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Summary

One of the methods to describe mixed lumped and distributed element two‐

port networks is to use two‐variable scattering equations. In literature, the

solutions of these explicit descriptive equations for some classes of low‐order

ladder networks are derived under some restrictions. In this paper, the com-

plete and explicit solutions of the equations are derived to describe lossless

low‐pass two‐port networks with mixed lumped and distributed elements, up

to four elements, without any restrictions.
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1 | INTRODUCTION

Mixed lumped and distributed element network design has been an important issue for microwave engineers.1 The
interconnections of lumped elements can be assumed to be transmission lines and used as circuit components. Also,
the parasitic effects and discontinuities can be embedded in the design process by utilizing these kinds of structures.

Since these networks have two different kinds of elements, their network functions can be defined by using two vari-
ables: p = σ+jω (the usual complex frequency variable) for lumped elements and λ = tanh(pτ) (the Richard variable) for
distributed elements, where τ is the equal delay length of distributed elements. In the earlier studies, since there is a hyper-
bolic dependence between p and λ, transcendental functions were used to express these kinds of network functions. But
then p and λwere assumed as independent variables, and the network functions with two variables were used to describe
two‐port networks with mixed elements.2-5 Although there are lots of studies in the literature about mixed element net-
works, a general analytic procedure to solve transcendental or multivariable approximation problems to design mixed ele-
ment networks does not exist. But to describe lossless two‐ports withmixed elements, there is a semianalytic technique.6-15

In this approach, two‐variable scattering functions are used. But it is applicable for the restricted circuit topologies; LC
(inductor‐capacitor) ladders cascaded with commensurate transmission lines (Unit Elements, UEs).

In this paper, the complete and explicit solutions are derived for lossless low‐pass mixed‐element topologies, up to
four elements, without any restrictions.

2 | TWO ‐VARIABLE SCATTERING DESCRIPTION OF LOSSLESS
TWO ‐PORTS FORMED WITH MIXED ELEMENTS

By means of two‐variable polynomials g, h, f , the scattering parameters for a two‐port with mixed lumped and distrib-
uted elements can be expressed as follows6-17:
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S p; λð Þ ¼ S11 p; λð Þ S12 p; λð Þ
S21 p; λð Þ S22 p; λð Þ

� �
¼ 1

g p; λð Þ
h p; λð Þ μ f −p;−λð Þ
f p; λð Þ −μh −p;−λð Þ

� �
; (1)

where |μ| = 1 is a constant.
In Equation (1), λ = Σ+jΩ and p = σ+jω are the Richards variable related with commensurate transmission lines and

the usual complex frequency variable related with lumped elements, respectively.

The scattering Hurwitz polynomial g(p, λ) with real coefficients16 can be written as g p; λð Þ ¼ PTΛgλ ¼ λTΛT
g P.

where

Λg ¼

g00 g01 ⋯ g0nλ

g10 g11 ⋯ ⋮

⋮ ⋮ ⋱ ⋮

gnp0 ⋯ ⋯ gnpnλ

2
666664

3
777775
; PT ¼ 1 p p2 … pnp

� �
λT ¼ 1 λ λ2 … λnλ

� �
:

(2)

Similarly, the polynomial h(p, λ) with real coefficients16 can be written as h p; λð Þ ¼ PTΛhλ ¼ λTΛT
hP,where

Λh ¼

h00 h01 ⋯ h0nλ
h10 h11 ⋯ ⋮
⋮ ⋮ ⋱ ⋮

hnp0 ⋯ ⋯ hnpnλ

2
66664

3
77775: (3)

In Equations (2) and (3), np and nλ are the number of lumped and distributed elements, respectively.
f (p, λ) is a real polynomial and can be formed via the transmission zeros of the two‐port.16 Then it can be written as

f p; λð Þ ¼ f L pð Þf D λð Þ: (4)

Here, the polynomials f L(p) and f D(λ) are constructed by means of the transmission zeros of the lumped‐ and
distributed‐element sections, respectively.

