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ABsTRACT. We study the trivialization and the reduction of the Tulczyjew’s triplet, in the presence of a sym-
metry and an Ehresmann connection associated to it. We thus obtain trivializations and reductions of iterated
tangent and cotangent bundles T*TQ, TT*Q and T*T*Q. Accordingly, the symplectomorphisms between these
manifolds are properly trivialized and reduced.
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1. INTRODUCTION

Euler-Lagrange equations governing the motion of a physical system, whose configuration space is a finite
dimensional manifold, is determined by a Lagrangian function defined on the tangent bundle. On the
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other hand, Hamilton’s equation is generated by a Hamiltonian function which is defined on the cotangent
bundle [1} 3} [14} 29, 49]. In order to find the (Legendre) transformation between the Lagrangian and the
Hamiltonian realizations of a system, it is critical to know whether the Lagrangian / Hamiltonian function is
(hyper)regular. In the case of aregular Lagrangian / Hamiltonian, the Legendre transformation is immediate,
being the fiber derivative of the generating function. However, if the Lagrangian / Hamiltonian is singular,
then establishing a relationship between the two formalisms is far from straightforward.

To this end, a geometric framework (called the Tulczyjew’s triplet) was proposed by Tulczyjew, which allows
the Legendre transformation even for the singular and/or constrained systems, [68L169.[70,71L72,[73\[74L[75].
The Tulczyjew’s triplet is a construction that involves the (second order) iterated bundles of the configuration
space, say Q, connected by two symplectomorphisms ag : TT*Q — T*TQ and Q*’Q :TT*Q - T*T*Q, as
well as their projections onto the (first order) (co)tangent bundles. In short, a Tulczyjew’s triplet may be
pictured by the diagram

ao 2,
(1.1) T*TQ TT*0 T
TQ 70

In this theory, the dynamics of the system under consideration (whether it is in Lagrangian or Hamiltonian
form) is formulated as a Lagrangian submanifold of the Tulczyjew symplectic space TT*Q, that is, the
tangent bundle of the momentum phase space. This is achieved by two special symplectic structures which
are referred as the left wing and the right wing of the triplet, [} (67, [74]. The Legendre transformation
then is said to be established, if the Lagrangian submanifolds generated by a Hamiltonian function and a
Lagrangian function coincide. For singular systems, one may need to refer to a Morse family in order to

achieve the coincidence of the Lagrangian submanifolds.

The Tulczyjew’s triplet has been constructed for many physical systems and on several different geometric
theories. For instance, we refer the reader to [16},20. [21], [34]] for the triplet over a Lie group (from the point
of view of which the present paper is a generalization). In the case of the higher order dynamics, we may
cite [12], while for the field theories we refer the reader to [[11l [15] 30} 31} [65]]. As for the higher order
field theories, one may consult [33]. On the other hand, we refer the reader to [8, 35,136} 38]] for the graded
bundles, and to [45]] for a discussion related to prolongations. The extension of the Tulczyjew’s triplet to
the level of Lie algebroids has been proposed in [44]], see also [2} (7,13} 32].

As one may find its roots in [64], the Lagrangian reduction theory [6) [10} [55} [56] is rather more recent
compared to the Hamiltonian reduction theory [51} [52] 153) 58] 59]. In the Lagrangian framework, the
reduced dynamics on the orbit space of the tangent bundle of the configuration space is governed by
the Lagrange—Poincaré equations. In the case of the configuration space to be the symmetry group, the
Lagrange—Poincaré equations reduce further to the Euler-Poincaré equations on the Lie algebra of the
symmetry group. As for the Hamiltonian perspective, the reduced dynamics is determined by the Hamilton-
Poincaré equations on the orbit space of the cotangent bundle, which reduce to the Lie-Poisson equations if
in particular the configuration space is the symmetry group.
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In the present note we intend to address both the trivialization and the reduction of the classical Tulczyjew’s
triplet in view of an Ehresmann connection. To be more precise, let us first recall that the symmetry of a
physical system, in its very classical sense, may be given by a Lie group action on the configuration space
of the system, [42],[43] 50} 54! 62, 63]]. As such, we let the configuration space Q be equipped with a free
and proper action of a Lie group G. This way, we may regard Q as a principal G-bundle over the orbit
space Q := G\Q, and hence we may endow the tangent bundle 7Q with a principal (Ehresmann) connection
A : TQ — g. The thus obtained decompositions

(1.2) TQ =Qx5TO X, T"0 =0 x5 T0Xg,

into Whitney sums (of the horizontal and the vertical subbundles), see for instance [9,[10}52], allow at once

to express the G-reductions of both the tangent and the cotangent bundles as

(1.3) G\TQ=TQOx53  G\I'Q=T'0x58"

where @ denotes the adjoint bundle, while g stands for the coadjoint bundle. These identifications are
important not only for the geometrical considerations, but also for the concrete physical applications; they
provide a decomposition of the dynamics into the vertical and the horizontal components. What is further,
as we present hereby, the decompositions in (1.2) and may be lifted to all second order iterated
bundles TTQ, T*TQ, TT*Q and T*T*(Q, allowing to obtain the trivializations of the symplectomorphisms
ag : TT*Q — T*TQ and QbQ :TT*Q — T*T*Q, as well as all the projections on (L.I).

Recent works addressing the reduction of the Tulczyjew’s triplet under symmetry include [4, 25| 26], yet,
none concerns the trivialization by virtue of a connection form. From this point of view, the present

approach, along the lines of [9, 10,52, allows to analyze the dynamics explicitly over the orbit spaces.

The outline of the paper. The paper is planned over three main sections. In order to establish the notation,
conventions, and the terminology, we begin with the preliminaries in Section In particular, the very
basic terminology regarding symplectic structures on cotangent bundles is given in Subsection 2.l while
an overview of Tulczyjew triplets may be found in Subsection 2.2l What is more in preliminaries is a short
discussion on the theory of (principal Ehresmann) connections in Subsection 2.3l We then conclude this
section with Subsection on the presentations of both the trivializations and reductions of (co)tangent
bundles in view of an Ehresmann connection. The latter discussion is then lifted to the level of second
order iterated (co)tangent bundles in Section 3l To be more precise, the trivializations and the reductions
of the iterated tangent bundles TTQ and TT*Q are explicitly presented in Subsection 3.1l and Subsection
respectively, while the iterated cotangent bundles 7*TQ and T*T*Q are treated in Subsection 3.3 and
Subsection 3.4l The trivializations and the reductions of the rest of the components of the Tulczyjew’s
triplet, namely the symplectomorphisms, are postponed in Section 4l More precisely, in Subsection K.1] we
consider the canonical 1-form and the symplectic 2-form on the cotangent bundle, while we undertake the
task to trivialize (and then to reduce by the symmetry) the symplectomorphisms in Subsection On the
other hand, Subsection [4.3]is reserved for the trivialization and the reduction of the Tulczyjew’s symplectic
space TT*Q.

Notations and Conventions. Throughout the text Q will denote a smooth manifold admitting a (free and
proper) left action ¢ : G X Q — Q, (g,9) = & - q = ¢p¢(q), of a Lie group G. We shall adopt the notation
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Q = G\Q for the orbit space, and (Q, 7, Q) for the principal G-bundle 7 : Q — Q. We shall also use the
notations 7y : TM — M and 7y, : T*M — M to denote the tangent and cotangent bundle projections of
a manifold M, respectively. On the other hand, given a manifold M, we shall use AX(M) to represent the
space of k-forms on M, and X(M) to denote the space of vector fields on M.

2. PRELIMINARIES

In order to fix the terminology that we shall use in the sequel, we find it instructive to devote a section to
brief surveys on the basic concepts to be used in the text.

