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ABSTRACT

We analyze the outage for distributed estimation over orthog-
onal fading channels as a function of the number of sensors,
K. We consider a scenario of fixed power per-sensor with
an asymptotically large number of sensors. We characterize
the scaling law of the outage and show that the outage decays
faster than exponentially in the number of sensors and slower
than exp(—K log K).

1. INTRODUCTION

In recent years, research on distributed estimation has been
evolving very rapidly [1]. Universal decentralized estimators
of a source observed in additive noise have been considered in
[2, 3]. The observations of the sensors can be delivered to the
fusion center (FC) by analog or digital transmission methods.
Amplify-and-forward is one analog option, whereas in digital
transmission, observations are quantized, encoded and trans-
mitted via digital modulation. The optimality of amplify and
forward is described in [4, 5, 6, 7]. In [7], an amplify-and-
forward approach is employed over an orthogonal multiple
access fading channel, where the concept of estimation diver-
sity is introduced, and shown to be given by the number of
sensors. This seminal result is obtained under the assump-
tion of asymptotically large number of sensors, and large to-
tal transmission powers. In [8], a definition of diversity order
which assumes a finite number of sensors, but asymptotically
large power is used. It is found that the diversity order need
not be equal to the number of sensors, and depends on both
the sensing signal-to-noise-ratios (SNRs), and the threshold
used to define the outage. This means that it is possible to add
new sensors into the system without any diversity benefit, and
is unlike the result in [7] which considers asymptotically large
Sensors.
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In this work, we consider a similar orthogonal fading chan-
nel model but focus on a scenario where both the number of
sensors, and the total transmit power are increased with their
ratio (the power per sensor) remaining fixed. In this regime,
we show that the outage decays faster than exponentially in
the number of sensors and slower than exp(—K log K).

2. SYSTEM MODEL

Consider a distributed estimation problem in a WSN with or-
thogonal channels as shown in Fig. 1. We assume that there
are K sensors and focus on a single time snapshot. The sensor
measurements {z; } 2| are related to the source parameter ¢
with zero-mean and variance o3 by

rp=hi0+n, , k=1,..., K, (D

where nj, ~ CN(0,07 ) is the sensing noise, and hy, is a
parameter that controls the k*" sensing SNR given by v, :=
|hi|?/o2, . The sensing SNRs {7 }7—, can be modelled as
deterministic or random variables depending on the applica-
tion. We will focus on deterministic 7y, > 0 in this work. The
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Fig. 1. Wireless Sensor Network with Orthogonal Channels

sensors amplify and forward their measurements which are
separately received by the FC over orthogonal channels:
k=1

Yk = apgr(hib +ng) + ok, oo K 2



where gk ~ CN(0,02,) is the k" channel coefficient, vj, ~
CN (0,02 . ) is the recelver noise, and oy, is the amplification
coefﬁ01ent which controls the power of the k*" sensor. We as-
sume that ng, vg, and g, are statistically independent of each
other and across sensors. We consider equal power transmis-
sion in the sequel. Since each sensor’s average power is given
by

Py = EG,nkHOékl‘k|2] = |O‘k|2 (|hk|2‘79 + Ule) ) A

in order to ensure that the total power P;,; is equally dis-
tributed among all sensors, the per-sensor power is Py :=
P01/ K, which implies

Ptot
K(|hi|?of +03,)

We assume that the FC knows ay, gk, hi, Vk, and the noise
variances ank, vk, Vk, and thus can employ maximal ratio
combining before doing estimation of the source parameter 6.
Combining the separately received signals y;, in (2) to get the
maximum possible SNR at the output of the FC amounts to
multiplying with the conjugate of the coefficient of § when
the noise variances are equal [9]. Since the k'™ noise term in
(2) is given by wy, := aggrni + vy with variance o7, =
var(wi|gr) = |ax|*lgk|?07, + of,, we can normalize (2)
with 7, so that the k*" noise term has unit variance:

“

ag|? =

hi
Yk _ Okgrhk g

Owy,

Wk ) (3)

