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a  b  s  t  r  a  c  t

Cognitive  radios  (CRs)  may  be  sharing  multiple  frequency  bands  with  primary  systems  if the  CR  is  a
wideband  or  an  ultra  wideband  (UWB)  system.  In  that  case,  the  CR should  ensure  all  the  coexisting
primary  systems  in  these  bands  are  detected  before  it can  start  data  transmission.  In this  work,  we  study
the  primary  system  detection  performance  of  a  wideband  CR assuming  that  there  are  multiple  coexisting
primary  systems  and  that  these  primary  systems  may  be  jointly  active.  Accordingly,  we consider  the
implementation  of  energy  detection  scheme  in  multiple  bands  followed  by two detection  methods:  (i)  a
maximum-a-posteriori  (MAP)  based  detection  (i.e.,  joint  detection)  that  takes  into  account  the  statistics
of simultaneously  operating  systems  in  independent  bands  and  (ii)  a Neyman–Pearson  (NP)  test  based
detection that  optimizes  the  threshold  values  independently  in  each  band  (i.e.,  independent  detection).
For a simpler  implementation  of the  independent  detection,  we  show  that  the  threshold  values  obtained

from  joint  detection  can  be used  in  order  to  achieve  the  optimum  NP test  based  independent  detection
results.  In  addition  to quantifying  the  gain  of  joint  detection  over  independent  detection  in  terms  of
probabilities  of  false  alarm  and  detection  for practical  scenarios,  we also  present  the  operation  capability
of CRs  in  terms  of  the  fractions  of  time  the  CR  can  access  the  channel  without  interfering  with  the  primary
systems.  The  results  are  important  for  the  practical  implementation  of  multiband  detection  when  the
primary  systems  are  known  to  be interdependent.
. Introduction

As a result of increased demand for new wireless communi-
ation technologies, there have been numerous licensed systems
ssigned to different frequency bands in recent years. This has
aused the spectrum become very crowded, and yet not well
tilized. In the last decade cognitive radios (CRs) [1] and ultra
ideband (UWB) systems [2] have been proposed and investigated

s unlicensed systems, where they have been widely accepted as
lternative technologies for better utilization of the spectrum. From
he perspective of a licensed primary system, the major concern
or the implementation of either CRs or UWB  systems is the possi-
le interference they may  cause to primary systems. Hence, many
egulatory agencies worldwide have mandated detect-and-avoid
DAA) techniques in various bands [3]. Accordingly, CRs and UWB
ystems have to perform spectrum sensing in these bands before
hey can communicate.
Spectrum sensing has been widely explored in the context of
ognitive radios. Surveys of existing spectrum sensing techniques
an be found in [4] and [5]. While some techniques are based on
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matched filtering or feature detection of primary users’ signals,
energy detection [6] is the most common technique because of
its low computational and implementation complexity in addi-
tion to not requiring any knowledge of the primary users’ signals,
despite the challenges in signal detection reliability for a low signal-
to-noise ratio (SNR) [4]. There is a comprehensive literature on
energy detection in a single frequency band with further improve-
ments using collaboration among secondary users [7–9], diversity
schemes [10], multiple antennas [11] and a model considering the
primary user appearance probability [12].

On the other hand, the literature on energy detection in mul-
tiple frequency bands is rather new. This concept is indeed quite
important as it is more desired to assess the availability of a wider
spectrum for better utilization. Moreover, the CRs may  be wide-
band or UWB  systems, and therefore, they should ensure all the
coexisting primary systems in common bands are detected before
they can start data transmission. In [13], the effect of number of
primary users in different bands on the detection performance
was  investigated. In [14], the aggregate opportunistic throughput
was  maximized over multiple bands subject to some constraints
on the amount of interference to primary users. In [15], soft and

hard fusion techniques were considered to improve the detection
performance in the presence of multiple secondary users. In [16],
periodic sensing was added to the system model of [14] in order to
improve the detection performance. The common assumption in
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hese studies was that the primary systems in different bands were
ndependent. However, if the licensed systems in different bands
re dependent, the detection performance can be further improved.
n [17], the primary system detection performance was assessed for

 = 2 interdependent bands using a maximum-a-posteriori (MAP)
ased detection method and the detection gain over independent
etection was quantified. However, this work was limited to M = 2
ands.