If UEs are cascaded, then the polynomial f D(λ) can be expressed as16

f D λð Þ ¼ 1−λ2
� �nλ=2: (5)

If only the zeros at DC are used, then the polynomial f L(p) can be written as

f L pð Þ ¼ pk; (6)

where k denotes the number of transmission zeros at DC.16

Finally, a practical form of the polynomial f (p, λ) can be described as follows:

f p; λð Þ ¼ pk 1−λ2
� �nλ=2: (7)

If λ = 0 is substituted in the polynomials h(p, λ), g(p,λ), and f (p,λ), then the resulting polynomials describing the
lumped element section have single variable p. The first column coefficients of the matrices Λh and Λg are the coeffi-
cients of the resulting polynomials h(p,0) and g(p,0), respectively. In a similar manner, if p = 0 is substituted in the poly-
nomials h(p, λ), g(p, λ), and f (p,λ), in this case, the resulting polynomials describing the distributed element section
have single variable λ. The first row coefficients of the matrices Λh and Λg are the coefficients of the resulting polyno-
mials h(0, λ) and g(0,λ), respectively. These single variable polynomials completely describe the related section.

Since the two‐port network is lossless, then the following relation is valid:

S p; λð ÞST −p;−λð Þ ¼ I; (8)

where I is the identity matrix.16 If Equation (1) is substituted in Equation (8), the following equation is obtained:
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G p; λð Þ ¼ g p; λð Þg −p;−λð Þ ¼ h p; λð Þh −p;−λð Þ þ f p; λð Þf −p;−λð Þ: (9)

The two‐variable polynomial G(p, λ) = g(p, λ)g(−p,−λ) given in Equation (9) must be factorized explicitly in design-
ing lossless two‐ports with mixed elements.

Alternatively, if the coefficients of the same powers of the complex frequency variables in Equation (9) are equated,
the following equation set, which is called as fundamental equation set (FES), is reached6,9:

g20;k þ 2 ∑
k − 1

l¼0
−1ð Þk−lg0;lg0;2k−l ¼ h20;k þ f 20;k þ 2 ∑

k − 1

l¼0
−1ð Þk−l h0;lh0;2k−l þ f 0;lf 0;2k−l

� 	
for k ¼ 0; 1; …; nλ; (10a)

∑
i

j¼0
∑
k

l¼0
−1ð Þi− j−lgj;lgi− j;2k−1−l ¼ ∑

i

j¼0
∑
k

l¼0
−1ð Þi− j−l hj;lhi− j;2k−1−l þ f j;lf i− j;2k−1−l

� 	
for i ¼ 1; 3; …; 2np − 1; k

¼ 0; 1; …; nλ; (10b)

∑
i

j¼0
−1ð Þi− j gj;kgi− j;k þ 2 ∑

k − 1

l¼0
−1ð Þk−lgj;lgi− j;2k−l


 �
¼ ∑

i

j¼0
−1ð Þi− j hj;khi− j;k þ f j;kf i− j;k þ 2 ∑

k − 1

l¼0
−1ð Þk−l hj;lhi− j;2k−l þ f j;lf i− j;2k−l

� 	
 �

for i ¼ 2; 4; …; 2np − 2; k ¼ 0; 1; …; nλ;

(10c)

g2np;k þ 2 ∑
k − 1

l¼0
−1ð Þk−lgnp;lgnp;2k−l ¼ h2np;k þ f 2np;k þ 2 ∑

k − 1

l¼0
−1ð Þk−l hnp;lhnp;2k−l þ f np;lf np;2k−l

� 	
for k ¼ 0; 1; …; nλ: (10d)

The solution of Equation (10) for the coefficients gij of the polynomial g(p, λ) is equivalent to the factorization of the
two‐variable polynomial G(p,λ) = g(p, λ)g(−p,−λ).

A practical circuit topology with mixed elements is the low‐pass ladder sections connected with unit elements
(LPLU) depicted in Figure 1.

If λ = 0 and p = 0 are substituted simultaneously in the polynomials h(p, λ), g(p,λ), and f (p, λ), then the resulting
polynomials describing LPLU network at DC are h(0,0) = h00, g(0,0) = g00, and f (0,0) = 1. If these polynomials are used
in Equation (1) to obtain S11(p, λ), the following equation is reached, S11(0,0) = h00/g00. Also, the input impedance can

be written as Zin p; λð Þ ¼ 1þ S11 p; λð Þ
1 − S11 p; λð Þ. Then Zin 0; 0ð Þ ¼ g00 þ h00

g00 − h00
. If h00 is selected as h00 = 0, then g00 = 1 from

Equation (9). So the input impedance at DC is Zin(0,0) = 1, which is equal to the normalized load resistance if the
normalization resistance is selected as the given load resistance value at DC. As a result, there is no need to use a
transformer.

