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Synthesis of Cascaded Lossless Commensurate Lines
Metin Şengül

Abstract—A scattering transfer matrix factorization based al-
gorithm for cascaded lossless commensurate line synthesis is pre-
sented. The characteristic impedances of the extracted commensu-
rate lines and the reflection factors of the remaining networks are
formulated in terms of reflection factor coefficients of the whole
circuit. There is no need to use root search routines so as to cancel
common terms, to get degree reduction. The formulation of the
method is explained, and an example is included, to illustrate the
implementation of the synthesis algorithm.

Index Terms—Lossless circuits, matrix decomposition, network
synthesis, transmission line.

I. INTRODUCTION

AT MICROWAVE frequencies, because of the realization
problems of the conventional lumped elements, usually

distributed networks composed of transmission lines are re-
quired. Based on Richards’ Theorem [1], lots of the design
methods for microwave filters and matching networks incor-
porate finite homogenous transmission lines of commensurate
lengths [2], [3]. Richards showed that the distributed networks
composed of commensurate lengths of transmission lines could
be treated as lumped element networks under the transformation

(1)

where is the complex frequency and is the com-
mensurate one-way delay of the transmission line.

In [4], commensurate line synthesis based on Richards’ The-
orem is realized in terms of reflection factor as

(2)

where is the given reflection factor, is the
reflection factor of the remaining network. The charac-
teristic impedance of the extracted commensurate line is

. It can be seen that to get a
degree reduction, the denominator of (2) must has a root at

, and numerator at .
In literature, many researches have been realized about the

analysis and classification of distributed-element networks
[4]–[7]. Then researchers have investigated the synthesis
problem [8]–[19]. For example, in [18], a transformation is
proposed to synthesize commensurate line networks. In [19],
synthesis involves the extraction of commensurate lines from
input impedance function. In the proposed synthesis method,
the network is thought as a lossless, reciprocal two-port ex-
pressed using only three polynomials { , and }, in Belevitch
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Fig. 1. Cascade decomposition of a two-port.

form [20], and scattering transfer matrix factorization (SMTF)
is reformulated in terms of the reflection factor coefficients,
to get the polynomials of the remaining network, after a com-
mensurate lines is extracted. There is no need to find roots at

, to get a degree reduction.
In the following section, SMTF is explained briefly. Subse-

quently, the synthesis method is described. Finally, an example
is presented, to illustrate the implementation of the proposed
new formulation.

II. SCATTERING TRANSFER MATRIX FACTORIZATION (STMF)

As it is well known, canonic form of the scattering transfer
matrix of a lossless, reciprocal two-port is defined as [2]

(3)

where is a unimodular constant, is a strictly
Hurwitz real polynomial. These polynomials must satisfy the
Feldtkeller equation (where “ ” denotes para-
conjugation).

The problem is to decompose the lossless reciprocal two-port
into two cascade connected lossless two-ports

which are also lossless and reciprocal (Fig. 1). This amounts to
factoring the scattering transfer matrix into a product of
two scattering transfer matrices

(4a)

where

and (4b)

The polynomial sets and have the
same properties as , and in particular, must satify the
Feldtkeller equation. Equation (4) implies the following:

(5a)

(5b)

(5c)

(5d)

1549-7747/$25.00 © 2007 IEEE



90 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: EXPRESS BRIEFS, VOL. 55, NO. 1, JANUARY 2008

Fig. 2. Commensurate line extraction.

Under the use of these equalities, if one writes ,
two equations can be obtained as

(6a)

(6b)

Now, for a given polynomial set , the original
decomposition problem (4a) is essentially reduced to solving
(6) in the unknown polynomials subject to
the Feldtkeller equation with and being strictly Hurwitz
polynomials.

The factorization of the scattering transfer matrix of a loss-
less, reciprocal two-port has been treated by Fettweis [21]. The
problem has been solved by using a modified formulation of the
factorization problem [22]. In [22], instead of solving (6), a dif-
ferent set of equations [which can be obtained by manipulating
(5a), (5b), and (6)] are choosen as the basis for the solution, and
the factorization problem is reformulated. Detailed treatment of
the problem stated above and all the pertinent proofs with regard
to this formulation can be found in [22].

III. REFORMULATION OF STMF FOR

COMMENSURATE LINE SYNTHESIS

Consider the circuit shown in Fig. 2. , , and
polynomials can be described as follows:

(7a)

(7b)

(7c)

Characteristic impedance of the first commensurate line
that will be extracted is calculated as

(8)

Then, , and polynomials of the remaining net-
work are obtained as

(9a)

(9b)

(9c)

where

(10a)

(10b)

where

(11a)

(11b)

The extraction of commensurate lines proceeds in a similar
fashion until the termination resistance ( ) is reached.

IV. EXAMPLE

Example given in [17] is solved, to illustrate the implementa-
tion of the proposed algorithm. The given input reflection factor
is

Step 1)

and

Step 2)

Step 3)
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Step 4)

Step 5)

After applying the algorithm until the termination resistance
was reached, the following impedance values were obtained

, , , ,
and . Characteristic impedances found in [17] are

, , , , .
As mentioned in [17], the given reflection factor belongs to a
symmetrical filter. So during the sysnthesis process, the sym-
metry property of the filter structure may be used to advantage
in the computations.

Then, (2) was used to synthesize the same reflection factor
without using the symmetry property, and the obtained charac-
teristic impedances were , ,

, , .
So without using the symmetry property, closer impedance

values to the ones given in [17] than the ones calculated by
using (2) have been obtained employing the proposed synthesis
algorithm.

V. CONCLUSION

Richards’ Theorem is a simple and powerful method, but can
cause large numerical inaccuracies, as the number of commen-
surate lines increases. In [18], synthesis is carried out by using

the reflection factor of the unterminated cascade network which
is calculated by even and odd parts of the numerator and denom-
inator terms of the input reflection factor. But in the proposed
algorithm, input reflection factor is utilized directly. The method
is based on the reformulation of the SMTF in terms of the input
reflection factor coefficients. After a line is extracted, there is
no need to employ root search routines, to get degree reduction.
As a result, a very simple to implement commensurate line syn-
thesis algorithm is presented.
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