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Dual-Hop Amplify-and-Forward Multi-Relay
Maximum Ratio Transmission

Eylem Erdogan and Tansal Gucluoglu

Abstract: In this paper, the performance of dual-hop multi-relay
maximum ratio transmission (MRT) over Rayleigh flat fading
channels is studied with both conventional (all relays participate
the transmission) and opportunistic (best relay is selected to max-
imize the received signal-to-noise ratio (SNR)) relaying. Perfor-
mance analysis starts with the derivation of the probability density
function, cumulative distribution function and moment generating
function of the SNR. Then, both approximate and asymptotic ex-
pressions of symbol error rate (SER) and outage probability are
derived for arbitrary numbers of antennas and relays. With the
help of asymptotic SER and outage probability, diversity and ar-
ray gains are obtained. In addition, impact of imperfect channel
estimations is investigated and optimum power allocation factors
for source and relay are calculated. Our analytical findings are
validated by numerical examples which indicate that multi-relay
MRT can be a low complexity and reliable option in cooperative
networks.

Index Terms: Channel estimation error, conventional and oppor-
tunistic relaying, maximum ratio transmission, multi-relay, power
allocation.

I. INTRODUCTION

WIRELESS channels can experience deep fading leading
to unreliable communication, thus, increasing diversity

order of the system is highly desirable to reduce symbol er-
ror rates and outage probabilities. Similar to well investigated
multiple antenna techniques with proper coding such as famous
space time block coding (STBC) [1], “cooperative/relay” trans-
missions [2]–[5] have become popular to obtain spatial diver-
sity. In practice, neighbouring mobile units or fixed relays can
help the transmitted signals to be delivered to destination over
independent fading channels. For example, with amplify-and-
forward (AF) approach, the source signal received at relays can
be amplified with a variable gain depending on the channel co-
efficients and then forwarded to destination. Another relaying
method is decode-and-forward (DF) where relays can detect the
transmitted symbols and then retransmit to destination, however,
this approach has more complexity and may result in significant
error propagation due to detection errors at relays and thus re-
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duce the cooperation advantages.
In the last decade, research works on the design and analysis

of cooperative/relay communication schemes with multiple re-
lays have been increasing tremendously. In [6]–[8], symbol error
rate (SER) and outage probability over Rayleigh fading chan-
nels are derived whereas the same performance indicators are
obtained in [9]–[10] for Nakagami-m fading channels. Like con-
ventional relaying, opportunistic relaying in which the best relay
is selected to maximize the received signal-to-noise ratio (SNR),
proposed in [11]. In [12], outage probability and SER perfor-
mance over Nakagami-m fading channels are studied whereas
the performance of ergodic capacity and SEP are examined for
Rayleigh fading channels in [13].

In an attempt to increase degrees of freedom, capacity and
diversity gains further, using multiple-antenna techniques in re-
lay/cooperative transmissions can be attractive, although the
mathematical analysis can get quite complicated. Reference [14]
explores SER and outage probability of a multi-antenna single-
relay AF transmission with orthogonal space-time block cod-
ing (OSTBC) and maximal ratio combining (MRC). In [15],
OSTBC based opportunistic relaying scenario is investigated
where SER and outage probability expressions are derived. Re-
cently, employing maximum ratio transmission (MRT), a trans-
mit diversity method, has attracted several interest in the re-
search of cooperative/relay structures since MRT can achieve
full available diversity and perform better than the well-known
STBCs while requiring low receiver complexity [16]. Although
MRT requires feedback of channel state information (CSI) to
the transmitter, this may cause negligible overhead when the
channel is very slow fading or when the channel is almost re-
ciprocal e.g. indoor wireless mesh networks. In [17], authors
investigate a MIMO-MRT network and derives SER and out-
age probability for Nakagami-m fading channels. Besides, em-
ploying MRT has been investigated in single-relay dual-hop net-
works in [18]–[23]. Reference [18] considers a network in which
multiple-antennas employ MRT at the source and derives out-
age probability for Rayleigh fading channels. In [19], DF MRT-
based multi-antenna cooperative network is considered and out-
age probability is derived. Likewise, in [20], MRT both at the
source and relay is investigated and SER is derived. Moreover,
[21] and [22] consider a network where source and destination
employing MRT/MRC and SER and outage probability are de-
rived for Nakagami-m and Rayleigh-Rician fading channels. In
[23], MRT/MRC scheme is applied at both hops where SER and
outage probability in the presence of feedback delay, channel
estimation errors and antenna correlation are derived. In addi-
tion, partial relay selection schemes employing MRT is investi-
gated in [24]–[26]. In [24]–[25], outage probability and SER are
derived over Nakagami-m and Rayleigh fading channels respec-
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tively whereas [26] considers the impact of feedback delay and
channel estimation errors on a similar scenario where ergodic
capacity and outage probability are derived.

To the best of our knowledge, there are no previous works
which studies multi-relay MRT. In this paper, we investigate a
dual-hop AF conventional and opportunistic relay transmissions
with MRT technique. We note that this low complexity scheme
can be useful in wireless mesh or ad-hoc networks especially
with massive number of relays and antennas which prohibits the
use of channel coding techniques to obtain high reliability in
practice. The main contributions of this paper are outlined as
follows:
• A tractable SNR bound is presented and probability density

function (PDF), cumulative distribution function (CDF) and
moment generating function (MGF) of the received SNR are
derived.