2.1. Symplectic structures.

Let us recall, very briefly, the canonical symplectic structure on a cotangent bundle. We shall then review
the (special) symplectic structures on symplectic manifolds.

Cotangent bundles. Given a manifold Q, the tautological (Liouville, or canonical) 1-form 6 € ANT*Q)
is given, on a vector field X € X(T*Q), by

2.1) 00(X) = (t7-0(X). Tty (X)),

where 17:g : TT*Q — T7Q is the tangent bundle projection, and TT& : TT*Q — TQ is the tangent
mapping of the cotangent bundle projection. The negative of the exterior derivative of the canonical 1-form,
that is Q¢ := —df, then, represents the canonical symplectic 2-form on 7*Q. In Darboux’ coordinates
(¢, pi) on T*Q, the canonical 1-form 6 € AY(T*Q) and the symplectic 2-form Qp € A%(T*Q) read

(2.2) 0o = pidq', Qo =dq' Adp;,

respectively.

Special symplectic structures. Let P be a symplectic manifold, that is, it is equipped with a non-degenerate
closed 2-form called the symplectic 2-form. Let, in particular, P be equipped with an exact symplectic 2-
form Q = —d@, where 6 is called a potential I-form. Let, further, P be the total space of a fiber bundle, say
m:P — Q,or (P,n, Q) in short. A special symplectic structure, then, is a quintuple (P, , Q, 6, ®), where
O : P — T*Q is afiber preserving symplectic diffeomorphism given by

(2.3) (O(x), m.X(q)) = (6(x), X (x))

for any vector field X on P, and any point x € P with 7(x) = ¢. Here, the pairing on the left hand side is the
(natural) one between T;Q and T,,Q, whereas the pairing on the right hand side is the one between T, P and
T, P. In this case, the tuple (P, Q) is called the underlying symplectic manifold of the special symplectic
structure. We refer the reader to [48] (67, [72]] for further details on the special symplectic structures.
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2.2. Tulczyjew’s triplet.

We shall next review the Tulczyjew’s symplectic space and the construction of the Tulczyjew’s triplet, in a

very classical sense.

Two Operations. In order to be able to proceed to Tulczyjew’s symplectic space, we shall need to recall
two operations from A(Q) to A(TQ). Letting Ttg : TTQ — TQ to be the tangent lift of the tangent bundle
projection, the first operation is the one which assigns a (k — 1)-form in A(7'Q) to each k-form in A(Q).
More explicitly,

(2.4) ir : AK(Q) - AFI(TQ),  QF - irQk,
which is given by

irQF(Xy,..., Xiy) = QF (TTQ(Xl), Tto(X1),..., TTQ(Xk—l))

for any vector fields X1, ..., Xx—1 on TQ. The second operation, on the other hand, is a degree 0 derivation,
namely,
(2.5) dr : A*(Q) -» AK(TQ), Q" (ird+dir)QF,

where d : A¥ — A**! refers to the deRham exterior derivative on the exterior algebra of the relevant
manifold. For further details we refer the reader to [71), (72, [74. [75]].

Tulczyjew’s symplectic space. We are now ready to review the Tulczyjew’s symplectic space from [[71]].
The tangent bundle of a symplectic manifold (P, Q) is also a symplectic manifold given by (TP, dr Q).
In particular, starting with the canonical symplectic manifold (7*Q, Q¢ = —dfp), Tulczyjew’s symplectic
space TT*Q becomes a symplectic manifold equipped with the lifted symplectic 2-form dr £ which admits

two potential 1-forms
(26) 191 = —iTQQ, 192 = dT QQ = deQQ + diTHQ.

If (¢") is a coordinate chart on Q, we shall then make use of (¢, 4/) on TQ for the induced coordinates.
Accordingly, the induced coordinates on 77*Q may be given by (¢*, p J» ¢*, p1), and the 1-forms [@2.6)) read

(2.7) B = —ir Qg = pidq' — ¢'dp;, O =drbo = pidq' + pidq’',
see, for instance, [78]]. Furthermore, the symplectic 2-form on 77*Q appears to be

(2.8) drQo = d¥ = d%, = dp; Adq' +dp; A dg".

The canonical involution on 77Q. Along the lines of [75, Sect. 5], see also [[1}, [39], given a differential
mapping y : R> = Q, y = y(s, t), both

. 9y (s,1) , 9y (s, 1)
= d =
7 (s) L, M Y (1) s |
determine curves y,y’ : R — TQ, so that
o dy(s . dy’(t
=T g, =Y crrg,
=0 dr |-
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Accordingly, the mapping given by

(2.9) ko :TTQ = TTQ, v ey

is called the canonical involution on TTQ. A quick inspection then reveals that the involution (2.9) satisfies
7o o kg =T710, Ttgokp =Trq.

In terms of the induced coordinates (¢, ¢/, g’*, ¢’') on the iterated tangent bundle 7T Q, we have

(2.10) ro(q¢'.q"".¢") = (¢.¢)),  Tro(d'.¢'.q™.4") = (¢'.q").

and furthermore, the canonical involution (2.9) is computed to be

ko(q'.¢7.q*. ") = (¢'.q"*.¢'.¢"").

The pairing between 77*Q and TT Q. We shall now recall, also from [75]], a pairing between T7T*Q and
TTQ. Tothis end, given any Z € TT*Q and any W € TTQ satisfying Tt (W) = TT&(Z), let z(¢) € T*Q be
the curve with 2(0) = Z, and similarly let w(z) € T*Q be the curve with w(0) = W, so that rg ow = 7'5 oz
Then, a pairing of bundles over TQ may be formulated by

- - d
(2.11) (o,0) : TT*OXTTQ — R, (Z, W) = E<Z(t),W(I)>
=0

Setting the (induced) coordinates on TT*Q as (¢, p;, ¢, p1), the coordinate expression of the pairing (Z.11)
may be given by ~
((¢'.pj.d".p0). (d'.q"7.4".4") = pig" + 4" p.

We shall conclude the present subsection with two symplectomorphisms; «ap : TT*Q — T*TQ, and
Q"Q : TT*Q — T*T*Q. To this end, we shall assume that, being cotangent bundles, 7*TQ and T*T*Q
equipped with the canonical symplectic forms Q7o = —dfr o and Qr:g = —df7+ o, respectively.

The left Wing of the Tulczyjew’s Triplet. The first symplectomorphism that we shall present is the

morphism
(2.12) ag TT'Q - T'TQ,  (ag(Z),W)=—(Z,ko(W)),
of vector bundles, which reads, in reduced coordinates

ao(q',pj. 4", p1) = (d'.4",-p1,—p))-

We do note also that the pairing on the right hand side of (2.12) is the one in (2.11]), whereas the pairing of
the left hand side is the canonical pairing between 7*TQ and TTQ.

A straightforward calculation reveals that a*QQTQ = dr Qg, hence (2.12)) is indeed a symplectomorphism.
As aresult, we arrive at a special symplectic structure

(2.13) (TT°Q, Ty, TQ, 92, ap)

the underlying symplectic manifold of which being (T7*Q, dr Q).
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The right Wing of the Tulczyjew’s Triplet. The nondegeneracy of the canonical symplectic 2-form on

T*Q leads to the existence of a (musical) diffeomorphism given by
(2.14) Q"Q :TT*Q — T*T*Q, QI’Q(z) =Qp(z,9),
which may be presented in reduced coordinates as

Q4" pj-d*. p1) = (q', p =P 4°).

Once again, a quick calculation yields (Q*’Q)*QT*Q = drQg, and hence (2.14) is a symplectomorphism.
Accordingly, there is a special symplectic structure

(2.15) (TT*Q. 7140, T*Q, 91, Q).

over the (underlying) symplectic manifold (77*Q, d7 Qo).