In the literature, for the selected LPLU topologies given in Figure 2, FES is formed by using Equations (10) and (7),
and then it is solved algebraically for the unknown coefficients. For the coefficient h00 is restricted as h00 = 0 for a
transformerless design, the explicit relations for the entries of Λh and Λg matrices up to total degree n = np+nλ = 5
are found in Aksen and Yarman.9 But in the solutions for n = 5 seen in Aksen and Yarman,9 the given g10 equation
depends on g20 and the given g20 equation depends on g10.

But in our paper, without any restrictions, the explicit coefficient relations are obtained algebraically and given in
Table 1 for n = 2 to n = 4. For n = 5, the following procedure has been followed: If h(p,0) is initialized and f (p,0) is
FIGURE 1 Low‐pass ladder with unit

elements (LPLU)9



FIGURE 2 Low‐order LPLU structures9
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formed via Equation (7), then the strictly Hurwitz polynomial g(p,0) can be calculated via Equation (9). Similarly if h
(0, λ) is initialized and f (0, λ) is formed via Equation (7), again the strictly Hurwitz polynomial g(0, λ)
can be obtained via Equation (9). Then after solving FES algebraically for the remaining unknown coefficients of
Λh and Λg matrices without any restrictions, the explicit equations for n = np+nλ ≤ 5 seen in Table 1 have been
found.

As an example, suppose np = 1 and nλ = 1, which corresponds to one lumped element and one UE in the LPLU. So
the polynomials h(p, λ), g(p, λ), and f (p,λ) can be written as

g p; λð Þ ¼ g00 þ g01λþ g10pþ g11pλ; (11a)

h p; λð Þ ¼ h00 þ h01λþ h10pþ h11pλ; (11b)

f p; λð Þ ¼ 1−λ2
� �1=2

: (11c)



TABLE 1 Complete and explicit solutions for low‐order LPLU topologies

n Coefficient relations

2 h00,h01,h10 independent coefficients

g00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h200

q
, g01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h201

q
, g10 = |h10|, g11 = (g01g10 − h01h10)/(g00 − μ2h00), h11 = μ2g11

3
(1 unit‐element)

h00,h01,h10,h20 independent coefficients
h21 = g21 = 0

g00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h200

q
, g01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h201

q
, g10 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h210 þ 2 g00g20 − h00h20ð Þ

q
, g20 = |h20|, g11 = (g01g10 − h01h10)/(g00 − μ2h00),

h11 = μ2g11

3
(1 lumped‐element)

h00,h01,h10,h02 independent coefficients

g00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h200

q
, g02 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h202

q
, g01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ h201 þ 2 g00g02 − h00h02ð Þ

q
, g10 = |h10|, α = g01 − μ2h01, β = g10 − μ2h10,

g11 = 2g02β/α, h11 = 2h02β/α, g12 = (g11g02 − h11h02)/α, h12 = μ2g12

4 h00,h01,h02,h10,h20 independent coefficients
h22 = g22 = 0

g00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h200

q
, g02 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h202

q
, g01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ h201 þ 2 g00g02 − h00h02ð Þ

q
, g20 = |h20|, g10 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h210 þ 2 g00g20 − h00h20ð Þ

q
,

α = g01 − μ2h01, β = g10 − μ2h10, γ = g01g10 − h01h10,
h11¼h20

α
β
þ h02

β
α

−
h00
g00

g20
α
β
þg02

β
α


 �
þ
h00
g200

γ

1 −
h200
g200

, g11 ¼
γ þ h00h11

g00
,

g21 = (g11g20 − h11h20)/β, h21 = μ2g21, g12 = (g11g02 − h11h02)/α, h12 = μ2g12

5
(2 unit‐element)

h00,h01,h02,h10,h20,h30 independent coefficients
g00,g01,g02,g10,g20,g30 calculated via Equation (9)
h22 = g22 = h31 = g31 = h32 = g32 = 0

