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Abstract—In this paper, a new partial power and rate
adaptation scheme for orthogonal frequency division mul-
tiplexing (OFDM) systems is proposed in the presence of
carrier frequency offset (CFO). The conventional adaptive
scheme is shown to be a special case of the partially
adaptive scheme technique which enables the resulting
non-convex optimization problem, solved in a feasible way.
It leads to a solution for optimal power adaptation that
maximizes the spectral efficiency of an OFDM system using
M-ary quadrature amplitude modulation (MQAM) under
average power and instantaneous BER constraints. Closed-
form expressions for the average spectral efficiency (ASE)
of adaptive OFDM systems are derived. The theoretical re-
sults and computer simulations show that the range of the
partial adaptation becomes narrow and the performance
of constant power and continuous rate is very close to
that of the partially adaptive power and continuous rate
for higher CFO or high signal noise ratio (SNR) values.

I. INTRODUCTION

OFDM has been shown to be an effective technique to over-
come the inter-symbol interference (ISI) caused by frequency-
selective fading with a simple transceiver structure. It has
emerged as the leading transmission technique for a wide
range of wireless communication standards [1]. However,
OFDM is more sensitive to frequency synchronization errors
than the single-carrier systems. Carrier frequency offset (CFO)
in OFDM systems results in a loss of subchannel orthogonal-
ity, which leads to inter-channel interference (ICI). ICI will
degrade the spectral efficiency of the system [2].

Adaptive modulation is a promising technique to improve
the performance by increasing the data rate that can be reliably
transmitted over fading channels. Transmit power, data rate,
instantaneous bit error rate (BER) and channel code rate in
each subchannel can be adapted relative to the channel [3].
On the other hand there are only a few works existing in the
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literature on OFDM based adaptive modulation schemes with
CFO [4], [5], [6], [7]. In [4], the instantaneous and average
effective SNR and average BER of OFDM systems are derived
in the presence of CFO for Rayleigh fading channel. In [5]
and [6], the authors have studied the power and rate adaptive
scheme for MQAM/OFDM under very fast fading channel
with perfect and imperfect CSI as opposed to the current work
which mainly deals with power and rate adaptation in the
presence of carrier frequency offset. However, these papers
have not considered the optimization problem, taking into
account the largest transmit power, the power distribution and
the bit adaptation, jointly. Therefore, the scheme investigated
in these works does not yield an optimal solution. In [7], a
feasible solution is proposed by assuming the ICI power of the
subcarrier to be optimized is approximated by its own power.
However, as will be explained shortly, the BER constraints
cannot be be met, in this case, when the transmit powers of
the other subcarriers are larger than that of the subcarrier being
adapted.

This paper is concerned with continuous power and rate
adaptation of OFDM systems with CFO, under average power
and instantaneous BER constraints. A new BER model for
OFDM systems under CFO is proposed, resulting in a BER
performance meeting the BER constraints easily. Based on
the new BER model, closed form analytical expressions are
obtained for optimal power distribution, maximum bit load and
average spectral efficiency (ASE). Based on the expressions
derived for optimal power distribution and maximum bit
load, a new adaptive scheme called the partially adaptive
scheme is proposed, which also leads to two different special
cases. Namely, the complete adaptive scheme and the uniform
power distribution. A new constraint, namely variable largest
transmit power, included in the formulation of the problem,
makes the resulting optimization nonconvex. Using the linear-
fractional programming, it is solved by transforming the
nonconvex optimization into a convex one and proved that
the resulting solution is optimal.

II. SYSTEM MODEL

We consider an OFDM system with K subcarriers. At the
transmitter, N out of K subcarriers are actively employed
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to transmit data symbols and nothing is transmitted from the
remaining K−N carriers. Each active subcarrier is modulated
by a data symbol X[k], where k represents the OFDM subcar-
rier index. After taking a K-point inverse Fourier transform
(IFFT) of the data sequence and adding a cyclic prefix (CP)
of duration TCP before transmission, to avoid inter-symbol
interference (ISI), for a given frequency offset ν, the received
OFDM symbol at the input of the discrete Fourier transform
(DFT) can be expressed as [4], [7]

y[n] = 1√
K

K−1∑
k=0

H[k]X[k]ej2πn(k+ν)/K + w[n], (1)

where H [k] denotes the discrete frequency response of the
channel at kth subcarrier and w[n] is the additive zero-mean
complex Gaussian noise with variance σ2

w. The kth subcarrier
output of DFT during one OFDM symbol can be expressed as

Y [k] =
1√
K

K−1∑
n=0

y[n]e−j2πnk/N + W [k]