Referring the reader to [68, 71} (72, [75]] for further details, let us finally record the following commutative
diagram summarizing the entire discussion on the present subsection.

a0 %
(2.16) T*TQ TT*Q T*T*Q
T0 T°Q
o
Q

2.3. Connection and curvature.

In the present subsection we shall now review briefly the very basics of the theory connections, and

curvatures.

Let us first recall that the kernel of the tangent lift 77 : TQ — TQ of the principal G-bundle 7 : Q — Q,
q — [q], determines the vertical subbundle VQ of TQ. We note, on the other hand, that any element of the
Lie algebra g of the symmetry group G generates a vertical vector field; an element of the space X(Q) of
sections of 7Q which takes values in the fibers of VQ, through

’

t=0

d
2.17) £0(q) =Tey(€) = - ((exp1) - q)
where exp : ¢ — G is the exponential map, and & € g. The map g — X(Q), given by ¢ — &g, is a Lie

algebra homomorphism, and £p € X(Q) is called the fundamental (vertical) vector field associated to & € g.

Let us next recall, following [9,46] (see also [10}[61]]), a connection on the principal G-bundle (Q, =, Q) is
an (differentiable) assignment of a subspace H,Q C T,Q to any g € Q, so that

(1) TpQ = VpQ @ HpQ,
(i) Hg.qQ =TLg(HyQ), forany g € G.
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Accordingly, in the presence of a connection, the tangent bundle decomposes into a Whitney sum
TQ=VQ®HQ

of vertical and horizontal subbundles. Equivalently, a connection on the principal G-bundle (Q, 7, Q) may
be viewed as a g-valued 1-form A : TQ — g satisfying

(2.18) Aofg=& — AoTgy =AdgoA,

where Ad : G X g — g is the adjoint representation of the group G on its Lie algebra g.

Let us note also that the tangent lift 77 : 7,0 — T,r(q)Q_ maps H,Q isomorphically E)nto T,r(q)Q_, for any
g € Q. Accordingly, following the notation in [9, Sect. 2.2], given any v, () € Tx(4)Q, we shall denote by
VZ € T, Q the unique horizontal vector satisfying

Tym(Vh) = va(g) € Tn(g) Q-
and call it the horizontal lift of the vector v () € T,,(q)Q_. With a slight abuse of notation, we shall write
(2.19) h:TQO — TQ, Vr(g) P v

q

Finally, the curvature of a connection A : TQ — g on the G-bundle (Q, 7, Q) is defined to be the g-valued
2-form given by (the Cartan structure equation)

(2.20) B(X1,X2) = dA(X1, X2) — [A(X1), A(X2)],

for any X1, X, € X(Q).

2.4. Trivialization and reduction of the (co)tangent bundles.

We shall next discuss the trivialization, and its reduction under a group action, of both the tangent and the
cotangent bundles of the total space of a principal bundle. In order to develop some terminology, we shall
begin with a quick detour on associated bundles.

Associated bundles. We shall now recall the construction of a vector bundle associated to a given principal
bundle. In particular, we shall review the adjoint bundle and the coadjoint bundle constructions.

Tothisend, let® : GXV — V denoted by (g, v) = @, (v), represents a (differentiable) linear representation
of G on a vector space V. Then, the space V of orbits of Q x V with respect to the diagonal G-action

(2.21) Gx(@xV)—=>(@xV), gx(q,v)=(8 9 Dg(v))
admits the structure of a vector bundle over Q, given by
(222) V=0,  [g.v]+n(q),

where [¢,v] € V represents the orbit of (¢,v) € Q X V with respect to (2.21). Let us note also that any
vector bundle over a manifold M, with fibers in an n-dimensional vector space, is an associated bundle of a
G L(n, R)-principal bundle called the frame bundie.
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In particular, taking the Lie algebra g of the Lie group G as the vector space, along with the adjoint
representation of G on g, we arrive to the associated vector bundle g, which is called the adjoint bundle of
the principal G-bundle (Q, 7, Q).

If, on the other extreme, one takes the linear dual g* as the vector space, and the coadjoint representation
Ad* : G x g* — g* given by
(2.23) (Adg (k) &) = (u, Adg-1(8))

for any 4 € g* and any & € g, the corresponding associated bundle §* is called the coadjoint bundle of

(Q,7,0).

Trivialization and reduction of the tangent bundle. Given the principal G-bundle (Q, 7, Q), let us now

consider the short exact sequence

(2.24) 0 1%40) TO (TQ) —=0

of vector bundles over Q. In this framework, the presence of a connection A : TQ — g, then, may be
interpreted as the splitting of (2.24)), see for instance [37]]. Accordingly, one may devise a diffeomorphism
given by

Ar :TQ - Qx5 TO X, v (1o(v), Tr(v), A(v)),
A 0xaTOXg—>TQ,  (q.u.€) - ul +£0(q),

forany v € TQ, any (q,u) € Q X4 TQ, and any & € g.

(2.25)

The diagonal action of G on Q X g, then, reduces ([2.24) into the Atiyah sequence
(2.26) 00— —G\TQ —=T0 —=0

of vector bundles over O, which also splits by the connection. Accordingly, the trivialization (2.23)) reduces

to that of
2.27) TO —>T0x58 [V = (Tx(v). [to(v). AW,
| TOX58—=TQ,  (un(g)[q.€]) P [uf) +&0(q)],

where TQ := G\TOQ.

Trivialization and reduction of the cotangent bundle. Next, by a slight abuse of language, dualizing

(2.23)) we arrive at a similar trivialization of the cotangent bundle, which may be given by
Ar-:T°Q = 0O xpT'0x 8",z (15(2),h"(2), Jo(2),
700X T0OXg > T°Q,  (g,y,1) — Tyx(y) + A u,

for any z € T°Q, and any (q,y) € Q Xp T*Q, where

(2.29) Jo:T°0 =g, Jo(2),§) =(z,80).

is the moment map, while Ay : ¢* — T,;Q and h* : T;0 — T (q)Q_ are the linear algebraic duals of the

(2.28)

connection and the horizontal lift operator, respectively.
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Finally, the reduction with respect to the diagonal action of G on Q X g* yields
(2.30) Ar:T*0 - T*0 %4 §, [z] = (h7(2), [75(2), Jo(zg)D),

where T*Q := G\T*Q via the coadjoint lift of the G-action on Q.

Trivialized tangent - cotangent duality. Let us conclude with the manifestation of the natural pairing
between the tangent bundle and the cotangent bundle in view of the trivializations ([2.23)) and 2.28)). To this
end, given any T7Q 3 z ~ (¢, y, 1) € O X T*Q x g*,and any TQ 3 v = (q,u, &) € Q x TQ X g, we have

T"Q0 xTQ — R, (@, ¥, 1), (q, u, &) = (y,u) +{u, &).

3. TRIVIALIZATIONS AND REDUCTIONS OF THE ITERATED (CO)TANGENT BUNDLES

In the present section we shall derive the trivializations and reductions of the iterated tangent and cotangent
bundles.

To this end, we shall first record the following terminology on the (tangent) group actions. Given a Lie

group G, the structure of the group structure of the tangent group 7G may be (right) trivialized via
tr;fG TG —» g=G, vg > (TRg-1vg, ),
where R, : G — G stands for the right translation of G, and the group operation of the latter is given by

(€,8)(m, h) = (€ +Adg(n), gh)

for any £,n7 € g, and any g, h € G.

