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1. Introduction

Let M be a 4-dimensional, oriented Riemannian manifold and lete!,i = 1, ..., 4 be a local, posi-
tively oriented, orthonormal basis for the cotangent bundle T*M of M. The local expression of a 2-form
is given by

w = Z C()i]'ei nel.
i<j
(We will use el for ! A el.) In 4-dimensions, w is Hodge self-dual if %@ = w while it is Hodge anti-
self-dual if k@ = —w. For any p-form on an n-dimensional manifold, we have xx = (—1)?=P) In
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particularforn = 4andp = 2, %% = 1and therefore x has eigenvalues +1. Hence in 4-dimensions, the
6-dimensional linear space of 2-forms is the orthogonal direct sum of the 3-dimensional eigenspaces
of the Hodge map. This construction fails in higher dimensions as the Hodge dual of a 2-form is no
longer a 2-form. There are various definitions of self-duality of 2-forms in higher dimensions, each
with some type of a drawback or restrictions. In previous papers [1-3], we have proposed the notion
of “strong self-duality” which unifies most of the existing definitions in the literature. In this report we
recall some of these results and apply them to obtain new results on the relation of linear subspaces of
strong self-dual 2-forms and the Bonan form in 8-dimensions [4], whereby we construct new natural
expressions for the Bonan form. This construction allows a very convenient way of obtaining the
expression of the action of SO(8) on the Bonan form.

The wjj’s form a skew-symmetric matrix whose eigenvalues are pure imaginary and occur in con-
jugate pairs. If these are denoted in 4-dimensions as £iA{ and =i\,, it can be seen that they satisfy

2, ,2_ 2 2 2 2 2 2
A+ Ay = 0f) + i3 + 03y + w33 + 0y + w3y,

2,2 2
ATAS = (W12w34 — W13W24 + W1aW23)°".

Hence

MTF A= \/(w12 F w31)? + (w13 £ 024)? + (013 F w3)%.
Thus for self-duality

A = A2,
while for anti-self-duality
A= —Ao.

In both cases the absolute values of the eigenvalues are equal. Two cases are distinguished by the sign
of the Pfaffian of w:

Pf(w) = wipw34 — w1324 + w1aw03.

Thus in 4-dimensions, the equality of the absolute values of the eigenvalues gives the usual notion
of self-duality in the Hodge sense.

This crucial remark is the starting point of our work on strong self-duality. We declare a 2-form
in 2n-dimensions to be strong self-dual or strong anti-self-dual, if the eigenvalues of its matrix with
respect to some local orthonormal basis {e, ..., e*"} are equal in absolute value and nonzero. The
two cases are again distinguished by the sign of the Pfaffian, or more simply, by the sign of *(w"). We
also note that odd dimensional manifolds can be ignored because the 2-forms on them are degenerate.

Denoting the 2-form and its matrix with respect to some orthonormal basis by the same symbol w,
strong self-duality or anti self-duality can also be expressed by the minimal polynomial requirement

? + 21 =0,
where
2 1 2
A= ——Trow".
2n

2. Strong self-duality in higher dimensions

In Section 2.1 we recall the definition of strong self-duality and anti-self-duality in terms of the
associated anti-symmetric matrices, in Section 2.2 we discuss some useful inequalities and in Section
2.3 we prove the equivalence of various self-duality notions for 2-forms.



1202 A.H. Bilge et al. / Linear Algebra and its Applications 434 (2011) 1200-1214
2.1. Strong self-duality (SD) and anti-self-duality (ASD) of 2-forms as an eigenvalue criterion

Let w be a 2-form on a 2n-dimensional oriented real vector space with an inner-product. We denote
the 2-form w and the corresponding skew-symmetric matrix consisting of its components with respect
to some orthonormal basis by the same symbol. The distinction between the wedge product of forms
and the matrix multiplication should be made from the context. Since w is a 2n x 2n skew-symmetric
matrix, its eigenvalues are pure imaginary and pairwise conjugate, i.e. =iAq, . .., £ii,. Thus there is
an orthonormal basis {Xj, Y} such that

X = =AY, oYp = AeXk
and w takes the block-diagonal form

0 1
—X1 0

0 A
—n O

We define strong self-duality and anti-self-duality as follows (see [1]):

Definition 1. Let w be a real 2-form on a 2n-dimensional oriented real vector space with an inner
product and denote the corresponding 2n x 2n skew-symmetric matrix with respect to some ortho-

normal basis by the same symbol. Let £i)1, ..., i)\, be the eigenvalues of w. Then w is said to be
strong self-dual (respectively, strong anti-self-dual) if
[21] = 1Az = -+ = |An] (1)

and x" > 0 (respectively, xw" < 0).

Note that this is equivalent to the statement that the distinction is based on the sign of the Pfaffian
of w with respect to a positively oriented orthonormal basis.
If w is strong self-dual, its matrix with respect to a positively oriented orthonormal basis can be

0 A

brought to a block diagonal form K, = I ® €, where €, = < ) by an orientation preserv-
ing orthogonal transformation, while if it is strong anti-self-dual, the same K, can be realized by an
orientation reversing transformation.

