", D5:=DNYy", DS :=DNYj". (2.38)

Analogously, we define D :=D N Y{", D5 :=D N Y;" and D§ :=D N Y3". We may drop the
subscript € and m, when no confusion arises.

For (110, v10) € Y{" UY,", we have |vig| < m|uyg| and therefore vig = O (u10). By virtue of
this relation and taking into account that first integral (2.13) vanishes at (119, 8, v19, v29) € I1°,
we derive

v20 = ¥8 turovio[1+ O (8)]. (2.39)

This relation together with (2.34) implies that any point (u19, vig) € Y{" U Y¥;" reaches IT" if
u1ovyo > 0, and reaches X if u1gvig < 0. Therefore, to find D; U D, (D UID,), it is sufficient to
find the points in Y{" U Y3" for which || (u1:, vi) || < €.

Like the preceding two cases, relation (2.39) yields (2.28) and (2.29). Let § be sufficiently
small. With (2.35), (2.36) and some straightforward calculation, we derive
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el S @+8)e M el = [4m' 7 (8271 1]
This gives the following:

Proposition 2.16. For given m, sufficiently small § and sufficiently small €,, we can choose €
sufficiently small such that for i = 1,2 we have

D; ={(u10,vi0) € ¥/", wuiovio >0}, D ={(uio,vi0) €Y/", wuiovio <O0}.

Now, consider (#10, vi0) € ¥;" U ¥3". We have |u19| < m|vio| and hence ujp = O (v10). By
virtue of this relation and relation (2.33), we obtain

vio=e T [1+ 0 (8)] and  vir=e"Tv[l + 0 ©)]. (2.40)

This relation together with (2.33) gives

—)»1‘[ —2)\|‘E
Uir _e up[l+0 )] +e O (bvi7) =e‘2“[m+0(8)}=0(1), (2.41)

Vit Vit v10

which implies u1; = o(vi;). Thus, when (u19, v19) € ¥;" U Y3", we have

[ @ie,vie) | =y/ul, +vi, = v [1+0(D].

Note that it was relation (2.39) that enabled us to, first, identify the points in Yl.m for which
l(u17, v1i7)|l < €, holds, and second, distinguish D; from D; for i = 1, 2. For the case of i = 3,
we cannot deduce such a relation from first integral (2.13). However, as we see later, the dynamics
on Y3" is quite simple and can be analyzed without knowing D3 and D3 precisely.

Meanwhile, we have shown the following

Proposition 2.17. If (u19, vig) € Y, then (2.39), (2.28), (2.29), (2.40), u1o = O (v19) and vig =
O (u19) hold. If (u19, vio) € Y5, then (2.41) and u1; = o(vi¢) hold.

3. Analysis near homoclinics and super-homoclinics

The purpose of this section is to study the dynamics near (single and figure-eight) homoclinic
and super-homoclinic orbits. In particular, we prove in this section, all the theorems stated in the
Introduction. In the first section below, we introduce some concepts and notations. The second
and the third sections are dedicated to study the dynamics near a single homoclinic orbit. We
prove Theorems A1, A2 and A3 in these two sections. The ideas and techniques which are used
to prove these theorems are also used in the later sections. In the fourth section, we extend the
results obtained for a single homoclinic to the case of the homoclinic figure-eight. The proofs
of Theorems B1, B2 and B3 are provided in this section. Finally, we study the case of a super-
homoclinic and prove Theorems C1 and C2 in the fifth (and the last) section.

24



S. Bakrani, J.S.W. Lamb and D. Turaev Journal of Differential Equations 327 (2022) 1-63

3.1. Set-up and notations

Choose a sufficiently small § > 0 such that all the statements of the previous sections hold.
Fix this §. According to (2.3) and (1.8), for (u19, vi0) € D C I1¥, we have

uio _r("o) = la+oM]uic +[b+o()]vic 3.0

Vio V10 [c+oM]uic +d+oM)]viz )’ '
where a, b, ¢ and d are real constants (in fact, these coefficients are functions of § but since § is
assumed to be fixed, we treat these coefficients as constants). Our job is to analyze this map for

different values of a, b, ¢ and d, and for each of the cases A, < 2A; and 211 < A;. In this strand,
we first introduce some notations:

Notation 3.1. Let A C M be two arbitrary sets and f : N'— M be an injective map. We denote
the set of the points in N whose forward orbits lie entirely in A" by A’ g or A’\s» when no
confusion arises. Indeed,

Aj\/’szj\/z{x eN:f"(x)eN, Vn=>0}

We denote the set of the points in AV whose backward orbits lie entirely in V" by A'§, For AR,
when no confusion arises. Indeed,

A%y = Ay ={xeN:foralln >0, f7"(x) exists and belongs to N'}.

Remark 3.2. Recall W}, (0) and Wj; (O) from the Introduction. Taking into account that
W, (0) N A%’T =¥ and W} (0) N AMD,T =, we can reformulate Theorem Al as follows:
The forward (resp. backward) orbit of any point on A%’T (resp. AMD,T) converges to the homo-
clinic orbit I'.

Notation 3.3. Given a point (u19, v10) on a given cross-section, we denote the quantity % (when
u1o # 0) by w(uyg, vi0) or w. Consider the case (410, vig) € D and let (19, v10) € I1° be its
image under the Poincaré map 7. We denote the quantity %)) (when u19 # 0) by w (119, v19) or

w.
Notation 3.4. We denote the straight line {vjg = %ulo} in IT* by £*.
3.2. Dynamics near the homoclinic orbit T': case Ay < 2Aq

Here, we show that when A, < 2A1, any point in the domain D of the Poincaré map T leaves
D by both forward and backward iterations of the Poincaré map. The proof of the case 1| = A,
directly follows from Proposition 2.13 in which we have shown that the domain D of the Poincaré
map is empty. For the case of 1| < A < 2)1, we prove that the image of the domain D under
the Poincaré map T has no intersection with D (see Fig. 10). We formalize this discussion in the
following lemma:

Lemma 3.5. When A < 2X1, we have ASD’T = AMD,T ={.
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Fig. 10. Case A1 < Ap < 2X1: the domain D of the Poincaré map 7 is shown in green. The images of the points in D
under the Poincaré map 7 accumulate near the straight line £* (the line whose slope is %) in the gray region. As it is
shown, the green and the gray regions have no intersection which means D N T (D) = ¢. This implies that the backward
and forward orbits of any point of the domain D leave D. The left and right figures correspond to the cases bd > 0 and
bd < 0, respectively.

Proof. When 1| = A5, the statement follows from Proposition 2.13.
Suppose L1 < Ay < 2A1. By Proposition 2.14, the domain D of the Poincaré map is

7 [1+ 01}

Y
{(u10,v10) € IT° tu1ov10 >0,  [[(u10, vio)ll <€, |viol < Ke, lu10l™

where % <y= i—' <1 and K¢, is some constant (see (2.32)). Since u1; = v1; O (62), Poincaré
map (3.1) can be written as

@10.510) = ([6+ 0 () Jore. [d + 0 ()] wne ),

which implies w = % +0 (62). This means that the images of the points in the domain D under
the Poincaré map T accumulate near £*. However, for a fixed § and a sufficiently small €, this
line. has no intersection with the domain D (see Fig. 10). This implies ASD,T = AMD,T =0, as
desired. O

We can now prove Theorems Al (case A < 2A1) and A2. The proof of Theorem Al for the
case 2A1 < A is provided in the next section.

Proof of Theorem Al: case 1, < 2x;. The proof is an immediate consequence of Remark 3.2
and Lemma 3.5. O

Proof of Theorem A2. Any orbitin W, . (T") other than I must intersect I1° at A%, .. However,
by Lemma 3.5, we have ASD’T = (. This implies W} . (I") = I". The proof of W}/ .(I') =T is the
same. O

3.3. Dynamics near the homoclinic orbit T': case 211 < A3

In this section, we study the dynamics near the homoclinic orbit I" for the case 2A; < X,, and
prove Theorems Al (case 2A1 < A,) and A3.

Recall from Section 2.4.4 that when 21 < A,, we divide the domain D of the Poincaré map T

into three subsets D1, D, and D3, i.e. D = D; UD, U D5 (see Fig. 11). In order to understand the
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Fig. 11. When 211 < X5, we write the domain D of the Poincaré map T as the disjoint union of three subsets D1, Dy
and D3, i.e. D =D U Dy UD3. The subset D is shown in blue and D5 is shown in green. The set D3 is a subset of
the purple region.

dynamics near the homoclinic loop I', we need to investigate the set of the points on the domain
D whose forward or backward orbits (under the iterations of the Poincaré map 7T') lie in D, i.e.
the sets A%, , and A7, . (see Notation 3.1). To this end, we take the following three steps:

e Step I: Investigating the set of the points in D, U D3 whose forward or backward orbits lie
entirely in D, U D3, i.e. the sets AD UDs.T and AD UDs,

e Step 2: Investigating the set of the points in D whose forward or backward orbits lie entirely
in Dy, i.e. the sets A%)I,T and A%I,T

Obviously, SD . and A% UDs. T are subsets of AsD - In addition, A"D . and AL ,UDs. T Are
subsets of A” In the third step, we show that the reverse directions also hold A% 7 C AD T U
A%ZUD3,T and A prC AD.,T U AD2uD3,T' Equivalently,

e Step 3: We show ASD,T = A‘Y Y AD UDs.T and A%’T = Au Y AMDzuDg

Notice that the statement of Step 3 is not trivial. In fact, at the first stage, one can consider
the possibility of the existence of a point x € D such that its forward orbit lies entirely in D, i.e.
X € ASD’T, but it does not lie entirely in only one of the sets D or D, U D3, i.e. x ¢ ASD[,T and
x ¢ A%ZUQ,T. In other words, the forward orbit of x stays in D but switches between D; and
D, UD;3. In Step 3, we indeed show that this scenario does not happen.

We take Step 1 in the following lemma. This lemma helps us to understand the dynamics of
the Poincaré map T on the set D> U D3. We explore in this lemma how T behaves on this set,
with which rate the orbits of this set grow, and how A%zum,r and AMD2UD3‘T look like. From
a technical point of view, part (vii) of this lemma which shows the existence of the unstable
manifold of the Poincaré map T is the main result of this section. The techniques which are used
in the proof of this part are also used in Section 3.4 for the proof of the existence of the unstable
manifold of the homoclinic figure-eight. We prove Lemma 3.6 in Section 3.3.1.

Lemma 3.6. Let w and £* be as in Notations 3.3 and 3.4, respectively. Assume 211 < Lo and
consider (u19, vi0) € Do UD3. Then
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Fig. 12. The straight line whose slope is % is denoted by £*. The left figure corresponds to the case bd < 0 and the right
one corresponds to the case bd > 0. The set D, is shown in green. The set Dj3 is a subset of the purple region. The image
of D5 U D3 under the Poincaré map, i.e. T (D, U Dj3), is a subset of the wavy region. Informally speaking, the Poincaré
map T preserves and expands the region Dy U D3. We show in Lemma 3.6 that when bd > 0, there exists an unstable
invariant manifold for the Poincaré map 7T in the wavy region, tangent to £* at M*.

(i) w=w (T (119, v10)) = % + o(1), where o (1) stands for a function of (u19, vi0) that con-
verges to zero as (119, vio) — (0, 0).
(ii) There exists a constant C > 0 such that ||(u10, vio)||' "2 < C|IT (u10, vio)|l holds for ar-
bitrary (u19, vi0), where y = rmr~l<0.5.
(iii) If bd > 0, then T (u19, vi0) lies in Dy unless it leaves B..
(iv) ASDZUD3,T =0.
u u
(V) D,UDs, T = D,, T
(vi) When bd < 0 we have AMDQUD3,T =0.
(vii) When bd > 0, the set {M*}U A%zu’Dg,T is a one-dimensional C'-manifold which is tangent
to 0* at M5,

It follows from this lemma that the image of D, U D3 under the Poincaré map T lies near £*,
and the Poincaré map increases the norm of any point of this set. Informally speaking, for the
particular case of bd > 0, this means that the Poincaré map T preserves and expands the region
D, U Ds. A geometrical picture of this behavior is illustrated in Fig. 12.

We now take the second step in the next lemma. In this lemma, we study the dynamics of 7!
on the set D;. Most of the statements of the following lemma are analogous to the statements of
the preceding lemma. This is not a coincidence. In fact, we see later in the proof of Lemma 3.7
that the dynamics of 7! on D; can be obtained from the dynamics of 7 on D, U D3 by a
permutation and reversion of time. The proof of this lemma is postponed to Section 3.3.2.

Lemma 3.7. Let 2.1 < Ay and (u19, v1g) € D;.