In this paper, motivated by quantifying the detection perfor-
ance gain when there are M > 2 interdependent systems, we

eneralize the work in [17] to multiple bands. Here, M > 2 could
e an example of M systems in independent frequency bands with
nown activity statistics. For example, the statistics might indicate
hat two of the three systems are jointly active 40% of the time,
hile all three systems are jointly active 50% of the time and pas-

ive 10% of the time. For that we consider the implementation of
nergy detection scheme in multiple bands followed by either a
AP  based detection (i.e., joint detection) or a Neyman–Pearson

NP) test based detection that optimizes the threshold values inde-
endently in each band (i.e., independent detection). Different from
17], the contribution of the current study is fourfold. Accordingly,
e

 generalize the probability of false alarm and detection expres-
sions for M > 2 for both joint and independent detection,

 use the threshold values obtained from joint detection so as
to achieve the optimum NP test based independent detection
results with a simpler implementation,

 provide practical examples to quantify the performance gain of
joint detection over independent detection for various scenarios,
and

 present the operation capability of CRs as an additional perfor-
mance measure in terms of the fractions of time the CR can access
the channel without interfering with the primary systems.

In this work, in addition to generalizing the probability of false
larm and detection expressions [18], the accurate modeling of
he decision variable with �2 distribution is discussed. This is
mportant as most studies consider the approximate Gaussian dis-
ribution in their models. Using the �2 distribution in MAP  based
etection, joint detection analytical expressions and the associated
hreshold values are derived and presented in detail. While the
ommonly used performance measures are probabilities of false
larm and detection in the literature, the operation capability of
Rs is introduced as an additional performance measure in this
tudy. This is an important performance measure as CRs with sim-
lar detection performances may  indeed utilize the common band
uite differently depending on system activity values. Accordingly,
he models and the results presented in this study are important for
he practical implementation of multiband detection when there
re multiple primary systems that are known to be interdependent.

The rest of the paper is organized as follows. In Section 2, the
eceiver model of the CR is presented. In Section 3, implementa-
ions of joint detection and independent detection are presented.
n Section 4, numerical and simulation results are provided for the
omparison of the considered detection methods under different
cenarios. Concluding remarks are given in Section 5.

. Receiver model

We  assume that there are M primary systems operating in

rthogonal frequency bands and coexisting with a wideband CR.
ach primary system is assumed to communicate by transmitting

 primary signal, sm(t), where each system has a bandwidth of Wm,
 = {1, 2, . . .,  M}.  These systems may  be active or passive depending
mmun. (AEÜ) 67 (2013) 926– 936 927

on the time of the day. The received signals are filtered using ideal
zonal bandpass filters with bandwidths Wm at each orthogonal fre-
quency band to eliminate the out-of-band noise [6,10]. Accordingly,
the two  hypotheses corresponding to the absence and presence of
the filtered signal received from the mth system, respectively, are

H0,m : rm(t) = nm(t) (1)

H1,m : rm(t) = Am ej�m sm(t − �m) + nm(t), (2)

where each primary signal sm(t) passes through a channel with
amplitude Am and phase �m uniformly distributed over [0, 2�), �m

is the timing offset between the two systems, nm(t) is band-limited
additive white Gaussian noise (AWGN) with variance �2

nm
= N0Wm

and N0/2 is the two-sided noise power spectral density. Note that
the channels are assumed to be frequency nonselective for the mth
system, however, each system may  have different attenuation val-
ues in each frequency band, which is the main critical assumption
in our system model (i.e., different SNR levels in different bands).

In practice, timing offset is an important degradation factor on
the detection performance. There are two major causes for timing
offset: (i) asynchronism between users and (ii) asynchronism with
the received signal. The first one occurs when there are multiple
primary users in the same frequency band. If the primary signals
communicate with timing misalignment, this may  cause decreased
spectrum opportunities [19]. The second one occurs when the
receiver is not synchronized with the received signal, where the sig-
nal of interest may  arrive at the CR receiver while the CR is already
sensing the spectrum [20]. In that case, the observed signal may
be a combination of only-noise and signal-plus-noise components,
and the detection performance may  be degraded. In this study, we
assume that there is a single user in each frequency band and that
the primary user signal has arrived at the CR receiver, before the CR
starts sensing the spectrum (i.e., the primary user signal is either
present or absent throughout the sensing duration of the CR). This
is a widely used assumption in the literature, and is a valid assump-
tion for the current study as the relative detection performance of
joint and independent detection methods is of main interest. Next,
modeling the decision variable using energy detection is explained.