α = g01 − μ2h01, β = g10 − μ2h10, γ = g01g10 − h01h10,
h11¼h20

α
β
þ h02

β
α

−
h00
g00

g20
α
β
þg02

β
α


 �
þ
h00
g200

γ

1 −
h200
g200

, g11 ¼
γ þ h00h11

g00
,

g21 = (g11g20 − g01g30 − h11h20+h01h30)/β, h21 = μ2g21, g12 = (g11g02 − h11h02)/α, h12 = μ2g12

Note. μ2 will be assigned by the designer according to the desired connection order (see Table 2).
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Then from Equation (9), the polynomial g(p, λ)g(−p,−λ) is obtained as

g00 þ g01λþ g10pþ g11pλð Þ g00 − g01λ − g10pþ g11pλð Þ ¼ h00 þ h01λþ h10pþ h11pλð Þ h00 − h01λ − h10pþ h11pλð Þ
þ 1−λ2
� �1=2

1−λ2
� �1=2

:
(12)

If the coefficients of the corresponding degrees are equated, the following equation set is obtained.

g200 − h200 ¼ 1; (13a)

g201 − h201 ¼ 1; (13b)

g00g11 − g01g10 − h00h11 þ h01h10 ¼ 0; (13c)

g210 − h210 ¼ 0; (13d)

g211 − h211 ¼ 0: (13e)

The first row and column coefficients of the matrix Λh are assumed to be known (they are going to be the initialized
parameters); which are h00, h01, and h10, then the other coefficients can be obtained from Equation (13) as given in
Table 1 for n = 2. For higher degrees, the same procedure is followed.



TABLE 2 Connection order of the LPLU topologies

μ1 μ2 First element Second element

+1 +1 Inductor Unit element

+1 −1 Unit element Inductor

−1 +1 Unit element Capacitor

−1 −1 Capacitor Unit element

1968 ŞENGÜL AND EKER
If h00 = 0 is substituted in the solutions given in Table 1, the solutions given in Aksen and Yarman9 is obtained. This
clearly proves that the solutions given in Aksen and Yarman9 corresponds the special case of the general solutions given
in Table 1. For LPLU topologies with more elements, explicit solutions are not available. In this case, FES must be
solved numerically.

The connection order for the LPLU topologies seen in Figure 2 is determined by the constants μ1 and μ2. All possi-
bilities are given in Table 2, where μ1 ¼ hnp;0=gnp;0 and μ2 will be assigned by the designer according to the desired con-

nection order.
The explicit solutions presented in this paper can be utilized to design practical microwave matching

networks, amplifiers with mixed elements. In Şengül,16 a new approach to design broadband matching networks
with mixed lumped and distributed elements has been proposed. In this method, after supplying the initial
coefficients of h(p, λ) polynomial, the other unknown coefficients in Equations (2) and (3) are calculated by
using the solutions given in the literature under the restriction of h00 = 0. But the solutions given in this work have
been derived without any restrictions, and they can be used in the broadband matching approach presented in
Şengül.16

Explicit solutions for different types of mixed element topologies can be derived. For instance, the solutions for high‐
pass ladder sections connected with unit elements (HPLU), band‐pass ladder sections connected with unit elements
(BPLU), and band‐stop ladder sections connected with unit elements (BSLU) topologies are given in Sertbaş.7 Also,
the solutions for shunt capacitors separated by UEs can be found in Çakmak18 and Şengül and Çakmak.19
3 | CONCLUSION

Since the mixed element networks have two different kinds of elements, their network functions can be defined by
using two variables: p for lumped elements and λ for distributed elements, if p and λ were assumed as independent var-
iables. In this paper, scattering parameters in terms of two‐variable polynomials g, h, f have been utilized. By using the
losslessness condition, a fundamental equation set to describe the mixed element network is given. This equation set has
been solved for low‐pass ladders connected with unit elements without any restriction. Explicit design solutions are
given in Table 1 up to four elements. For five‐element case, after obtaining the first row and column coefficients of
the two‐variable polynomial g, explicit solutions are found for the unknown coefficients of Λh and Λg matrices without
any restriction.

It is expected that the proposed solutions will be used to design two‐variable networks such as broadband matching
networks, microwave amplifiers.
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