• By using CDF and MGF expressions, SER, outage proba-
bility and ergodic capacity for both conventional and oppor-
tunistic relaying scenarios are derived and compared.

• Diversity and array gains of conventional and opportunistic
networks are obtained by using asymptotic behavior of SER
and outage probability.

• Impact of imperfect channel estimations which is critical for
the performance of MRT, are explored.

• By using asymptotic outage probability, optimal source and
relay power allocation factors are obtained.

• To verify the correctness of our analytical study, numerical
examples are presented.
The remainder of the paper is organized as follows. In Section

II, system model is presented. Section III describes performance
analysis for conventional and opportunistic networks. Moreover,
impact of imperfect channel estimations are investigated. In Sec-
tion IV, optimum source and relay powers that minimize asymp-
totic outage probability is studied. Numerical examples are pro-
vided in Section V and finally Section VI concludes the paper.

Notations: Bold letters denote vectors and the following
symbols (·)T , (·)† and ‖ · ‖ are used for transpose, conjugate-
transpose and Frobenius norm respectively. A complex Gaus-
sian random variable with mean a and variance σ2

n is denoted
as CN (a, σ2

n). A n × n identity matrix is shown as In. The
source-relay and relay-destination paths are shown with S → R
and R → D, respectively. Furthermore, Pr[·] and E[·] stand for
probability and expectation operations respectively and Q(·) de-
notes Q-function.

II. SYSTEM MODEL

The block diagram is depicted in Fig. 1. Source node hav-
ing K antennas transmits to the destination node through R
independent relays each having L antennas. We assume each
terminal is operating in half-duplex mode and the communica-
tion between source to destination takes place in two phases: In
conventional relaying, source transmits signal x to all relays by
using MRT in the first phase, in the second phase, relays am-
plify the received signal with an appropriate variable gain and
forwards to the destination by using MRT. At the destination,
signals coming from R relays are combined by using MRC to
obtain maximum diversity gain. Total transmission in conven-

Source

Relay (1)

Relay (R) Destina!on

g11

g1K

…

K antennas L antennas

…

gR1

gRK hRL

hR1

h11

h1L

Fig. 1. Block diagram of dual-hop AF multi-relay system with MRT.

tional relaying is R + 1 time slots. In opportunistic relaying,
best S → R → D path is selected to maximize the received
SNR at the destination. We assume source, relays and destina-
tion know perfect channel state information as needed for op-
timum MRT. Also, the direct link is assumed to be unavailable
due to heavy shadowing.

For the rth relay r = {1, · · ·, R}, the channel vectors for
S → R and R → D paths are given as gr = [gr1 · · ·grK ]
and hr = [hr1 · · ·hrL ], respectively. The gr and hr row vec-
tors are modeled as gr ∼ CN (0, IK) and hr ∼ CN (0, IL)
respectively. The received signal at the rth relay is written as

yr =
√

Psgrwgrx+ nr. (1)

As mentioned above, each relay uses AF relaying with a vari-
able gain in order to assist the transmission. Assuming that fad-
ing coefficients remain almost constant over each frame, the re-
ceived signal at the destination from rth relay is given by

yrd =
√

Prβrhrwhr
yr + nrd. (2)

In (2), Ps and Pr are denoted as transmit powers at the source
and relay respectively. MRT based weight vectors for S → R
and R → D paths are given as wgr = (g†

r/‖gr‖) and whr
=

(h†
r/‖hr‖) respectively. Noise samples (nr, nrd) are modeled

as nr, nrd ∼ CN (0, N0) and scaling factor βr is selected to
normalize the power at the relay as shown below

β2
r =

1

Ps|grwgr |2
. (3)

The noise at the relay is not considered to simplify the scaling
factor βr above. With the help of (1)–(3) and after some manip-
ulations, SNR can be written as follows

γd =











R
∑

r=1

( γgrγhr

γgr+γhr

)

, Conventional relaying

max
0≤r≤R

( γgrγhr

γgr+γhr

)

, Opportunistic relaying
(4)

where γgr = (Ps/N0)‖gr‖2 and γhr
= (Pr/N0)‖hr‖2 repre-

sent the received SNRs at S → R and R → D transmissions.

III. PERFORMANCE ANALYSIS

In this section, we present the performance analysis of a dual-
hop multi-antenna/multi-relay AF MRT transmission scheme.
To this end, PDF, CDF and MGF of SNR is obtained, then SER,
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outage probability and ergodic capacity for both opportunistic
and conventional relaying are derived. In addition, diversity and
array gains are found by deriving asymptotic expressions of SER
and outage probability. Finally, the impact of imperfect channel
estimations on the proposed scenario are examined.