On the other hand, let us note that, the tangent mapping of the group action ¢ : G X Q — Q gives rise to

the action

3.1 T :TGXTQ —-TQ, (£,8) v Tog(v) +&0(8 - 10 (v)),
which also is free and proper, [47]]. As for the reduction, on the other hand, we have
(3.2) TG\TQ = (g G)\TQ = g\(G\TQ) = g\(TQ x4 §) ~TQ,

where the third identification is given by [10, Lemma 2.4.2]. As a result, we obtain the T G-principal bundle
(TQ,Tr,TQ). Furthermore, a straightforward calculation reveals that A : TQ — g being a connection on
the G-bundle (Q, m, Q), its tangent map TA : TTQ — g > g happens to satisfy the manifestations

TAo (&,mro=(61m),  TAoT(T¢) . = Ad(z,g) oTA,

of the requirements (2.I8)) of a connection on the TG-bundle (TQ,Tr,TQ), where (£,n)ro : TQ — TTQ
stands for the fundamental vertical vector field associated to (£,77) € g < g, and g > g is the Lie algebra of
the tangent group 7G =~ g = G, whose structure is given by

[(€1,m1), (E2,m2)] = ([€1, &2 + [m1,&2] = 2, €1, [m1,1m21)
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for any &1, 2,171,172 € g. Finally, it follows from [23], (2.14)] that the adjoint action of the tangent group TG

on its Lie algebra g > g is given by
(3.3) Adg i8%8—8x0  (£.17) > (Adgé — [Adgn. (] Adg ),

for any £,17,{ € g, and any g € G.

Finally, we do note that the tangent lift Th : TTQ — TTQ of (2.19) works as the horizontal lift associated

to the tangent connection on TTQ.

We are now ready to proceed onto the trivializations and the reductions of the iterated tangent and cotangent
bundles.

3.1. Trivialization and reduction of 77Q.

In this subsection we shall first derive a trivialization of TTQ, given the principal G-bundle (Q, 7, Q).
Formulating the G-action on 7T Q in terms of this trivialization, we shall present explicitly the G-reduction
of TTQ. Also in this subsection, we shall reformulate the canonical involution along the lines of the
trivialization we obtain. Finally, we shall illustrate the reduction, under the G-action, of the canonical
involution.

Trivialization of TT Q. To begin with, we record the straightforward identification

T(Qx5TQxQ) ~TQ x75TTQ X Tg.

Then, it becomes a routine verification that the tangent lift of the trivialization (and its inverse) (2.23) may
be formulated as

TAr :TTQ > TQ x;5 TTOxTg, W (T1o(W),TTr(W), TA(W)),
TA7' : TQ X6 TTQxTg — TTQ, (v, U, &) = UL+ (£,m)70(v),

for any W € TTQ, and any (v,U,£,n) € TQ X75 TTQ X Tg.

(3.4)

Next, in view of the decomposition 7Q ~ VQ & HQ, along with the identification Tyx : H,Q — T,,(q)Q_,
we have

T(QxpTOXQ8) ~TQ X765 TTOXTg = ((Qx08) X5 TQ) Xr5 TTQXTg=~Q x5 TTQXTg X g,

and hence obtain the following refinement of (3.4):

(3.5)
Arr - TTQ — Q x5 TTQ xTg X g, Wi (1o(Tto(W)),TTr(W), TA(W), A(Tto(W))),
Arp 10X TTOXTaxg = TTQ,  (¢U&m ) = UL (o + (Emro(rro(U)g + £o(a)

forany W € TTQ, and any (q,U,&,1,{) € O X4 TTQO xTg X g.
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Trivialized canonical involution. Before we move towards the reduction of 77 Q by the G-action, we shall
now record the canonical involution (2.9) on the trivialization (3.3) of TT'Q. To this end let, once again,
vy : R = Q, ¥ = y(t, 5) be such that y(0,0) = g € Q. Then the two curves on 7Q given by

. Ay (s, 1) ' Ay (s, 1)
= d =
7(s) I y' (1) s |

may be trivialized, in view of ([2.23)), into

PiR>0xaTOXa=TQ, s+ (y(0.5),x(s). £(s).£(s)

and
["R—>0x5TOXxg=TQ,  t+ (y(1,0),x(1),x"(1),{(1)),
where
(x(8),2(s)) :=Tn(y(0,9),7(s)),  (x(1),x"(1)) := Tn(y(2,0), 7" (1)),
and

£(s) = A(y(0,5),7(s), (1) =A(y(1,0),7'(1)).
Accordingly, then, the canonical involution (2.9) takes the form of
kg :TTQ =T(Q x5 TO x8) = T(Qx5TOx9) =TTQ,  (v.x",x'.&) = (y.%.x",0),

where we suppressed the 0’s, on which the derivatives are evaluated.

Now, in an effort to recalibrate this last expression of the canonical involution according to (3.3), we observe

that
6o iep O] W) A0y W) dAG0.9.56)]
dt =0 ds ls=0 dt 1=0 ds 5=0
where it follows from [10, Sect. 3.1] that the latter term is the value at + = O of the variation of
A(y(t,0),y(t,0)) corresponding to the variation y’(¢) of the curve y(z,0) € Q. Along the lines of [10]

Lemma 3.1.1], its vertical part; corresponding to the vertical variation Ver (y(¢,0)) := A(y(¢,0),v’(¢))y(z,0)

of the curve y(¢,0) € Q, is
dA(y(1,0),7'(2))
7 o el

and it follows from [10, Lemma 3.1.2] that its horizontal part is

Bq(7,a7)-

Substituting these into (3.6) we arrive at

KQ : TTQ = T(Q XQ TQ_ X g) _— T(Q XQ_ TQ_ X g) = TTQ’ (7”x”x” ‘f/) = (’)./,)'C,X',, ‘f/ + Bq(’)'/’ 7,) + [f, g])

As a result, the canonical involution (2.9)) trivializes, in the level of (3.3)), into

Ko 1 QxpTTQXxTgxg— QX5 TTQ xTgXg,

(4. U.&,0,0) = (q.k5 (V). &on + B((t75(U)y, (T (U))g) +[€,¢1.6),
with U = (x,x,x’,x") € TTQ, for which

(3.7)

1ro(U) = 105(x, %, %", 1) = (x,%), Tt5(U) =Tty (x, x,x", %) = (x,x).
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Let us note also that in the present framework we have

T/TE 10 XQ TTQ_ XTgxg=TTQ —>TQ =Q XQ TQ_ X g, (6], U’f,ﬂ,g) = (q’TTQ_(U)aé‘:)

and

Tto: QX TTOXTgxg=TTQ > TQ =0 x5T0xg8,  (q.U.£1.0)  (¢.Tt5(U), ).

Reduction of 7T Q. We shall now proceed towards the reduction of 77 Q under the Lie group action
(3.8) GXTTQ - TTQ, g W =TTpg(W),
which, in terms of the trivialization (3.3), may also be given by

G x(Qx5TTQxTgxg) = Qx5 TTQxTgXg,

(8:(q,U.&,n,0)) = 8- (q.U.&,n.0) = (g 4, U, Adg €, Adg 1, Adg ().

Accordingly, it follows at once that

(3.9)

G\TTQ =~TTQ %, 6,
where 6 := G\(Q X gXgXg) ~gXs8Xg5 ¢ through
GX (QXQXng) - Q XQngga (g’ (Qaé‘:an’g)) = (g‘CIaAdg'faAdgn,Adgzj),
and that
kg TTO x5 6 — TTQ x5 6,

(3.10)
(U’ [q’ &, g]) = (KQ_(U)’ [q’ g,n+ B((TTQ_(U))h’ (TTQ(U))S) + [‘f’ Z;]"f])a

which serves as the reduction of the canonical inclusion, for any U € TTQ, and any [q, &,7,¢] € ®. Let us
also note, in this case, that

g :TTO%5 6 > T0%58,  (U.[g.£.0.0]) & (t75(U). [4.€]),
Ttg:TTO x5 6 5> TOx58,  (U,lq.¢,&n]) = (T15(U). [4. D).