The strong self-duality condition is equivalent to the matrix equation

o + 21 =0,

where [ is the identity matrix, and A2 = —zl—nTr w?. This definition gives quadratic equations for the
wj;’s, hence the strong self-duality condition determines an algebraic variety. This algebraic variety
will be denoted by Sy;.

In 4-dimensions, the strong self-duality coincides with usual Hodge duality. More precisely, the

matrices satisfying w? 4+ A%l = 0 consist of the union of the usual self-dual and anti-self-dual 2-forms
(including the zero form). Thus the algebraic variety consists of the union of two linear spaces.

2.2. Eigenvalue inequalities
In this section we shall use the well known inequalities between elementary symmetric functions

of the eigenvalues of a skew symmetric matrix to obtain inequalities between the norms of the powers
of a 2-form.
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Lemma 1 [6]. Let sy be the kth elementary symmetric function of the numbers {c1, a2, . . ., &y}, with
o; € R and let the weighted elementary symmetric polynomials, qi’s, be defined by

n
(k)Qk = Sk. (2)

Then

1/2 1/3
n=q’>q> =g/ (3)

qr—1qr+1 = CI?, 1<r<n. (4)
If all o;’s are equal, then the equalities hold and if any single equality holds, then all «;’s are equal.

Although the inequalites (4) are more convenient to use, the inequalites (3) are more refined in the
sense that (4) implies (3).

Remark 1. If A is diagonalizable with eigenvalues A1, Ao, ..., A;, then
n n
det(I + tA) = > opt’ = [] (1 + thp), (5)
k=0 k=1

where oy, is just the kth elementary symmetric function of the eigenvalues.

If A is a real skew-symmetric 2n x 2n matrix, then the eigenvalues of A are i\, k = 1,2, ..., n.
It can be seen that, in this case 0,1 = 0 while the oy ’s are kth elementary symmetric functions of
(A2,23, ..., 22}, ie.

oy =224 A2

04 = MA5+ MM+ -+ A AL

06 = AAGAS + AAZAG + -+ Ap oA A, (6)
O = AJAS - A2

Thus for a skew-symmetric matrix, using (2), we can express oyi’s as

n!
o = — (k- 7
b k!(n—k)!qk (7)
On the other hand, the oy’s are related to the norms of the kth powers of w as
1
ko Kk
o =——,w), 8
2k = Gz @ (8)

where the brackets (,) denote the inner product.
Combining these we have the relations

1 nn—1
G @) ==
1 nn—1)(n-2)

— 3,3 =
= (3!)2(60,60)— 5 a3

04 =

06
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1 ( K k) n!
(¢} = S, I E——— k]
%= ke K — 1 T
_ 1 n ny __ 1 n2__
UZn—W(G) ,w)—w [ *w" |"= gp.
Thus
Kk nlk!
w,w") = 9
(@, o) = = (9)
or
(n—k)!
Qe = (@, 0"). (10)
n'k!
From the inequalities (3),
n'k!
(@*, o) < L)t (1)

S —w
nk(n — k)!
and in the case of the equality of the eigenvalues

n'k! K

k k
w,w)=——"—"(w,w)". 12
@) = g @ @) (12)
For k = n this formula gives for a strong SD/ASD form in 2n-dimensions
n!)?
(@", ") = ) (0, w)" (13)
nn
or
n!
x| = —lw|™ (14)
n2

2.3. Equivalence of strong self-duality with previous definitions of self-duality

We defined the strong SD/ASD of a 2-form as the equality of the absolute values of the eigenvalues
of the corresponding matrix. Now we will show that (i) a 2-form w in 2n-dimensions is strong SD if
and only if "~ is proportional to the Hodge dual of @ and (ii) a 2-form w in 4n-dimensions is strong
SD if ™ is SD in the Hodge sense. The first condition has been proposed as a definition of self-duality
by Trautman [11] while the second one appears in the work of Grossman et al. [7]. We start with the
second result which is easier to prove.

Theorem 2. Let w be a (non-degenerate) 2-form in 4n-dimensions. Then w is strong self-dual (anti self-
dual) if and only if " is self-dual (anti self-dual) in the Hodge sense, that is ¥@" = @" (x@" = —w").

Proof. If w is strong SD, we can choose a positive orthonormal basis such that @ = A(e'? + e3* +
-+« 4 e~ 14m) with respect to this basis and it can be seen that x@" = w". For the ASD case we can
choose w = A(—e'? + &3 + ... 4+ ¥ 14 giving x0" = —".