2.1. Modeling the decision variable

Considering the received signals in (1) and (2), an energy detec-
tion scheme can be used [6]. Using a square-law detector and
normalizing the output with the two-sided noise power spectral
density N0/2, the decision variable for the mth system can be
obtained as

dm = 2
N0

∫ Tm

0

∣∣rm(t)
∣∣2dt, (3)

where Tm is the integration time for the mth system and | · | is the
absolute value operator. Adopting the sampling theorem approx-
imation used for bandpass signals in [6] and [10], the decision
variable can be approximated as

dm ≈ 1
N0Wm

TmWm∑
i=1

[(
AIs

(i)
I − AQ s(i)

Q + n(i)
I

)2

+
(

AIs
(i)
Q + AQ s(i)

I + n(i)
Q

)2
]

, (4)
where s(i)
I and n(i)

I (s(i)
Q and n(i)

Q ) denote the ith samples of
the low-pass equivalent in-phase (quadrature) components of
sm(t − �m) and nm(t), respectively, sampled at the Nyquist rate Wm,
AI = Am cos �m, and AQ = Am sin �m in the case of H1,m. In the case of
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Fig. 1. Complimentary ROC curves in the presence of a primary sy

0,m, only the noise terms, n(i)
I and n(i)

Q , will determine the deci-
ion variable dm in (4). Assuming that the samples of the primary
ignal, s(i)

I and s(i)
Q , given in (4) are zero-mean Gaussian random

ariables,1 the decision variable dm will consist only of zero-mean
aussian random variables in either hypothesis. Hence, under H0,m

t can be shown that dm can be modeled using �2 distribution
ith Nm = 2TmWm degrees of freedom, where the variance term is
2
m = (�2

nm
)/(N0Wm) = 1 [17]. Similarly, under H1,m, it can be shown

hat dm can be modeled using �2 distribution with Nm = 2TmWm

egrees of freedom, where the variance term is �2
m = �m + 1 with

NR defined as �m = (A2
m�2

s )/(N0Wm) and �2
s being the variance of

he primary signal samples. Accordingly, the probability density
unction (pdf) of dm for either hypothesis can be expressed as

Dm (dm) = 1

�Nm
m 2Nm/2�(Nm/2)

dNm/2−1
m e−dm/2�2

m , (5)

here �(a, b) =
∫ ∞

b
e−t ta−1dt is the upper incomplete Gamma

unction and �(a) = �(a, 0) is the Gamma  function [22]. In [8] and
14], assuming large Nm, dm was assumed to be normally dis-
ributed with dm∼N(Nm�2

m, 2Nm�4
m), where �2

m = 1 for H0,m and
2
m = (�m + 1) for H1,m. In the next subsection, we  will discuss
hether the �2 distribution or the normal distribution is more suit-
ble for modeling the decision variable. Next, the detection of a
ingle system is presented.

1 For example, the samples of an orthogonal frequency-division multiplexing
OFDM) based primary signal sampled at the Nyquist rate can be well-approximated
s independent and identically distributed (i.i.d.) zero-mean Gaussian random vari-
bles based on the central limit theorem [21].
f

 for various SNR and integration time-bandwidth product values.

2.2. Detection of a single system

In conventional detection, the decision variable dm is compared
to a pre-selected threshold value 	m in order to make a decision
for the mth system. The performance measures, probability of false
alarm and probability of detection, can be respectively expressed
as

Pf,m = Pr [dm > 	m|H0,m] (6)

Pd,m = Pr [dm > 	m|H1,m], (7)

where (6) and (7) can be simplified to

Px,m = Q

(
Nm

2
,

	m

2�2
m

)
=

�
(

(Nm/2), (	m/2�2
m)
)

�(Nm/2)
, x ∈

{
f, d
}

(8)

with the corresponding �2
m values for H0,m and H1,m, and Q(a, b)

is the regularized upper incomplete Gamma  function [22]. If dm

was  assumed to be normally distributed as in [8] and [14], then (8)
simplifies to

Px,m = Q

(
	m − Nm�2

m

�2
m

√
2Nm

)
, x ∈

{
f, d
}

(9)

with the corresponding �2
m values for H0,m and H1,m, and Q(·) is

the Gaussian Q-function given as Q (x) = (1/
√

2�)
∫ ∞

x
e−t2/2dt [22].