Remark 3.1. Let us conclude with the reduction of 77 Q, with respect to the tangent group action. Along
with the trivialization (3.4) of TTQ, the tangent group action may be given by

3.11)
TG % (TQ X765 TTO XT8) = TQ xp 5 TTOX T, ((£,8), (v, U.Lom) = ((£,8) v, U, Ad(g,¢) (£, 1)),

where the former component is the tangent group action (3.1)), and the latter component refers to the adjoint
action (3.3). As a result, in view of (3.2)), we arrive at

TAr :TG\TTQ — TG\(TQ X715 TTQ X T9) =~ TTQ X7 9, Wlrg = (TTa(W),[v,TA(W)]rc),
Tar  :TTQ0 %5 H - TG\TTQ, (U, [v, (E.lre) — [UL" + (EmroWre.

for any [W]rg € TG\TTQ, any U € T(,r(q),T,,(V))TQ_, and any (&,7n) € Tg, where 5 =TG\(TQ xTg)
through the diagonal action of 7G on TQ x T'g. Moreover, there is an associated bundle structure given by

9 :=TG\(TQxTg) »TQ ~TG\TQ,  [v,&:nlrc + Vlre.
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3.2. Trivialization and reduction of 77*Q.

We shall now consider the trivialization, and then the reduction of 77*(Q. Upon formulating the trivialization
of TT*Q, in terms of (2.28)), we shall introduce the (trivialized) G-action on TT*Q, via which we shall
arrive at the G-reduction of TT*Q.

Trivialization of 77*Q. Differentiating (2.28]), we attain a natural trivialization of TT*Q as

TAr- :TT°Q > TQ %7 TT'O XTg",  Z+> (T15(2).Th(2),TIp(2)),
(3.12) _
TAF :TQ x5 TT* O X Tg" — TT*Q, Y, 1, v) > TT n(Y) + TA* (i, v),

for any Z € TT*Q, and any (v,Y,u,v) € TQ X5 TT*Q X Tg*, where Th* : TT*Q — TT*Q is the tangent
lift of the linear algebraic dual of (2.19), TA* : Tg* — TT*Q is the tangent lift of the dual of the connection
I-form on 7Q, and TJp : TT*Q — Tg" is the tangent lift of the moment map (2.29).

Similar to the trivialization (3.3) of 7T Q, employing the identification (2.23)), we next obtain

(3.13)
Arre 1 TT°Q = Q X TT* O XTg" x8,  Z > (19(T75(2)). Th*(2).TIo(Z), A(TT}(Z2))).

A 10X TT*Q X Tg" X g > TT*Q, (@Y 11,7, 0) = Tri n(rpe )T (YY) + TA (11, v) + J7- 5 (£)
o q o o

for any Z € TT*Q, and any (q,Y,u,v.{) € O X4 TT*Q x Tg* X g, where J;*Q g > TT*Q is the
dualization of Jr«p : T*T*Q — g".

In this language, the maps TT*Q :TT*Q —» TQ and 17+ : TT*Q — T*Q take the form of

T’rz 10 X5 TT*Q XTg" xg— 0 x5 TO X g, (.Y, 1,v, ) = (q,TT5(Y), ),
(3.14) i i ©
0 : QX TT'OXTg xg— 0 x5 T°OXg, (¢, Y, 1, v, 8) ¥ (g, 775 (Y), 1),

forany (q,Y,p,v,{) € Q Xp TT*Q x Tg* X g.

Finally, given any W € TTQ, and any Z € TT*Q, setting
Arr-(Z), Ar7 (W)) = (Z, W),
we obtain the trivialization
(3.15) (o, 0) : (Q Xo TT*Q X Tg" X g) X (Q x5 TTQ xTgx g) = R

of the pairing (Z.11)) in the form of

d

(@Yo, 03 (@ UEmOY = (VL UY + 5| e svi&sm) = (V.U + (0,8 + )

Reduction of 77*Q. We now proceed, along the lines of [79], to the reduction of 77*Q by the G-action

(3.16) GxTT'Q - TT*Q, g2 =TT ¢4 (2),
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which trivializes into
Gx(Qx5TT*'QXTg" xg) = QX5 TT*Q xTg" x g,
(& (g, Y, 1, v, ) > 8- (q, Y, 1, v,{) = (g q,Y,Adg u, Ad, v, Ad, ).

Accordingly, we have

(3.17)

G\TT*Q =TT"Q x4 K,
where & := G\(Q X g* X g* X g) ~ §* X568 X5 g via
Gx(Oxg ' xg"xg) = 0xg" xg"xg, (8, (g 11,v,0)) = (8- g, Adg p1, Adg v, Adg ).

Finally, the reductions of (3.14)) then appear as
Tty i TT'Q xg K > TO %45 §, (Y. g, v, 1) = (TT5(Y), g, D),

% : TT*Q_ XQ § - T*Q_ XQ g*’ (Y’ [q’ ,Ll, v, {]) s (TT*Q_(Y)’ [q’ ,Ll])

3.3. Trivialization and reduction of 7*TQ.

In the present subsection we shall now study the case of 7*T' Q. As usual, we shall first derive a trivialization
of T*TQ out of 2.28]). Then, along the lines of the G-action on T*T'Q, which is in fact the one that follows
from the G-action on 7*Q and on TQ, we shall present the G-reduction of 7*TQ.

Trivialization of 7*TQ. Replacing the principal G-bundle (Q, 7, Q) with the principal TG-bundle (TQ, Tx,TQ)
in (2.28)), we achieve at once
T*'TQ ~TQ %75 T*TQ % (Tg)",

the composition of which with 7Q =~ 0 X TQ x g then quickly yields
(3.18)
Arer :T'TQ = O Xg T'TO X (T9)" X8, Y+ (10774 (1)), T"h(X),Jro(Y), A(r7.5(Y))),

-1 . _ R A * * * *
/lT*T N Q XQ T TQ X (Tg) X g —-»T TQ’ (qa Ka MV, g) = TT;-Q(K)S+(Q(4) (Tﬂ-)(K) + (TA)T;-Q’(K)S"'gQ(q) (,Ll, V)a

where T*h : T*TQ — T*TQ is the cotangent lift of (Z.19), TA : TTQ — Tg is the connection 1-form on

TTQ,Tx,TQ), with (TA)* (T > T
(ITQ.Tm. TO). with (TAY. oacotar* 79" 2 Tor irco(@

Jro : T"TQ — (Tg)" is the mapping given by

Jro(Y), (&,m) =X, (& Mro(t7o(Y)))
forany Y € T*TQ, and any (¢, K, u,v,{) € Q X T*TQ x (Tg)* X g.

T Q being its linear algebraic dual, and

Let us record also that the trivialized projection 7. 0" T*TQ — TQ then, in this framework, reads
(3.19) 775 1 QX T TOX(T9)" X3 = T'TQ —» TQ = 0x5TOXg,  (¢.K,p,v,{) (¢, 775(K), ),

forany (¢, K, p, v, {) € 0 X4 T*TQ x (Tg)* X g.
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Remark 3.2. Let us note that this trivialization may also be accomplished by the dualization of the fibers
of (TTQ, 17, TQ) in view of the trivialization

(0,0) 1 (O X5 T'TQ X (Tg)* x ) X (Q x5 TTQ X Tgx g) — R,
(g, K, p,v, )i (q, U, &,1n,0)) = (K, U) +(u, &) + (v, ) .
of the natural pairing between T*TQ and TTQ. O

(3.20)

Reduction of 7*T Q. We shall now present the reduction of 7*T'Q with respect to the cotangent lift of the

G-action on TQ, namely,
(3.21) GXT'TQ - T'TQ, g Y :=T"T¢,1(Y),
for any g € G, and any Y € T*T Q. To this end, we first note the expression
G x (Q %o T'TQ x (Te)* x 8) = O x5 T'TQ x (Te)* x g,
(8. (¢, K, p,v,0)) = g (q. K, 1, v, () = (g - g, K, Adg p, Adg v, Ady ),
of in terms of the trivialization (3.18)). It, then, follows at once that
G\I'TQ =T'TQ x5 K.
Accordingly, the (trivialized) projection above reduces to
(3.22) T TTOXG 8 = T0%58 (K. lg.pv.8]) = (7 5(K). [q, 2D
On the other hand,
(0,0 : (T'TO x5 &) X (TTQ x5 &) > R
(K. 1g.p.v.0D). (U. [q.6.0.£1)) = (K, U) + (. €) + (v.m)

determines a pairing on the reduced spaces, which then may be considered as the reduction of the (trivialized)

pairing (3.20).

