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The microscopic calculation of nuclear level densities in the presence of correlations is a difficult
many-body problem. The shell model Monte Carlo method provides a powerful technique to carry
out such calculations using the framework of the configuration-interaction shell model in spaces that
are many orders of magnitude larger than spaces that can be treated by conventional methods. We
present recent applications of the method to the calculation of level densities and their collective
enhancement factors in heavy nuclei. The calculated level densities are in close agreement with
experimental data.

I. INTRODUCTION

Level densities are an integral part of the Hauser-
Feshbach theory [1] of statistical nuclear reactions and
appear in numerous nuclear physics applications. How-
ever, in the presence of correlations, their microscopic
calculation is a challenging many-body problem. The
configuration-interaction (CI) shell model method is a
suitable framework to calculate level densities in that it
accounts for shell effects and correlations, but the dimen-
sion of the many-particle Hilbert space increases combi-
natorially with the number of nucleons and/or the num-
ber of single-particle orbitals, prohibiting such calcula-
tions in mid-mass and heavy nuclei. This difficulty can be
overcome by using the shell model Monte Carlo (SMMC)
method [2–5]. This method enables calculations of sta-
tistical and collective properties of nuclei in very large
model spaces and proved to be a powerful technique in
the microscopic calculation of level densities [6].

Here we discuss recent applications of SMMC to heavy
rare-earth nuclei and, in particular, to isotopic families
of samarium and neodymium nuclei [7, 8]. We demon-
strate that with a proper choice of the model space, the
CI shell model approach is capable of describing micro-
scopically the crossover from vibrational to rotational col-
lectivity in these nuclei as the number of neutrons in-
creases from shell closure towards mid-shell. We calcu-
late the SMMC state densities for both the even- and
odd-mass samarium and neodymium isotopes, and find
them to be in very good agreement with experimental
data. Defining the collective enhancement factor as the
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ratio of the SMMC state density to the Hartree-Fock-
Bogoliubov (HFB) density, we calculate microscopically
these collective enhancement factors in the even samar-
ium and neodymium isotopes and study their decay with
excitation energy.

II. THE SHELL MODEL MONTE CARLO
METHOD

The SMMC method is based on a representation of the
Gibbs operator e−βH (β = 1/T is the inverse temperature
and H is the CI shell model Hamiltonian) as a superpo-
sition of one-body propagators of non-interacting nucle-
ons moving in external time-dependent auxiliary fields
σ = σ(τ). This representation, known as the Hubbard-
Stratonovich transformation, is given by

e−βH =

∫
D[σ]GσUσ , (1)

where Gσ is a Gaussian weight and Uσ is a one-body
propagator for a configuration σ of the auxiliary fields.
The thermal expectation value of an observable O is given
by

〈O〉 =
Tr (Oe−βH)

Tr (e−βH)
=

∫
D[σ]WσΦσ〈O〉σ∫

D[σ]WσΦσ

, (2)

where Wσ = Gσ|TrUσ| is a positive-definite function,
Φσ = Tr Uσ/|TrUσ| is known as the Monte Carlo sign
function, and 〈O〉σ = Tr (OUσ)/TrUσ. Here the traces
are evaluated in the canonical ensemble, i.e., at fixed
numbers of protons and neutrons. In SMMC, auxiliary-
field configurations σk are chosen according to Wσ , and
the expectation value in (2) is then estimated from 〈O〉 ≈∑

k〈O〉σk
Φσk

/
∑

k Φσk
.
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III. HEAVY NUCLEI

The SMMC method was extended to heavy nuclei,
overcoming a number of technical challenges [9]. While
even-even mid-mass nuclei are characterized by small de-
formation and a first excitation energy of ∼ 1 − 2 MeV,
the situation is very different in even-even heavy nuclei,
which can have large deformation and a much smaller
first excitation energy of ∼ 100 keV. As a result it is nec-
essary to propagate to much longer imaginary time β to
reach the ground state. The matrix representing Uσ in
the single-particle space becomes ill-conditioned at large
β and matrix multiplication has to be stabilized.