(i) Ifcd >0, then T (D) ND; = 0.

(ii) If cd <O, then w (T_l (u10, Ulo)) = o0 (1), where o (1) stands for a function of (u10, v10)
that converges to zero as (u19, v10) — (0, 0). In other words, TV (D1) accumulates near
the horizontal axis.

(iii) If cd <O, then ||(u10, Vi)' <C ||T_1 (110, v10) || for some constant C > 0.

(iv) If cd <O, then 7! (u10, v1o) remains in Dy unless it leaves Be.

(v) ASDI,T*I = (. Equivalently, AuD1,T =0.
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(vi) If cd < O, then the set {M*} U A“Dl 71 (equivalently, the set {M*} U A%1 ) is a one-

dimensional C'-manifold which is tangent to the horizontal axis at M°.

In the preceding two lemmas, we have shown that the sets AD UDs.T and A%l o are always
empty. It was also shown that AD2UD3 r= ADz - This allows us to reformulate Step 3 as in the
following lemma:

Lemma 3.8. (i) AXD,TZA%I,T' (ii) AMD,TZAuDQ,T'
Proof. Let x € D, UD;. It follows from parts (i), (ii) and (iii) of Lemma 3.6 that if bd < 0, then
T (x) ¢ D, and if bd > 0, then for some k, T¥ (x) ¢ Be. Thus, any point in A%)T must belong to
D. This proves part (i).

To prove part (ii), notice that if A7, , =¥, then A” = () and therefore A%, , = A”
So we assume that A“D 7 1s non- empty Let X € A% T We need to show x € D2 To do thls
we first prove x ¢ Dj. Assume the contrary, i.e. x € Dj. It follows from parts (i) and (iii) of
Lemma 3.6 that if 7! (x) e D,UD;3, thenx =T ( -1 (x)) either belongs to D; or lies outside
the domain D which contradicts the assumption x € D;. Therefore, 71 (x) ¢ D, U D3, and so
7' (%) e D. By virtue of part (i) of Lemma 3.7, this relation implies cd < 0. On the other hand,
when cd < 0, it follows from parts (iii) and (iv) of Lemma 3.7 that there exists a k > O such that

T—%(x) ¢ B, and hence T ¥ (x) ¢ D. This contradicts the preliminary assumption x € AMD,T

Therefore, if x € A%‘) - then x ¢ Dy, or equivalently, 77" (x) ¢ D) for all n > 0.

To finish the proof, it is sufficient to show that x ¢ D3. Assume the contrary, i.e. x € Ds. Since
X € AD,T implies 77" (x) ¢ D; for all n > 0, we have T~! (x) ¢ D;. On the other hand, parts
(1) and (iii) of Lemma 3.6 imply that if T7'(x) e D,UDs, thenx=T (T_1 (x)) either belongs
to D, or lies outside the domain D which contradicts the assumption x € D3. Therefore, x ¢ D3,
as desired. 0O

Recall that the local stable (unstable) set of the homoclinic loop I', denoted by WISOC(F)
(WIL(‘)C(F)), is the union of I itself and the set of the points in a sufficiently small neighborhood
U of T" whose forward (backward) orbits lie in I/ and their w-limit sets («-limit sets) coincide
with T"U {O}. By this definition, the intersection of W}{ .(I") and IT* must belong to {M*} U A%,
and the intersection of Wy¢ (I") and IT° must belong to {M*} U AZ,. On the other hand, we have
shown in the above lemmas that when A%, (A%,) is non-empty, any point on this set converges to
M?* by the forward (backward) iterations of the Poincaré map T'. This leads to the following:

Proposition 3.9. Let ¢; be the flow of system (2.12). Then

WE (I =TUg, (ASD’T) fort=0, and W' (I)=TUg, (A”D’T) fort <0,

In system (2.12), the local unstable invariant manifold of the equilibrium O is straightened,
i.e. W/ . (0) ={u =0}. Thus, the intersection of this manifold and the cross-section IT* = {v; =
8} N {H = 0} is the straight line {u; = 0}, i.e. vi-axis. Consider the restriction of this line to a
small neighborhood of M* (in Fig. 13, it is shown by blue color on IT*). The global map 7€
maps this restricted piece to a curve, denote it by Y%, on IT° (shown by blue color on IT* in
Fig. 13). This curve is in fact at the intersection of the global unstable invariant manifold of O
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H’u
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Fig. 13. The local unstable invariant manifold of the equilibrium O intersects IT* at the vj-axis. Thus, the blue curve
(v -axis restricted to a small neighborhood of M* in I1*) lies at the intersection of the local unstable invariant manifold
of O and the cross-section TT*. This curve is mapped to the blue curve on IT¥ by T#° which means that the blue curve
on IT° lies in ngo (0)NTI%. Since vy -axis on IT* is mapped to £* on IT* by dT8l°, the straight line £* is tangent to the

blue curve on IT5 at M5,

and the cross-section IT*. Since T2 is a diffeomorphism and the vector ((1)) is tangent to vi-
axis at M", the vector d T2 (?) = (Z) is tangent to y* at M* in IT°, i.e. y* is tangent to £* at
M? (recall that £* is the line in IT° whose slope is Z) Therefore, it follows from Lemma 3.8 and
part (vii) of Lemma 3.6 that when bd > 0, W o (0)NTI¥ and {M*} U A7, . are tangent at M°.

On the other hand, it follows from Lemma 3. 8 and part (vi) of Lemma 3. 7 that when cd < 0 the
intersection of the local stable manifold of O and the cross-section I1*, i.e. the horizontal axis,
is tangent to {M*} U A%, p.r at M. §. Moreover, by Assumption 4, the homoclinic orbit I" is at the
transverse intersection of the global stable and unstable invariant manifolds of the equilibrium O.

Therefore, the intersection of these two manifolds with the cross-section IT¢, i.e. the horizontal
axis and the curve y“, intersect transversely at M*. Since y" is tangent to £* at M*, we have that
the intersection of ngo (0) and g"lo (0) at T is transverse if and only if the horizontal axis on
IT* and the straight line £* are distinct. These statements give

Proposition 3.10.

(i) When bd > 0, the 2-dimensional C'-smooth invariant manifold W
(O) at every point of T.

(I") is tangent to

luc
glo

(ii) When cd < 0, the 2-dimensional C'-smooth invariant manifold Wli)c (I") is tangent to
glo (O) at every point of T.

(iii) The intersection of nglo (0) and ngo (0) at T is transverse if and only if d # 0.

By virtue of the above results, we can prove Theorems Al (case 2A; < A,) and A3:

Proof of Theorem Al: case 211 < A». The proof is an immediate consequence of Remark 3.2
and Lemmas 3.6, 3.7and 3.8. O
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Proof of Theorem A3. By Proposition 3.9 and the preceding Lemmas we have that Wy¢ (') =
I' when bd < 0, and Wli)c (I') =T when cd > 0. The rest of the theorem is already proved (see
Proposition 3.10). O

The following remark suggests an alternative formulation of Theorem A3:

Remark 3.11. Consider the global stable and unstable invariant manifolds of the equilibrium O
of system (2.12). Let y* (resp. y*) be a curve at the intersection of the global unstable (resp.
stable) invariant manifold of O and the cross-section IT° (resp. I1T*) which passes through M*
(resp. M*"). Following the discussion above, the slope of the tangent line to the curve y* at M* is
%. Moreover, the slope of the tangent line to the curve y* at M" is —-. This suggests an alternative
way to detect sgn (bd) and sgn (cd) which are required in the statement of Theorem A3. Indeed,
instead of computing the coefficients a, b, ¢ and d in Theorem A3, one can look at the slopes of
the intersection curves of the global stable and unstable invariant manifolds of the equilibrium O
with the cross-sections IT* and IT° at the points M* and M*.

3.3.1. Proof of Lemma 3.6

Proof of part (i). By (2.41) and Proposition 2.17, (119, vi9) € D2 U D3 implies u1; = o(vig).
Thus, Poincaré map (3.1) takes the form

(@0, 710) = (b +0 (D]vie. [d +0 (D] vrc ). (3.2)
which implies w =4 +0(1). O
Proof of part (ii). For (119, vi9) € D>, relations (2.29) and (3.2) imply
3
1T (u10, vio) Il = Il (@10, V10|l = [b2 +d? +0(1)] el = K luiol ™" [viol' ™7,

where K = K (u19, vi0) =y V8% /b2 +d2 +0(1). For C > K~ 'm? (1 —i—m)%, we have

uio
lwio, vl Poly TG

1
= <K~ 'm” A4+ m)2 1o < C ll(u10, vio)I?”
IT (w10, vio)ll K |u1ol™" [viol* ™

as desired. 0O

Proof of part (iii). By part (i) of Lemma 3.6, T (119, v10) is somewhere close to the line £* and
since, for bd > 0, the restriction of £* \ {M*} to B, lies in D, we have that if T (119, vio) lies in
B¢, then it must belong to D,. O

Proofs of parts (iv), (v) and (vi). All are easy consequences of the previous parts. O

Proof of part (vii). The proof is based on a theory of invariant manifolds for cross-maps (see
[23] and [13]). An introduction to this theory is provided in Appendix D.
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Fig. 14. The set X C D;l in (u19, v1g)-plane is shown by green color.

Fig. 15. The set Y (the set X’ equipped with (w, z)-coordinates) is shown by green color. It contains two connected
components (below and above the horizontal axis).

Consider DGl for a sufficiently small €] > 0 (see (2.38)). Choose €; < €1 such that X C DS,

where X' = {(ulo, vip) e I :m~! < Z'O <m, uy #0, |vig| < €2} and m is as in (2.37) (see

Fig. 14). Recall w in Notation 3.3 and define the new variable z by
7z =2z (u10, v10) = sgn (vig) [v10|%, (0 < o will be specified later). 3.3)
Let ) be the set X equipped with (w, z)-coordinates. Thus, ) = [m_l, m] X ([—€2%, €2%1\

{0}) (see Fig. 15). Consider the restriction of the Poincaré map T to the set X, i.e. T'|y, and
denote the representation of this map in (w, z)-coordinates by 7. We write

T:(w,2)~> W, 2)=(f(w,2),gw,2), (3.4)

for some smooth functions f and g defined on ). Note that by (2.29) and the relation 7 =
g (w, z) =sgn (vyg) |v10|¥, we can derive

F=gw. 0 =sen@)ld” () W T i 0o@1=0 (7)) 639
and
=0 (|Z|ﬁ). (3.6)
We now make a statement which is proved in Appendix C:
Lemma 3.12. g, (w, z) is non-zero for any (w,z) € Y.
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According to this lemma and the implicit function theorem, the variable z is a C?-smooth (g
is as in Lemma 2.5) function of (w, 7) for w € [m_l, m] and 7 € g ()V). Denote this function by
G. Regarding the domain of this function, note that not every (w, 7) necessarily belongs to the
domain of G. In other words, for an arbitrary (w, z), there might not exist z € [—€2%, €2%] \ {0}
such that z = G (w, 7). However, by (3.5), this relation holds if 7 is chosen sufficiently small, i.e.
for a sufficiently small 6 > 0 we have

[m_l, m] x ([=0,6]\ {0}) C domain (G).

Denote this set by R, i.e. R = [m_l,m] x ([—6, 6]\ {0}). Without loss of generality, assume
6 < €%, Having the function G in hand means that we can write the Poincaré map 7 in cross-
form: we define the cross-map 7> : (w, z) — (w, z) by

(w,z)=(F(w,z),G(w,7)), where F (w,z)=f (w,G (w, 7)), 3.7

and (w, 7) € domain (G). It follows from part (i) of Lemma 3.6 (proved earlier), relation (3.6)
and the fact that z = 0 if and only if 7 = 0 (follows from (3.5)) that 7> (R) C R. Hereafter, we
focus on the restriction of 7 on R. Our approach to prove the existence of the desired invariant
manifold for the Poincaré map 7T is to apply Theorem 8 (see Appendix D) on the cross-map
T . However, to do this, there are two issues that we need to take care of. The first is that the
domain R does not satisfy the assumption of Theorem 8 (in that proposition, the domain must
be written as a Cartesian product of two convex closed sets but R is not of this form since it does
not contain the line 7 = 0). Second, we need to compute the partial derivatives of the cross-map
7. The second issue is resolved by the following lemma:

Lemma 3.13. Let 8 = o~ min{4y, 1 — 2y}. We have

_ _ b _ _ Bty
Fw(w’z)=0<|z|l—2y>, Ff(w,Z)=0<|Z| =2y >’

— N _ _ 2
Guown=0(F"7).,  G:wH=0 <|z|12v).