A. SNR Statistics

As the analysis of SER and outage probability becomes quite
complicated in multi-antenna/multi-relay networks, we resort
to compute tight lower bounds on these performance indicators
by simplifying the SNR expressions given in (4) similar to [9],
[28]–[29] as

R
∑

r=1

(

γgrγhr

γgr + γhr

)

≤ γcv
up =

R
∑

r=1

min(γgr , γhr
) (5)

and

max
0≤r≤R

(

γgrγhr

γgr + γhr

)

≤ γop
up = max

0≤r≤R
min(γgr , γhr

) (6)

where superscript cv and op denotes conventional and op-
portunistic schemes. To simplify further, we denote ρr =
min(γgr , γhr

), then the CDF of ρr, can be expressed as

Fρr
(γ) = Pr[min(γgr , γhr

) < γ]

= 1− Pr[γgr > γ] Pr[γhr
> γ].

(7)

PDF expressions of γgr and γhr can be obtained as in [16]. In-
tegrating these PDFs w.r.t. γ gives us the CDFs of γgr and γhr

.
By substituting the CDF of γgr and γhr

in (7), Fρr
(γ) can be

written as follows

Fρr
(γ) = 1−

Γ(K, γ
Ωgr

)Γ
(

L, γ
Ωhr

)

Γ(K)Γ(L)
(8)

where Ωgr = Ps/N0 and Ωhr
= Pr/N0 are the average SNRs

per antenna, Γ(·) is the gamma function as described in [36,
eqn. (8.310.1)], Γ(·, ·) is the upper incomplete gamma function
as described in [36, eqn. (8.350.2)]. PDF of ρr can be found by
taking the derivative of (8) w.r.t. γ

fρr
(γ) =

1

Γ(K)Γ(L)

(

γK−1

ΩK
gr

e−γ/ΩgrΓ

(

L,
γ

Ωhr

)

+
γL−1

ΩL
hr

e−γ/ΩhrΓ

(

K,
γ

Ωgr

))

. (9)

MGF of (9) can be obtained by using the definition (Mx(s) =
E[e−sx]) and [36, eqn. (6.455.1)] as shown at the top of the
next page. In (10), 2F1(·, ·; ·; ·) denotes Gauss’ hypergeomet-
ric function which is defined in [36, eqn. (9.100)]. If we assume
K = L = M , (10) can be simplified as

Mρr
(s) =

2Γ(2M)

MΓ(M)2Ω2M
ρr

(s+ (2/Ωρr))
2M

× 2F1

(

1, 2M ;M + 1;
sΩρr

+ 1

sΩρr
+ 2

)

. (11)

B. Symbol Error Rate and Outage Probability

B.1 Conventional Relaying

Having found the MGF of SNR for 1 relay, we can easily
extend it to R-relays by using the MGF approach as all channel
coefficients between S → R and R → D path are independent.

Mγcv
up
(s) =

R
∏

r=1

Mγρr
(s). (12)

With the help of (10) and (12), symbol error rate and outage
probability for conventional relaying can be obtained. For ex-
ample, for M-PSK modulation, SER can be obtained as given in
[37].

P cv
s (e) =

1

π

∫ φ

0

Mγcv
up

(

gPSK

sin2(θ)

)

dθ (13)

where φ = (M − 1)π/M , gPSK = sin2(π/M), i.e., gPSK = 1
for BPSK modulation.

Similar to SER, outage probability (P cv
out) is a widely used

performance indicator in wireless communication systems. P cv
out

is defined as the probability of SNR falling below a certain
threshold γth and can be computed by taking the inverse Laplace
transform of Mγcv

up
(s) at γth as follows

P cv
out =

[

L−1

(

Mγcv
up
(s)

s

)]

s=γth

(14)

where L−1(·) denotes the inverse Laplace transform.
To the best of our knowledge, closed form expressions of SER

and outage probability are not available in the literature. How-
ever, similar to previous studies in cooperative/relay communi-
cation systems, SER can be obtained approximately as shown
in [27] and outage probability can be found numerically by us-
ing well-known software programs such as MAPLE or MATHE-
MATICA. For BPSK modulation, approximate SER can be writ-
ten as shown in [27, eqn. (10)]

Ps(e) =
1

12
Mγcv

up
(1) +

1

4
Mγcv

up
(1.3)− 1

12
Mγcv

up

(

1

sin2(θ)

)

.

(15)

In [27], it is shown that approximate SER expressions are valid
and accurate in the whole integral region.

B.2 Opportunistic Relaying

In opportunistic relaying networks, CDF of received SNR
(Fγop

up
(γ)) can be written as Fγop

up
(γ) = {Fρr

(γ)}R. With
the help of high order statistics [37], equation (8) and [36,
eqn. (8.352.7)], Fγop

up
(γ) can be expressed as

Fγop
up
(γ) =

{

1− e
− γ

Ωgr

K−1
∑

k=0

(

γ

Ωgr

)k
1

k!

× e
− γ

Ωhr

L−1
∑

l=0

(

γ

Ωhr

)l
1

l!