(3.23)

3.4. Trivialization and reduction of T*7*(Q.

We shall now conclude the present section with the trivialization, and then the reduction, of the iterated
cotangent bundle 7*T*Q.

Trivialization of 7*7*Q. In order to obtain a trivialization of 7*T*Q, we consider the fiberwise dualization
of the (trivialized) bundle (Q X5 TT*Q X Tg* X g =~ TT*Q,Tr-0,T*Q =~ Q X5 T*Q X ¢*). In view of the
explicit expression of the (trivialized) bundle projection 77-¢ : Q Xo TT*Q xTg*xg— O X5 T"Q %X g*
in (3.14), we have the (trivialized) bundle projection

(3.24) T7*"*Q : QXQ— T*T*Q_XT*Q*XQ* — QXQ‘ T*Q_Xg*, (q’L’ﬂ’n,p) = (q’T;*Q(L)’ﬂ)'
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The explicit identification with 7*T*(Q, on the other hand, may indeed be given by

(3.25)
Apep- : T'T'Q = QX5 T'T*Q xT*g" X g7, E e (15(17:0(8), T'T'n(8), T*'A*(E), Jo (7.4 (8))),
A 1 QX T'T* O X T*g" x ¢* — T*T*Q,

(qa La M1, p) = T;JH(T;*Q'(L))_FAZ (p) h*(L) + T;JH(T;*Q-(L))+A . (,D)JQ (M’ 77),

forany E € T°T*Q, and any (g, L, 1, n, p) € Q X T*T*Q x T*g* X g*.

Reduction of 7*T*(Q. Let us finally note the reduction of the bundle 7*7*Q under the group action given
by the double cotangent lift of the group action on the base manifold; namely,

(3.26) GXT'T'Q - T'T*Q, (8,8) P g - E:=T"T ¢, (5),

for any g € G, and any E € T*T*Q. On the level of the trivialization (3.23)) then, the group action appears
to be

G X (Q x5 T'T*QxT*g" xg") = (Q x5 T'T*Q xT*g" x ¢"),
(8, (¢ L, m,0)) = g+ (g, L, ., p) = (g - g, L, Ady p, Adg m, Adg p),
forany g € G, and any (g, L, u, 7, p) € Q X5 T*T*Q X T*g* X g*. As a result, we obtain at once
G\T'T*Q ~T*T*Q x ,
where € := G\(Q X g" X g X g*) ~ g X5 8 X5 8" via the diagonal G-action, that is,
Gx(Q@xg'xgxg)—>0xg xgxg, g (g, 1, p) := (g - q, Adg u, Adg 17, Ady, p).
The bundle projection, on the other hand, then reduces to that of
(3.27) Tg  TTOXG R =T 0x 8, (L lg.un,p)) = (1. 5(L). [g, 1))

while the natural pairing between the cotangent bundle 7*7*G and the tangent bundle 77*Q takes the form
of

(0,0) 1 (T'T"Q x5 ) X (TT'Q x5 §) = R,
(L, [q, psm, oD (Y, [ g, 1, v, £1)) = (LYY +(v,m) +{p, {),

for any (L, [q, 1,17, p]) € T*T*Q X5 ¢, and any (Y, [q,u,v,C]) € TT*Q X5 K.

(3.28)

4. TRIVIALIZATION AND REDUCTION OF TULCZYJEW’S TRIPLET

4.1. Trivializations and reductions of the canonical forms.

In this first subsection we shall present both the canonical 1-form and the symplectic 2-form in (2.2]) along
the lines of the trivializations (and then the reductions) of the cotangent bundles 7*Q and T*T*Q.

Trivialization and reduction of the canonical 1-form.
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Let us begin with the canonical 1-form 6o € AY(T*Q). Regarding it as a section of the cotangent bundle
7. 0" T*T*Q — T*Q, the defining relation (2.1) of the canonical 1-form may be incarnated as

O0(q, v, 1), (@Y, 1., ) = (T0 (@ Yo v, ). T (. Yo v, £)) =
(g, 77:(0), 1), (¢, T75(Y), 0)) = (76 (V). TT5 (V) + (. £) = (05 (»).Y) + (1, ),

for any (q,y,p) € QO X4 xT*Q x ¢" ~T*Q, and any (q,Y,u,v,¢) € Q Xo XTT*Q xTg* x g =~ TT*Q, see
also [[79, Prop. 3]. Accordingly, the trivialized canonical 1-form may be given by

(4.2) 00: 0%xpT'OXa = QX T'T*OXT g xa",  (q.y. 1) = (q.05(y). 11,0, o),

which, thus, reduces at once to

00 :T'0xg8 =TT Ox5 L (v.la.pl) = (650, [¢, 1,0, u]).

4.1

Trivialization and reduction of the canonical symplectic 2-form. We continue with the trivialization and
the reduction of the symplectic 2-form Qo = —dfp € A%(T*Q). Along the lines of [79, Prop. 3], we have
(4.3)

Qo (4. Y1, 1,71, 1), (4. Yo 1, v2, £2)) = Qo (Y1, Y2) = (1) B) (Y1, Y2) + (v, 1) = (v &)+ [ 82, 1)

for any (¢,Y1, 1, v1,£1), (¢, Y2, . v2. o) € Q X5 XTT*Q x Tg* X g = TT*Q with 17:¢ (Y1) = 17+0(Y2),
where

(44) B,u(XlaX2) = <lu’B(X17X2)>

for any X, X, € X(Q), and B(v(4), Wr(g)) = B(VZ,WZ) for any v,w € TQ. As a result, the reduced
canonical 2-form takes the form of
(4.5)

Qo (Y1, [q, . vi, &11)s (Y, [q, ., v2, £2])) =

Qo (V1. Y2) = (15)"Bg.u) (V1. Y2) +([q.v2]. [, &1]) = ([, v1). (4. &21) + ([q. ). [g. [£2. 411D

for any (Y1, [q. 1. v1, &11), (Yo, [q. . v2. &2]) € TT*0 x5 K.

4.2. Trivializations and reductions of the symplectomorphisms.

Along the way to the trivialization, and then to the reduction, of the Tulczyjew’s triplet (2.16), what remains
are the symplectomorphisms of the top line. To be more precise, presenting the trivialization and the
reduction of (2.12) and (2.14) in the present subsection we shall accomplish our main task.