Conversely, if xw" = »" holds, then

x0™" = %(0" A ") = (0" A x0") = (", @"). (15)
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Bv the i liti 2 h for k = n in 4n-di . 1/n>1/2n. 2 - A _
y the inequalities (2) we have for k = n in 4n-dimensions, q,"" > q,;" ,i.e. q; > . As qn =
ﬁ(a)”, o") and g = ﬁ(a)z”, ") this gives (w", ®")? > (0", w*") = |*w?"|2. Thus this

inequality is saturated by Eq. (15) and w is strong SD.
If ¥0" = —w", then *@w?* = —(0", ®"), *w*" < 0 and the same saturation argument shows that

w is strong ASD. [

We will now show that the strong self-duality condition is also equivalent to the self-duality defi-
nition used by Trautman [11].

Theorem 3. Let w be a strong SD (ASD) 2-form in 2n-dimensions. Then
!

_nn/z

— n! n_ -
"= (w02 ro (" =
nn/2

(w, w)27! *a)) (16)

Conversely, if for a (non-degenerate) 2-form e the equality ™' =k * e holds, thenk = + n% (w, w) 31
and w is strong SD (ASD) for positive (negative) k.

Proof. If w is strong SD, we can choose a positive orthonormal basis such that w = A(e'? +e3 +. .. +
e~ 141 with respect to this basis. Then (w, @) = nA? and it is not difficult to see that »"~! consists
of the products of 2n — 2 distinct e’s, with coefficient (n — 1)!. Thus @™~ ' = A" 2(n — 1)! * w and

. . / .
the result follows by inserting . = (wr’ﬁ)/); L fwis strong ASD, then we can take w = A(—e'? + €34 +
e e4n—1,4n)_
Conversely, if "~ = k * w holds, then multiplying it with & and taking Hodge duals, we obtain,
*0" = k(w, w). Since (w, w) = o, = nqp and |*w" |= n!crzln/2 = n!q,ll/z, we obtain k = (n —

1)!q,]1/2/q1. Then taking inner products of both sides of " ™! = k % w with themselves, we obtain
("1, 0" ) = kK (xw, x0) = k*(w, w). Substituting the value of k obtained above, and using
(@1 0" = ((n— 1)!)2nqn_1, we obtain g, = ¢n—1¢;. But since q; > q},/n, we have ¢, >
Qn—1 q,ll/n, which leads to ng > qp_,. This is just the reverse of the weighted elementary symmetric
polynomials g’s inequality in Section 2.2, hence equality must hold, and all eigenvalues of w are equal
in absolute value. Thus w is strong SD/ASD. xw" = k(w, w) and the Eq.(14) gives |k| = Z—/'z (w, w)2" 1.
n
For positive (negative) k we have x@" > 0 (x@" < 0), thus w is strong SD (ASD). [

3. Geometry of 2-forms

In Section 3.1 we recall the manifold structure of strong SD/ASD 2-forms, in Section 3.2 we recall
some basics from Clifford algebras, in Section 3.3 we discuss the maximal linear subspaces of strong
SD/ASD 2-forms and in Section 3.4 we specialize to 8-dimensions where possibly the richest structures
are encountered.

3.1. Manifold structure of strong SD/ASD 2-forms

In this section we describe the geometrical structure of strong self-dual and anti-self-dual 2-forms
in arbitrary even dimensions. Let Sy, be the set of SD/ASD 2-forms in 2n-dimensions. Taking as vector
space the standard R?" (with the usual metric and orientation) this set can be equivalently defined in
terms of skew symmetric matrices as follows.

Definition 2. Let A, be the set of anti-symmetric matrices in 2n-dimensions. Then Sy, = {A € Ay |
A2 422 1=0,1eR, A #0).

Including the zero matrix, we denote the closure of Sy, by S,,. Note that at each A, S, contains the
line through A, i.e.ifA € Sy, then AA € Sy, for A € R and hence the existence of 1-dimensional linear
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subspaces of the closure is trivial. In the next section we will determine the dimension of maximal
linear spaces of Sy;.
We recall now the manifold structure of Syj,.

Proposition 1. Sy, is diffeomorphic to (0(2n) N A,) x RT,
Proof.
¢ : Son —> (0(2n) N Azp) x RT

. 1 . 1 2 172, . .
given by ¢ (A) = (;A, /c) withxk = [—%TrA } is a diffeomorphism [2]. [J
There is another useful description of Syj,:

Proposition 2. Sy, is diffeomorphic to the homogeneous manifold (0(2n) x R+) /U(n) x {1} (where
R is considered as a multiplicative group), and dimS,p, = n*> — n + 1.

Proof. 0(2n) x R acts on Sy, transitively by (P, «)A = «P'AP (where P € 0(2n),« € R*, and
A € Syp) with isotropy group U(n) [2]. [J

In particular, in 8-dimensions, Sg is a 13 dimensional manifold (with two connected components,
one of them containing w = e'? + 3% + ¢°6 + 78 and all strongly SD 2-forms, the other containing
w = —e'? + e3* 4 ¢°° + ¢78 and all strongly ASD 2-forms).