= Hν
k X [k] + Ik + W [k], (2)

where W [k] is a frequency domain additive Gaussian noise
on the kth subcarrier; Ik is the ICI caused by the frequency
offset which is given by [2], [4], [8]

Ik =
∑

m∈κ,m �=k

H [m] X [m]
(
sinπν · ej(πν(k−1)/K)/

K sin (π (k − m + ν) /K)
)
e−j(πν(k−m)/K),

(3)

κ = {0, 1, · · · ,K − 1} and Hν
k denotes the distorted channel

response, which is written as

Hν
k = H[k] sin πν

K sin(πν/K)e
j(πν(K−1)/K). (4)

From (3), ICI power of the kth OFDM subcarrier can be
obtained as

P
(k)
ICI = E{| Ik |2} =

∑
m∈κ,m �=k

E
{
|X[m]|2

}
ρk,m, (5)

where E{.} denotes expectation and

ρk,m =
(

sinπν

K sin (π (m − k + ν) /K)

)2

.

Since data on each subcarrier are uncorrelated, it follows
easily from (5) that the normalized ICI power σ2

ν , adopted in

this paper, is σ2
ν = PK

ICI/E
{
|X[m]|2

}
≈ (πν)2/3, [4], [7].

III. ADAPTIVE OFDM SYSTEMS UNDER CFO

Let S denote the average transmitted signal power on each
OFDM subcarrier, that is E{|X[k]|2} = S. With appropriate
scaling of S, we can assume that the average channel power
gain on each subcarrier is unity. That is E{|H[k]|2} = 1.
For fixed power allocation (constant transmit power on each
subcarrier), the instantaneous effective signal-to-noise (SNR),
for fixed power allocation, is shown to be

γe(k) =
S|H[k]|2
Sσ2

ν + σ2
w

=
γ[k]

γσ2
ν + 1

, (6)

where γ[k] = γ|H[k]|2 is called the instantaneous received
SNR of the kth subcarrier and γ = S/σ2

w is the average SNR
when there is no ICI.

Similarly, for different power levels allocated to each OFD-
M subchannels, which are a function of γ[k], denoted by
s(γ[k]), the effective SNR, in the kth subchannel, can be
shown to be expressed as

γ̃e

(
s(γ[k])

)
=

s(γ[k])|H[k]|2
SP

(k)
N + σ2

w

=
γ[k] s(γ[k])

S

γP
(k)
N + 1

, (7)

where P
(k)
N is the normalized ICI power (variance) of the kth

subcarrier. From (5), it follows that

P
(k)
N =

∑
m∈κ,m �=k

s(γ[m])

S
ρk,m. (8)

The ASE of an OFDM transmission scheme is defined as
CASE = E(γ[k])

∑
k∈K

β(γ[k])/ (BTSY M ), where B is the total

bandwidth, TSY M denotes the duration of an OFDM symbol
and β(γ[k]) is the bit load size for the kth subcarrier. This
results in a subchannel spacing of Δf = B/K and TSY M =
1/Δf = K/B. If we neglect the impact of CP on ASE, the

ASE becomes CASE = E(γ[k])

(
1/K

∑
k∈K

β (γ[k])
)

. When

the discrete frequency response of the channel is independent
and identically distributed (iid) random variable with probabil-
ity density function (pdf) p(.), [7], [9], ASE can be expressed
as

CASE =
∫ ∞

0

β(γ[k])p(γ[k])dγ[k] bits/sec/Hz. (9)

We also assume an average transmit power constraint given
by

Eγ[k]{s(γ[k])} =
∫ ∞

0

s(γ[k])p(γ[k])dγ[k] = S. (10)

The rate adaptation, β(γ[k]), is typically parameterized by
the received power S and the bit error rate (BER) of the
modulation technique. A tight approximate BER expression
for the square MQAM with Gray mapping in AWGN as a
function of s(γ[k])/S is as follows [7].

BER(γ[k]) ≈ 0.3 exp
(

−1.5ϕ γ̃e(s(γ[k]))
2β(γ[k])−1

)
, (11)

where γ̃e(s(γ[k])) is given by (7) and ϕ =(
sin(πν)/ (K sin (πν/K))

)2 ≈ (
sin(πν)/(πν)

)2
[2].