}R

. (16)
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Mρr
(s) =

Γ(K + L)

Γ(K)Γ(L)ΩK
grΩ

L
hr

(s+ (1/Ωgr ) + (1/Ωhr
))

K+L

×
[

(1/K)2F1

(

1,K + L;K + 1;
s+ (1/Ωgr)

s+ (1/Ωgr ) + (1/Ωhr
)

)

+(1/L)2F1

(

1,K + L;L+ 1;
s+ (1/Ωhr

)

s+ (1/Ωgr) + (1/Ωhr
)

)]

(10)

By applying binomial [36, eqn. (1.111.1)] and multinomial [36,
eqn. (0.314)] expansions respectively, Fγop

up
(γ) becomes

Fγop
up
(γ) =

R
∑

r=0

r(K−1)
∑

k=0

r(L−1)
∑

l=0

(

R

r

)

(−1)re
−r γ

Ωgr e
−r γ

Ωhr

×Xk(r)Xl(r)γ
k+l (17)

where combination operation denotes binomial coefficients
and multinomial coefficients can be written as Xt(r) =
{1/(tk0)}

∑t
ρ=1(rρ−t+ρ)kρXt−ρ(r), t ≥ 1 [36, eqn. (0.314)],

where kρ = (1/Ωm)ρ(1/ρ!), X0(r) = kr0 = 1, t ∈ {k, l} and
m ∈ {gr, hr}.

As defined above, outage probability is the probability of
received SNR falling below a certain threshold and it can be
obtained as P op

out = Fγop
up
(γth). In addition, for the systems

whose conditional symbol error rate expression is in the form
of E[aQ(

√
2bγ)], SER can be computed by using the CDF of

SNR as [36]

P op
s (e) =

a
√
b

2
√
π

∫ ∞

0

γ−1/2e−bγFγop
up
(γ)dγ (18)

where a and b denotes modulation coefficients, i.e., {a = 1, b =
0.5} for BFSK modulation, {a = 1, b = 1} for BPSK and {a =
2(M −1)/M, b = 3/(M2−1)} for M-PAM. Also, {a = 2, b =
sin2(π/M)} for approximate M-PSK. By substituting (17) in
(18) with the help of [36, eqn. (3.351.3)], SER can be obtained
as

P op
s (e) =

a
√
b

2
√
π

R
∑

r=0

r(K−1)
∑

k=0

r(L−1)
∑

l=0

(

R

r

)

(−1)rXk(r)

×Xl(r)Γ

(

k + l − 3

2

)

(b+ rΩr)
−k−l− 1

2 (19)

where Ωr = (Ωgr +Ωhr
)/(ΩgrΩhr

).

C. Diversity and Array Gains

Here, we examine asymptotic SER and outage probability ex-
pressions to obtain diversity (Gd) and array (Ga) gains.

C.1 Conventional Relaying

At high SNR, Fρr
(γ) can be expressed as [30, eqn. (6)]

Fρr
(γ) =

Υ
(

K, γ
Ωgr

)

Γ(K)
+

Υ
(

L, γ
Ωhr

)

Γ(L)
(20)

where Υ(·) is lower incomplete Gamma function [36,
eqn. (8.350.1)]. By using the asymptotic behavior of lower in-
complete Gamma function given in [35, eqn. (45.9.1)], asymp-
totic F∞

ρr
(γ) can be expressed as

F∞
ρr
(γ) =

γK

Γ(K + 1)ΩK
gr

+
γL

Γ(L + 1)ΩL
hr

. (21)

To obtain asymptotic SER and outage probability expres-
sions for conventional relaying, we need to obtain Mγcv,∞

up
(s).

Therefore, by using the relationship between MGF and CDF
i.e., M∞

ρr
(s) = s

∫∞

0
e−sγF∞

ρr
(γ)dγ, with the help of

[36, eqn. (3.351.3)] and then substituting M∞
ρr
(s) in (12),

Mγcv,∞
up

(s) can be obtained as

Mγcv,∞
up

(s) =

R
∏

r=1

(

1

sKΩK
gr

+
1

sLΩL
hr

)

. (22)

To obtain the inverse Laplace transform of (22) is highly
complicated. For this, we assume both hops are balanced i.e.,
K = L = M and Ωgr = Ωhr

= Ω. Then for large average
SNR, Fγcv,∞

up
(γ) can be expressed as

Fγcv,∞
up

(γ) = A
(

γ

Ω

)MR

(23)

where A = 2R/(Γ(MR+ 1)). As P cv,∞
out = Fγcv,∞

up
(γth) =

A
(

γth/Ω
)MR [31], diversity and array gains can be obtained as

Gd = MR and Ga =
(

2RγMR
th

Γ(MR+1)

)−1/Gd

. By substituting (23)
in (18) and with the help of [31, prop. (1)], asymptotic SER can
be obtained as

P cv,∞
s (e) =

aAΓ(MR + 1/2)

2
√
π(bΩ)MR

+ H.O.T. (24)

where a, b are modulation coefficients as described above.

C.2 Opportunistic Relaying

As mentioned above, in opportunistic networks, Fγop,∞
up

(γ)

can be written as Fγop,∞
up

(γ) = {F∞
ρr
(γ)}R. By using (21) and

replacing γ with γth, P op,∞
out can be obtained as

P op,∞
out =

(

γK
th

Γ(K + 1)ΩK
gr

+
γL
th

Γ(L+ 1)ΩL
hr

)R

. (25)

By using [31, prop. (5)], P op,∞
out can be expressed as

P op,∞
out ≈ Z

(

γth
Ω

)Gd

+ H.O.T. (26)
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where Ω ∈ {Ωgr ,Ωhr
}, H.O.T denotes high order terms and Z

is

Z =



















∏R
r=1

(

1
Γ(K+1)

)

, K < L
∏R

r=1

(

1
Γ(K+1) +

1
Γ(L+1)

)

, K = L
∏R

r=1

(

1
Γ(L+1)

)

, K > L.