3.2. Clifford algebras

We recall very briefly the notion of a (real) Clifford algebra. Let V be a real vector space and q be
a (real) quadratic form on V. The Clifford algebra CI(V, q) associated to V and q is a real associative
algebra with identity 1, generated by the vector space V and by the identity, subject to the relations
v-v = —q(v)1 for any vector v in V. The map «(v) = —v for v € V extends to an involution of
the Clifford algebra CI(V, q) and its =1 eigenspaces are called, respectively, the even and odd parts,
denoted by CI?(V, q) and CI°®(V, q). A representation of a Clifford algebra CI(V, q) on a real vector
space W is a homomorphism from CI(V, q) to Hom(W, W).

The real Clifford algebra associated to V = R" and to the quadratic form q(x) = x% + -4 xﬁ, is
denoted by Cl(n).

If {e1, e2, ..., ey} is an orthonormal basis for V, the real Clifford algebra Cl(n) is generated by the
{ei}’s, subject to the relations,

2 . . .

e =—1, i=1,...,n epej+ee=0, i#]j,

and it is a 2"-dimensional vector space spanned by the set
{1,e1,e2,...,e162,...,€1€2€3,...,€1€2€3, ..., €4}

There is a transpose-antiinvolution on Cl(n), given by reversing the order of generators: e;, e;, . . .ej, >
€, €i,_, - - -6, . We denote the image of an element u € CI(n) by ut.
The spin groups are defined by

Spin(n) = {u € CI®(n) | uxu™' € Vforx € Vand uu® = 1}. (17)

Clifford algebras have the following fundamental property: if f : V — A is a linear map into an
associative algebra with unit such that f(v)?> = —q(v) - 1 holds for all v € V, then f can be uniquely
extended to an algebra homomorphism from CI(V, q) to A.

Togive an example relevant for us, let V = R” with the standard quadratic formand A = Endg (0)&®
Endr (0) where O denotes the octonions. To give amap f : V — A, we understand R” as Im(Q)
(imaginary octonions) and define f(v) = (R,, —R,) where R, denotes the octonion multiplication
from the right with the imaginary octonion v. This map can be seen to possess the required property
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and thus extends to an algebra homomorphism Cl(7) — Endr (Q) @ Endg (Q), which can be seen to
be an isomorphism (for this and generally for Clifford algebras we refer to [8,10]).

Under this isomorphism CI¢¥(7) is embedded as the diagonal of Endg (Q) & Endr (Q), Spin(7) C
CI®V(7) is embedded diagonally into O(8) & O(8) and we can also understand Spin(7) as a subgroup of
0(8) (in fact, SO(8)) by projecting into a factor; it can be shown that Spin(7) is the subgroup generated
by the right-multiplication maps Ry for v € Im(Q), ||v|]| = 1. We note for later reference, that in this
model and according to the Eq. (17), Spin(7) consists exactly of those elements P € O(8) for which
any R, (v € Im(Q)) is transformed under PR,P~! into another right-multiplication map for some
w € Im(Q): PR,P™! =R,,.

3.3. Maximal linear subspaces of Syy,

In this section we will show that the dimension of maximal linear subspaces of S, is equal to
the number of linearly independent vector fields on $?"~!. The maximal number of pointwise linearly
independent vector fields on the sphere SN is given by the Radon-Hurwitz number associated to N+ 1:
IfN 4+ 1 = (2a 4+ 1)2**¢ with ¢ = 0, 1, 2 or 3, then the R-H-number associated to N + 1 equals
8d +2¢ — 1[10].

Using this formula it can be seen that there are three pointwise linearly independent vector fields on
s3,seven on S’, three on ' and so on. In particular this number is one for the spheres S"~! for odd n.

Let L& be a k-dimensional linear subspace of Sy,. We will show that the maximum of the numbers
k is equal to the Radon-Hurwitz number associated to 2n.

Proposition 3. The dimension of the maximal linear subspaces of Say, is equal to the number of linearly
independent vector fields on S?"~ 1.

Proof. Let L’z‘n be a k-dimensional linear subspace of S»;,, and choose an orthogonal basis {A1, Az, . . .,
Ay} consisting of orthogonal and anti-symmetric matrices for this linear subspace (note that a suitable
multiple of any nonzero matrix in Sy, is orthogonal). As (A; + Aj) € L’z‘nv (A + Aj)2 is a scalar matrix,
consequently A;jAj + AjA; is a scalar matrix and (A;, Aj)) = Tr(A{A;) = 0 implies that A;A; + AjA; = 0.
This means that the assignment e; — A; (i =1, 2.. ., k) gives a representation of Cl(k) on R*".

Conversely, if for some k, there is a representation of Cl(k) on R?", then there is an orthogonal
representation also and the relations el«2 = —1, ejej +eje; = 0imply that the images A; of e; under this
representation are anti-symmetric and anti-commuting. This means that the matrices {A1, Az, .. ., Ak}
span a k-dimensional linear subspace of Sy;,.

Thus, the maximal dimension of a linear subspace of S, is the maximal k, for which CI(k) acts on
R?". This the Radon-Hurwitz number associated to 2n [10]. O

This property shows that there is an intimate relationship between strong self-duality and Clifford-
algebras. Namely, Sy, admits a k-dimensional linear subspace (i.e. including the zero-form, there exists
a k-dimensional linear space of strongly SD/ASD 2-forms on R?") if and only if there is a representation
of Cl(k) on R?".