This lemma is proved in Appendix C. We now extend the domain R to R, where R =
[m~',m] x [0, 6]. We also extend the map 7 to the map 7 * defined on R by

T (w,2)=(F (w,2),G(w,2)
d

(5.0)

Lemma 3.13 implies that for a fixed sufficiently small &, the map T*:R — R is a C'-smooth

extension of 7 to R.
Now, let us come back to the Poincaré map 7 defined on ). We extend this map to

I8l
RIS

~ ()’
T (w,2) 1={

2l

Tw,z2) (w2)e),

Fw.2) =
"o {<%,o> =0,
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It is clear that the map T>isin fact the cross-map of T on]jé. Note that since 6 < €%, we have
R C Y. Thus, both of the maps 7 and 7 are defined on R. Therefore, for a sufficiently small
6, the map 7 satisfies the assumptions of Theorem 8 and Proposition D.2. This implies that the
map 7 possesses a C!-smooth invariant manifold

M*:{(w,z):wzh*(z)}cﬁ,

where h* is some C!-smooth gmction deﬁne:-sl on [—6, 8]. Moreover, by Proposition D.2, if the

backward orbit of a point in R remains in R, then it must belong to M*. Therefore, A% 7 C

M*. Removing the point (%, O) from M*, we obtain a set which is invariant under the map 7.
Moreover, we have Af, - C M*\ {(%, 0)}.

Let us now come back to (u1¢, v19)-coordinates and the Poincaré map 7. Equip R with
(110, vip)-coordinates and choose 0 < € < 6. Thus, DE C R. Consider the manifold M* in
(110, v1p)-coordinates and restrict it to D5. Denote this restriction by M*. We have that
M*\ {M*} is invariant under 7', and A%E’T C M* \ {M*}. Choosing a sufficiently small €

also guarantees that M* is a connected piece of M* and hence is a C'-manifold.
The manifold M* is our desired manifold if we show A%E 7 = M*\ {M*}. So far, we have

shown that A%, . C M*\ {M?} and so it is sufficient to show M* \ {M*} C A% . However,
20 20

this is just a direct consequence of part (ii) of Lemma 3.6 (proved earlier). The fact that M™* is
tangent to £* at M* is also a direct consequence of part (i) of this lemma. This ends the proof of
part (vii). O

Remark 3.14. Lemma 3.6 states that when bd > 0, the set {M*} U A%‘)ZUQ’T is a C'-smooth
curve which is tangent to £* at M*, and any point on this curve converges to M* by the back-
ward iterations of the Poincaré map 7. It follows from part (iii) of Theorem 8 and the proof
of Lemma 3.6 that, when bd > 0, if we take a curve ¢ in Dy, then {T" (¢) |p, ;’L":l converges
uniformly to the curve {M*} U A‘szuD3,T'

3.3.2. Proof of Lemma 3.7
Reverse the time direction in system (2.12) (i.e. t — —t) and exchange the stable and unstable
components, i.e. apply the linear change of coordinates

(W1, U2, 01, 02) = (v1, V2, UL, UD) (3.8)

This gives a system which is of the form of system (2.12), where all the assumptions of
Lemma 2.5 are satisfied. The global map along I for this system is J (Tgl")_1 J~1, where J =

(? é) and T2 is the global map of system (2.12). Thus, the differential of this map at M* is

l -1 -1 _ 1 d —b 1 _ 1 a —c
J(dTgO(MS)) / _J.ad—bc —c a I T ad—bc\-b d )’

This implies that if we replace conditions bd > 0 and bd < 0 in Lemma 3.6 by cd < 0 and
cd > 0, respectively, and the line £* by the straight line whose slope is _T,d, then all the statements
of Lemma 3.6 also hold for this system and the region D, U D3 C IT°. Consequently, by applying
the inverse of change of coordinates (3.8), all the statements of Lemma 3.6 also hold for the
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system which is derived from system (2.12) by a reversion of time and the region {(u1, v1) €
Be, CTI*: 0 < :j—i <m, u; # 0} C IT". In this case, the line £* is replaced by the straight line
in TT* whose slope is —. The homoclinic loop T in this system leaves and enters ~O along the
positive sides of u» and v, respectively, and the corresponding Poincaré map, call it T, is defined

on IT". Therefore, the statements of Lemma 3.6 also hold for the map
~ -1
T80 o F o (Tglo) (3.9)
and the set
K =T18° ({(ul, v)€B, CII": 0< o <m, u 750}) , (3.10)
ui

where the line £* is replaced by the horizontal axis in IT°. The later one is simply because

T (MY) (_dc) _ (ad(—)bc>‘

Notice that map (3.9) is conjugate to the inverse of the Poincaré map 7.

The map (3.9) coincides with 7! on 7 (D). Note that, for sufficiently large m, the
set Tg&lo ({(ul, vi)eBe, CI*:u1#£0, m < %}) has no intersection with D;. Therefore,
Lemma 3.7 will be proved once we show that D C K if cd <0, and K N Dy =0 if cd > 0.
However, this is an immediate consequence of the discussion above. In fact, it follows from the
above discussion that the line £* passes through D, U D5 if and only if the horizontal axis passes
through K. The later case, for sufficiently large m, is equivalent to the condition D; C K and
happens if and only if cd < 0. This ends the proof of Lemma 3.7.

Remark 3.15. Lemma 3.7 states that if cd < 0, then the set {M*} U AIMDl,T’l is a C'-smooth
curve which is tangent to the horizontal axis at M*. Moreover, any point on this curve converges
to M* by the forward iterations of the Poincaré map 7. It follows from Remark 3.14 and the
proof of Lemma 3.7 that if we take a curve ¢ in K N B, then {T™" () |kns. }ff:l converges
uniformly to the curve {M*} U AMDI,T*I'

3.4. Dynamics near the homoclinic figure-eight

In this section, we study the dynamics near the homoclinic figure-eight I'1 U I';. In particular,
we prove Theorems B1, B2 and B3 in this section. We start with recalling some definitions and
notations from Section 2.1.

For i =1, 2, we denote by D' the set of the points (19, v1o) on I} whose forward orbits go
along the homoclinic orbit I'; and intersect l'[? at (u1¢, v17) such that

10, vio)ll <€ and |1z, vie)|l <€, (3.11)
for some sufficiently small constants 0 < € < €, < 8. We denote by D! (D?) the set of the
points (u19, vip) on ITj (IT3}) whose forward orbits go along the negative (positive) side of v,-

axis and intersect IT5 (TI{) at (u1;, vi¢) such that (3.11) holds (see Fig. 16). We also denote

35



S. Bakrani, J.S.W. Lamb and D. Turaev Journal of Differential Equations 327 (2022) 1-63

vy
Y
(ur,v1)
m/ ]
I
s
e
\ 1
Iy Ay
i iy
~I
-
=g

Fig. 16. The homoclinic figure-eight I'y U T'; and the cross-sections IT{, IT{, IT} and I14 are shown. We consider e-
neighborhoods of M 1‘ and M; (green dashed circles) in 1'[“1' and 1'1‘5, respectively, as well as €, -neighborhoods of M l” and

Mé’ (red dashed circles) in l'[‘l’ and Hg , respectively. The set D! (resp. D2) is the set of the points in the e-neighborhood
in I'[S1 (resp. Hi) whose forward orbits go along I'y (resp. I'p) and intersect the €, -neighborhood in I'I'f (resp. Hg). The
blue point on l'Is1 and the brown point on Hi belong to D! and D2, respectively. We denote by D! (resp. ]D)z) the set
of the points in the e-neighborhood in H“i (resp. H‘E) whose forward orbits go along the negative (resp. positive) side of
vp-axis and intersect the €, -neighborhood in I'Ig (resp. I'I'l‘).

by T;, Tl.lOC and Tiglo the Poincaré, local and global maps along I'; (i = 1,2), respectively (see
Fig. 7). The maps Tlglo and nglo are defined on the open €,-balls around Mj and M3, respectively.
Regarding the other maps, we have domain (Tlloc) = domain (77) = D' and domain (Tzloc) =
domain (7>) = D?. We also define the map Tllgc D! ¢ 1§ — TIj (resp. Tzl?c ‘D2 ¢ 15 — I1Y)
by (110, v10) — (U1, V1¢), Where (419, vig) € D! (resp. € D?) and (117, viz) € I3 (resp. € ITY)
(see Fig. 7).

Let V be a sufficiently small neighborhood of I'y U T, and define & = D! UD! UD? UD?2.
For any x € B, we correspond a (finite or infinite) sequence {xx} to x in the following way: (i)
X0 = X, (ii) if xx € B (k > 0), we define x4 to be the first intersection point of the forward
orbit of x; and l'[§ U l'[%. Similarly, if x4 € E (k <0), we define x;_1 to be the first intersection
point of the backward orbit of x; and IT] U IT;. In order to understand the dynamics in V, we
need to find the set of the points whose forward or backward orbits lie entirely in V, i.e. the set
of the points x € E for which the sequence {x;} is well-defined for all k > 0 or k <0.

When Aj < 2A1, the dynamics near the homoclinic figure-eight is quite similar to the case of
a single homoclinic loop: the forward and backward orbit of any arbitrary point in ) leaves V.
When A = A3, it follows from Proposition 2.13 that E = J and so there is no dynamics near the
homoclinic figure-eight. For the case of A1 < Ap < 2A1, we show in the next proof that for any
x € E whose corresponding x is defined, the point x; lies close to the straight lines with slope
Z—: (if x; liesin D' UD"') or Z—i (if x; lies in D? UD?), and hence, it lies outside of the set Z (see
Fig. 17).

Proof of Theorem B2. The proof for the case A; = A; is an immediate consequence of Propo-
sition 2.13.
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IS 13

Fig. 17. This figure corresponds to the case A; < Ay < 2XA1, b1dy > 0 and bpdp > 0. The regions D!, D!, D? and D2

are shown in green, blue, pink and yellow, respectively. We define E as the union of these four regions. Let x| be the
first intersection point of the forward orbit of x € E and l'[‘i u HE. It is shown in the proof of Theorem B2 that for any
x € & the point x1 lies in one of the gray regions on 1'131' or l'lj2ﬂ

Suppose L1 < Ay < 2A1. By Proposition 2.14, we have
i
& ={(u10,v10): Il (w10, v10) | <€, and 0 < |vio| < K¢, |10l ™7 [1+ O (§)1},

where K¢, > 0 is some constant and y = Alk;] > 0.5 (see Fig. 17). Consider (u19, v19) € E.
Since u1; = v1; O (62) (see Remark 2.15), the forward orbit of this point intersects one of the
cross-sections T} or IT; at a point close to the vertical axis and then it ends up either in the
cross-section ITj close to the straight line with the slope Z—; or in the cross-section [T close to

the straight line with the slope Z—;. In both cases, this point is outside of the set E (see Fig. 17).
This proves Theorem B2. O

A point in IT] U IT, whose forward orbit lies entirely in 1 and does not lie on the stable
manifold of O must belong to E. We denote the set of these points by A®. The same holds for
backward orbits. We also define the set A* analogously. In order to understand the dynamics in
V, we need to investigate these two sets. For the case of A» < 211, Theorem B2 states that both
of these sets are empty. Our approach to investigate A* and A" for the case 2A; < A; is similar
to what we have done in the previous section for the case of a single homoclinic loop.

Recall from Section 2.4.4 that when 2A1 < A,, we divide each of the sets D!, D!, D? and D?
into three regions, i.e. for i = 1,2, we write D' = D} UD, U D} and D' = D} UD} UD% (see
Fig. 18). Write E=ZU J C 1'1’1' U HE, where

7= J (Pjup}) and g=U (pjupi).

i=1,2 i=1,2
j=23

Definition 4. We define A% (A7) as the set of the points in Z whose forward (backward) orbits
intersect E infinitely many times and all the intersection points belong to Z. More precisely,

Ay ={x=x0: xye€lforallk>0} and A7 ={x=x¢: x¢eZforallk=<0}
The sets Afj and A“j are defined analogously.

Similar to the case of a single homoclinic, we take three steps to investigate the sets A*
and AY. In the first step, we investigate the sets Afj and A“j. This is done in Lemma 3.16.
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Fig. 18. The left and right figures show 1} and I3, respectively. When 211 < A3, we divide D' into three subsets D’i s
Dé and Dg (i = 1,2). Similarly, we divide D into three subsets ]D)’i, ]D)é and ]D)é (i =1,2). The sets D; and ]]])3l are
subsets of the purple region, and the sets Dg and ]D)% are subsets of the yellow region.