We now derive the optimal continuous rate and power
adaptation to maximize spectral efficiency (9) subject to the
average power constraint (10) and an instantaneous BER
constraint BER(γ[k]) ≤ ε. Taking into account γ̃e

(
s(γ[k])

in (7) and inverting (11), the bit load size β(γ[k]) for each
subchannel can be expressed as a function of the variable
power on each subcarrier s(γ[k]) and the fixed bit error rate
ε (BER(γ[k]) = ε) as,

β (γ [k]) = log2

(
1 +

(−1.5ϕ/ ln(ε/0.3))γ[k]
s(γ[k])

S

γP
(k)
N +1

)
. (12)



It can be easily seen from (8) that maximizing the ASE of
the kth subchannel (9) in an adaptive OFDM system, needs the
knowledge of the other subcarrier powers s(γ[m])/S, m =
0, 1, · · · ,K−1, which makes the solution of the optimization
problem mathematically intractable. Note that it is very diffi-
cult to determine the exact ICI power, P

(k)
N , in (8) when instan-

taneous transmit powers carried by OFDM subcarriers are not
the same during the power adaptation. The work in [7] assumes
that the normalized ICI power of the kth subchannel can be
determined by its own power, that is, P

(k)
N ≈ (

s (γ [k]) /S
)
σ2

ν .
However, the BER constraint, (BER(γ[k]) ≤ ε for k =
0, 1, · · · ,K − 1), in this case, cannot be met at all times
when the transmit powers of other subcarriers are larger than
that of the kth subcarrier. This is mainly due to the fact
that the normalized ICI power of the kth subchannel P

(k)
N

is underestimated when it is determined by its own power.
On the other hand, in our work, we propose an upper bound
for P

(k)
N in terms of the largest transmit normalized power

smax= max
m∈κ

{
s (γ [m]) /S

}
. It can be easily seen in this

case that the BER constraint is always met since the powers
transmitted by other subcarriers is less than or equal to smax.
Consequently, employing the normalized ICI power, P

(k)
N in

(8), determined by smax, the maximum bit load size β(γ[k])
for each subchannel can be expressed from (12) as follows.

β (γ [k]) = log2

(
1 + aγ[k]s(γ[k])

smaxb+1

)
. (13)

where a = −1.5ϕ

S ln(ε/0.3)
, b = σ2

νγ.
Based on the above developments, we now consider the

following constrained optimization problem to solve the power
and rate adaptation problem:

max
s(γ[k]),smax

∫
β (γ [k]) pγ[k] (γ [k]) dγ [k] (14a)

subject to

Eγ[k] {s (γ [k])} = S ∀ k ∈ κ (14b)

0 ≤ s (γ [k]) ≤ smaxS ∀ k ∈ κ (14c)

BER (γ([k])) ≤ ε ∀ k ∈ κ. (14d)

The above constraint optimization problem is not convex.
However, it is in the form of a log linear-fractional model [10],
[11]. In Appendix A, using the linear-fractional programming,
the problem is solved by transforming it into a convex opti-
mization, resulting in the following optimal power adaptation

s (γ [k])
S

=

{
smaxb+1

ln(2)λ(z)S
− smaxb+1

aγ[k]S
γ0 ≤ γ[k] ≤ γ1;

smax γ[k] ≥ γ1.
(15)

where z = (smaxb + 1)−1, λ(z) is the Lagrange multiplier

γ0 = ln(2)λ(z)/a, (16)

γ1 =
1

a
(
1/(ln(2)λ(z)) − (smax/(smaxb + 1))S

) .(17)

The values of smax and the Lagrangian λ(z) are found
numerically in such a way that the average power and BER
constraint (14b) and (14d) are satisfied. The details are de-
scribed in Appendix A.

We call our method partially adaptive scheme since the
transmission power is adapted relative to channel variations in
[γ0, γ1] and becomes constant in (γ1,∞]. γ0 and γ1, defined
in (16), (17), are optimized thresholds for γ[k] below which
the channel is not used and above which the channel is
used with a constant transmit power, respectively. On the
other hand, the scheme proposed in [3], [12] is a complete
adaptive scheme, since transmission power is adapted relative
to channel variations over the whole range of the channel
conditions.

It follows from (15) that limγ[k]→∞( s(γ[k])

S
) = smaxb+1

ln(2)λ(z)S
.

