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Optimal Power Allocation Between Training and
Data for MIMO Two-Way Relay Channels

Xiaofeng Li, Cihan Tepedelenlioglu, Member, IEEE, and Habib Senol, Member, IEEE

Abstract—Power allocation between training and data in
MIMO two-way relay systems is proposed, which takes into con-
sideration both the symmetric and asymmetric cases of the two
sources. For the former, we present a closed form for the optimal
ratio of data energy to total energy, which is suitable for the single
antenna case as well, and can be simplified when the number
of antennas is large. We also show that the achievable rate is a
monotonically increasing function of the data time. Concerning
the asymmetric case, we prove that the difference of the two
SNRs is either a concave or convex function of the energy ratio,
depending on the imbalance between the two sources. Using this,
the minimum SNR between the two sources is maximized.

Index Terms—Power allocation, training and data, asymmetric
case, two-way relay channel, mimo.

1. INTRODUCTION

WO-WAY relay (TWR) systems can significantly extend
coverage and increase throughput by reducing the needed
time slots for one round of information exchange between
two source nodes. To improve the energy efficiency, some
works [1]-[3] investigate the power allocation between the
three nodes, assuming the sources have perfect channel state in-
formation (CSI). References [4]-[6] consider power allocation
in the presence of channel estimation error. References [4] and
[5] only focus on power allocation between nodes rather than
between training and data. The latter is also considered in [6],
with no closed form expressions for the optimal training power.
In this work, we study the power allocation between training
and data for the MIMO TWR scenario. First we consider
the symmetric case, in which the same number of antennas
and same transmit power are assumed. To the best of our
knowledge, we are the first to derive a closed form expression
of the optimal ratio of data energy to training energy, denoted
as B, to maximize the achievable rate through maximizing the
signal-to-noise ratio (SNR) of the data phase in TWR. Unlike
the point-to-point case which leads to a quadratic equation,
the optimal 8 is found by solving a fourth order equation in
TWR. Note that the closed form expression also applies for
the single antenna case. When the number of antennas at the
sources grows larger, the fourth order equation can be reduced
to a quadratic equation. Data time and power have an impact
on the achievable rate. We show that the achievable rate is a
monotonically increasing function of the data time.
The results above can be extended to the asymmetric case
as well. To this end we define a power allocation parameter 6,
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which represents the imbalance between the two source links.
In [4] and [6], 6 is optimized as & = 0.5, which corresponds to
the symmetric case. However, the premise that the two links are
identical may not always hold, due to geographic reasons and
power limitations. Our strategy is that for a given 6, we maxi-
mize the minimum of the two SNRs at the sources with respect
to B, by showing that the difference of the two SNRs is either a
concave or convex function of 8 € (0, 1), depending on 6.

II. SYSTEM MODEL

We consider a half-duplex TWR system with two source
nodes S| and S; and one relay node R, which uses Amplify-
and-Forward (AF). We adopt the two time slot protocol, where
in the first time slot, S; and S, transmit data to R simultane-
ously, while in the second time slot, R amplifies and broadcasts
its received data to both the source nodes. The number of anten-
nas at Sy, S; and R are M, M3 and N respectively. The channels
are assumed to be quasi-static flat fading. The channels from S
to R and from S, to R are H; and H>, respectively. We also
assume channel reciprocity holds, i.e., the channels from R to
Sy and R to S; are HlT and H2T respectively. Both Hy and H;
have zero-mean unit-variance independent complex-Gaussian
entries. The training scheme is composed of the following two
phases and each of the phases has two equal length time slots.

In the training phase, both sources transmit training symbols
to the relay over 7, symbol intervals at the first time slot. The
relay scales the superimposed signal by an N x N diagonal
matrix A = «f and then broadcasts the superimposed training
signal at the second time slot. The received training signal at Sy
and the power constraints for the training symbols are

[ P1 [ P2
Yi: =0 ﬁ;sltl)—i_at V;SZIQ

+ocZpH{ +Zi
tr (S1:817) = M\ Tx, tr (S2:8%,) = Mo T,

ey

where S1; and Sy, are matrices of training symbols sent by
S and S, respectively, p;; is the transmit power of source
node i during the training phase and the entries of the noise
matrices Zr; and Zj, are independent, additive, white, and
Gaussian (AWGN) with zero mean and unit variance. We define
the matrices to be estimated as P := HlHlT and Q := HzHlT
for S;. Note that for TWR channel estimation the composite
channels (P, Q) are estimated; while (H1, Hy) — (P, Q) is a
lossy transformation, (P, Q) is sufficient for detection of S;’s
data. The scale factor «; is chosen as

PR
o = \/— )
(p1z + p2r + DN

and satisfies the power constraint pr at the relay.
In the data phase, the length of the time slots is defined as 7.
The transmission is the same as the training phase. The received
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data signal at S| and power constraints are

Yig= ad,/ %SldP + o,/ %Sde
M> (3)

+ ZRdH +Z
E [tr (SldS{Id)] =M Ty, E [ti‘ (SZdegz)] = M>Ty,

where S1s and Sy; are matrices of data symbols, p;q is the
transmit power during the data phase of source node i, Zrs and
Z;, are similarly defined as the noise matrices in the training
phase, «y is the power scaling factorat R, and 7, + Ty = T.