From technical point of view, part (viii) of this lemma which proves the existence of an unstable
invariant manifold of the homoclinic figure-eight is the main result of this section. The techniques
which are used in the proof of this part rely on the proof of part (vii) of Lemma 3.6. In the
second step, we investigate the sets A% and A7. This is also done in Lemma 3.17. Finally, in
Lemma 3.18, we clarify the relations between the sets Af7, A’f7, A% and A%, and the sets AS
and A". This enables us to prove Theorem B2. We start with the following:

Lemma 3.16. Assume 2X| < Ay and let w be as in Notation 3.3. For x € [J, we have

(i) If x e DyUD}UDIUD? (ie. x € J NIT;), then w (x1) = 4+ +o(1). If x € D UDI U
]D)% U ]D)% (i.e. x € JNII3), then w (x1) = Z—i + o(1). Here, o (1) stands for a function of x
that converges to zero as x — Mj 2

(ii) There exists a constant C > 0 such that ||x||' =2 < C||x1| holds for arbitrary x (0 < y =

L <0.5).

(iii) x1 € Be implies x| € J.

(iv) Afj =0.

(v) If brdy > 0 and bady < 0, then A'\‘7 = ;:}C Ty) ﬂDé.

(vi) If bid <0 and byds > 0, then A%, = W} (I'2) N D3.

(vii) If bid > 0 and byds > 0, then A%, = [W}i (1) N DU [Wj, (T2) N D3].

(viii) If b1dy < 0 and b2d2‘< 0, then A”J C ]D)% U]D)%. More precisely, for eachi = 1, 2, the union
of M? and Ai’7 NDj, is a one-dimensional C'-manifold in I1§ which at M? is tangent to
the straight line with slope Cbij. Moreover, the backward orbit of any point in A"j intersects
these two manifolds alternately, i.e. for any x € Af‘7, all the points xy for even and negative
ks belong to only one of the manifolds and all the other xi (odd and negative ks) belong
to the other manifold.

Proof. The same techniques that were used in the proof of Lemma 3.6 also prove parts (i), (ii)
and (iii).

Part (iv) is an immediate consequence of (ii) and (iii).

In the rest of the proof, we assume x € A%,. Notice that x = xg € A"j implies that xi is
defined for all k <0 and x; € A”J. Since A“J C J, we have two possibilities for x:
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x, €DIUDIUDIUD)  or  xeDIUDIUDIUD.L.

Our strategy for proving the rest of this lemma is to consider both of these possibilities and
keep track of the sequence xi, Xx+1, -+, X—1, X0. We analyze the behaviors and patterns of this
sequence for arbitrary x € A’fT

To prove part (v), suppose b1d; > 0 and brd, < 0. By part (i), for x_;, we observe

(1) x,eD3UDIUD}UD} = x_; € D) = x € D), and
(2) x,€DIUDIUD)UD) = x_ €D = x € DJ.

According to this observation, x € A“j implies x € D%. In other words, A'fj is in fact the set of
all x € D% whose backward orbits only intersect IT] (and not I13), and all the intersection points
belong to D;. It follows from Theorem A3 that this set is nothing but W} . (I'1) N D%. This proves
part (v).

The proof of part (vi) is analogous to the proof of part (v).

To prove part (vii), let b1d; > 0 and bad> > 0. By (i), for x;x—> (k < 0) we observe

(1) x¢2€DIUDIUDIUD) = x4_1 €D} = x €D} = ... = x €D}, and
(2) x%k—2€D;UD;UDIUD) = x_ €D} = x, € Di = - = x € D3.

This observation holds for any arbitrary & < 0 which means that the set A’f7 consists of two
disjoint sets: the first is the set of all x € D% whose backward orbits intersect E infinitely many
times and every time at D., and the second is the set of all x € D% whose backward orbits
intersect = infinitely many times and every time at D%. According to Theorem A3, the first set is
in fact Wi (T'1) N D% and the second one is Wy¢ (I'2) N D%. This proves part (vii).

To prove part (viii), let b1d; < 0 and brd> < 0. By (i), for x_1 (k < —4), we observe

(1) x4—1 €DIUD3UDIUD) = x¢ €D} = x4 41 € DI = x¢42 € D)

= x43 €D = - = x €D, (if x_ €D3) or x € D3 (if x_; € D)), and
(2) x4—1 €DIUD;UDIUD]} = x € D3 = x441 € D) = 442 € D3

= x43€D) = .- = xeD) (if x_y €D3) or x e D3 (if x_; e DJ).

This observation holds for any arbitrary k < —4 and means that the backward orbit of x intersects
J at ]D)% and ID)% alternately.

Define the maps T, : D! — IT5 and Ty : D? — T by T12:= T2 0 T12 and Tay := Ty 0 T21.
We then define T : D! — l'[i by T := Ty o T3. According to the above observation, the set
A", is in fact the set of the points x € D; such that T~" (x) € D; for all integers n > 0.

Recall (w, z) coordinate system and the map T introduced in the proof of Lemma 3.6. Similar
to that proof, we equip ]D)% and D% with (w, z) coordinates and define the maps T, and T, by

N w,2) z#0, N
Tiw,2) =4 /, for (w,z) € Ry,
(%0) <=0

and
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_ (w,2) z#0, -
T (w,2):=19 for (w, z) € Ra,
(b—l,()) ZZO,

where R and R are some appropriate rectangles defined analogous to the proof of Lemma 3.6.
According to Remark C.2, the estimates given by Lemma C.1 also hold for the local maps T,
and T7;. Therefore, with exactly the same proof as the proof of Lemma 3.6, we see that both
of the maps Ty, and T, can be written in cross-form and the partial derivatives of the cross-
map satisfies the estimates given by Lemma 3.13. Moreover, as it can be seen from the proof
of Lemma 3.6, we can make the estimates in Lemma 3.13 sufficiently small by choosing ¢
small enough. This means that the maps T, and T»; satisfy the assumptions of Lemma D.1 for
sufficiently small K} and K3. Thus, Lemma D.1 implies that by choosing an appropriate norm,
the map T := T»; o Ty, (which is in fact the representation of T in (w, z) coordinates) can be
written in cross-form and the cross-map has sufficiently small partial derivatives. Therefore, this
cross-map satisfies the assumptions of Theorem 8. The rest of the proof follows from the proof
of Lemma 3.6. O

The following lemma is analogous to Lemma 3.16. The proof of this lemma is a simple
modification of the proof of Lemma 3.7 for the case of homoclinic figure-eight.

Lemma 3.17. Assume 211 < Ay and let w be as in Notation 3.3. For x € I, we have

(i) w(x—1) =o0(l), where o (1) stands for a function of x that converges to zero as X — MIS’Z.
(ii) There exists a constant C > 0 such that |x||'~2 < C||x_1|| holds for any x (0 <y =

Q—; <0.5).
(iii) x_1 € B¢ implies x_1 € I.
(iv) A7 =0.

(v) If c1di <0 and cady > 0, then A% = W; (') N D}.
(vi) If cidi > 0 and cady <0, then Ay = Wi (') N D3,
(vii) If cidy < 0 and cady <0, then AS =W (T1) N D U[W, (T2) N DY].

(viii) If c1d1 > 0 and cadr > 0, then A% C ID)Il U ]D)%. More precisely, for each i = 1,2, the
union of M; and A% N D’i is a one-dimensional C'-manifold in [T} which at M7 is tangent
to the horizontal axis. Moreover, the forward orbit of any point in A% intersects these two
manifolds alternately, i.e. for any x € A%, all the points xy, for even and negative ks belong

to only one of the manifolds and all the other x; (odd and negative ks) belong to the other
manifold.

The following Lemma states that the forward (resp. backward) orbit of a point in V lies in V
if and only if it intersects the cross-sections I} and IT} only at Z (resp. J).

Lemma 3.18. We have A% = Ai‘7 and A* = A7.

Proof. It follows from parts (ii) and (iii) of Lemma 3.17 that if x € Z, then the sequence {x;} is
not defined for all k < 0. Indeed, for some ko < 0, we have {xy,,---,x_1} CZ such that xz,_
lies outside the e-balls around M7 or M. This means that if x belongs to A¥, then it must belong
to J. Therefore, x € A" implies x € A’g. On the other hand, we know A’jT C A". This proves
the first part of the lemma. The proof of the other part is the same. O
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By virtue of the preceding lemmas, we are now in a position to prove Theorem B3.

Proof of Theorem B3. The local stable (resp. unstable) set of the homoclinic figure-eight I'y U
"2, denoted by W} (I'y UT2) (resp. Wy (I'1 UT'2)), is the union of I'; U I'; itself and the set
of the points in a sufficiently small neighborhood V of I'y U I'; whose forward (resp. backward)
orbits lie in ) and their w-limit sets (resp. «-limit sets) coincide with I'j U ', U {O}. By this
definition, the intersection of W (I'; U I'2) and any of the cross-sections IT] and ITj must
belong to {M{, M5} U A®. Similarly, the intersection of W? (I'j UT'2) and the cross-sections IT§
and IT} must belong to {M}, M3} U A".

It follows from Lemma 3.17 that in any cases except the case c1d; > 0 and cd, > 0, the
w-limit set of any orbit in A® coincides with either I'{ U {O} or I'; U {O}. Therefore, in all of
these cases, we have Wi (I'y UT'2) =T UT.

Denote the flow of system (2.12) by ¢;. When c1d; > 0 and cad> > 0, it follows from parts (ii)
and (viii) of Lemma 3.17 that the set 'y UT, U ¢, (A®) for ¢ > 0 is a 2-dimensional C! manifold,
and the forward orbit of any point on this manifold converges to I'1 U{O} UT; as t — oco. This
means that this manifold is in fact the local stable set of the homoclinic figure-eight I'; U I'>.
The fact that this manifold is tangent to ngo (O) at every point of I'1 U T'; is an straightforward
consequence of the discussion before Proposition 3.10.

The proof for the case of Wi (I'; UT?) is the same. This ends the proof. O

Corollary 3.19. Let ¢; be the flow of system (2.12). Then

W, (T UT) =T U Ug (AY),  fort>0,
Wi (T UTy) =T UM U (A"),  fort <0.

Finally, we prove

Proof of Theorem B1. Denote the set W (I'1) U Wi (I'2) U Wi (I UT2) by W*. By defi-
nition, the forward orbit of any point on W\S) (O) UW? lies in V. Consider a point in V' \ W\S) (0)
whose forward orbit lies entirely in V. The forward orbit of this point must intersect ITj U IT;
at A’. Therefore, it follows from the proof of Theorem B2 (for the case Ay < 2A1) and Corol-
lary 3.19 (for the case 241 < Ap) that this point lies on WW?*. This finishes the proof for the case
of forward orbits.

The proof of the case of backward orbits is the same. This finishes the proof. O

3.5. Dynamics near super-homoclinic orbits

In this section, we prove Theorem C1. The idea of the proof is to show that there exist se-
quences of curves {{}'}72, C Wg”lo (0) NTI* and {[}}72, C ngo (O) N II° that accumulate to
Wl’f)c (I') N IT* and Wl‘z)c (') N IT*, respectively (see Fig. 19). Then, the flow near the super-
homoclinic orbit defines a map which maps the first sequence to a sequence of curves, denoted
by {m{} in Fig. 19, such that each of the curves {m}} intersects each of the curves {/;} at a
single point. Each of these intersection points correspond to a homoclinic orbit. The proof of
Theorem C2 is exactly the same.

Proof of Theorem C1. Let W* = W (') N Dy and W" = W (') N D,. We have shown in
Section 3.3 (after Proposition 3.9) that 7 (Wl‘(‘)C o)n l'I”) intersects IT% at a curve which is
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Fig. 19. The blue and green curves belong to the intersection of IT* and the global unstable and stable invariant manifolds
of the equilibrium O, respectively. The blue curves accumulate to YW* and the green curves accumulate to W*, where
W =W (DN and WP = W (D)NITY. Let " € W* and ¢* € VW' be at the intersection of the super-homoclinic
orbit and the cross-section IT*. The flow near the super-homoclinic orbit defines a map on a small neighborhood B* of
¢" onto a small neighborhood B* of ¢*. This map maps the blue curves restricted to B to the blue curves in B*. The
blue and green curves in B® intersect transversely. Any point of these intersections belongs to both stable and unstable
invariant manifolds of O. Thus, the orbits passing through these points are homoclinic to O.

tangent to £* at M°. For a sufficiently small €, the restriction of this curve to B \ {M*} lies
in D;. Denote this restricted curve by L, and let L} (k > 1) be the restriction of T (LZ_ 1) to
Be \ {M*}. By Remark 3.14, the sequence {L}}?°; converges to YW* uniformly.