Remark 2. The 7-dimensional plane of 2-forms on R® given by the linear self-duality equations of
Corrigan et al. [5] is one of these planes in Sg.

We now prove directly that for odd n there are no linear subspaces other than the 1-dimensional
ones.

Proposition 4. LetL = {A € Sy | (A+]) € Sy} where] = €1 ® I is a reference matrix. Then
L={Kk | k € R} for odd n.

An Az
—Al An
proportional to the identity. This gives A; + A2 = 0 and the symmetric part of A, is proportional

Proof. Let A = ( ) where Ay + A}, = 0, Az + AY, = 0.Since (A +]) € San, Al +JA is
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An Ao
A0 —An
k € R. Then the requirement that A € Sy, gives

to identity. Therefore A = kJ + ( ) , Where A1y, denotes the antisymmetric part of A;» and

[A11, A120] =0, Aj + AT, +KI1=0, K eR.

As Aq; and A, commute, they can be simultaneously diagonalised, hence for odd n they can be
brought to the form

Ay = diag(Are, ..., An—1)/2€.0),
A1zo = diag(ure, ..., tmn-1)2€,0),

01
up to the permutation of blocks, where e = €1 = < ) and 0 denotes a 1 x 1 block. If the blocks
0

occur as shown, clearly A% + A%Zo cannot be proportional to the identity unless A; = u; = 0 for all i.
It can also be seen that the same is the case for any permutation of the blocks. [l

Note that these structures refer to local constructions on a manifold. Existence of k-dimensional
strong SD/ASD sub-bundles of the bundle of 2-forms is another matter. If there exists a section w of
strong SD/ASD 2-forms on the manifold, then w can be normalized to have constant norm and it defines
an almost complex structure. Conversely, almost complex manifolds provide examples of manifolds
admitting a (global) section of strong self-dual 2-forms. In this case @ = k»" !, where « is constant.
Then if dw = 0 it follows that d * «w = 0, hence if w is closed and has constant norm, then w is
harmonic.

3.4. Maximal linear spaces of strong AS/ASD 2-forms in 8-dimensions

By Theorem 3, the maximal linear spaces of strong SD/ASD 2-forms on R® are 7-dimensional. By
the proof of Theorem 3, to produce one such space, it is enough to take a representation of CI(7) on
R® = O and take the span of the images of the generators eq, e, . . ., e of CI(7).

Let us take the representation (implicit in Section 3.2) given by e; > R, . The corresponding strong
SD 2-forms are the following (see the Appendix for the multiplication table we use):

wy = —e'? 4 3 4 ¢ — 78,
wy = —e'3 — e? 4 &5 4 58,
w3 = —e" 4 o2 4 %8 — ¢,
ws = —e® — % _ 37 _ %8
ws = —e'® 4 ¢25 — 38 4 o7,
wg = —e'7 + 2 + &35 — ¢,
wy=—e® —e? 4 3% 4. (18)

We will denote the span of these 2-forms by L7 and use it as a reference 7-plane inside Sg C
Endp(Q) = End(R®). L7 is the first projection of the image of R” = Im(Q) under the map f :
Im(Q) — Endr(0) @ Endr(Q), f(v) = (R,, —R,). L7 is invariant under the matrix-conjugation
action of Spin(7).

Let us denote the set of maximal (7-dimensional) linear subspaces of Sg by ﬁg. 0(8) acts on EZ (by
conjugation on the level of elements, which maps a maximal plane onto another maximal plane) and
we now show that this action is transitive:



A.H. Bilge et al. / Linear Algebra and its Applications 434 (2011) 1200-1214 1209
Lemma 4. The conjugation action of 0(8) on E; is transitive.

Proof. Let L” and L € £} be given and choose matrices A; € L7, B; € L'7 (i = 1,...,7) with
Ai2 = —L, AAj + AjAi = 0, Bi2 = —I,B;Bj + B;B; = 0. The assignments e¢; + A; and e¢; — B;
determine two representations p and o of C/(7) on R®. The assignment e; — —A; determines another
representation p~ of CI(7) on R?, which is inequivalent to p. Itis a fact that [10] there are exactly two
inequivalent representations of C/(7) on R®, so ¢ is either equivalent to p or to p . Let us assume o to
be equivalent to p (the other case being similar) which means that for a certain P € GL(RR, 8) it holds
B; = PA;P L. Anti-symmetry of A; and B; gives P'PA; = A;P'P, which necessitates PP to be a scalar
matrix, since it commutes with all A; (and the A; generate the algebra End(R®)). So, if P!P = Al, then

Q= \}XP is orthogonal and B; = QA;Q ~'. Thus L'7 is obtained from L’ by the action of Q € 0(8). O

Remark 3. Spin(7) is the isotropy group of .7 under this action of O(8) on L‘g.