In Fig. 1, complementary receiver operating characteristic (ROC)
curves (i.e., P f vs. Pmd = 1 − Pd) are plotted to compare the theoret-
ical performance according to (8) and (9) to a simulated primary

system detected using a square-law detector according to (1)–(3),
(6) and (7). The primary system is assumed to be a WiMAX-OFDM
system as defined in [23] with further assumptions of quadra-
ture phase-shift keying (QPSK) modulation, K = 256 subcarriers and
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i = 0, 1, 2, . . . , 2M − 1 (17)

Considering (11), (12) and (15), the probabilities of false alarm and
detection can be redefined as
B. Yılmaz, S. Erküç ük / Int. J. Electr

 system bandwidth of W1 = 8 MHz  being used. The integration
imes in (3) are selected as T1 = {0.25, 0.75, 1, 1.25} �s resulting
n N = {4, 12, 16, 20},  and an SNR of �1 = {5, 10}  dB are assumed.
t can be observed that the results for a �2 distributed d1 matches
he simulation results well even on a log-scale, whereas the nor-

al  distribution yields a good approximation in the linear-scale for
ow SNR only [8]. Since the system implementation requires very
ow Pf and Pmd values, we need to monitor the changes in the log-
cale. Therefore, we will build our model based on the accurate �2

istribution.

.3. Detection of multiple systems

If the CR is a wideband system, then it has to assess the
resence of all coexisting primary systems before it can com-
unicate. Accordingly, the hypotheses have to be redefined as

 =
{

[HxM,M, . . . , Hx2,2, Hx1,1]|xm ∈ {0, 1}
}

. Since there are M pri-
ary systems, there are 2M possible combinations of hypotheses.
ccordingly, the CR can only transmit if xm = 0, ∀m,  which can be
epresented by H0. For the rest 2M − 1 combinations even if a single
rimary system is active, then the CR is not allowed to communi-
ate. The hypotheses corresponding to having at least one active
ystem can be represented by H1,i, 1 ≤ i ≤ 2M − 1, where the active
nd passive systems in each hypothesis can be determined by the
elation

 = (xM · · ·x2x1)2 (10)

ith (·)2 denoting the base-2 representation of i. Hence, the prob-
bility of false alarm and probability of detection for multiple
ystems can be expressed as

f = 1 − Pr

[⋂M

m=1
(dm < 	m)

∣∣H0

]
(11)

d = 1 −
2M−1∑

i=1

Pr

[⋂M

m=1
(dm < 	m)

∣∣H1,i

]
Pr
[
H1,i

∣∣H1
]

, (12)

here H1 =
⋃2M−1

i=1 H1,i.
The probability of detection expression given in (12) is different

rom the conventional expression mainly due to the probabil-
ty term being conditioned on different hypotheses, H1,i. Hence,
he probabilities of these hypotheses are important in determin-
ng (12). Accordingly, the probability that all the primary systems
re passive is p0 = Pr[H0], whereas pi = Pr[H1,i], 1 ≤ i ≤ 2M − 1, is the

robability that H1,i holds, where
∑2M−1

i=0 pi = 1. For example, if
here are M = 4 interdependent systems and p7 is close to unity,
hat means the first three systems are jointly active most of the
ime while the fourth system is not active (i.e., 7 = (0 1 11)2). To
ote, the probabilities {pi} can also be referred to as joint system
ctivity values.

In Section 3, probability of false alarm and detection expressions
iven in (11) and (12) will be adapted for joint and independent
etection methods, and exact expressions for these probabilities
ill be obtained.

.4. Operation capability

In addition to probabilities of false alarm and detection, it is also
mportant to assess how the wideband CR will be able to utilize the
ommon band. Accordingly, we define
u = p0(1 − Pf ) (13)

h = (1 − p0)(1 − Pd) (14)
mmun. (AEÜ) 67 (2013) 926– 936 929

as additional performance measures, where Tu and Th are the frac-
tions of time the wideband cognitive radio is operating usefully
and harmfully (causing interference to primary systems), respec-
tively. It should be noted that the fraction of time during which the
cognitive radio is not operating, Tn, is given by Tn = 1 − Tu − Th.

3. Detection methods

In the following, we consider the implementation of two  detec-
tion methods for M > 2 primary systems that are interdependent.
For both methods, it is assumed that the systems’ joint activity val-
ues {pi} and the pdfs of the decision variables {dm} are known a
priori. This is a reasonable assumption as the traffic information of
the primary systems may  be available to secondary users, and the
SNR of the primary signals can be estimated at the receiver.