Trivialization and Reduction of . It follows at once from the trivialization (3.13)) of the pairing between
TT*Q and TTQ, the trivialization (3.7) of the canonical involution, and the very definition (2.12)) of the
symplectomorphism eg : TT*Q — T*TQ that given any (q,Y,u,v,§) € Q X5 TT*Q xTg*x g ~TT*Q,
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and any (¢,U,&,1,{) € Q x5 TTQ X Tgx g ~TTQ,
(@0(q.Y, 1. v.).(¢.U.£.0.0) = ~((q. Y, 1. v.6). Ko (q. U.£.0. 0)) =
— (Y, 11,v,8), (¢, k5 (U), {,n + B(rr o (U), T1(U)) + [£,£1,€)) =
— (Y, kp(U)) = (s + Bay 5(U), Tr(U)) + [€,£1) = (v.0) =
(ap(Y) —ir By, U) = () + (ady 1 = v, {).
Accordingly, taking into account the compatibility of the pairing (Z.11]), we may write
ag: Qx5 TT*QXTg" xg— Qx5 TTQx (T9)" X g,

(4.6)

@.7) S
(q’Y’ K, é:) = (q’ QQ_(Y) - ZTB[D adf M=V, =L, é:)

As for the reduction, the similar computations yield
(48) @ : TT*Q_ XQ § - T*TQ_ XQ Sﬁia (Y’ [q’ MV, é‘:]) — (a'Q_(Y) - iTE,ua [q’ adz‘ 2 Sy O é‘:])’

where E(TTQ-(U),TTQ(U)) = [q,B(TTQ(U),TTQ'(U))] € 4.

Trivialization and Reduction of QbQ Recalling the trivialization of the symplectic 2-form, given any
(4, Y1, 1,1, 01)5 (4, Yo, i1, v2, £2) € Q X5 TT*Q X (Tg)* x g = TT*Q, we have

—b —
(Qo (¢, Y1, 1, v1,81), (g, Yo, 1, v2, £2)) = Qo ((q, Y1, 1, v1, $1), (g, Yo, 1, v2, £2)) =
(4.9) Qp(Y1.Y2) = ((73)"Bu) (Y1, Y2) + (v2, 1) = (vi, &2) + . [, 1) =
(@) (Y1) = ((15)"Bu)” (1), Y2) + (v2, 1) + adyy = v1, &),
In other words, the symplectomorphism Q"Q :TT*Q — T*T*Q trivializes into
—b — —
Qo 10 xpTT*OXTg xg— QX T'T°Q xT"g" xg",
(q: Y. p.v.0) = (.95 (Y) = (15)"B)" (V). . £ ad) p1 = v).

As a result, the G-action reduces (4.10) into

(4.10)

— _ — _ —~
Qp TT*Q X6 ] >T'TO X5 L,

@.11) _
(Y7 [C]’ MV, g]) = (QbQ‘(Y) - ((T*Q)*Bu)b(y)’ [5], M, §9ad2 M= V])

4.3. Trivialization of Tulczyjew’s symplectic space.

In this subsection we shall present the trivialization of the symplectic 2-form on T77*Q. To this end, we
shall first study the tangent space TTT*Q of Tulczyjew’s symplectic space from the point of view of the
trivialization. Taking into account, then, the operations (2.4) and (2.3]), we shall succeed in obtaining the
explicit expression of the trivialized symplectic structure on 77*Q. As for the reduction, we shall be content
with a brief comment at the end of the section.

Trivialization and reduction of 777*Q. In view of the trivialization TT*Q ~ Q X5 T T*Q xTg* X g, we
have at once
TTT*Q ~TQ Xy 5 TTT*Q X TTg* X T,
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which, by TQ =~ Q x5 TQ x g and (3.13), yields

Arrr+ 1 TTT'Q — Q X5 TTT*Q X TTg* x Tg X g,

Z - ((1g o T1g o TTTH)(2), TTh*(2),TTJo(Z), TA(TT1),(2)), A((Ttg 0 TTT))(Z)),

/l}lTT* 10 Xp TTT*Q xTTg* xTgx g — TTT*Q,

(q.Y v, 1,9, £, £.6) - TTT*n((TT*Q-orTT*Q-)(Y))+J;*Q(5)(4)TT*7T(Y) +TTA™ (1, v, 1, V) + TI7. (¢, 0),

forany Z € TTT*Q, and any (q.Y, u, v, 1,v.{.{,6) € Q X5 TTT*Q X TTg* X Tg X g.

In this case, the projections t77+g : TTT*Q — TT*Q and Ttr+o : TTT*Q — TT*Q take the form
170 QXg TTT*Q XTTG* X Tgx g — Q X5 TT*Q xTg* X g,

(q,Y,ﬂ,V,ﬂ,f/,Z;, é/’é‘) — (q’TTT*Q_(Y)’ﬂ’V’ g)’

(4.12) _ - -
Ttrg: QXp TTT'OXTTG" XTgx g — QX5 TT*Q XTg" X g,
(q’ Y’ HV, ﬂ’ f/’ Z;’ é’ 5) — (q’ TTT*Q(Y)’ Hs /l’ 6)’

respectively.

Let us next consider the G-action
GXTTT*Q — TTT*Q, 8- Z:=TTT"¢,1(2),
which, on the level of the trivialization, appears as
G X (Q x5 TTT*Q XTTg" xTgx g) — Q X5 TTT*Q xTTg" xTgX g,
(8. (q. Y, v, 1,9, 4, £,6)) = (g q. Y, Ady p, Ady, v, Ady i, Ady v, Adg £, Adg £, Adg ).
Therefore,
G\TTT*Q ~TTT*Q x5 M,
where M := G\(Q X g" X §* X g" X g* X gX gX Q) ~g" X5 8 X5 8 X5 8 X5 8X5 8 Xp g through
GX(QXg'xXg ' xg ' Xg"'Xgxgxg) > 0xg xXg Xg"'xXg" xgXxgxg,
(g, (g, ps v, 1, v, 2, £,6)) — (g q, Adg u, Ady, v, Ady i, Ady v, Adg £, Ad, £, Ad, 6).
As a result, (4.12)) reduces to
Trro : TTT'Q x5 M — TT*0 x4 K,
Y, (g oo vo i1, £, £,61) = (76 (V). (g5 1, v, £1),
Ttreg : TTT'Q x5 M — TT°0 x4 &,

(Y’ [q’ M Vsl v, L 476]) = (TTT*Q(Y)’ [Qa JTNyR 6])

(4.13)

Trivialization of the symplectic 2-form on Tulczyjew’s symplectic space. We shall, finally, present the
trivialization ZZ; ﬁé e A2(Q X6 TT*Q x Tg* x g) of the symplectic 2-form dy Qp € A*(TT*Q), where the
trivialization

(4.14) dr : N(Q) - AK(Q xg TO x @),  dr =dir +ird
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of the operator ([2.3)) is given by the trivialization

(4.15)
it 1 AN(Q) > AN Q% TOx9),  irQ(Xy, -+, Xko1) = Qg (X)), Tro(X1), -+, To(Xk-1))

of @4), for any X, ..., Xi_1 € X(Q x5 TQ x ) and any Q € A*(Q).

Accordingly, given any (g, Y1, i, v, fi1, 1,4, £1,61), (4. Yo, i1, v, 12,72, £, £, 62) € Q X5 TTT*Q X TTg* X
Tg x g, with TTT*Q‘(YO = TTT*Q‘(YQ) =Y € TT*Q, we have

J;SE\Q((Q,YI,M, Vo 1,91, & E1,01), (g, Yau i, v, fia, V2, £ 62, 02)) =
(4.16) At ((q. Y1, v, f1, V1, £ E1061), (@, Yo p, v fia, V2, £, 62, 62)) =
491 (X1, X2) (4.7 1,v,0) = (X1 (1 (X)) = Xo(B1 (X0)) = 31 (1X0, Xa])) (.Y, 1%, 0),

where on the first equality we used (@.14), fo = —de/é e A*(Q X5 T*Q x g*), and 9 = —i;ﬁé, while
X1, Xy € ¥(Q x5 TT*Q x Tg* X g) are vector fields given by
Xi(q. Y, 1. v. 0) = (q. Y1, . v, 11,1, £, £1,61) € Q x5 TTT*Q X TTg* x Tg X g,
Xo(q. Y, 1. v. 0) = (q. Yo, . v, 12, V2, £, £2.62) € Q X5 TTT*Q X TTg* x Tg X g.
Fixing (¢,Y, 11, v,{) € Qx5 TT*QXTg* xg,let ¢1 (1) := (q1(2), Y1 (1), 1 (1), v1 (1), £1 (1)) € Qx5 TT*Q X
Tg"xgbethe integral curve of X; € %(QXQTT*Q_ng*xg),and¢2(t) = (q2(1), Yo (1), ua (), va(2), £5(1)) €
O x5 TT*Q xTg* x g of X, € X¥(Q X5 TT*Q X Tg* X @), that is,
q1(0) = g = q2(0), 41(0) =01, G2(0) = 02,
p1(0) = p = u2(0), f1(0) = i, f2(0) = pia,
£1(0) = £ = £:(0), £1(0) = 41, £H(0) = &,
Y,(0) =Y =Y2(0), Y1(0) = Yy, Y2(0) = Y.