Now, consider the restriction of W\ (0) NTI* to B, \ {M*} and denote it by L. We have
L§ C K, where K is asin (3.10). Let L} (k > 1) be the restriction of 7~ (L{_,) to Be \ {M*}.
By Remark 3.15, the sequence {L;}72 | converges to WW* uniformly.

The super-homoclinic orbit S intersects IT° at W* and W?* infinitely many times. Denote
the furthest points of S N W* and S N W?* from M* by g" and ¢°, respectively. Let B* be a
sufficiently small open ball in D, centered at g“. The orbits starting from BY leave the small
neighborhood U of I' and go along the super-homoclinic orbit S, and after a finite time, they
come back and intersect I1® at some points close to ¢°. These orbits induce a global map

Ts:B*CIl* — B CII’

along the super-homoclinic orbit S, where B® = Ts (B*) and Ts (¢*) = ¢*. Since B* is suffi-
ciently small and the map Ts is a diffeomorphism, the neighborhood B* is small, connected and
convex.

Define [* = W" N B" and I* =W?* N B*. Since the sequence {L}}2 | converges to VW* uni-
formly, there exists a sufficiently large kg such that for all k > kg, the curve Li intersects B*. Let

+ = Li N B* for k > k;. This implies that [} it s Similarly, for some sufficiently large k,,, all

the curves L} for k > k, intersect B". Let [} = L} N B" for k > k. Therefore, I}! ﬂ) ",
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The map T's maps B to B®. Thus, the curves /" and [}/ in B" are mapped to some curves in
B’ by Ts. Let m" =Tgs (I*) and mj; = Ts (l,’:) for k > k. Since the super-homoclinic orbit S
is at the transverse intersection of the stable and unstable invariant manifolds of the homoclinic
orbit I', the curves m" and /* intersect each other transversely. On the other hand, the sequences
of the curves m;, and [} converge to m" and [°, respectively. This implies that the curves mj
intersect the curves [} transversely. Moreover, without loss of generality, we can assume that the
integers k, and k; are large enough such that the curves m} and I intersect each other at a unique
point p; ; for any i > k, and j > k. The orbits passing through the points p; ; are the desired
multi-pulse homoclinic orbits. This proves Theorem C1. 0O

Appendix A. Proofs of Lemmas 2.3, 2.4 and 2.5

In this appendix, we prove normal form lemmas. We start with a brief discussion on some
materials needed for the proofs of the lemmas, and then proceed to the proofs.

A.l. Preliminaries
Consider the system

x=f(x,y),
y=g(x,y),

(A1)

where x e R™, y e R" and f (0,0) = g (0,0) =0. Let ¢ : R — R” be a smooth mapping such
that ¢ (0) = 0 and ¢’ (0) = 0. Let the manifold M = {(x, y) : y = ¢ (x)} be invariant with respect
to the flow of this system.

Definition 5. By straightening the invariant manifold M, we mean applying a change of coordi-
nates of the form (¥, 5) = (x, y — ¢ (x)).

Making this change of coordinates transforms the manifold M to the linear subspace {(x, y) :
y = 0}. Straightening an invariant manifold of the type {(x, y) : x = ¢ (y)}, where ¢ : R" — R™
is a smooth mapping such that ¢ (0) = 0 and ¢’ (0) = 0, is defined analogously.

Again, consider system (A.1) and let ¢ : R — R” and ¢ : R" — R™ be some smooth maps
such that ¢ (0) =0 and v (0) = 0. According to [2], we have

Proposition A.1. The manifold M = {(x, y) : y = ¢ (x)} is invariant with respect to the flow of
system (A.1) if and only if

g =9¢ (x)- f (x,0(x). (A.2)

Analogously, the manifold N' = {(x, y) : x = ¥ ()} is invariant with respect to the flow of system
(A.1) if and only if

FW&®M.N=9"0-8W 0.y, (A.3)

Definition 6. We refer to (A.2) (resp. (A.3)) as the condition of the invariance of the manifold
M (resp. N) with respect to the flow of system (A.1).
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Remark A.2. System (A.1) has an equilibrium state at the origin. This equilibrium may possess
strong stable W** (0), strong unstable W** (0), extended stable W*£ (0) and extended unsta-
ble invariant manifolds W*£ (0) (see [23]). Let system (A.1) be invariant with respect to some
linear symmetry. Then, changes of coordinates that straighten the manifolds W** (O), W** (0),
WSE (0) and W*E (O) commute with that symmetry.

A.2. Proofs of Lemmas 2.3, 2.4 and 2.5

Proof of Lemma 2.3. To reduce system (1.3) to the form (2.4), we straighten the local stable
and local unstable invariant manifolds of the equilibrium state O, i.e. we apply a change of
coordinates

iy =u; — @15(v1, v2), iy =uy — @25 (v1, v2),
- 5 (A4)
v =v1 — YU, uz), U2 = vy — Yoy (uy, uz),

where {11 = @15(v1, v2), u2 = @25 (v1, v2)} and {v1 = Y1, (1, u2), v2 = Yo, (U1, uz)} are the
equations of the local stable and the local unstable invariant manifolds of O, respectively. Thus,
after applying (A.4), the equations of the local stable and the local unstable manifolds of O
become {vi = vy =0} and {u; = uy = 0}, respectively. This implies that system (1.3) can be
written in the form (2.4) such that (2.5) is satisfied. Notice that change of coordinates (A.4) does
not affect the quadratic part of (1.4). Therefore, the updated first integral H keeps the form (1.4).

Since H vanishes at every point of the local unstable invariant manifold {#; = u» = 0}, it can
be written as

H (u1,uz,v1,v2) = Auy [vy + Hy (uy, uz, v1,v2)] — Aauz [va + Hy (uy, uz, vy, v12)],  (AS5)
for some C®-smooth H{, H> : R* — R such that H; and H, and their first derivatives vanish

at 0. On the other hand, H vanishes at every point of the local stable invariant manifold {v; =
vy = 0}. This implies

0=H (u1,u2,0,0) =Aru Hy (u1,u2,0,0) — Aous Hr (11, u2,0,0).
Therefore

H (ui,uz,v1,v2) =Auy [vr + Hy (w1, u2, v1,v2) — Hy (u1,u2,0,0)]
— Aaup vy + Hp (uy, uz, v1, v2) — Ha (uy,u2,0,0)].

This suggests that, without loss of generality, we can assume that H; and Hj vanish at {v; =
vy = 0}. Now, consider the change of coordinates

up =uj, iy =uy,
i i (A.6)
vy =v1 + Hy (ug, uz,vy,v2), vy =vy + Hy (uy,uz,v1,02).

Since Hi (u1,u2,0,0) = Hy (u1,u2,0,0) =0, applying this change of coordinates on system
(2.4) keeps the local stable and local unstable invariant manifolds straightened and therefore
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keeps the form (2.4) of the system such that (2.5) still holds. However, this change of coordinates
reduces the first integral H to the form (2.6).

It is a direct consequence of Remark A.2 that change of coordinates (A.4) preserves the sym-
metric structure of the system and the first integral. Concerning the change of coordinates (A.6),
note that since H in (A.5) satisfies (1.6), we have

Hy (—ur,uz, —v1,v2) = —Hj (u1, uz, v1, v2) ,
Hy (—ui,uz, —v1,v2) = Ha (u1, uz, v1, v2) .
This implies that the change of coordinates (A.6) commutes with symmetry (1.5), and therefore,

preserves the invariance of the system with respect to symmetry (1.5). This ends the proof of
Lemma2.3. O

Our proof of Lemma 2.4 is based on a theorem in [23] (Theorem A.1). A special case of this
theorem that we need for the proof of that lemma is stated below:

Lemma A.3. (/23], Theorem A.1) Consider system (2.4) and assume Ay < \y. There exists a
C®®-smooth change of coordinates which brings system (2.4) to the form

= —Aur + friuy, uz, vi, v2)ur + fra(uy, uz, vi, v2)uz,
wy = —Aouz + fo1(uy, u2, vi, v2)ur + foo(ur, uz, vi, v2)uz, A
U1 =+Avr + g (U, uz, vi, v2)v + gra(uy, uz, vi, V2)v2, '
V2 = +Avp + g21 (U1, U2, v1, v2)v1 + g (U1, Uz, v1, V2)V2,
where the functions f;j, gij are C*°-smooth and
£ij0,0,0,0)=0, f1; (u1,u2,0,0)=0, f;1(0,0,v1,v2) =0, AS)

£ij(0,0,0,0) =0, £1;(0,0,v1,v12)=0, gj1(u1,u2,0,00=0, @G j=1,2).
Proof. See [23]. O

As a matter of comparison between this lemma and Lemma 2.4, the functions f;; and g;i
(i =1,2) in (2.8) do not depend on u; and vy, respectively, and (2.9) includes all conditions
(A.8) as well as two extra constraints

Sf22(0,v) =0, (A.9)
g22(u,0)=0. (A.10)

Remark A.4. The desired change of coordinates in Lemma A.3, denote it by ®, is in fact a
composition of several changes of coordinates, each describing some invariant manifolds. One
can observe that each of these changes of coordinates commutes with symmetry (1.5) (see [2]).
Moreover, due to this symmetric property, each of these changes of coordinates can be written in
the form
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uy=ui[l+o(1)], iy =uz[1+o(M)]+uv10(1), (A1)
vy =v[1+0(1)], =wv[l+o()]+uvi0(1), ’
where o (1) and O (1) stand for C*°-smooth functions of (u, v) which converge to zero and are
bounded above by a constant, respectively, as (u, v) — O. A straightforward calculation shows
that making changes of coordinates of this form preserves the form (2.6) of the first integral H.
On the other hand, first integral (2.6) is already of the form (2.10). This implies that the change
of coordinates ® transforms first integral (2.6) to the form (2.10).

Proof of Lemma 2.4. According to Lemmas 2.3 and A.3, there exists a change of coordinates
which brings system (1.3) to system (A.7) where the functions f;;, g;; are C°°-smooth and satisfy
(A.8). We show that there exists a change of coordinates which brings system (A.7) into the form
(2.8), where f;;, gij are C*°-smooth and satisfy (2.9).

Consider system (A.7) and, fori =1, 2, let

Ay, v) = fir(ur, 0, vy, v2), gt (u,v1) = gi1(uy, uz, vy, 0),

fitui,uz, vy, v2) — fi1(uy, 0, vy, v2)
up

firiew(ul,uz,v):[ i|u1+f,~2(u1,u2,v1,vz),

git(ur, uz, v1,v2) — gi1(u1, uz, vy, 0)
v

g?fw(u,v1,v2)=[ ]v1+gi2(u1,uz,v1,vz).

It is easily seen that { fi‘}ew} and { g?]?w} satisfy (A.8). Thus, by rewriting system (A.7) with { ﬁ}ew}
and {g?f“’}, this system takes the form (2.8) such that (A.8) holds.
Hereafter, we assume that (A.8) is satisfied for system (2.8). Write this system as

wy =—Aiur + fui(uy, vyug + fro(uy, uz, v)ug,

iy = —Aauz + for(uy, v)uy + Jy(u, v)uz + L (V)uy,

, (A.12)
v =+Avy + g, vi)vy + g12(u, vy, v2)vy,

V2 = +Avp + g21(u, v1)vr + J3(u, v)v2 4 J4(W)vy,
where
J](M7U)=f22(u9v)_f22(0’ U)7 Jz(v)=f22(05 U),
J3(u,v) = g (u,v) — g22(u, 0), Ja(u) = g22(u, 0).

In order to obtain conditions (A.9) and (A.10), we need to find a change of coordinates which
eliminates the underlined terms in (A.12). We claim that this is possible by applying two consec-
utive C>°-smooth changes of coordinates of the forms

iy =urp, iy =uz 4+ q1(v1, v2)uz, U1 =1, Uy = vy, (A.13)

and

iy =uy, U1 =y, Uy =2+ q2(uy, u2)va, (A.14)

<
_
I
<
i
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where g1 and g» are some functions such that g1 (0) = g2 (0) = 0. We show that the underlined
terms J2(v)up and J4(u)vy can be eliminated by applying a change of coordinates of the forms
(A.13) and (A.14), respectively.