3.1. Joint detection

Knowing {pi} and the pdfs of {dm}, the MAP  decision rule serves
as an optimal decision rule. The hypothesis can be estimated by
finding the maximum of the MAP  decision metrics as

î = argmax
i∈{0,1,...,2M−1}

PMi

Ĥ = H0 if î = 0; Ĥ = H1 if î = {1, 2, . . . , 2M − 1},
(15)

where the decision metrics are PM0 =
b0p0fD1,D2,...,DM |H0

(d1, d2, . . . , dM) and PMi =
bipifD1,D2,...,DM |H1,i

(d1, d2, . . . , dM), {i = 1, 2, . . .,  2M − 1}. The bias

terms {bi|i = 0, 1, 2, . . .,  2M − 1} are the intentionally introduced
terms to achieve a desired trade-off between the probabilities of
false alarm and detection, and fD1,D2,...,DM |Hx (d1, d2, . . . , dM) are
the joint pdfs conditioned on the hypothesis Hx. Since the primary
systems are in non-overlapping frequency bands, the joint pdfs
conditioned on Hx can be expressed using (5) as

fD1,D2,...,DM |Hx (d1, d2, . . . , dM) =
M∏

m=1

(
dNm/2−1

m

2Nm/2�(Nm/2)

)

×
(

e−dm/2�2
m

(�2
m)

Nm/2

)
= C

M∏
m=1

(
e−dm/2�2

m

(�2
m)

Nm/2

)
, (16)

where C =
∏M

m=1

(
(dNm/2−1

m )/(2Nm/2�(Nm/2))
)

is a common term
for all joint pdfs independent of the hypotheses. On the other hand,
the second term in brackets depends on the hypothesis it is con-
ditioned on, as the variance term defined before (5) is �2

m = �m + 1
for H1,m and �2

m = 1 for H0,m. Accordingly, using the relation of
the index i with {xm|m = 1, 2, . . .,  M}  as given in (10), the decision
metrics can be written as

PMi = bipiC

M∏
m=1

exp
(

(−dm)/(2(�m + 1)xm )
)

(�m + 1)xmNm/2
,

{ }
Pf = 1 − Pr

[⋂2M−1

i=1
(PM0 < PMi)

∣∣H0

]
(18)
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d = 1 −
2M−1∑

i=1

pi

1 − p0
Pr

[⋂2M−1

j=1
(PM0 < PMj)

∣∣H1,i

]
. (19)

y substituting (17) into the comparison term {PM0 > PMi}, (18) and
19) can be simplified to

f = 1 − Pcond,H0

[
M∏

m=1

(1 − Pf,m)

]
(20)

d = 1 −
2M−1∑

i=1

pi

1 − p0
Pcond,H1,i

[
M∏

m=1

(1 − Pd,m)Xm(1 − Pf,m)(1−xm)

]
,

(21)

here Pcond,Hx , {x = 0} or {x = 1, i} is the conditional probability term
btained as

cond,Hx =
2M−1∏

i=1

P	i |(	1)x1 ,(	2)x2 ,...,(	2m−1 )xm ,...,(	2M−1 )xM ,Hx (22)

ith

	i |(	1)x1 ,...,(	2M−1 )xM ,Hx

= Pr

[
M∑

m=1

xmamdm < 	i

∣∣x1a1d1 < 	1, . . . , xMaMdM < 	2M−1 , Hx

]
(23)

nd am = �m/(2(�m + 1)). The resulting threshold values are

i =
[

M∑
m=1

xmNm

2
ln(�m + 1) + ln

(
p0

pi

)
+ ln

(
b0

bi

)]
(24)

or i = {1, 2, . . .,  2M − 1}, where {xm} are obtained from (10). It should
e noted that

{
	2m−1 |m = 1, 2, . . . , M

}
correspond to independent

hreshold values2 for each band, m,  whereas the rest of the {	i}
alues (i.e., 2M − M − 1 values) correspond to the joint bands. For
xample, when M = 4 the threshold 	5 corresponds to bands 1 and

 (i.e., 5 = (0101)2). We  calculate the probabilities of false alarm
nd detection using (20) and (21), where the terms in (22) can
e calculated numerically as explained in Appendix A. By letting
1 = b2 = · · · = b2M−1 = b in (24), and varying the value of b, a trade-
ff between (Pf, Pd)-pairs can be obtained with a close-to-optimal
erformance [17].