Remark 4. All planesL’ € Lg are “pure” in the sense that, the non-zero 2-forms in a plane are either
all strong SD, or all strong ASD, because IL7 is pure (SD), so any other is pure (SD or ASD) depending on
whether the conjugation is by matrix from SO(8) or O(8)\SO(8). (This could be seen by a connectivity
argument also.)

Remark 5. If @ is a 2-form with the associated matrixAand P € End(R®), then the pull-back = P*w
has the matrix B = P'AP, so if P € O(8) then B = P~ AP, the conjugation by P~

Before describing the Bonan form we want to note a few useful properties in 8-dimensions. The
basic eigenvalue inequalities reduce to

2 2
(@, 0 = (@ ") = 7| x o). (19)
When w is strong self-dual we have the equalities
2 2 3
(@0 = 3@ oY) =T x0', o= 0o, (20)

while when w is strongly anti self-dual

2 2 3
(a),a))2 = g(a)z,a)z) = —3 xot, o= —E(a),a)) * w. (21)

Lemma 5. Let w and n be two orthogonal strong SD/ASD 2-forms with commuting matrices. Then
1
0’ === (@ o) %0, (22)

Proof. Since the matrices of w and 1 are commuting, they can be simultaneously diagonalized and
without loss of generality we can choose

® = e+ €34+ 656+ €73, 1 =ep+ e3q —es6 — eys.
The result follows by simple computation. []

Lemma 6. Let w and n be two orthogonal strong SD/ASD 2-forms whose matrices anti-commute. Then

1
a)zn = i(a), W) * 1. (23)

Proof. By anti-commutativity « = 5 are also strong SD/ASD and by connectivity reasons all are SD or
ASD. Applying (19) for the SD-case and (20) for the-ASD case to both @ + 7 and using orthogonality
gives the result by simple computation. []
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4. The Bonan-form
In Section 4.1 we give an expression for the Bonan-form in terms of strong self-dual 2-forms and in

Section 4.2 we compute explicitly the eigenvalues and eigenspaces of the self-adjoint map on 2-forms
associated with the Bonan-form.

4.1. The relationship of the Bonan-form with strong self-duality

The Bonan-form, which is a Spin(7)-invariant 4-form in 8-dimensions [4,10,9], and which plays
an important role in special Spin-geometry, can be constructed in an elegant way in terms of strong
self-dual 2-forms.

Consider the 7-plane L7 e LZ; with an orthonormal basis {11, 12, . .., n7} and define
® =i +15+ -+ 07 € ATRY (24)
If {01, 65, ..., 07} is another orthonormal basis of L7 it is easily seen that

MM =07 4605+ + 07,

The operation of pullback of a 2-form 1 € L7 by an element P € Spin(7) is expressed at the matrix
level by the operation of conjugation by P~!, so the map L7 — L7, n +— P*n is orthogonal and
consequently,

P*® = (P*n1)? + (P*n)> +--- + (P*my)? = @, (25)

i.e. the 4-form @ (which is self-dual by Theorem 1) is Spin(7)-invariant. Thus, the Bonan-form is
expressed in terms of strong self-dual 2-forms.
To give an explicit expression we can use the ortonormal basis

1 1 1 ] (26)
=-w, M =-w,...,N7==-w7¢,
m 2 1, 12 2 2 n7 2 7
where the w;’s are given by Eq. (18) and find
& — _3(61234 41256 _ o1278 | 1357 | 1368 | 1458 _ 1467
2
_ o358 | (2367 | 2457 | 2468 _ ;3456 4 3478 | ,5678) 27)

The same construction can naturally be applied to any L7 e LZ and in this way a Bonan-form &;
is associated with every maximal 7-plane of strong SD/ASD 2-forms. If Q € 0(8), then Q*® is the
Bonan-form associated with the plane Q ~'IL7Q and the isotropy group of Q*® is Q ~'Spin(7)Q.

4.2. Eigenspaces of the Bonan-form

We want to compute the eigenspaces and eigenvalues of the self-adjoint map Te on A%(R®)*
defined by Te () = *(®n). (The method explained below works for any &;.) We start with an
orthonormal basis of L7 and denote it by {w12, w13, . . . , w13} (We abuse the notation: double-indices
denote no more the coefficients of a 2-form, but a 2-form itself; it will be convenient in the sequel.)
Let Ay; (i = 2, ..., 8) denote the matrices corresponding to wy;. Let Aj = Aq;Aqj for 1 < i < j. The
matrices A; fori < jwill constitute a basis for skew-symmetric matrices in End (R®) and will represent
strong SD/ASD forms (their squares are scalar matrices). Now, it can easily be seen that two distinct A;;
and Ay commute iff {i, j} and {k, I} are disjoint; A;; and Ay anti-commute iff {i, j} and {k, [} have one
index common. We denote the 2-form corresponding to A;j by wj;. The set {w1, . . ., w7g} is a basis of
2-forms.
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Let
O =+t o, O =0yt + ol
By symbolic computation with REDUCE, it can be seen that @’ = —@, hence the sum of the squares
of the basis elements is zero. Since {w12, . . . , wig} is an orthogonal basis of a 7-plane .7, @ is a Bonan

form. We will show that the linear maps T and T have both 7- and 21-dimensional eigenspaces with
eigenvalues £3 and 1 (after scaling), and L is the eigenspace corresponding to the eigenvalue 3.
Thus each Bonan form determines an IL. Hence maximal linear subspaces of strong self-dual 2-forms
and the Bonan forms are in 1-1 correspondence.