Consequently, if there is no limit for the largest power, the
power adaption is realized by the complete adaptive scheme.
However, since ICI is decided by the largest power smax, there
is a tradeoff between the adaptive scheme and the ICI. That
is,

a) If smax > smaxb+1
ln(2)λ(z)S

, the ICI is overestimated, and the
ASE decreases as the smax increases.

b) If 1 < smax ≤ smaxb+1
ln(2)λ(z)S

, the optimal smax equals to
(1/z − 1)/b as shown in Appendix A.

c) smax = 1, which means uniform power distribution.
The proposed scheme includes two special cases:
a) When γ0 = γ1 = 0, (15) becomes s(γ[k])/S = 1 for

γ[k] ≥ 0, which means a uniform power distribution;
b) When b = 0 (CFO = 0), it can be shown from (17)

that γ1 = ∞ and, thus, (15) reduces to s(γ[k])

S
= 1

ln(2)λ(z)S
−

1
aγ[k]S

, which has been investigated in [3], [12]. Since there
is no ICI, consequently, our adaptive scheme turns out to be
a complete adaptive scheme.

From (12) and (15), the optimal bit rate adaptation on each
subcarrier can be obtained as follows:

β (γ [k]) =

⎧⎪⎪⎨⎪⎪⎩
log2

(
aγ[k]

λ(z) ln(2)

)
γ0 ≤ γ[k] ≤ γ1

log2

(
1 + smaxaSγ[k]

1+smaxb

)
γ[k] ≥ γ1.

(18)

A closed-form expression for the optimal ASE can be
obtained from (9) and (18), and by using the exponential pdf
for γ[k] with mean S. The final result is given below.

CASE = 1
ln(2) exp(−γ0/S) (ln(γ0a/(ln(2)λ(z)))
+Ei(1, γ0/S) exp(γ0/S)

)
− 1

ln(2) exp(−γ1/S) (ln(γ1a/(ln(2)λ(z)))
+Ei(1, γ1/S) exp(γ1/S)

)
+ exp(−γ1/S)

ln(2) (log(1 + Cγ1)

+Ei(1, 1+Cγ1

CS
) exp(1 + 1+Cγ1

CS
)
)

,

(19)

where C = a(1 − z)S/b, z and λ(z) can be calculated as
explained in Appendix A. Ei(1, x) =

∫ ∞
x

e−t

t dt denotes the
exponential integral.



IV. NUMERICAL RESULTS AND DISCUSSIONS

We now investigate the performance of the power and rate
adaptation schemes proposed in this paper numerically as well
as by computer simulations.
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S
for different adaptive schemes (BER = 10−3, γ [k] =

10dB) at different CFO values

In Fig. 1, optimal power adaptation for different adaptive
schemes are presented for different CFO values. As can be
seen in Fig. 1, the curves of [7] are similar to the one of [3],
especially when CFO is small. However, the scheme in [7]
cannot meet the instantaneous BER constraint, since for math-
ematical tractability, the authors assume that the ICI power is
determined by its own power only. However, the ICI power
depends on and is determined by the other subchannel powers.
Fig. 1 shows that the curves of the proposed partial power
adaptation consists of two parts, representing the complete
adaptive scheme and the constant adaptation, respectively. We
also observe that the partial power adaptation scheme has the
largest power smax = limγ[k]→∞

s(γ[k])

S
for all subcarriers.

Therefore, the proposed scheme can meet the instantaneous
BER constraint, and the higher CFO values result in a smaller
range of [γ0, γ1], implying that the optimal power adaptation
adapts the constant power distribution over the high CFO
values. However, smax decreases as the CFO increases which
is equivalent to stating that the optimal power adaptation is
close to the constant transmit power threshold γ0 ≈ γ1 in
[3] for large values of the CFO. Finally we remark that our
scheme also contains two special cases, namely, smax = 1 and
CFO = 0, as discussed in [3], [12].

In Fig. 2, the bit rate adaptation, β (γ [k]) are plotted as
a function of γ [k], for different adaptive schemes and for
BER = 10−3, γ [k] = 10 dB, for different CFO values. Fig. 2
shows that the smaller CFO values yield larger bit rates than
its higher CFO value counterparts when γ [k] is fixed. The
curves of [7] and of those proposed in this paper, are close to
the one of [3], especially when CFO is small. The Fig. 2 also
shows that the bit rate curves consist of two parts. The first
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part has higher slope than the second part. From the figure, we
can see that the difference of slopes increases with the CFO.
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Fig. 3. The ASE vs average SNR curves for different adaptive schemes
under different CFO values