Let (i’ Q) be the estimate of (P, Q) and P and Q are the
residual error of P and O respectlvely, where P = P + P, 0=

Q + Q The MMSE estimators are P = UY; and Q VYi:.
Matrices V and U represent the linear transformation of the
received signal to estimate Q and P, and are given by

S (2N + 1) M}
= — |— — T,
piz T\ a2(M; + DNpi,

+ 8188 +

-1
M3p
. TiRer Soe Sé’r . @
My + M3 p1-
and V is similarly obtained as U.
According to [7] and [8], the MSE can be further reduced by
carefully choosing the training matrices such that
STS1c = Tolyy, S¥.82c = Telyy, S7:S2: =0. (5)

Thus, the traces of error covariance matrices are minimized,
and the training structures are optimal for both nodes, due to
the channel symmetry of the two source nodes.

III. POWER ALLOCATION BETWEEN
TRAINING AND DATA

A. Symmetric Case

We now discuss how much power and time should be devoted
to the training phase to maximize the achievable rate of the data
phase. At the foremost we optimize the power allocation for
any pair of T; and T,;. Then we discuss the influence of T,
on the achievable rate. Based upon the aforementioned optimal
structures of the two training sequences (5), we have

i dsMiN(M; + 1)
E[1P13] T

=E|u®@P")] = NG
diT:(My + 1)/My + d3

where dj = « pltN/Ml, dy=a?p2:N/M; and d3= a’N+ 1.

The case of E[ ||Q||F] is similar, and is given by

dsNM | M»
— 7
E[1013] = 5o ™
Using the orthogonal principle, E[||Q||2 ] can be obtained as
A NM{M>T,
—_. 8
E[I01F] = o ®)

Then the achievable rate of S| can be expressed as [9]

_H_
R =E |:T—;log (det (I—i— f]%))] , )
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where yj is the effective average SNR shown by (10) at the
bottom of the page, Q = U%Q is the normalized channel and
Q

o2 =E| 101} | /2.
Recall that we have the following relation between power and
time:
pT = pcTe + paTa, an

where pT is the given total energy. Define $ as the ratio of data
energy to the total energy, so that

peTe = (1 = B)pT, paTa = BpT. (12)
When the two sources have different powers, we define 6 as the
ratio of the power of S to the total power. Thus,
P24 = 0pd, p1d = (1 —0)pq,
p2r = 0pr, p1r =1 —0)p. (13)
We first consider the symmetric case, where 6 = 0.5, M| =

My =M, p1r = p2r = %pr and p1g = p2a = %,Od-
Proposition 1: For any fixed pair of T; and Ty, the optimal 8
that maximizes R; is given by the solution to (14)

a1a2ﬁ4 + 2a1b2ﬂ3 + (Baicy + b1by — claz),B2

+2b1c2B +cic2=0. (14)

Proof: Since the power p; and pg can only affect R
through the effective SNR y|, maximizing R; is equivalent to
maximizing y1. Plugging (12) into (10), it becomes:

_ a1 +b1B%+cip
P+ bf+cr

15)

where

a) = a?a§N3p3T3(M + 1

by = —2a; — 2a$a§N2M2p2T2 (a%N + 1)
c1=a;+ 2a$a§N2M2p2T2 (a%N—i— 1)

1
a4y = 2N>(M+1)T22 p? (NTdag (1 +W) —2M(a$N+ 1))
d

1
by = 4NTp (Ma§ (2N +1) = NTual] (1 + N—))
o

5 (NT(M +)adp + MM + 1) (a%N + l>)d

1
¢2 = ONT a2 (1 +—s (2M2 <a$N+1)+N(M+1)Ta$p)
Naj
2 2
(2M (octN + 1) + NTo? ,0) .

The optimal 8 that maximizes y; can be found by af))g =0,
which yields (14).