(27)

Diversity and array gains can be expressed as

Gd = Rmin(K,L)

Ga = Z−1/(Rmin(K,L)). (28)

By substituting (26) in (18) and after γth is replaced with γ,
asymptotic SER can be obtained as follows

P op,∞
s (e) =

2Gd−1aZΓ(Gd + 1/2)√
π(2bΩ)Gd

+ H.O.T.. (29)

When the diversity gain obtained from opportunistic is com-
pared with that of conventional one, we infer that conventional
scheme has better array gain but equal diversity with opportunis-
tic.

D. Ergodic Capacity

Ergodic capacity can be specified as the maximum mutual
information (or expectation of information rate) between source
and destination. Ergodic capacity for conventional relaying can
be expressed as

Ccv
erg =

1

R+ 1
E
[

log2(1 + γcv
up)
]

=
1

R+ 1

∫ ∞

0

log2(1 + γ)fγcv
up
(γ)dγ (30)

where fγcv
up
(γ) can be find by taking the inverse Laplace trans-

form of Mγup
(s) as follows

fγcv
up
(γ) =

[

L−1
(

Mγcv
up
(s)
)]

s=γ
. (31)

By substituting (31) in (30), an upper bound onCcv
erg can be com-

puted numerically. As can be seen from (30), ergodic capacity
degrades by a factor of R+ 1.

In opportunistic relaying, ergodic capacity can be expressed
by using the CDF of SNR as shown in [34]

Cop
erg =

1

2
E
[

log2(1 + γcv
up)
]

=
1

2
log2(e)

∫ ∞

0

1

1 + γ
Fγop

up
(γ)dγ.

(32)

Substituting (17) into (32) with the help of [36, eqn. (3.353.5)],
an upper bound on Cop

erg can be found as

Cop
erg =

log2(e)

2

R
∑

r=0

r(K−1)
∑

k=0

r(L−1)
∑

l=0

(

R

r

)

(−1)rXk(r)Xl(r)

×
{

(−1)k+l−1erΩrEi
(

− Ωr

)

+
k+l
∑

z=1

(z − 1)!(−1)k+l−z(Ωr)
−z

}

(33)

where Ei(·) denotes exponential integral.

E. Impact of Imperfect Channel Estimations

In this section, we investigate the effects of imperfect channel
estimations on the proposed scenarios. For this, we assume S →
R and R → D paths are erroneously estimated as shown below

gr = g̃r + ξgr ,

hr = h̃r + ξhr

(34)

where channel estimates g̃r and h̃r are modeled as g̃r ∼
CN (0, IKσ2

g̃r
) and h̃r ∼ CN (0, ILσ

2
h̃r
). Estimation errors

(ξgr and ξhr
) are given as ξgr ∼ CN (0, IKσ2

ξgr
) and ξgr ∼

CN (0, ILσ
2
ξhr

) [32]-[33]. MRT based weight vectors can be

specified as wg̃r = (g̃†
r/‖g̃r‖), wh̃r

= (h̃
†

r/‖h̃r‖) respec-
tively. The scaling factor becomes

β̃2
r =

1

Ps|g̃rwg̃r |2
. (35)

By substituting (34), (35) in (1) and (2) and after some manipu-
lations, effective received SNRs can be expressed as

γef
d =















R
∑

r=1

(

γef
gr

γef

hr

Arγ
ef
gr+Brγ

ef

hr
+Cr

)

, Conv. relaying

max
0≤r≤R

(

γef
gr

γef

hr

Arγ
ef
gr+Brγ

ef

hr
+Cr

)

, Opp. relaying
(36)

where γef
gr = (Ps/N0)‖g̃r‖2 and γef

hr
= (Pr/N0)‖h̃r‖2.

Also, Ar = 1 + (Pr/N0)σ
2
ξhr

, Br = 1 + (Ps/N0)σ
2
ξgr

and
Cr = (Pr/N0)σ

2
ξgr

+ (Ps/N0)(Pr/N0)σ
2
ξgr

σ2
ξhr

. After effec-
tive SNRs are approximately written as in (5) and (6), F ef

ρr
(γ)

can be obtained as

F ef
ρr

(γ) = 1−
Γ(K,Br

γ
Ωgr

)Γ
(

L,Ar
γ

Ωhr

)

Γ(K)Γ(L)
. (37)

From (37), it can be observed that the CDF of SNR deterio-
rates from the negative effects of imperfect channel estimations.
By applying the same theoretical steps to (37), SER and out-
age probability in the presence of channel estimation errors can
be obtained for both conventional and opportunistic relay net-
works.