A. Model Space and Hamiltonian

The required model space in heavy nuclei is signifi-
cantly larger in comparison with the model space used in
mid-mass nuclei. For rare-earth nuclei we used the many-
particle model space spanned by the single-particle or-
bitals 0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2 and 1f7/2 for pro-
tons, and the orbitals 0h11/2, 0h9/2, 1f7/2, 1f5/2, 2p3/2,
2p1/2, 0i13/2, and 1g9/2 for neutrons. This corresponds to
the 50−82 major shell plus the 1f7/2 orbital for protons,
and the 82 − 126 major shell plus the 0h11/2 and 1g9/2

orbitals for neutrons. The calculations are done using an
SMMC code in the proton-neutron formalism [9].

We used the Hamiltonian of Ref. 7. The bare single-
particle energies are taken so as to reproduce the Woods-
Saxon energies in the spherical Hartree-Fock approxima-
tion. The interaction includes monopole proton and neu-
tron pairing terms and several multipole-multipole inter-
action terms (quadrupole, octupole and hexadecupole)
with coupling constants given in Ref. 7.

B. Emergence of Collectivity

Heavy nuclei are known to exhibit various types of
collectivity, such as vibrational and rotational collectiv-
ity, that are well described by phenomenological mod-
els. However, a microscopic description in the framework
of the CI shell model has been mostly lacking. Heavy
nuclei require the use of a large model space that is pro-
hibitively large for conventional diagonalization methods.
The SMMC approach, while capable of treating much
larger model spaces, is suitable for calculating thermal
and ground-state observables but not for calculating de-
tailed level schemes, often used to identify the specific
type of collectivity.

We were able to distinguish between the different
types of collectivity by using the thermal observable
〈J

2
〉T (where J is the total nuclear spin), whose low-

temperature behavior is sensitive to the type of collec-
tivity. In Fig. 1 we show 〈J

2
〉T as a function of tempera-

ture T for a family of even-mass samarium isotopes. The
SMMC results (open circles) display a crossover from a
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FIG. 1. 〈J2
〉T as a function of temperature in the even-even

148−154Sm isotopes. We compare the SMMC results (open
circles with error bars) with the results extracted from the
experiment (solid lines, see text). Adapted from Ref. 7.

“soft” response to temperature in 148Sm, characteristic of
a vibrational nucleus, to a “rigid” response in 154Sm, typ-
ical of a rotational nucleus. The solid lines in Fig. 1 are
calculated from experimental data using a complete level
scheme below a certain threshold energy and an empiri-
cal backshifted Bethe formula (BBF) for the level density
above this threshold. The parameters of the BBF are de-
termined by a fit to the cumulative counting data at low
excitation energies and the neutron resonance data at the
neutron separation energy. Neutron resonance data are
unavailable for 154Sm, and the corresponding solid line in
Fig. 1 is obtained using discrete experimental levels only.

C. State Densities

The state density is the inverse Laplace transform of
the partition function Z(β) = Tre−βH . The average state
density is found by evaluating this integral transform in
the saddle-point approximation. We have [10]

ρ(E) ≈
1

√

2πT 2C
eS(E) , (3)

where S(E) and C are, respectively, the entropy and heat
capacity in the canonical ensemble. In SMMC, we calcu-
late the thermal energy E(β) = 〈H〉 as a thermal ob-
servable and then integrate the thermodynamic relation
−dlnZ/dβ = E(β) to find Z(β). The entropy and heat
capacity are then calculated from

S(E) = lnZ + βE ; C = −β2∂E/∂β . (4)

To compare with experiment, it is necessary to deter-
mine the state density as a function of excitation energy
Ex = E −E0, where E0 is the ground-state energy. This
requires an accurate estimate of E0.
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FIG. 2. State densities of even-mass 144−152Nd (left column)
and 148−154Sm isotopes (right column). The SMMC densi-
ties (open circles) are compared with level counting data (his-
tograms) and neutron resonance data at the neutron separa-
tion energy (open triangles). The solid lines are BBF densities
fitted to the cumulative level counting data and neutron reso-
nance data. The dashed lines are the HFB densities. Arrows
mark the proton and neutron pairing phase transitions and
thick arrows denote the shape transitions in the HFB approx-
imation. The samarium results are adapted from Ref. 7.