Letz = % Applying change of coordinates (A.13) brings system (A.12) to
. fr2(ui,z,v)
= —Auy + [fr1(ur, v)]ug + [7 uy,
! 1+4i1(v)
ur = —houz + [(1 +q1(v)) f1 (ur, v)Tur + Q1 (u, V)uz + Q2(V)uz (A.15)
v =M1 + g1 (ur, z, vl v + [g12 (1, z, v1, v2)] V2,
V2 = Ao + [g21 (u1, z, vl v1 + [g22 (1, 2, V)] 2,
where
g1y, (V)
O1(u,v)y=J1 (u1,z,v) + ———— - [gn (u1,z,v1)v1 + g12 (U1, 2, v) vz]
1+q1(v)

q1y, (V)

—_— [gzl (1,2, v1)v1 + g22 (U1, 2, V) v2 — g21 (0, v1) v1 — g22 (0, V) vz],
1+ g1(v)
Aq1y, (VU1 + g1y, (V) (A2v2 + 8210, v)v1 + g22(0, v)V2
02(v) =J5(v) + 20 a1, 0 (A0 + & g )
L+q1(v)

It is easy to see that Q1 vanishes at u = 0 and also the updated f;; and g;; in system (A.15)
satisfy all the conditions (2.9) except for (A.9) and (A.10). In order to get (A.9), it is sufficient to
find g1 (v) such that Q> (v) =0, i.e. g1 (v) satisfies the relation

—(1+q1(v) L2(v) = g1, (V) - [M1v1] +q1,, (V) - [A202 + g21 (0, vD)V1 + £22(0, V) V2] (A.16)
Consider the C*°-smooth system

U=—(1+0)h@),
U1 = Avy, (A.17)

U2 = A2v2 + 821(0, vi)v1 + £22(0, v)v2,
where (U, vi, v2) € R3. The linear part of this system at the origin is

0 220 2

dvg vy
0 A 0 )
0 0 Ao

with the spectrum {0, A1, A,}. Therefore, this system has a C°>°-smooth 2-dimensional local unsta-
ble invariant manifold defined by the equation {U = g1 (v, v2)} for some function g;. Moreover,
this function satisfies (A.16) because this relation is nothing but the condition of the invariance of
the local unstable invariant manifold with respect to the flow of system (A.17) (see Definition 6).
Thereby, as we required, a C°°-smooth function ¢ (vy, vp) that fulfills (A.16) exists.
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We have now shown our first claim: the underlined term J>(v)us in system (A.12) can be
eliminated by performing a change of coordinates of the form (A.13). The proof for the second
claim that the term J4(u)v> can be eliminated by applying a change of coordinates of the form
(A.14) can be accomplished analogously (see [2]).

Note that, by Remark A.4, since the desired change of coordinates in Lemma A.3 com-
mutes with symmetry (1.5), we have that system (A.12) is invariant with respect to this sym-
metry. Therefore, system (A.17) is invariant with respect to the symmetries vy <> —v;. Thus,
q1 (v1, v2) = q1 (—v1, v2). Analogously, g2 (11, u2) = g2 (—u1, uz). This means that changes of
coordinates (A.13) and (A.14) commute with symmetry (1.5) too.

To finish the proof, note that changes of coordinates (A.13) and (A.14) are of the form (A.11).
Therefore, by Remark A.4, applying changes of coordinates (A.13) and (A.14) together with the
change of coordinates used in Lemma A.3 transforms first integral (2.6) to the form (2.10). This
ends the proof of Lemma 2.4. O

Proof of Lemma 2.5. By Lemma 2.4, there exists a change of coordinates which commutes with
symmetry (1.5) and brings system (1.3) and first integral (1.4) to (2.8) and (2.10), respectively.
System (2.8) possesses a C4-smooth three dimensional extended unstable invariant manifold
W*E defined by {(u,v) : uz = ¢*% (u1,v1,v2)}, and a C?-smooth extended stable invariant
manifold W*E defined by {(u, v) : vo = ¢*F (u1, uz, v1)} (see [23]). We claim that straightening
W*E i.e. applying the C-smooth change of coordinates

~ E ~ ~
ui, iy =uz —@"" (uy,v1,v2), U =i, U =2, (A.18)

uj
and straightening W*£ | i.e. applying the C?-smooth change of coordinates

~ ~ ~ E
up, iy =ua, U] = vy, Uy =v2 — @°" (u1,u2,v1), (A.19)

i

reduce system (2.8) to system (2.12), where (2.9) is satisfied, and transforms first integral (2.10)
to (2.13). On the other hand, by Remark A.2, straightening these manifolds keeps the invariance
of system (2.8) and first integral (2.10) with respect to symmetry (1.5). Thus, we are done once
we prove this claim. To this end, we use the following lemma

Lemma A.5. The following hold for the C?-smooth functions " and ¢°F :
(i) ¢"E (0, v1,v2) = QLE (0,01, v2) =0, (i) ¢*F (u1,u2,0) = ¢SE (u1,u2,0)=0.

The following are immediate consequences of this lemma:

Corollary A.6. We can write $*E and ¢*F as

E E 2 uE
@7 (uy,v1,v2) =urpy= (ur, v, v2) =uipy” (Ui, vi, v2),

E E 2 SE
&°7 (w1, uz, v1) = v py” (ur, uz, v1) =vyp5° (ur, uz, v1),

where pr and pﬁ‘E are some C4~ ' -smooth functions and p%E and ng are some C1~2-smooth
functions such that pﬁ‘E = ulng and p‘fE = vlng.

Corollary A.7. We have
(i) $1E (0, v1,v2) = F (0, v1,v2) =0, (ii) 3F (1, u2,0) = $3F (w1, u2,0) =0,
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We prove Lemma A.5 later. Taking into account that as a result of applying change of co-
ordinates (A.18), the equation of i, vanishes at {u, = 0}, one can easily see that change of
coordinates (A.18) reduces system (2.8) to

i = —huy 4 fi1 (w1, v)uy + fia (ur, uz, v)ua,

ity = —haus + foo (uy, uz, v)ua,
f (A.20)

v =+Avr + g1 (u, vi) vr + g1 (u, vy, v2) V2,

V2 = 4+A2vp + 821 (1, v1) v1 + 822 (u, v1, V2) V2,

where

fir ui,v) = fir (ui,v) + fio (ur, x,0) piE (uy, v,
fi2 (u,v) = fiz (g, uz +x,v) + Py (u, v) x,
S22 (u,v) = foo (ur, uz +x,0) + Py (u, v) x — @uF (w1, v) [ fra (w1, ua +x, v) + P3 (1, v) x]
—¢uF (u1,v) [Py (u, v) v1 + Ps (u, v) v2] — $4F (u1, v) [Ps (u,v) v + P7 (u,v) v2],
g1 (u,v1) = gi1 (ur, uz +x,v1), g2 (u,v) = gi> (uy, u2 +x,v), (i=1,2).

Here, x := ¢"F (u1, v), the functions fij and g;; are as in (2.8), and P; (u,v) (j =1,..,7) are
some functions such that P; vanishes at {v = 0} (see [2] for more details). Moreover, f, ;j are
C4~'-smooth and g, ; are C7-smooth. Using Lemma A.5 and Corollaries A.6 and A.7 and taking
into account that the expression uy + ¢"“F (11, v) vanish at u = 0, and also the functions f; j and
gij satisfy (2.9), one can easily show that f,, and g;; satisfy (2.9) as well.

System (A.20) is of the form (2.8) where f21 (41, v) = 0. Similar to the case of straightening
the extended unstable manifold, one can use Lemma A.5 and Corollaries A.6 and A.7 and show
that making change of coordinates (A.19) reduces system (A.20) to system (2.12) where the
corresponding f;; and g;; are €4~ '-smooth and satisfy (2.9). This ends the proof of the first part
of Lemma 2.5.

Denote the H; and H; in (2.10) by H{ and H;, respectively, and let x := (uy, uz, v1),
yi=(ur,vi,v2+¢*F (x)) and z := (w1, uz + ¢*E (), v1,v2 + ¢*F (x)). Applying changes of
coordinates (A.18) and (A.19) brings (2.10) to

H =ty [1+ Hf )] = 22 (w2 + 9" 1) (v2 + 65 ) [1+ 15 @],
which by Corollary A.6, can be written in the form (2.13), for
Hy=Hy () +2200 ' piF ) pi 0 [1+ H; @], Ha=H5,
Hs = p3* (o) [1+ H )] Hy=p® ) [1+ H; (2)].
This proves the second part of Lemma 2.5.
All that remains to finish the proof of Lemma 2.5 is proving Lemma A.5. We only prove part

(i) of this lemma; the proof of part (ii) is the same.
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The first identity

¢"F (0,v1,v12) =0, (A21)

is an immediate consequence of the fact that the extended unstable invariant manifold W*£
contains the unstable invariant manifold {u; = u, = 0} (see Section [23]). Indeed, for any
(v1, v2), we have that (0,0, vy, v2) belongs to {(u,v) : up = ¢"* (uy, vy, v2)}. This implies
#“E (0, v1, v2) =0, for any (vy, v2), which yields (A.21).

It is important to notice that relation (A.21) is sufficient to obtain the statement of part I of
Corollary A.7. In other words, (A.21) implies part I of Corollary A.7.

To prove the identity

PLE (0,v1,v2) =0, (A.22)

we consider the condition of the invariance of the manifold W*£ with respect to the flow of
system (2.8) (see Definition 6), i.e.

—Xax + for (i, v)uy + for (ur,x,0)x = GLF (ur,v) [ = Aur + i1 (wi.v)u
+ fi2 (ur, x,v) x4+ @hF uy, v) [A1vi + g11 (w1, x, v) v1 + 812 (w1, x, V) 12
+¢;’2E (u1,v) [Aav2 + g21 (1, X, v1) v + g2 (u1, X, V) V2],
where x := ¢”E (u1, v). Both sides of this relation are C7~!_smooth (g > 2 because 2A1 < A3)

functions of u1, v; and v,. Taking (A.21) as well as conditions (2.9) and Corollary A.7 into
account, we can differentiate this relation with respect to u1 at u; = 0 and obtain

2
0=PM—AnmeJo+ﬁxavm¢ﬁ«xw)]+dewﬁgaw

(A.23)
+ [22v2 + 8210, v1)v1 + 220, V)V2 Bl (0, v).
Define z = z(v) = ¢ZIE(O, v). Then, (A.23) can be written as
az(v)
0= [(Az — X))z + f12(0, U)Zz] + [A1v1] - ™
! (A.24)
9z(v)
+ [A2v2 + £21(0, vi)vi + €22(0, V)v2 ] - P

where z(0) = 0 (note that ¢ (0, 0, 0) = 0).

To get (A.22), we need to show z (v) = 0. First, note that z (v) = 0 satisfies (A.24). Thus,
(A.22) holds if we show that z = 0 is the unique solution of (A.24). Note that, by Proposition A.1,
z (v) satisfies (A.24) if and only if the 2-dimensional manifold

{(v,2) :z=12z(v) and z (0) =0} (A.25)
be invariant with respect to the flow of the C4~!-smooth system
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v = —Avy,
V2 = —Aav2 — g21(0, v) vy — g22(0, v)v2, (A.26)
= 0o —2)z+ f1200,v)2%,

which is defined on a small neighborhood of the origin in R3. (Indeed, relation (A.24) is the
condition of the invariance of (A.25) with respect to the flow of system (A.26).) Therefore, the
uniqueness of the solution of (A.24) can be proved by showing that system (A.26) has a unique
invariant manifold of the form (A.25). To do this, first, notice that this system possesses a unique
two dimensional stable invariant manifold of form (A.25). Second, we observe that any orbit on
manifold (A.25) converges to the origin of system (A.26): the first two equations in (A.26) are
independent of z and have (v1, v2) = (0, 0) as an asymptotically stable equilibrium. Therefore,
as t — 00, an orbit (v(t), z(v(¢))) of system (A.26) which belongs to invariant manifold (A.25)
converges to (0, z (0)). Since z (0) = 0, this means that any invariant manifold of the form (A.26)
must be a subset of the stable manifold of system (A.26). However, since both manifolds are 2-
dimensional, they must be the same. Therefore, system (A.26) has a unique invariant manifold of
the form (A.25) which is in fact its stable invariant manifold. This ends the proof of Lemma A.5
and hence the proof of Lemma 2.5. O

Appendix B. Proofs of Lemmas 2.7, 2.8 and 2.9

We only prove Lemma 2.7. The proofs of Lemmas 2.8 and 2.9 are similar. We refer the reader
to [2] for the proofs of these lemmas. We start with a discussion on the method of the proof and
then proceed to the proof of Lemma 2.7.