IV. OPTIMAL POWER ALLOCATION

In this section, we aim to improve the performance of the
dual-hop single-relay multi-antenna network by obtaining opti-
mum Ps and Pr values to minimize the outage probability under
a power fraction α. To this end, by using (25), we rewrite P∞

out

as shown below
P∞
out =

A

PK
s

+
B

PL
r

(38)

where A =

(

γth×N0

)K

Γ(K+1) and B =

(

γth×N0

)L

Γ(L+1) . We assume Ps =

αPt and Pr = (1 − α)Pt, where Pt the total transmit power
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Table 1. Optimum power values for Pt = 10 and γth = 7 dB.

K,L Optimum α values
2, 1 α = 0.2925
1, 2 α = 0.7074
3, 1 α = 0.1711
4, 1 α = 0.1104
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Fig. 2. SER comparison of theoretical bounds with exact simulations.

available in the network. Hence, the power allocation problem
can be formed as follows

min
α

P∞
out, subject to : 0 < α < 1. (39)

By substituting Ps = αPt and Pr = (1 − α)Pt in (38), then
taking the second derivative of P∞

out w.r.t α, we recognize that
P∞
out is a strictly convex function of α. Therefore, taking the first

derivative of (38) and equating to zero, we can obtain optimal
value of α as follows

αK+1

(1− α)L+1
=

KA

LB
PL−K
t , whenK 6= L

α =
1

2
, whenK = L. (40)

The closed form solution of (40) is difficult to obtain, but
numerical results can be obtained by using root-finding algo-
rithms such as Bisection or Newton. Table 1 gives some exam-
ples for Pt = 10 dB. From the table, we understand that when
K > L, source power decreases and relay power increases, or
when L > K , source power increases and relay power decreases
to minimize outage probability.

V. NUMERICAL EXAMPLES

In this section, several numerical examples are provided to
verify and demonstrate our analytical study to gain further in-
sight about the usefulness of the proposed system. SER and
outage probabilities are obtained via Monte-Carlo simulations
where BPSK signalling and Rayleigh fading channel model are
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Fig. 3. Outage probability of conventional relaying.
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Fig. 4. Outage performance of opportunistic relaying.
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Fig. 5. Impact of imperfect channel estimations on the proposed network when
R = 1.

used. For simplicity, we assume that transmit powers between
S → R and R → D links are equal (Ps = Pr = Pt/2) and hor-
izontal axes of all figures represent the average SNR per branch
unless otherwise stated.

Fig. 2 depicts the SER of opportunistic and conventional re-
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laying schemes for K = L = 2 and R = 1, 2. Comparing
derived lower bound and asymptotic results with the simulation,
it can be observed that the theoretical results match almost per-
fectly with the simulation at especially medium to high SNRs. In
addition, we understand that conventional relaying achieves av-
erage 2 dB better SER then opportunistic relaying despite the
diversity orders are identical, e.g., 2 and 4 for R = 1, 2, re-
spectively. Interestingly, due to simple structure of MRT tech-
nique, one can satisfy error performance requirements by ex-
ploiting few of the available users as relays without the over-
head of changing receiver structure and executing channel cod-
ing/decoding algorithms.

In Figs. 3 and 4, outage probabilities of conventional and op-
portunistic relaying is drawn for R = 1, 2, 3 and when K =
L = 2. From both figures, we understand that as the number of
relays increase, the performance significantly improves e.g., the
difference between R = 2 and R = 3 is about 9 dB at 10−10

Pout. Similar to Fig. 2, asymptotic and approximate results of
both figures matches perfectly with the simulation at all cases
especially at medium to high SNRs. In addition, conventional
scheme is complex but average 2–3 dB superior than oppor-
tunistic case, despite the diversity orders are exactly the same
e.g., 2, 4, 6 for R = 1, 2, 3.

In Fig. 5, the impact of imperfect channel estimations on the
outage probability is demonstrated for different values of fixed
estimation error variances. From this figure, we can clearly ob-
serve error floors due to channel estimation errors when the error
variances cannot be improved with increased SNR. After espe-
cially 15 dB, error floors results in huge performance loses as
no diversity can be obtained. Furthermore, we observe that the
lower bound is in an excellent agreement with the simulation
results in all cases especially at medium to high SNRs.

Fig. 6 shows the usefulness of power allocation which obtains
optimum power fraction values to minimize outage probability.
In this figure, total power is set to 10 dB and 3 different cases are
drawn. From all cases, we infer that optimum power allocation
yields a much better performance then α = 1/2. For example,
when K = 3, L = 1, outage probability is lower than 10−1Pout

at α = 0.1711 or when K = 1, L = 2, source power must be in-
creased to 7.074 dB to obtain a much better outage performance.
However, when K = L, source and relay powers are equal i.e.,
Ps = Pr = 5 dB. All these values are obtained numerically as
shown in Table 1 can also be verified from Fig. 6.

In Fig. 7, ergodic capacity of conventional and opportunistic
relaying schemes, is illustrated. As can be seen, in opportunistic
relaying, increasing R increases ergodic capacity. However, as
conventional relaying uses R+ 1 time slots in the transmission,
ergodic capacity decreases by a factor of R + 1. Therefore, op-
portunistic relaying is much superior than conventional in terms
of ergodic capacity. It should be noted that, to improve the er-
godic capacity of conventional scheme, number of antennas at
the source and relay can be increased.