1. Even-Even Nuclei

The projection on an even number of particles for a
good-sign interaction keeps the Monte Carlo sign good
for almost all samples. Thus in even-even nuclei, we can
carry out accurate SMMC calculations of the thermal en-
ergy E(β) up to large β values and use them to obtain a
reliable estimate of the ground-state energy E0.

In Fig. 2 we show the calculated SMMC state densities
(open circles) for the even-even 144−152Nd and 148−154Sm
isotopes. The results are in good agreement with level
counting data (histograms) and, when available, neutron
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FIG. 3. State densities of odd-mass 143−149Nd (left column)
and 149−155Sm (right column) isotopes. Symbols and lines are
as in Fig. 2. Adapted from Ref. 8.

resonance data at the neutron separation energy (open
triangles). The dashed lines are the densities calculated
in the finite-temperature HFB approximation. The kinks
in the HFB density correspond to the neutron and proton
pairing phase transitions (arrows) and to the shape phase
transition in nuclei that are deformed in their ground
state (thick arrows).

2. Odd-Even Nuclei

The projection on an odd number of particles leads to
a new sign problem (even for good-sign interactions) at
low temperatures. As a result, the thermal energy for the
odd-even rare-earth nuclei can be calculated in practice
only up to β ∼ 4−5 MeV−1. It is therefore not possible to
obtain a reliable estimates for the ground-state energies
of odd-even nuclei in direct SMMC calculations.

To extract a ground-state energy E0 for an odd-even
nucleus, we carried out a one-parameter fit of the SMMC
thermal excitation energy Ex(T ) = E(T )−E0 to the ex-
perimental thermal energy. The latter is obtained from
Ex(β) = −d lnZ(β)/dβ, where Z is the partition func-
tion extracted from experimental data using a complete
level scheme at low excitations below a certain thresh-
old energy and an experimentally determined BBF level
density above it. In Fig. 3 we show the state densities
of odd-mass neodymium and samarium isotopes. The
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FIG. 4. Collective enhancement factor K (open circles) of
even-mass neodymium (left column) and samarium (right col-
umn) isotopes versus excitation energy Ex. Arrows are as in
Fig. 2. The samarium results are adapted from Ref. 7.

SMMC state densities are in close agreement with ex-
perimental data, except for some discrepancies with the

neutron resonance data in 153Sm and 155Sm.

D. Collective Enhancement Factors

The enhancement of level densities by collective states
is described by the collective enhancement factors. Their
decay with excitation energy is one of the least under-
stood topics in the modeling of level densities [11]. We
define a collective enhancement factor K to be the ratio
between the SMMC state density and the HFB density,
K = ρSMMC/ρHFB. The HFB density describes the den-
sity of intrinsic states, and the enhancement observed in
the SMMC density originates in rotational bands that
are built on top of the intrinsic states and in vibrational
collectivity that is missed in the HFB approximation.

In Fig. 4 we show K for isotopic families of neodymium
and samarium nuclei. In the spherical nuclei 144Nd,
146Nd and 148Sm the enhancement K is due to vibrational
collectivity, and we observe the decay of K to ∼ 1 above
the neutron and proton pairing phase transition energies.
However, in deformed nuclei K has a minimum above the
pairing transition energies, and its rise at higher excita-
tions is due to rotational collectivity. In these nuclei, K
decays to ∼ 1 above the shape phase transition energy.

IV. CONCLUSION

We used the SMMC method to calculate state den-
sities of heavy rare-earth nuclei in the CI shell model
framework and found close agreement with experimental
data. We also calculated the collective enhancement
factors of state densities and observed that the decays of
vibrational and rotational collectivity correlate with the
pairing and shape phase transitions, respectively.
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