B.1. The method of the proof

Here, we present the main procedure which is used in the proofs of Lemmas 2.7, 2.8, 2.9 and
also Lemma C.1 (see Appendix C). Consider system (2.14) and denote its unique solution that
satisfies boundary condition (2.15) by (u*, v*), where u* = (u7, u3) and v* = (v{, v5). We may
also write this as

(u*,v*) = (u* (1), v* () = (u™ (¢, T, w10, u20, V17, v2c) , V¥ (1, T, u10, U20, Viz, v27) ), (B.1)

to emphasize that in addition to time variable ¢, this solution explicitly depends on t and the
boundary conditions u 19, #2¢, v1; and vy, as well. It is easy to see that (u*(¢), v*(¢)) is a solution
of this system with boundary conditions (2.15) if and only if

t
uj(r) = e My + / MOy (u* (s),v* (s)) ds,

0
t

us(t) = e MM + / MR, (u* (s), v* (s)) ds,
0

T
Vi) =e M Dy, —/e*M(H)Gl (" (s),v* (s)) ds, (B.2)

t
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T
Vi) =e 2Ty, — / e 260G, (u* (s),v" () ds.

t

For a given t, denote by Z the set of all vector valued functions (u1 (¢), u2 (¢), vy (¢), v2 (¢))
defined for 7 € [0, 7] on some small neighborhood of the origin in R*. Then, the right-hand side
of (B.2) defines an integral operator on Z, denote it by ‘T, as follows:

T (1), ua (1), v1 (1), v2()) = (U (1), uz (1), v1 (1), V2 (1)),

where

D E (U (s), v (s))ds,

—

i (1) =e Muio+

0
t
() = e uy + / 26D Ey (u (s), v (s)) ds,
0

T

B = e E Dy, — / e MG (U (s) v (5)) ds,

t

T

Ty (1) =e 22T Dyy — / e 267D Gy (u(s), v (s))ds.

t
The solution (u*(¢), v*(¢)) is in fact the fixed point of this integral operator. According to [23]

(Theorems 2.9 and 5.11), this integral operator is a contraction and its fixed point is the limit of
the sequence of successive approximations

{ (u(”)(t), v(")(t)) _ (ugn)(t), u(2n)(t)’ vgn)([), vé”)(t)) }:Z:o,

where (1@, v®) = (0,0) and

(u("“)(z), u(”“)(z)) = (MW (t),v™ (t)) . VYn>0.

Let A be a closed subset of Z such that (u (¢),v (¢)) = (0,0) € A and T (A) C A. Since
(@@, v©@) = (0,0) € A, the invariance of A implies that (™ (), v™(t)) belongs to A for all
n > 0, and so does the solution (u*(¢), v*(¢)).

Remark B.1. Assume that there exists a "certain estimate’ which for any arbitrary (u (t), v (¢)) €
A, its image T (u (¢) , v (¢)) satisfies. Therefore, since T (u*, v*) = (u*, v*), the solution (u*, v*)
itself satisfies that certain estimate as well.
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Our approach for proving Lemmas 2.7, 2.8 and 2.9 (and Lemma C.1) is based on this remark.
We construct the integral operator, introduce the invariant set .4 and find an estimate for the
image of the elements of this set under . Then, this estimate holds for the solution (u*, v*) too.

B.2. Proof of Lemma 2.7

Throughout, we use the following notation: x = (u, v), x (¢) = (u(t),v(t)), and x (s) =
(u (s), v (s)). Recast system (2.4) into the form (2.14), where

F; (x) = £51 () uj + £ () uuz + £13 () uyvy + £4 (1) ugvz + £i5 (x) u3
+ £i6 (x) uavy + £;7 (x) uovo,
5 ) (B.3)
Gi (x) =gi1 @) v] +gi2 (X) viv2 + g3 (X) ViUt + Gia (X) viuz + gis (X) V5
+ gie (x) vauq + g7 (x) vauz,

fori =1, 2, and some continuous functions f;; and g;;. Let €2 be a small compact neighborhood
of O and define

M*:= sup {I£i; (w,v)|,|gij (u,v)|}. (B.4)
(u,v)eR

Let § > 0 be small and consider the set

A={x@®: @l lua@®)] <278, [oi@)], [va ()] <25, (B.5)

where x (¢) is any continuous function defined on €2 for ¢ € [0, t].
We first show that A is invariant with respect to the integral operator T, i.e. T (A) C A. By
(B.3), (B.4) and (B.5), for any (u1(t), ua(t), v1(¢), v2(t)) in A, we have

max{|Fy (x ()], |F2 (x ()]} < M* (12e*2“32 v mﬂfaz) ,

max{|G1 (x ()], G2 (x ()]} < M* (126_2“_’)82 + 16e‘“82) .

Let M =32M*1~L. Fori = 1, 2, we have

t

|w; (1) — e Mujo| < / HTDNEF (x ()] ds

0
t

S 16M*82/e)»(s—1) (e—2)»s +e—)»‘f) dS S Me—)»tgz’

0
T

0 (1) — e T Dy < / MG, (x ()]s

t
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T
< 16M*82/e’\(’_5) (e—2k(r—s) +e—Ar> < MeMT-Dg2,

t

Choose § sufficiently small such that M§ < 1. Taking into account that |ujgl|, |#20l, |Viz],
|va¢ | are all bounded by 8, we have max{|u; (1)|, [w2 (t)|} < 2e~*'8 and max{|v; (¢)|, |V (1)|} <
221§ Thus, (u; @), ur (), v1(t),v2 (1)) € A, as desired.

Meanwhile, we have shown that the image of any element of A under ¥ can be written in
the form (2.16) such that the corresponding &1, &>, ¢ and ¢; satisfy the estimates given in the
statement of the lemma. However, since (u O v(o)) = (0,0) € A, it follows from Remark B.1
that the same holds for the solution (u (), v (¢)) that satisfies boundary condition (2.15). This
ends the proof of Lemma 2.7.

Appendix C. Proofs of Lemmas 3.12 and 3.13
The main part of this appendix is the proof of the following lemma:

Lemma C.1. Let (2.21) be the local map of system (2.12) and suppose (u19, vig) € Dy. Write
x := (u19, v19). We have

—2’“ W=+ e 1+0®)], M=y 0 14 0@),

uj 0] V10 .1
—2”2 W=—r2 ML 0E)], Ry = -y 140 @)

Ui ui10 3U1

It is straightforward to derive Lemmas 3.12 and 3.13 from Lemma C.1 (see [2]). Indeed, by
this lemma, an estimate for % can be obtained. One can use this estimate and the implicit
relations between (u19, v10), (W, 2), (10, v10) and (w, z) to prove Lemmas 3.12 and 3.13. We

refer the reader to [2] for further details.

Proof of Lemma C.1. Let (2.22) be the solution of system (2.12) that satisfies boundary con-
ditions (2.15), where uo = vy; = §. When the point (19, §, vi9, v29) on IT* reaches the cross-
section IT* at (ui¢, uz¢, Vi, 8), the corresponding flight time 7 is uniquely determined by u1g
and vyg, i.e. T =7 (410, v10), for some function 7. Thus, by (2.23), we have

vio = v} (0, T (10, v10) , 10, 8, N2 (U10, V10) , 8) (C2)
v20 =05 (0, T (10, v10) , 410, 8, N2 (10, V10) , 8) , (C.3)
m (w10, v10) = uj (t (u10, v10) , T (10, V10) , U10, 8, N2 (U10, V10) , 8) . (C4)

Recall that, by Lemma 2.12, vy is a function of u 1o and vi¢ which we denote it by « (u19, v10)-
Both sides of (C.2), (C.3) and (C.4) are functions of ujo and vjg. Differentiating these three
relations with respect to u1g and vyg gives the following identities

. ovy T ov}

*
_ . ov]
0T |, Ouio duio

t=0 ovy¢

an

0 ° b
=0 0u10

(C.5)
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ovy ot ov} any

1= . , (C.0)
0T |;—o 3U10 Vi ;=g V10
ok 8v2 ot vy vy o ’ .7
aulo aT =0 31410 8u10 =0 81)1, =0 aulo
oK _ ov3 ot ov3 om 7 )
avio T |,—9 dvio Ovir|,—¢ 9Vio
d ou’f ot ou’ ot ou’ ou’ 9
oam _ 9 ot ) + 1 Lo (C.9)
ou1o ot |,—, Odujg 0T |,—; Ouio Oui0|;—y OVir|;—y OUIO
ad out 0 ou? 0 ou? ad
mo_owy| ot owp) Ot B A/ (C.10)
dvig ot =1 dvio aT (=1 dvio V¢ (=1 dvig
To obtain the estimates in (C.1): we first estimate the following expressions
du] uy v} v}
(l) _,[’ (ll) 6141() va (lll) 3141() ‘[’ du1o t=0’ du1o t=0’
du vy avs dut vy Ivs
@) av'lf =t 3“1]T =0’ 8v12, =0 ™) 77 =t i =0’ 7 =0
(i) Estimate for %T : By (2.9), (2.7) and the first equation of (2.12), we have
1=t
ouy )
SH| = =rue+0 () + 0 ez + 0 reuan).
and by virtue of (2.34), (2.35) and (2.36), for (119, vi0) € D1 U D;, we have
auT -\ T
— =—Are "Mup[l+ 0 ©B)]. (C.11)
ot lr=t

Joig Following Lemma 2.12, k is a C?-smooth (¢ > 2) function of
(u10, v10) which is defined on an open neighborhood of M* € IT°. Since its restriction to D1 UD,
is of the form (2.39), we have

B B] 8%k 8%k 9>
k (0,0) = —K(o 0) = —K 0,0) = — (0,0) = — (0,0) = Y 00=2.
u? Ui, 10 du19v10 )

Since vip = O (u19) and u19 = O (v1p), by Taylor theorem, for (119, vig) € D2, we derive

daK y K %
(10, v10) = Tv10[1 +0(1)], (10, v10) = <u1o[1 +o(D)].
duio 1) avyo k)

In order to get estimates for a’g, 637;1 and 889 where 0 = u1g, vi; and 7, we solve some
boundary value problems. Let (2.22) be the solution of system (2.12) which satisfies boundary

conditions (2.15). By writing system (2.12) in the form (2.14), i.e.

Fi (u,v) = f11 (i, v)ur + fio (w1, u2, v) us, Fy (u,v) = fao (uy, uz, v)ua, €C.12)

G (u,v) =g (,v1) v + g12 (u, vy, V2) V2, G (u,v) = g (u, vy, v2) V2,
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where f;; and g;; satisfy (2.9) and (2.7), we have

up = —ikuy + Fr(uy, u3, v}, v3),
(C.13)
Uy = +revp + Ge(uy, uy, vi,v3),  (k=1,2).

Differentiating (C.13) with respect to 6, where 8 = u g, vi; and t, gives

(5) =diagonal (—A1, —X2, A1, X2) - <l‘£> + M) - (g) , (C.14)

where U = (Uy, Up), V = (Vi, Va), M(r) = 2F152.61.G2)

d(uy,u2,v1,v2)

and, for (i =1, 2),

(u*,v¥)

our(t, T, u10, U20, Vi, V27) Qv (t, T, u10, 420, V1z, V27)

U(t) = , Vi(t) = C.15
i (1) 29 i (1) 29 (C.15)
The solution (U (¢), V (¢)) of system (C.14) that satisfies the boundary conditions
Ui1(0)=Uio, U2(0)=U, Vi(r)=Vir, Valr)=Vo (C.16)
is in fact the fixed point of the integral operator
T (U1 ). U2(t), Vi (1), Vs (t)) > U0, 020, Vi), Va@), (C.17)
such that
t T
U; (1) =e ' Ujp+ f S Pi(s)ds, Vity=e T Dy 4 / U0, (s)ds,
0 t
where

P (1) =Fpy, (x* (1)) - Ut (1) + Fiyy (x* (1)) - U2 (1) + Fiy, (x*(0) - V1 (1)
+ Fiy, (x* () - V2(0),

Qi (1) =Gy, (x* (1)) - U1 (1) + Giy, (x* () - U2 (0) + Giy, (x* (@) - V1 (1)
+Giy, (X (1) - V2 (1),

fori =1,2and x* (t) = (u* (), v* (¢)) (see [23]). Moreover, this integral operator is a contrac-
tion and its fixed point (U (¢), V (¢)) is the limit of the sequence

{ (U(")(Z‘), V(”)(t)) _ (Ul(n)(t), Uz(n)(l‘), Vl(n)(t)’ Vz(n)(t)) }:Z:o,

where (U©, v©) = (0,0) and (U™ (¢), V@D (@) =T (U™ (1), V™ (1)), Vn > 0.

) dut ¥ v .
(iii) Estimates for 11 , 8:110 auvlzo 0: Let (U, U, Vi, V) be the solution of

duio |, _
system (C.14), i.e. the fixed point of (C.17), where
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Qv (t, T, u10, 20, V17, V27)
ou1o

8“?(1‘7 T, u10, 420, Vir, sz)

Ui(r) =
i) Bito

, Vi(t) =

, (i=12).