.2. Independent detection

The probabilities of false alarm and detection for multiple bands
an be expressed as

f = 1 −
M∏

m=1

(1 − Pf,m) (25)

d = 1 −
2M−1∑

i=1

pi

1 − p0

M∏
m=1

(1 − Pd,m)xm (1 − Pf,m)(1−xm) (26)
f the bands are independently processed. These equations can also
e obtained by letting Pcond,Hx = 1 in (20) and (21).

2 Note that these values resulting from MAP  detection and corresponding to the
th  band are different from the conventional threshold values {	m|m = 1, 2, . . .,  M}

iven in (11) and (12).
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3.2.1. NP test
In order to obtain the best detection performance the NP test

can be employed, which optimizes the threshold values in order to
maximize Pd for a given target Pf = ˛:

max
{	2m−1 |m=1,2,...,M}

Pd

s.t. Pf = ˛.
(27)

Here,
{

	2m−1 |m = 1, 2, . . . , M
}

are the independent threshold val-
ues to be optimized. This is equivalent to maximizing Pd over an
M-dimensional search space. In Fig. 2, possible (Pf, Pmd)-pairs that
are obtained by using 	1 ∈ [0, 100] and 	2 ∈ [0, 100] in (25) and (26),
i.e., the search space for independent detection, and the numeri-
cally calculated minimum Pmd values for fixed Pf = {˛} are plotted
when M = 2 with P : {p0 = 0.76, p1 = 0.06, p2 = 0.11, p3 = 0.07}, N1 = 24,
N2 = 8, �1 = 5 dB, and �2 = 10 dB. It can be observed that, as expected,
the best (Pf, Pmd)-pairs are obtained by the NP test as the curve
attains the lower bound of the search space. For larger values of M,
the computation complexity of the NP test increases.

3.2.2. MAP test
Alternatively, we  consider using the threshold values obtained

from MAP  detection instead of the NP test. These threshold values
indeed result from the {PM0 > PMi} comparisons, and serve intrinsi-
cally as posterior odds ratios [24]. Moreover, these values are easier
to compute compared to the NP test. Accordingly, the threshold
values that will be used in (25) and (26) can be obtained from (23)
and (24) by letting the index of 	i as i = 2m−1 for m = {1, 2, . . .,  M}
independent bands, and using the resulting relation

i = 2m−1 = (xM · · ·xm+1xmxm−1· · ·x1)2 = (0 . . . 010 . . . 0)2, (28)

where xm is the only non-zero term. Note that the threshold values
{	i} given in (23) for joint detection are related to decision variables
{dm} multiplied by the term am. Therefore, the threshold values for
each independent band can be obtained as

	2m−1 =
[

Nm

2
ln(�m + 1) + ln

(
p0

p2m−1

)
+ ln

(
b0

b2m−1

)]/
am (29)

for m = {1, 2, . . .,  M}. In Appendix B, the derivation of
{

	2m−1

}
is pre-

sented in more detail by using the comparisons
{

PM0 < PM2m−1

}
.

Similar to joint detection, by letting b1 = b2 = · · · = b2M−1 = b in
(29) and varying it, a tradeoff between (Pf, Pd)-pairs can be obtained.

4. Results

In this section, we  initially provide simulation and numerical
results to confirm the validity of the joint detection model and
the independent detection model that uses the threshold values
obtained from MAP  detection when M > 2. We  then provide some
numerical results to determine the gain of joint detection over inde-
pendent detection in terms of various system parameters such as
the effects of joint system activity values, number of interdepen-
dent systems and SNR. Finally, we  present the operation capability
of CRs for practical scenarios. For all scenarios, it is assumed that
Pr[H0] = 0.90 and Pr[H1] = 0.10. Also, SNR and N values for each band
are fixed to 10 dB and 8, respectively, unless otherwise indicated.