We thus have

—~ d —~ d — S
X1 (h(X2)(q, Y, u,v,{) = or U1 (X2)(¢1(1)) = = 7 Qo (tr7:0(X2(91(1))), Ttr0 (X2(91(2)))),

t

where we shall write

Xo(¢1(1) = (q1(0), Yia (), 1 (£), v1 (1), fia, 2, £1(2), £2, 62)
for some Yy5(t) € TTT*Q satisfying Y},(0) = ¥5. Accordingly,
(4.17)
Xi(91(X2))(q.Y. . v. ) =

Qo ((q1(1)s trr0 (Y12 (1)), 111 (1), v1 (1), 1 (1)), (1 (), T o (Y12(2)), 11 (1), fi2, 62)) =

dt
d

dt

t=0

(QQ_(TTT*Q(YU(I))’ Ttro(Yia(t)) - ((T*Q)*Bul ) (trre0 (Y12(1)), Ttr0 (Y12(1)))+

t=0

(a2, £1(1)) = (vi (1), 02) + (1 (1), [62, é"l(l)D) =
~Y1(irQp(Y2)) + Y (iT((T*Q)*B,u)(YZ)) + iT((Té)*Bm)(Yz) — {2, &1y + (11, 62) = (g, [62, 1) = (ua, [62, &1 1)-
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Similarly, setting
X1 (¢2(1) = (q2(0), Va1 (0), pa (8), v (1), fin, 1, £2(2), £1, 61)
for some Y»; (t) e TTT*Q with Yo 0) = Y,, we arrive at
(4.18)
Xa (01 (X)) (g, Y, v, ) =
— Y2 (irQp (V1)) + Ya(ir ((T*Q)*Bp)(fl)) +ir ((Té)*ém)(ﬁ) — (1, &) + (72, 61) = {12, [61, £2]) — (pas [61. L2

Finally, in view of the decomposition TTT*Q =~ V(TT*Q)® H(TT*Q) of TTT*Q into the vertical subbundle
V(TT*Q) = ker Ttr+¢ and the horizontal subbundle H(TT*Q), we have, along the lines of the proof of [79,
Prop. 3],

1 ([X1, X2)(q. Y. 1. v, 0) = Qo (Trrog [ X1, X2l Trr-0[ X1, X)) =
~ Qo (g tr7g V1. Yl 1, v, ), (q. Tt [Y1, Yo, 1,0, [61,62] = B(Ttp5(11), T 5 (¥2))) =
- Q45 (177 ([Y1. Va]). Tt ([Y1. Ya])) + (T*)*QBM(TTT*Q([YI, Vo)), Trr- 5 ([Y1, Ya]))+

Qs o ey 1 ey Fo O+ O [81.62] = BT (7). T 5 (Y2)).

(4.19)

Combining @.16)-#@.19) we obtain the trivialization of the symplectic structure on the Tulczyjew’s sym-
plectic space as

C/Z;EE\Q((q’ Y’l’ /‘l’ V’ /ll’ ]'/1’ 47 él’ 61)’ (q’ YZ’ /‘l’ V’ /‘22’ 1'/2’ 47 4;2’ 62)) =

—drQp(Y1,Y,) +dir ((Té)*gm)(fl, ) +ir ((Té)*ém)(fz) —ir ((Té)*gpz)(l?l)+

(ady, p1 = fi2, 1) + (V1 = ady, i1, 62) + (n = ady, po, &) + (ady, fip = V2, 61)+

<adB(TTT*Q’();1),TTT*Q’();z))—[él,52] /‘la Z;> + <V7 B(TTT*Q(Y1)7 TTT*Q_(YZ)) - [617 62]))

Remark 4.1. The reduction dr Qg € A*(TT*Q Xg R) of drQg € AX(TT*Q), under the G-action, then
follows at once in view of (4.13) with
dr 1 NNQ) > A" (TO %5 8).  dr =dir +ird
and
it 1 AN(Q) 5 AN (TO %58, QX1 Xiwr) = Q(Frg(X1). Tt (Xy). -+ . Tt (Xk-1))
for any Xi,...,Xx_1 € TTQ X5 ® and any Q € A*(Q), where (by a slight abuse of notation) we mean

by A¥(Q) the sections of the bundle AKT*Q over Q, and by AK"1(TQ X @) the sections of ARITTQ.
Accordingly, then, the reduced symplectic form d7 Qg € AX(TT*Qx 0 S~§) will be a section of A’T*TTQ. O

5. ConcLusION AND THE FUTURE WORK

In this note, we have presented both the trivialization and the reduction of the Tulczyjew’s triplet in the
presence of an Ehresmann connection. More precisely, given a manifold admitting a free proper action of a
Lie group (which may thus be regarded as a principal bundle over the orbit space of the action), we used the
decomposition of its tangent bundle via a principal connection (associated to the principal bundle structure
on the manifold through the action) to establish the trivializations of all components of the Tulczyjew’s
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triplet over this manifold. We have then observed, and presented, that once the trivializations are established,
it takes rather straightforward calculations to obtain the reductions.

Accordingly, a natural avenue of research is the Legendre transformation of (possibly singular) Lagrange-
Poincaré systems [9, [10} 52]], which we plan to undertake in a sequel [22]]. To this end, we shall need to
consider the trivializations and the reductions of Morse families and generating functions, as well as the
Lagrangian submanifolds under symmetry. It will then be possible to consider the Legendre transformation
even for the singular Lagrangian/Hamiltonian dynamics.

The ultimate goal of our works, [17, |18} 19, [24]] on the geometry of kinetic theories, and [[16, 20, 21]] on the
Tulczyjew’s triplet for Lie groups, are to establish a Lagrangian formulation of Poisson-Vlasov dynamics
of plasma motion. We do hope that the geometry presented herein will help to shed more light on this
phenomenon.

On the other hand, an independent line of research might be to pursue the trivialization and the reduction
of Tulczyjew’s triplet for the higher order reduced dynamics from the point of view of the higher order
Lagrange—Poincaré and Hamilton—Poincaré reductions in [28]], see also [27]].

An important application of the present geometry is to study a gauged Tulczyjew’s triplet motivated by the
gauged Lie-Poisson setting of [60]], which is constructed on the quotient space K x Q := (K = G)\(K x Q)
of the product manifold K X Q by the action of the semi-direct product Lie group K = G, where Q is a
manifold, whereas G and K are Lie groups. On the level of the dynamical equations, in this case, the
additional terms associated to the action of G on K allow to study the dynamics of a particle in a Yang-Mills
field [40\ [77], for nonlinear elasticity [66]], stability of the rigid body, and for Maxwell-Vlasov dynamics
of plasma motion [57]]. As stated in [60]], the gauged geometry is important to establish a passage from
the Maxwell-Vlasov dynamics to Poisson-Vlasov dynamics through the nonrelativistic limit, [41]]. For this
realization, a motivation behind the need of the semi-direct structure can be found in the work of Van Hove
in [[76]].
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