Taking into account that (B.2) holds for the solution (u*, v*) of system (2.12), we have
U0)=Ui=1, Ux0)=Ux=0, Vi(x)=Vi;=0, Va(r)=Var=0. (C.13)
We claim that the solution (U, V) that satisfies (C.18) is of the form

Uiy =e M [1+0@®)],  UVa)=e'0(),

Vi@t) = e~ M=) é), Vo(t) = e~ R0 8). (C.19)

To prove the claim, let us first show that the set
A={(UIO. 0. Vi 0. V20): O] 27, U] =7,
Vi <e M0 V)] < e‘“"‘”},

where (U;(t), Ua(¢), Vi(t), Va(t)) is any continuous function defined on ¢ € [0, 7], is invariant
with respect to integral operator (C.17). Note that since f;; and g;; in (2.12) are ca1 (g=2)
and fulfill (2.9) and (2.7), the first derivatives of F; and G; can be written as
Fry ) =f], @Wui+£,@uz,  Fr, (1) =£]; () v + £1; () 02,
Fiy, () =£3, ui+ £, (Duz,  Fry, (1) = £, () us + £, (x) ua,
Foyy () =3 Mz, Fryy (0) = £31 (w1 + £3, () u2,
Fapy ) =5 Muz  Foy ) =13 Wuz,  Gryy () =g 0 o1 + 971, @) w2,
G, =gl Wi +ghL @ v, Gy () =97 W v+, (@) v,
Giy, W) =gl M u1 +gh, @ uz,  Gayy () =g (W) 02,
Gy M) =931 (D2, Gay (D=5 w2, G2y () =G5 (D) V1 +93, (W) w2,

where x = (u, v), and £ fj and gf?j are some continuous functions. Consider the constant M given

by Lemma 2.9. Recall that § is sufficiently small such that M8 < 1. Let MT = max{3, 3M}.
Then, for the solution (u* (¢), v* (¢)) of system (2.12), we have

luf (1)] < MTe s, i () < MTe s, (i=1,2).

Let Q be a small compact neighborhood of the equilibrium O of system (2.12). Define M* :=
SUP () {|ff§/. (u,v)], |gf.<j (u,v)|}, and M* := M*M". We have

| Fry (w0, 0%) [ | Froy (0, 0") [ [Fu, (0, 0%)

< Miefk‘t8|F2u] (u*, v*) Foy, (u*, v*) ,

’Fluz (u*, v") ‘7 ‘Glul (@ v*) | |Gy (", v7) |,

< Mie_}‘l(f_’)8|G2u1 (u*, v*) Gau, (u*, v*)

Fy, (”*» v*) Gy, (”*’ v*) i

Fay, (u*,v") | < Mie s

Gy (", 0%) [, |Gy, (", 0%) |
Gay, (u*, v*) | < Mie R0,

) ) )

3

)

’ )
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This implies
[P ()] < M¥§ [3e72M1! 4 2¢7M7] |P2 (1)| < M*§ [3e™ M)l 4 ge =Pt (T=0 ]
|01 ()] < Mis [3efk|r + 2e—2M (‘[71)] . 102 < Mis [3e7)\|tf)\2(rft) + zef(MJr)»z)(tft)] )

Define M =6M i)\.lil. Using the above relations, we have

' '
< / ‘e)‘l(“’)Pl () ’ds < 3M18/€A1(S7l) [efles + eillr] ds < Me™ M8,
0 0

’Ul(t) —eht

t t
‘ﬁz(t)‘ < / ‘eAZ(‘Y_I)Pz (s) )ds <3M*s / M0 [e_(MHz)S + e_kzs_)"(f_s)] ds < Me '8,
0 0

T T
Vi) < / [0, (5)|ds < 3M*5feh<f—f> [ e ag
1 t

< Me Mg,
T

T
}Vz(t)‘ S/‘e“(t_‘Y)Qz (S)‘ds§3M¢8fexz(t—s) [e—,\ls—xz(r—s)+e—(x.+xz)(r—s)] ds
t

t

< Me 2005,

Choosing § sufficiently small such that M§ < 1, the above relation immediately implies
(Ui (1), Uz(t),Vi(1),Va2(1)) € A, as desired.

Meanwhile, we have shown that the image of any element of A under ¥ is of the form (C.19).
However, since (U, V@) = (0,0) € A, it follows from Remark B.1 that the same holds for the
solution (U (¢), V (¢)) that satisfies boundary condition (C.16). This gives (C.19) and therefore,

ou’t vt v
—Ll =M1+ 0©)], —L| =eM0@©), —=| =eM0®).
010 |;=1 U0 |,—g U1 |,—g

(iv) Estimates for % - ;;)i and %} o Let (Uy, Uy, Vi, V) be the solution of

t= =
system (C.14), where U; and V; are as in (C.15) for 8 = vj;. With the same method that we
derived (C.19), one can prove that when (u 19, vi09) € D2, the solution (U, V) is of the form

Ui(t) =e 1T 0 (5), Usr(t) =e 0 (8),
Vit)=e M1+ 0@6)],  Valt) =e 20700 (9),

(see [2]). Therefore, when (119, vig) € D;, we have

duy v vy
ug :e—2)\]‘[0(8)’ 1 =e—)u]‘[[l +0(8)], 2 :e—)\zto(s).
oV lt=t 0v¢ 11=0 0V 11=0
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* *
dvy dv;

. ou*
(v) Estzmatesfor ad} ’ , W‘ o and - :Let (U1, Ua, V7, V2) be the solution of system
=t 1= t=0

(C.14), where U; and V are as in (C.15) for 8 = t. With the same method that we derived (C.19),
one can prove that when (119, vio) € D, the solution (U, V) is of the form

Ui(t) =e 10 (8luyol) Us(t) =e 210 (8?),
Vi) =e M Dy [—a + 0 ©B)],  Valt) =e 20705 [—1 4+ 0 (9],

(see [2]). Therefore, when (119, vi9) € D;, we have

ou* ov*
U1 e Mo Glurel). =L = —ae Mo (14 0 (9],
0t =t 01 1t=0

8 *

2 o e[+ 0 (5)].

ot 11=0

So far, we have obtained all the estimates that we required. Substituting these estimates into
(C.6) and (C.8) gives

9 9
l=—Ae ™Mo [1+00)] —— 4 e M7 [140@©)] 2 (C.20)
dvio vy
9 9
YEI0 11 4 0 (8)] = —he 278 [1+ 0 (8)] - —— + 270 (5) - 2. (€21
v vy
Relation (C.21) implies
0T _ =l (e V10 4 sy (140 ©)]. (C.22)
vy A28 )

By substituting this into (C.20), we have

9 2 sition2.17 9
O _ (e Z Y oty o V[0 4 O (8)] mesition 217 912 (g y)e)”lt[l L0 (5)],
dvio 52 dv1g

as desired in (C.1). By Proposition 2.17, substituting this estimate into (C.22) yields

at 1 1 1 1
2 L L ptowo=-+ Ln+oen.
avio Ay Vo A2 V10

Similarly, we can estimate derivatives of 7 and 7, with respect to ug. By substituting the
obtained estimates into (C.7), we have

ot —1

dug o A2d

(J(;e Vio+ O (8) + 0 (5) - ) [14 0 ). (C.23)

Substituting these estlmates into (C.5) and simplifying the result using Proposition 2.17 give the
desired estimate for 8 . In addition, we have

ot 1 1
—=——--—[14+0()].
duyo A2 U1
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It is easily seen that substituting the estimates that we have derived so far into (C.9) and (C.10)

gives the desired estimates for ;i and 2L . This ends the proof. O
uio dvio

Remark C.2.In the case of homoclinic figure-eight, the estimates given by Lemma C.1 also
hold for the local maps Tlloc (on ’D%), Tllgc (on ]D)%), Tzl?c (on ]D)%) and T2loc (on D%). For instance,
applying Lemma C.1 on the local map T'°° on D; of the system which is derived from system
(2.12) by applying the linear change of coordinates (i1, 3, v1, V2) = (41, Uz, —vi, —v2) gives
the estimates in Lemma C.1 for Tll‘z’C on ]D)%.

Appendix D. Invariant manifolds theory for cross-maps
In this appendix, we briefly discuss the method of cross-maps which is used in this paper to
prove the existence of the invariant manifolds of the Poincaré map along the homoclinic orbits.

We start with the formal definition of cross-maps:

Definition 7. Let (X*, ||-|| xy«) and (Y™, ||-|ly=) be two Banach spaces, and I be a subset of X* x
Y*. Let

T-U—>TU

x> &)

be a map. We say T can be written in cross-form if and only if

¥=Fx,5),
y=G(x,y),

(D.1)

holds for some functions F and G. The map defined by (D.1) (which maps (x,y) to (x, y)), is
called the cross-map of T and denoted by T *.

In general, the composition of two maps which each can be written in cross-form cannot
necessarily be written in cross-form. Here we provide a specific setting in which the property
of ‘being written in cross-form’ can transfer to the composition map: let (3, ||-||) be a Banach
space, and X1, X», Y1 and Y> be convex subsets of 5. Consider the maps 7} : X x Y] — X2 x V3
and 7> : X» x Yo — X x Y1 and suppose that both of them can be written in cross-form in the
following way:

x.,y)=Ti(x,y) ifandonlyif x=pi(x,y) and y=gq1(x,y),
and
(2,9)=T(x,y) ifandonlyif £=p;(¥, 9) and y=¢>(%,3),

where p1: X1 x Y2 > Xo,q1 : X1 x Yo=Y, pa: Xox Yy > Xyand gy : Xo X Y1 — Y are
some smooth functions. Let
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ol 2] 2] 2] .
w22 2] 2] o]

for some constants K| and K».
Lemma D.1. (/29], Lemma 4) Define T :=Tr o Ty : X1 x Y1 — X1 x Y1. If K1 K> < 1, then

ap1 9q1

H ap1

H 9q1

8pz 992 3612

1%

(i) the map T can be written in cross-form, i.e. there exist functions p and q such that

()?,j}):T(x,y) if and only if )?:p(x,)?) andy:q(x,)?).

Moreover, the functions p and q are smooth and defined everywhere on X1 x Y.
(ii) Equip X1 x Y1 with the norm ||(x, y) ||, = max{/ K ||x||, v K2||y|}. We have

VKi1Ky
—VK1K>

The next theorem provides a setting in which if a map T possesses a cross-map 7 which
satisfies certain properties, then it has an invariant manifold that contains w-limit points of every
forward orbit of the domain. This theorem becomes powerful when one is looking for the invari-
ant manifolds of a non-smooth map whose cross-map is smooth. This result was first obtained
by Afraimovich and Shilnikov [1] for maps defined on an annulus. The following formulation of
this result which holds for arbitrary Banach spaces is stated in [23].

|55

Theorem 8. ([23], Theorem 4.3) With the setting in Definition 7, let X and Y be two convex
closed subsets of X* and Y*, respectively, such that R=X x Y CU, T* is defined on R and
T*(R) CR. Let F and G in (D.1) be C'-smooth and satisfy

o b B IR
(x,7)eXxY

oF . oF G
ox |, 0y |, |l 9x

where ||¢ (x, Y)llo = sup(, yyex xy ¢ (x, Yl for any vector-valued or matrix-valued function ¢.
Then

0G
x

<1

and

(i) the map T has a C'-smooth invariant manifold M* = {(x,y) € R : x = h* (y)}, where
h* .Y — X is a Lipschitz function with the Lipschitz constant

kL G|\
=15 )
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(ii) for any x = (x,y) € R and any arbitrary € > 0, there exists an integer N* € N such that
foranyn > N* if {T! (x) iiﬁ C R, then dist (T" (x) , M*) < €. In particular, M* contains
the w-limit set of any point of R whose forward orbit lies entirely in R.

(iii) if R is bounded, then the integer N given above can be chosen independent of x, i.e. for
any arbitrary € > 0, there exists an integer N € N such that for anyn > N, and any x € R
if {T" (x)}=8 C R, then dist(T" (x), M*) <.

(iv) let M be a L-surface (i.e. M is the graph of some L-Lipschitz function h : Y — X ). Then
T (M) |xxy is a L-surface as well. Moreover, the sequence {T" (M) |xxy} converges to
M*.

Proof. See [23], Theorem 4.3 as well as Theorem 4.2 and its proof. O

Proposition D.2. With the setting of Theorem 8, if R is bounded, T~ exists and the backward
orbit of a point x € R lies entirely in R then x € M*.

Proof. The proof is by contradiction. Assume x ¢ M*. This implies dist (x, M*) > 0. Choose an
0 < e < dist (x, M*) and consider N, given by Theorem 8. We have dist (M*, TNe (TN (x)))
< € and thereby dist (M*, x) < €, which is a contradiction. 0O
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