Equation (14) shows that the exact solution of the optimal 8*
can be obtained by solving the fourth order equation, analyti-
cally or numerically. One can check these roots and choose the
one in (0,1) which yields the highest y;. Though equations (10)

p2E (1013 ]

p2adr Ty

ylz ~ =

2 M D2 2
pZdE[nQnF]+p1dM—fE[||P||F]+M1M2 (N 1/02) g+ prads St DT

(10)

1
MiiDd T+ d; < + O%—N) (d2 Ty + d3)
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and (14) are derived for node S, 8* is optimal for both sources
due to the symmetry of the two sources.

If we consider the case M > 1, the second term in the
denominator of (10) becomes p14d3. Thus, (15) can be simpli-
fied as

o padaTr
2pqd3+2(1+ 1/ (3N

)) (da2T: + d3)

_ (PTNo2\ —p* + B (16)
AT M ) a3B + b3’
where
N + 1 1 5 a? aq
a3=—"———— |aiN+ = | = — — b,
T, 2M o([zl Tq
1 o?N+1 o3N

by=|14— -+ ). 17
’ (+a§1v>( pT +2M> (17)

Taking dy1/908 = 0 again, we arrive at the quadratic equation
a3B% +2b3B — b3 = 0. (18)

oZN+1 1 2 o? .
If a3 = 0, we have T, = 2 arN + E , the optimal

power allocation ratio is 8* = 1. In such a case,the total energy
is distributed equally between training and data.
Ifaz # 0, B* is aroot of (18), and the closed form expression

is given as
—b3 + ,/bg + azbs3
= . (19)
as

It can be verified using (17) that (19) is between 0 and 1. Thus
we have the expression of 8 that maximizes y; for all the cases.
For simplicity, we further consider the high SNR case where
we have p;, pg > 1 and p1; = p2r = pr = 0.50;. Then (2)
becomes o ~ 0-5p¢ L. Similarly we have o2~
N y a”~

(0.50:+0. SPI)N 2N*
Equation (19) can be simplified to
3 1 3 1 3 1
‘(ﬁ*m)ﬂ/(ﬁ*ﬁ)(ﬁ*z—)
B* = T : . (20
T, ~ 2M

For a3 # 0, (Ty # 2M), as shown by (20), 8* will decrease
when M grows larger, with fixed 7. This indicates that with
increased number of antennas at the sources, more energy
should be allocated into the training phase.

Equation (19) can be simplified when M| = My =N =1,
which is the single antenna case in TWR. When 6 = 0.5
(symmetric powers for both sources), our results of the optimal
B* coincide with the numerical results provided by [6], which
considered the case of M = N = 1.

Given the optimal 8 which is a function of T;, we now
discuss how to choose T; and T,.

Proposition 2: Given the optimal 8, Ry is a monotonically
increasing function of 7. The maximum value of Ty is T — 2M.

S
Proof: Let A be an arbitrary non-zero eigenvalue of %
(A > 0), from (9) we have

M> -
R > 7E[Td log(1 4+ Ay1)] 21)
Taking the derivative of (21) with respect to T, yields
R, _ M, Ta 9y
— —E log(1 + A — . 22
0T, = T [og( + J/1)+ T4 1 3T (22)

1943

We discuss the case of a3 < 0. The other cases have similar
arguments and the same results [9]. First we rewrite y; by
plugging 8* in (16) as follows:

_ ,oTNoz2 ( )
= — — 23
i Iy, b4Td Vin—=+/n (23)
where n = —b3/az and Ty is 1nV01ved in 1. After some manip-
ulation, we have
971 Y1bs as/m
o _ —1 (24)
0T, baTg — as \ byTy/n — 1
Substituting (24) into (22), then
0R; Mz _
— >—E|[log(1+ A
8Td 7| og(l +Ay1)
AV bsyTy as/n
- = - (25)
1+Ay1 baTg—aq baTa/n—1
My [ i A1
>—E|log(l + Ay;) — 26
z _Og(+ Y1) T (26)
where
b4T,
0 < —4d (1— a4/ )<1 27)
bsTy — ay baTyg/n — 1

The first inequality in (27) can be shown by substituting all the
coefficients into the middle term of (27). To prove the second
inequality, one can upper bound the middle term of (27) by
replacing +/n — 1 with /7.

Using the inequality log(1 + x) — %ﬂ > 0 for all x > 0, on
(26) we have dR1/0T; > 0 and R; is a monotonically increas-
ing function of 7. Thus to maximize R, T; should be chosen
as its maximum value. Note that to obtain meaningful estimates
of the channels, T; > 2M is required in the TWR system to
ensure as many measurements as unknowns. Therefore, the
choice of T; =2M and T; =T — 2M maximizes Ri. This
concludes the proof.