In Fig. 3, we  validate the probabilities of false alarm and
detection expressions given in (20) and (21) for joint detection.
Accordingly, we simulate the decision metrics {PMi} and eval-
uate them in (18) and (19) to obtain the complementary ROC
curves. The system activity values considered are P1 : {p2M−1 =

0.1, p1 = p2 = . . . = p2M−2 = 0} and P2 : {random pi} for various
SNR and N values when M = 3 and M = 4. It can be observed that
the simulation results confirm the validity of the joint detection
model.
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Fig. 2. The (Pf , Pmd)-pair search space and the (Pf , Pmd)-pairs obtained by the NP test when P : {p0 = 0.76, p1 = 0.06, p2 = 0.11, p3 = 0.07}, N1 = 24, N2 = 8, SNR1 = 5 dB and
SNR2 = 10 dB.
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Fig. 3. Validating the complimentary ROC curves of joint detection for various P, N, SNR and M values.
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Fig. 6. The effect of system activity valu

ndependent detection with M increasing and for P2 (all M bands
re active more frequently) as expected. Also, it is important to note
hat the threshold values obtained by MAP  detection and used in
ndependent detection achieve the same performance as the NP
est results. In Fig. 5, we further validate the independent detec-
ion results for various SNR and N values, when two different sets
f randomly selected joint system activity values (P1 for M = 3 and
2 for M = 4) are used. Considering that the performance results
re coinciding, the MAP  test based approach can be used with
n easier implementation to replace the NP test for independent
etection.

Next, we quantify the gain of joint detection over indepen-
ent detection for various scenarios. The gains are defined as the
md ratios of independent and joint detection at fixed Pf values,
.e., Gain = (Pmd(indep.)) / (Pmd(joint)). This is an important perfor-

ance measure from the perspective of a primary user because
he ratio indicates how much more the primary user will be inter-
ered by the CR if independent detection is used instead of the joint
etection. In Fig. 6, misdetection performance gains are compared
t various Pf values for 2-band jointly active (i.e., only {p3, p5, p6}
re non-zero) and all-band active (i.e., {p1, p2, · · · , p6} are non-zero)
ases when M = 3 and p7 varying. The probability value (0.10 − p7) is
qually distributed among the non-zero probability values for both
ases. It can be observed that the gains increase with Pf decreasing
nd p7 increasing. When p7 = 0.1, the performances for both cases
erge at the best gain value.
In Fig. 7, the effect of SNR degradation on the detection perfor-

ance is investigated for various M values. Again, the misdetection
ain values are calculated at various Pf values. For each case, we

ssume that all systems are jointly active all the time, i.e., p2M−1 =
.1, for M = {2, 3, 4}. When M = 2, gains similar to the ones reported

n [17] are obtained. When M is increased, there is a significant
ncrease in gain due to processing the bands jointly. When the SNR
the detection performance when M = 3.

decreases in a band, the M = 4 case can compensate better due to
other active bands having significant SNR values.

Finally, the operation capabilities of CRs are considered. Accord-
ingly, curves which show the fractions of time the CR is operating
usefully and harmfully are plotted using (13) and (14) for various
scenarios. In Fig. 8, the effect of system activity values on the oper-
ation times of CRs is investigated when the SNR of each band is
{5, 10}  dB when M = 3. The joint system activity values are non-zero
only for p0 and p7 for three different sets. Since the Pf and Pd val-
ues obtained from (11) and (12) are conditioned on H0 and H1, the
detection performances of all three cases are the same. However,
their operation capabilities are different as can be deduced from
(13) and (14), and as plotted in Fig. 8. When p0 = 0.6, p7 = 0.4, and
SNR = 5 dB, by selecting appropriate bias values for joint detection
the CR can operate at point C, where it can usefully operate almost
60% of the time while interfering with the primary system only 0.3%
of the time. On the other hand, using independent detection with
appropriate threshold values, the CR can operate at point D almost
60% of the time usefully while interfering with the primary system
1.8% of the time. If the interference level is restricted to a certain
amount by the primary system, then the CR operation points for
either detection can be determined accordingly (e.g., operating at
points A or B if Th = 10−4 is allowed).

In Fig. 9, the operation capabilities of CRs are investigated
for P1 : {p0 = 0.9, p7 = 0.1} (i.e., full gain), P2 : {p0 = 0.9, p7 = 0.05,
p3 = p5 = p6 = 0.05/3}  (i.e., joint bands active), and P3 : {p0 = 0.9,
p7 = 0.05, p1 = p2 = · · · = p6 = 0.05/6}  (i.e., all bands active) when M = 3.
The gains of these cases can be observed in Fig. 6. Since p0 = 0.9, the
CR can operate usefully at most 90%. Therefore, particularly the

region where the CR can operate usefully with high utilization of
the common band is zoomed in. When Tu is 89.99%, the interfer-
ing time of CR due to independent detection is approximately 18
and 14 times the interfering time due to joint detection for P1 and
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Fig. 9. The effect of system activity values on the fractions

2, respectively, whereas the performances for P3 are similar. These
esults are also in correspondence with the gains provided in
ig. 6.