VI. CONCLUSIONS

In this paper, multi-antenna/multi-relay AF MRT with both
conventional and opportunistic networks are investigated. In
conventional relaying, source and all relays employing MRT
participate the transmission to obtain considerable diversity
gain. In contrast, opportunistic relaying selects the best path to
maximize the received SNR at the destination and obtain iden-
tical diversity gains with low computational complexity. For
both models, PDF, CDF and MGF are derived. Approximate
and asymptotic SER and outage probability expressions are ob-
tained, ergodic capacity is derived and diversity and array gains
are computed. In addition, optimum source and relay powers are
obtained and the theoretical derivations are verified by numeri-
cal examples. The proposed multi-relay MRT can be a promis-
ing option in practical wireless communication networks as they
can provide high diversity gains while requiring low receiver
complexity.

REFERENCES
[1] S. M. Alamouti, “A simple transmit diversity technique for wireless com-

munications,” IEEE J. Sel. Areas Commun., vol. 17, pp. 1451–1458, Oct.
1998.

[2] A. Nosratinia, T.E. Hunter, and A. Hedeyat, “Cooperative communication
in wireless networks,” IEEE Commun. Mag., vol. 42, pp. 74–80, Oct. 2004.

[3] J.N. Laneman, D. N. C. Tse, and G.W. Wornell, “Cooperative diversity in
wireless networks: Efficient protocols and outage behavior,” IEEE Trans.
Inf. Theory, vol. 50, pp. 3062–3080, Dec. 2004.

[4] A. Sendorinis, E. Erkip, and B. Aazhang, “User cooperation diversity-part
I: System description,” IEEE Trans. Commun., vol. 51, pp. 1927–1938,
Nov. 2003.



26 JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 18, NO. 1, FEBRUARY 2016

[5] A. Chakrabarti, E. Erkip, A. Sabharwal, and B. Aazhang, “Code designs
for cooperative communication,” IEEE Signal Process. Mag., vol. 24,
pp. 16–26, Sept. 2007.

[6] P. A. Anghel, M. Kaveh, “Exact symbol error probability of a cooperative
network in a Rayleigh-fading environment,” IEEE Trans. Wireless Com-
mun., vol. 3, pp. 1416–1421, Sept. 2004.

[7] V. C. Bao and H. Y. Kong, “An exact closed-form expression for bit er-
ror rate of decode-and-forward relaying using selection combining over
Rayleigh fading channels,” J. Commun. Netw., vol. 11, pp. 480–488, Oct.
2009.

[8] V. C. Bao and H. Y. Kong, “Performance analysis of multi-hop decode-
and-forward relaying with selection combining,” J. Commun. Netw., vol.
12, pp. 616–623, Dec. 2010.

[9] S. S. Ikki and M. H. Ahmed, “Performance analysis of cooperative diver-
sity wireless networks over Nakagami-m fading channel,” IEEE Com-
mun. Lett. vol. 11, pp. 334–336, Apr. 2007.

[10] S. S. Ikki and M. H. Ahmed, “Performance of cooperative diversity using
equal gain combining over Nakagami-m fading channels,” IEEE Trans.
Wireless Commun., vol. 8, pp. 557–562, Feb. 2009.

[11] A. Bletsas, A. Lippman, and D. P. Reed, “A simple cooperative diversity
method based on network path selection,” IEEE J. Sel. Areas Commun.,,
vol. 3, pp. 659–672, Mar. 2006.

[12] G. C. Alexandropoulos, A. Papadogiannis, and K. Berberidis, “Per-
formance analysis of cooperative networks with relay selection over
Nakagami-m fading channels,” IEEE Signal Process. Lett., vol. 17,
pp. 441–444, May 2010.

[13] D. daCosta, S. Aissa, “Performance analysis of cooperative networks with
relay selection over Nakagami-m fading channels,” IEEE Commun. Lett.,
vol. 14, pp. 608–611, July 2010.

[14] I. Altunbas, A. Yilmaz, and S. S. Kucur “Performance analysis of dual-hop
fixed-gain AF relaying systems with OSTBC over Nakagami-m fading
channels,” AEU Int. J. Elec. Commun., vol. 66, pp. 841–846, Oct. 2012.

[15] E. S. Nasab and M. Matthaiou, “Multi-relay MIMO systems with OSTBC
over Nakagami-m fading channels,” IEEE Trans. Veh. Technol., vol. 62,
pp. 3721–3736, Oct. 2013.

[16] T. K. Y. Lo, “Maximum ratio transmission,” IEEE Trans. Commun.,
vol. 47, pp. 1458–1461, Oct. 1999.

[17] A. F. Coskun and O. Kucur, “Performance analysis of maximal-ratio trans-
mission/receive antenna selection in Nakagami-m fading channels with
channel estimation errors and feedback delay,” IEEE Trans Veh. Technol.,
vol. 10, pp. 1099–1108, Mar. 2012.

[18] H. Min, S. Lee, K. Kwak, and D. Hong, “Effect of multiple antennas at the
source on outage probability for amplify-and-forward relaying systems,”
IEEE Trans. Wireless Commun., vol. 8, pp. 633–637, Feb. 2009.

[19] L. Yang and Q. T. Zhang, “Outage performance of MIMO relay channels
with maximal ratio transmission,” Electron. Lett., vol. 45, pp. 273–275,
Feb. 2010.