B. Asymmetric Case

For the asymmetric case, as the sources have different pow-
ers, the formulas for the effective SNRs at the two sources are
different. In this case, it cannot be guaranteed that the optimal
B for one source is still optimal for the other, and there is a
trade-off between the two sources. Without loss of generality,
we maximize the smaller one of the two average SNRs. We still
use Ty = T — 2M here. The effective average SNRs for S; and
S, are defined as y; and y, respectively, and are given by

= (pTNa%) 0*(—B>+ B) 28)
TyM> asz1B + bz
_ (pTNa%) (1—6)2(—p%+ B) 29)
T M, azf + b3 '
where
2 2
azN +1 0 5 oz
= — — N 1,
asy T, 7 o +Ol(3
1 N+1 6
by =1+ — | =—— + —a?N,
31 ( +a§N)< o7 —l—Mzocr )
2 2
atN—f—l 1—-06 2 a;
- - N+ 2|,
@2 = m \ 2
1 IN+1 1-06
by =14+ — z 2N ). 30
* (+N)< pT JrMlOlT> G0
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Fig. 1. Effect of number of antennas to optimal S.

The parameter 6 € (0, 1) represents the power imbalance be-
tween the two sources, which may be related to the location of
the relay and it is assumed fixed.

Our optimization problem is

p* = argmax min{y1, y2}. €19
B

The optimal g that solves (31) can be expressed in terms of

, “hit b3+ azibsi

' asi ’ G2
which is the maximizer of y; individually for i = 1, 2. Whether
B} or B3 in (32) solves (31) depends on 6 as shown in the
following:

Proposition 3: Define f(8) = y1 — y». When M| = M>, if
6 > 0.5, f(B) is a concave function of 8 and f(B) > 0 for 8 €
(0, 1). Thus min{y1, y2} = 32 and B* = B. If 6 < 0.5, f(B)
is a convex function of 8 and f(8) < O for 8 € (0, 1). Thus
min{71, 72} = 71 and p* = ;.
Proof: We have a318 + b31 > 0 and a3 + b3y > 0 for
B € (0, 1) and a31 + b31 = azy + b3y. Taking the second order
derivative of /() and after some manipulations, we have
p pTNa;
(B = 2( M, ) (az1 + b31)
y byp(1 — 0)?(a31B + b31)* — b316%(axnp + bxn)®
(a318 + b31)3 (@3 + b32)? '
All the parts in (33) are positive except the numerator of the
fraction. Substituting (30) into the numerator and applying the
difference of cubes formula on it, its sign is determined by
the factor 1 — 26. When 6 > 0.5, which means S, has larger
power, then f”(B) is negative and f(B8) is a concave function
for B € (0, 1). Moreover, we have f(0) = 0 and f(1) = 0. Thus
f(B) > 0in (0, 1), implying y; > y». If 6 < 0.5, with a similar
argument, f(8) is a convex function and f(8) <O for B €
(0, 1), implying 9> > 7. The optimal 8* is (32) with i = 1 if
0 <0.5,andi =2if6 > 0.5.

(33)

IV. NUMERICAL RESULTS AND CONCLUSION

To validate the effectiveness of our method, some numerical
results are summarized here, with 7 = 256 and p = 10 dB.
Fig. 1 shows y; versus 8 with various number of antennas in the
symmetric case, with T; = 192. We also illustrate the approxi-
mation of y; calculated by (16) for (M, N) = (1, 1) and (4, 8).
The results show that the y; through Monte Carlo simulation
almost overlaps with the approximation, which demonstrates
the correctness of our method. In addition, according to Fig. 1,
more energy should be allocated to the training phase to get
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Fig. 2. Achievable rate as a function of T,; with different choice of 8.

optimal system performance when the number of antennas
increases, which agrees with the inference from (20).

Fig. 2 shows the achievable rate with respect to 7 for the
symmetric case, using several representative values of 8. Here
we set M = N = 8. When the optimal g is used, the rate
is a monotonically increasing function of T; and reaches its
maximum value at 7; = T — 2M. We also simulate the rate
for fixed § = 0.5 and for 8 = Ty/T in which case p; = pg
always holds. The results for these two cases achieve inferior
performance compared to the optimal 8, which directly verifies
its optimality. Thus we choose 7y as large as possible for better
performance.

In conclusion, we propose a power allocation method in the
presence of channel estimation in MIMO TWR. We optimize
the ratio of training-versus-data for both the symmetric and
asymmetric cases. In the symmetric case, with M| = M, and
0 = 0.5, the optimal B can be found by solving a fourth order
equation, which is further reduced to a quadratic equation when
the number of antennas at the sources grows large. Data time is
set to its maximum value T; = T — 2M since the achievable
rate is a monotonically increasing function of 7. In the asym-
metric case, we show that the difference of two average SNRs
is a concave or convex function for g € (0, 1), depending on 6,
enabling the maximization of the minimum of y; and y».
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