While the current study presented complementary ROC curves
nd operation capabilities of CRs for the comparison of joint and
ndependent detection methods from the detection perspective of

 wideband CR, the implementation may  require each primary user
aving a constraint on the interference level. Accordingly, studying
he CR throughput subject to some interference constraints defined
or each user as in [14] may  be an interesting extension of the
urrent work, however, is a research topic for future study.

. Conclusion

In this paper, we studied the primary system detection perfor-
ance of a wideband CR assuming that there are multiple (M > 2)

oexisting primary systems and that these primary systems may
e jointly active. Accordingly, we considered the implementation
f joint and independent detection methods. For the joint detection,
e considered a MAP  based detection that intrinsically optimizes

he threshold values. For the independent detection, we considered
he implementation of the optimum NP test based detection, and

 simpler implementation that uses the threshold values obtained
rom the MAP  detection, where both methods were shown to per-
orm the same. We  confirmed the validity of the joint detection

odel and the MAP  based independent detection model using sim-
lation studies. We  then provided numerical examples to quantify
he performance gain of joint detection over independent detec-
ion. Finally, we presented the operation capabilities of CRs in terms

f the fractions of time they can operate usefully and harmfully. The
esults presented are important for the practical implementation
f multiband detection when there are multiple primary systems
hat are known to be interdependent.
e for transmission (T
u
)

e the cognitive radio is operating usefully and harmfully.
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Appendix A. Numerical evaluation of the conditional
probability term

The conditional probability terms
{

P	i |(	1)x1 ,...,(	2M−1 )xM ,Hx

}
in

(22) can be numerically computed conditioned on Hx for given i
and M.  For known i and M values, initially {xi} can be obtained
from the relation i = (xM . . . x2x1)2. Then the expression in (23) can
be simplified as

Pr[d′ < 	i|Hx], (30)

where the variable d′ has a pdf

fD′ (d′) = fD′
1
(d′

1) ∗ fD′
2
(d′

2) ∗ . . . ∗ fD′
M

(d′
M) (31)

with ∗ representing the convolution operator and each pdf fD′
m

(d′
m)

obtained from (5) as

fD′
m

(d′
m) = fDm (d′

m/am)/am

1 − Q
(

(N /2), ((	 )/(2a �2 ))
) , 0 < d′

m < 	2m−1 ,
if xm = 1, m ∈ {1, 2, . . .,  M}. Otherwise, if xm = 0, fD′
m

(d′
m) = ı(d′

m),
where ı(·) is a Dirac delta function. For known {	i} values that
can be obtained from (24), the conditional probability term can
be numerically computed using (30).
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ppendix B. Derivation of the threshold values for
ndependent detection

Considering the MAP  decision metrics {PMi}, probabilities of
alse alarm and detection for the mth system, Pf,m and Pd,m, given
n (6) and (7) can be written in terms of metric comparisons as

Px,m = Pr[dm > 	2m−1

∣∣H{0,1},m ]
= Pr[PM0 < PM2m−1

∣∣H{0,1},m ], x ∈ {f, d}. (33)

he probability term in (33) can also be writ-
en as Pr

[(
(PM0)/(PM2m−1 )

)
< 1

∣∣H{0,1},m
]
. Since

 = 2m−1 = (xM · · · xm+1xmxm−1 · · · x1)2 = (0 · · · 010 · · · 0)2 for the
th system, the ratio (PM0)/(PM2m−1 ) < 1 can be simplified using

17) as

PM0

PM2m−1
=
(

b0

b2m−1

)  (
p0

p2m−1

)  (
e−dm/2

e−dm/2(�m+1)

)
(�m + 1)Nm/2 < 1

(34)

aking the ln of both sides, (34) becomes

Nm

2
ln(�m + 1)+ ln

(
p0

p2m−1

)
+ ln

(
b0

b2m−1

)
− dm

(
�m

2(�m+1)

)
< 0.

(35)

q. (35) can be rearranged and used in (33) as Pr[dm >

2m−1

∣∣H{0,1},m ], where

2m−1 =
[

Nm

2
ln(�m + 1) + ln

(
p0

p2m−1

)
+ ln

(
b0

b2m−1

)]/
am (36)

s given in (29) and am = �m/2(�m + 1).
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