[20] J. B. Kim and D. Kim, “Performance of dual-hop amplify-and-forward
beamforming and its equivalent systems in Rayleigh fading channels,”
IEEE Trans. Commun., vol. 58, pp. 729–732, 2011.

[21] D. B. da Costa and S. Aissa, “Cooperative dual-hop relaying systems with
beamforming over Nakagami-m fading channels,” IEEE Trans. Wireless
Commun., vol. 57, pp. 3950–3954, 2009.

[22] J. Ouyang, M. Lin, and Y. Zhuang, “Performance analysis of beamforming
with feedback delay in two-hop AF relaying over Rayleigh-Rician fading
channels,” Electron. Lett., vol. 48, pp. 663–665, 2012.

[23] G. Amarasuriya, C.Tellambura, and M. Ardakani, “Performance analy-
sis of hop-by-hop beamforming for dual-hop MIMO AF relay networks,”
IEEE Trans. Commun., vol. 60, pp. 1823–1837, 2012.

[24] F. Wang et al., “Outage probability and SER analysis of partial relay se-
lection in amplify-and-forward MIMO relay systems,” in Proc. IEEE VTC,
2011.

[25] S. Prakash and I. McLoughlin, “Performance of dual-hop multi-antenna
systems with fixed gain amplify-and-forward relay selection,” IEEE Trans.
Wireless Commun., vol. 6, pp. 1709–1712, 2011.

[26] L. Wang, Y. Chai, W. Yang, and W. Yang, “Performance analysis of trans-
mit beamforming and relay selection with feedback delay and channel es-
timation errors,” in Proc. WCSP, 2013.

[27] M. R. McKay, A. Zanella, I. B. Collings, and M. Chiani, “Error probability
and SINR analysis of optimum combining in Rician fading,” IEEE Trans.
Commun, vol. 57, pp. 676–687, 2009.

[28] T. T. Duy and H. Y. Kong, “Performance analysis of hybrid decode-
amplify-forward incremental relaying cooperative diversity protocol using
SNR-based relay selection,” J. Commun. Netw., vol. 14, pp. 703–709, Dec.
2012.

[29] E. Erdogan and T. Gucluoglu, “Simple outage probability bound for two-
way relay networks with joint antenna and relay selection over Nakagami-
m fading channels,” Electron. Lett., vol. 51, pp. 415–417, Mar. 2015.

[30] S. S. Ikki, “Optimisation study of power allocation and relay location for
amplify-and-forward systems over Nakagami-m fading channels,” Trans.
Emerg. Telecommun. Technol., vol. 25, pp. 334–342, 2014.

[31] Z. Wang and G. B. Giannakis, “A simple and general parameteriza-
tion quantifying performance in fading channels,” IEEE Trans. Commun.,
vol. 51, pp. 1389–1398, 2003.

[32] C. Wang, T. C.-K. Liu, and X. Dong, “Impact of channel estimation er-
ror on the performance of amplify-and-forward two-way relaying,” IEEE
Trans. Veh. Technol., vol. 61, pp. 1197–1206, Mar. 2012.

[33] S. S. Ikki and S. Aissa, “Impact of imperfect channel estimation and co-
channel interference on dual-hop relaying systems,” IEEE Commun. Lett.,
vol. 16, pp. 324–327, Mar. 2012.

[34] A. Yilmaz and O. Kucur, “Performances of transmit antenna selection,
receive antenna selection and maximal ratio combining based hybrid tech-
niques in the presence of feedback errors,” IEEE Trans. Veh. Technol.,
vol. 63, pp. 1976–1982, 2014.

[35] K. K. Oldham, J. Myland, and J. Spanier, An Atlas of Functions with Equa-
tor the Atlas Function Calculator, 2nd ed. Springer, 2008.

[36] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Prod-
ucts, 7th ed. California: Academic Press, 2007.

[37] M. K Simon and A. S. Alouini AS, Digital Communication over Fading
Channels, New York: Wiley, 2007.

Eylem Erdogan received B.S. and M.S. in Elec-
tronics Engineering from Isik University Turkey in
2003 and 2006. He received Ph.D. degree from Kadir
Has University, Turkey in 2014. He is now working
as a Post-Doc Fellow in Lakehead University, ON,
Canada. His current research interests include multi-
antenna, multi-relay structures, diversity techniques,
cooperative, and two-way networks.

Tansal Gucluoglu received the B.S. degree from Mid-
dle East Technical University, Ankara, Turkey in
1997, the M.S. degree from Syracuse University in
2001 and the Ph.D. degree from Arizona State Uni-
versity in 2006, all in Electrical Engineering. He also
worked as an RD Engineer in industry between 1997
and 2001 in Ankara and Syracuse. Between 2006-
2012, he has been an Assistant Professor at the De-
partment of Electronics Engineering, Kadir Has Uni-
versity, Istanbul. Since 2012, he has been affiliated
with Department of Electronics and Communications

Engineering, Yildiz Technical University, Istanbul. His research interests in-
clude channel coding, decoding and detection algorithms, multiple antenna tech-
niques, and cooperative transmission systems for wireless communications.