In Fig. 3, the optimal ASE of the adaptive MQAM-OFDM
system is plotted as a function of the average SNR, for the
BER bound ε = 10−3 and for different CFO values. The figure
also shows the results of Nehra et al. [7] and Chung et al. [3]
with the same simulation parameters. As can be seen from
these plots, the ASE curves obtained by [7] are very close to
ours, while the BER constraint can not be satisfied in [7], it
is met for every subcarrier in our work. We observe in Fig. 3
that the spectral efficiency of the system cannot be improved
beyond a certain level, determined by the CFO values. This is
mainly due to the contribution of the average SNR to the ICI
power in the expression of effective SNR (7). In addition to
this fact, we observe that the ASE performance of the uniform
power and rate adaptation is very close to that of the optimal
power and rate adaptation when SNR is high or for large CFO



values. Therefore, improving the performance using the power
and rate adaptation under high SNR or large CFO conditions
is limited compared to the uniform power and rate adaptation.

V. CONCLUSION

In this paper, the power and rate adaptation has been
investigated for MQAM/OFDM systems under CFO. Under
an instantaneous BER and average power constraints, optimal
power and rate adaption have been determined analytically
to maximize the ASE for the system. Considering a target
BER constraint for each subcarrier, a lower bound was derived
and a closed form expressions were obtained under channel
estimation errors. The simulation results show that the ASE
performance of the proposed scheme is valid because the
performance almost achieves the upper bound of the method
given by [7] and concluded that the average spectral efficiency
is seriously degraded under high CFO and the performance
cannot be improved beyond a certain level. The results also
show that improving the performance using power and rate
adaptation under high SNR is limited compared with using
uniform power and rate adaptation.

APPENDIX A

SOLUTION OF (14a-14d)

The optimization problem in (14) is not a convex program.
It is rather a log-linear-fractional programming [10], [13].
However, we can transform it to convex optimization problem
by means of a linear-fractional programming as follows. (14)
can be expressed as

maximize J (x) =
∫

log2

(
cT x+1
eT x+1

)
pγ[k] (γ [k]) dγ [k] (20a)

subject to
Eγ[k]

{
gT x

}
= S, (20b)

gT x ≥ 0, (20c)

dT x ≤ 0, (20d)

BER(γ[k]) ≤ ε, (20e)

where smax ≥ 1, x =
[
s(γ[k]), smax

]T
, c =

[
aγ[k], b

]T
,

e =
[
0, b

]T
, g =

[
1, 0

]T
, d =

[
1,−S

]T
.

If the feasible set

{
x|gT x ≥ 0, dT x ≤ 0, Eγ[k]

{
gT x

}
=

S, BER ([k]) ≤ ε, eT x+1 > 0
}

is nonempty, (20a-20d) can

be transformed to an equivalent problem as follows [10], [11]

maximize
∫

log2

(
cT y + z

)
pγ[k] (γ [k]) dγ [k] (21a)

subject to

Eγ[k]

{
gT y

}
= zS , (21b)

gT y ≥ 0, (21c)

dT y ≤ 0, (21d)

eT y + z = 1, (21e)

z ≥ 0, (21f)

BER(γ[k]) ≤ ε, (21g)

with variables y, z, where y = x
eT x+1

, z = 1
eT x+1

= 1
smaxb+1 .

Proposition : If (y,z) is feasible in (20a-20e), with z 	= 0,
then x = y/z is feasible in (21a-21g), with the same objective
value [10], [11].

Consequently, the log linear-fractional programming stated
in (20) is transformed to an equivalent log linear program
in the form of (21) which is clearly a convex optimization
problems [10].

(21a-21g) can be simplified as

max{y1(γ[k]),z}
∫

log2 (1 + aγ[k]y1(γ[k])) pγ[k] (γ [k]) dγ [k]
(22a)

subject to

Eγ[k] {y1(γ[k])} = zS, ∀k ∈ κ (22b)

y1(γ[k]) ≥ 0, ∀k ∈ κ (22c)

y1(γ[k]) ≤ (1 − z)S/b, ∀k ∈ κ (22d)

BER(γ[k]) ≤ ε, ∀k ∈ κ (22e)

y =
[
y1(γ[k]), y2

]T =
[ s(γ[k])
eT x+1

, smax

eT x+1

]T
, z = 1

eT x+1
=

1
smaxb+1 > 0. There is no gap between (21) and (22) when
z 	= 0.
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