Proposition 5. Ty : A%(R®)* — AZ(R®)* defined by Ty () = *(®n) where @ = w?, + - - - + wi,
has eigenvalues 9/2 and —3/2, with 7- and 21-dimensional eigenspaces, respectively. (Scaling @ we can
get eigenvalues 3 and —1.)

Proof. Applying the Lemmas 3 and 4, one gets,

3 1
T (1)) = ngj(wu) + Zngk(wu) =50 +6 x 2
k#j

1 1
T (wjr) = Tw% (wj) + T2 (@) + > T2 (wjk) = 2 % 5@k~ 5 X 2 @ik O
I#j,k

We will now show that @’ has eigenvalues —9/2 and 3 /2 with, respectively, 7- and 21-dimensional
eigenspaces, hence prove that it is equal to —®.

Proposition 6. Ty : A%(R®)* — A%(R®)* defined by Ty (1) = %(®'n) where @' = w35+ - -+ w3,
has eigenvalues —9/2 and 3 /2, with 7- and 21-dimensional eigenspaces, respectively. (Scaling @ we can
get eigenvalues —3 and 1.)

Proof. We start by computing Ty on wq,. @’ is a sum of 21 terms and there are exactly 6 terms wi?
wherei = korj = k and 15 terms with i # k and j # k. By Lemmas 4 and 3, these first and the
second group of terms lead to positive and negative contributions, hence

1 1 9
T (@11) = T2 (@11) + D Tuy(@i) =6 X swix — 15 X w1 = — -0
i o 2 2 2
i,j#k
By similar counting arguments,
Ty (wik) [3+(5+5) ! (5+5) 1] > O
(o) = | = X = — X —|wjx = —.
A 2 2] 7 3

We have thus seen that any maximal linear subspace L7 of strong self-dual 2-forms determines
a Bonan form as the sum of squares of any orthogonal basis and conversely, given a Bonan form &,
an L7 is determined as a 7-dimensional eigenspace of the linear map Ty determined by @. We will
now show that given an L7, the Bonan form is uniquely determined by a linear transformation that
acts as identity on 7. The following proposition is proved by directly checking the claim by symbolic
computation with REDUCE.

Proposition 7. Let ¥ be a 4-form such that
Ty (w1i) = ko, i=2,...,8.
Then

2
v =k-9.
9
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We note that in the characterization above, ¥ is not assumed to be self-dual, but its self-duality
follows from the invariance of the wy;'s. Furthermore, if an .7 has a basis ws; with anti self-dual w?;’s,
then the form ¥ defined above is anti self-dual.

4.3. The SO(8) action on the Bonan form

In this section we give the explicit expression of the Bonan form under the action of SO(8). Let wj;
be as in the previous section and let A;; be the corresponding matrix. Thus the Aj;’s span the Lie algebra
of SO(8). It is easy to see that the exponential of matrix Ay is

e = cos(t) + sin(t)Ajj.

The action of SO(8) on 2-forms is obtained by its action on matrices by conjugation. If R € SO(8),
and R - w denotes its action on the 2-form w, then

R = RAR".

We will show that e for i > 2 leaves the Bonan form invariant. For simplicity of notation let
tj = e = (cl + sAy),

where
¢ = cos(t), s =sin(t).

The 2-form tj; - w1 is the 2-form corresponding to the matrix (cI + sA;j)A1x(cl — sAjj). Then,

tij - w11 = (Cz — sz)a)l,- + 2656()1]',

tij - w1j = (C2 — 52)w1j — 2cswy;,

tj - 01k = Wik, k F#1,]. (28)
It is easy to see that

(t,‘j - wii) A tij - w1i + (tij . wu) Atij - w15 = a)f,- + a)%j.

It follows that t;; leaves the Bonan form invariant hence generate Spin(7).
Identifying the Lie algebra of SO(8) with 2-forms, if X is any vector in SO(8),

etx-d>=ety~q5,

where Y belongs to the span of the Ali’s. Thus the orbit of the Bonan form is locally generated by ty,
forj=2,...,8.Lety;(t),i =1, ..., 8 be a 1-parameter family of functions such that

Vi+yVi+Y+yi+Yi+yi+yi+ys=1.
Then the matrix R defined by
R = y1l + y2w12 + y3w13 + yawis + Ysw15 + Yewie + Y7017 + Y8wis

is a one parameter family of orthogonal matrices. The image of the Bonan form & under the action of
R is obtained by taking the wedge products of the images of the 2-forms w4;’s and summing up. The
result is

