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Abstract— In this paper, a synthesis algorithm for cascaded 
lossless commensurate lines is summarized. The algorithm is 
based on transfer matrix factorization. Firstly the characteristic 
impedance of the extracted element is calculated and then after 
extracting the element, the reflection factor of the remaining 
network is calculated. This process is repeated until the 
termination resistance is reached. An example is included, to 
illustrate the implementation of the algorithm. 
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I.  INTRODUCTION 
Especially at microwave frequencies, distributed element 

networks are preferred. In lots of microwave filter and 
matching network designs, finite homogenous transmission 
lines of commensurate lengths have been used [1, 2]. This 
approach is based on that the distributed networks composed 
of commensurate lengths of transmission lines could be 
regarded as lumped element networks under the 
transformation [3], 

)tanh( τλ p=      (1) 

where ωσ jp +=  is the complex frequency and τ  is the 
commensurate delay of the transmission line. 

In literature, characteristic impedance of the extracted 
commensurate line is calculated by using the following 
formula [4], if )(λS  is the given reflection factor, 
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Then, the reflection factor of the remaining network is [4] 
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As can be seen from Eq. (3), to get a degree reduction, the 
denominator must has a root at 1−=λ , and numerator at 

1+=λ . But in the new method, there is no need to find roots 
at 1±=λ , to get a degree reduction. 

In literature, many researches have been worked on the 
analysis [5-8] and synthesis problem [9-17] of distributed-
element networks. For instance in [18], a transformation is 
proposed, in [19], input impedance function is utilized in 

synthesis process. But in the synthesis method presented here, 
the network is thought as a lossless, reciprocal two-port 
expressed in Belevitch form [20], and directly the reflection 
factor is used. 

In [21], the synthesis algorithm presented here has been 
proposed. But when the number of transmission lines is 
increased, the coefficients used in the algorithm get larger. So 
a coefficient normalization step must be inserted to get more 
precise element values. In the updated algorithm presented in 
this paper, this coefficient normalization step has been 
included. 

In the following section, transfer matrix factorization is 
explained briefly. Then, the modified synthesis algorithm is 
given. Finally, an example is presented, to illustrate the 
implementation of the algorithm. 

II. TRANSFER MATRIX FACTORIZATION 

Canonic form of the scattering transfer matrix { }T  of a 
lossless, reciprocal two-port is defined as [1], 
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where 1* ±==
f
fμ  is a unimodular constant, g  is a strictly 

Hurwitz real polynomial. These polynomials satisfy the 
Feldtkeller equation, *** ffhhgg +=  (where “*” represents 
paraconjugation). 

 

 

 

 
Fig. 1.  Cascade decomposition of a two-port. 

 

It is desired to decompose the lossless, reciprocal two-port 
{ }N  into two cascade connected lossless two-ports { }ba NN ,  
which are also lossless and reciprocal (Fig. 1). This means to 
factor the scattering transfer matrix { }T  into a product of two 
scattering transfer matrices, 
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The polynomials { }aaa fhg ,,  and { }bbb fhg ,,  have the 
same properties as { }fhg ,, , and must satisfy the Feldtkeller 
equation. Namely, 

baaba hhggg *μ+= ,    (6a) 

baaba hgghh *μ+= ,    (6b) 

ba fff = ,     (6c) 

ba μμμ = .     (6d) 

So if one writes TTT ab
1−= , two equations can be reached 

as, 
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Now, the problem is to solve (7) in the unknown 
polynomials { }bbaa hghg ,,,  subject to the Feldtkeller 
equation with ag  and bg  being strictly Hurwitz polynomials. 

The problem has been solved by Fettweis by using a 
modified formulation of the factorization problem [22, 23]. In 
[23], a different set of equations are chosen as the basis for the 
solution instead of solving (7). 

III. ALGORITHM 
 

 

 

 
Fig. 2  Commensurate line extraction. 

 

Consider the circuit shown in Fig. 2. )(λg , )(λh  and 
)(λf  polynomials are given as follows, 

n
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Characteristic impedance 1Z  of the first commensurate line 
can be calculated as, 
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Then, )(λg , )(λh  and )(λf  polynomials of the remaining 
network are obtained as, 
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where 

)1()1( 11 hgghx iii −− −= , ni ,,2,1 �= ,   (12a) 
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The coefficients of the polynomials found in (10) may be 
very large after a few elements are extracted. In the next steps 
this cause to work with large numbers. As a result, element 
values may not be calculated. So at this step coefficients must 
be normalized. 

The extraction of commensurate lines is implemented in a 
similar fashion until the termination resistance ( R ) is reached. 

IV. EXAMPLE 
Example given in [18] is solved, to illustrate the 

implementation of the proposed algorithm. The given input 
reflection factor is 
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Step 5 : 
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As can be seen from the expressions of )()2( λg  and 

)()2( λh , the coefficients are very large even at the first step. If 
the process is repeated, the coefficients will be much larger 
and it will be impossible to work with these larger numbers. 
Only seven elements can be extracted in this manner. So at 
this step, the coefficients must be normalized. After 
normalizing and applying the algorithm until the termination 
resistance ( R ) is reached, the following impedance values are 
obtained 
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Characteristic impedances found in [18] are 
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V. CONCLUSION 
The proposed algorithm in [21] is a simple and powerful 

method, but can cause large polynomial coefficients, as the 
number of commensurate lines increases. So it needs a 
modification; at each step the coefficients must be normalized 
to be able to calculate all characteristic impedances. As a 
result, a very simple to implement commensurate line synthesis 
algorithm is obtained. 
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