® = Z cijk(e“]k + xellky
i<j<k

where
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Caa= 1-8y} (Y2 +ve+ys+v3),
cse= 1-8y} (3 +¥i+55 +13),
cs=—1+8y} (v3 + Y +y2 +32),
c3s7 = 1— 8y (y§+yﬁ+yé+y§),
cxes = 1—8y7 (y3+yi+y2+y3),
css = 1- 8% (v3 +33 + 3% +3).

casr=—1+8y} (v3 + Y3 +2 +93) . (29)

Ca35 = —4y1ys + 8Y; (V1Vs + Y27 — Y3Y6 + Yays),
Caa6 = 4y1Ys + 8YT(—y1Ys — Y27 — Y36 + Yays),
C347 = 4y1ys + 8Y7(—y1Ys + Y2y7 + ¥3Y6 + yays),
Cs67 = 4y1Ys + 8Y7(—y1Ys + Y27 — ¥3¥6 — Yays), (30)

C236 = 4y1y7 + 8Y1(—y1¥7 + Y2¥s + ¥3¥5 + YaYe),
Caas = 4y1y7 + 8Y7(—y1¥7 + Ya¥s — ¥3¥5 — Vave),
C3as = —4y1y7 + 8V (1¥7 + Y28 — ¥3¥5 + YaYe),
cs6s = —4y1y7 + 8Y; (17 + V2¥s + V3Ys — Yaye), (31)

237 = —4y1Y6 + 81 (V1Y6 — Y2¥s + V3¥s + Yay7),
Caas = —4y1¥6 + 8Y; (V1¥6 — Ya¥s — Y3¥s — Yay7).
C3a5 = —4y1Y6 + 8Y; (V1Y + Y2¥5 + ¥3ys — Yay7),
Cs78 = 4y1Y6 + 8Y7 (—Y1¥6 — Y5 + Y3Vs — Yay7), (32)

C238 = 4Y1Y5 + 81 (—y1Ys — Y2Vs — Y3¥7 + Yays),
Coa7 = —4Y1Y5 + 8Y1 (1¥5 + Y2¥6 — ¥3¥7 + Yays).
C3a6 = 4y1Y5 + 8V (—y1Y5 + Y2¥6 — ¥3¥7 — Yays).
Co78 = —4y1Y5 + 8Y; (V1¥5 — Y2¥6 — ¥3¥7 — Yays). (33)

Cas7 = 4y1Ya + 87 (=14 + Y2y3 + ¥s¥s + Y6¥7),
Ca68 = 4y1Ya + 8Y2 (—y1Ya + Y2y3 — Ys¥s — VY1),
C356 = —Ay1Ya + 8Y2 (V1v4 + Y2¥3 — YsYs + Yey7).,
C378 = 4Y1ya + 81 (—y1ya — Y2¥3 — Ys¥s + Y6y7)s (34)

Coss = —4y1y3 + 8y (V1y3 + Y2ya — ¥sy7 + Yeys).
C267 = 4Y1y3 + 83 (—y1y3 — Y2Va — Ys¥7 + Yes),
Case = 4y1y3 + 8Y2 (—y1y3 + Yaya + ysy7 + Veys),
cazs = —4y1y3 + 87 (V1y3 — YaVa + Vsy7 + YeVs), (35)



1214 A.H. Bilge et al. / Linear Algebra and its Applications 434 (2011) 1200-1214

C3s8 = 4y1Y2 + 87 (=12 + y3ya + ¥s¥6 + ¥7¥s),
C367 = —4y1Y2 + 8Y3 (V1y2 — Y3¥a + YsY6 + ¥7ys),
cas7 = —4y1y2 + 8YT(V1y2 + Y3Va — YsY6 + Y7s),
Cags = —4y1Y2 + 8T (12 + Y3Ya + Ysys — Y7¥s)- (36)
5. Conclusion
In order to conclude, we wish to re-emphasize that a Bonan 4-formis associated with every maximal
7-plane of strongly self-dual (or anti-self-dual) 2-forms. The square of any strong self-dual 2-form in
8-dimensions as given above yields a Bonan 4-form that is a Spin(7) invariant form and plays an

important role in the construction of special spin geometries [11]. We also give explicitly the action of
S0O(8) on a given Bonan 4-form.

Acknowledgements

This work is supported by TUBITAK (The Scientific and Technological Research Council of Turkey)
through Project No. TBAG/107T553.T.D. is supported in part by the Turkish Academy of Sciences (TUBA).

Appendix

We use the following multiplication table for the octonions:

1 e (59) es3 €4 es € ez
1 1 eq e e3 ey es eg ey
€1 €1 —1 es3 —e) es —e4 —ey €6
ey e —es3 —1 €1 €6 ey —€4 —€s5
es3 es3 e —eq —1 ey —€g es —e4
€4 €4 —e€5 —€6 —ey —1 e1 e es3
es | es ey —ey eg —eq —1 —es3 e
€6 €6 ez €4 —€5 —e es3 —1 —e1
ez ey —€6 es €4 —e3 —e) e —1
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