Owy, Twy,

hi
The maximal ratio combining coefficients are given by M

[9]. We denote the resulting SNR at the output of the FC w1th
snr given by

K
EARARICYS
snr = . 6
Z lax?lgs?02, + o2, (6)
Recalling that v, := |hg|?/o? , defining = |gx|?/03, .
and substituting for a in (4) into (6), we obtain
= Nk
kVk
snr = Z —_— . 7
K o?
k=1 "k + 7@1'%02“)

The snr in (7) is random because the instantaneous SNR on
the k" channel, Nk, is random. In what follows, in order
to simplify the analysis, the random variable 7, will be as-
sumed independent, and identically exponential distributed
with mean ¢, which amounts to assuming that the channel
coefficients and noise on each channel are i.i.d.

3. OUTAGE AND DIVERSITY

The outage probability is defined as the probability that snr
is below a threshold 2

K
L Nk Vk
Pour = Pr | Kooty S 2 (8)
k=1 "k + Prot
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where the randomness of snr stems from the instantaneous
channel SNRs 7. In (8), noting that 0 < snr < Zszl Vs
we are interested in a threshold range of 0 < z < Zszl Vs
because when z < 0, P,,; = 0, and when z > Zszl Vs

P,,+ = 1. Examining (8), it is observed also that if z €
(07 Zszl fyk’)’ then Pyt — 0 as Pt — 00.
The following table

k" sensing SNR Vi = \hk|2/‘7721k

Instantaneous k" channel SNR e = |ge|?/o2,
Average k' channel SNR Cr = ng /ng
Instantaneous SNR at the output of FC | snr

Outage probability P

summarizes some parameters that recur throughout the paper
for convenience.

4. OUTAGE FOR FIXED POWER PER-SENSOR

An scenario of practical importance is when the transmission
power of each sensor is fixed to a certain value. In this con-
text, an important question is how the outage performance
scales with the number of sensors. In our analysis, we allow
both P;,; — oo and K — oo with a fixed per-sensor power
of P;,t/K = Py. This is a natural scenario where each sensor
that is deployed has a fixed individual power, and an increas-
ingly larger number of sensors is introduced. For simplicity,
we assume v, = v, Vk and ¢ = Enx] = ¢, Vk, so that

I () = ¢ Lexp(—x/C). Since Pyt /K is fixed, the outage
in (8) is given by
> Nk
Py = Pr L <], 9
' > P ] ©)
k=1
where ¢ := (yo3 + 1)/ P,. Since the number of sensors is al-

lowed to increase with the total power, the sum in the outage
expression in (9) grows without bound, and therefore the out-
age probability converges to zero for any finite z. This hints
that the behavior of the outage is markedly different from in
[8]. In fact, we soon show that the outage behaves approxi-
mately like exp(— K log K) in this regime. We have the fol-
lowing theorem.

Theorem 1 Forany vy > 0and z > 0, if P;oy = K Py, then

li 1Og Pout
1m ——— =0
K

K—oo

(10)
Proof : We start with deriving a general expression that is

useful for both Theorem 1 and part (2) of Theorem 2. Taking
the logarithm of the Chernoff bound of P,,; in (9) we obtain:

> vyx
log Py < Vz—t—Klog[/fnk (J;)exp(——)d:(;}, (11)
0 r+c

where ¢ = (yo3 +1)/P,, and v is any positive function of K
which satisfies v — oo as K — oo. Dividing through with



v, and splitting the integral into two pieces for an arbitrary
g := g(K) > 0 we obtain

log Py K /g vyx
o8 lou L By { (— )d
o <z-+ — log Of,,k(x)exp e T

# [ pta)enn (- 225 )as].

Equation (12) can be further upper bounded if the lower limits
of the integrals are substituted for x in the argument of the
exponentials:

12)

IOg Pout

< +—1og /f,]k dx—l—exp( gf—ryc)}’ (13)
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where we also used fgoo Jne (x)dz < 1. Recalling that both
v and g can be chosen as arbitrary positive functions of K,
we focus on a choice that ensures that g — 0, vg — oo,
and vg?> — 0, as K — oo. Rewriting the exponential in

o) = exp (—%41) ex p(cl(ngrZ)). Since

vg? — 0 and g — 0, the second term can be made arbitrarily
close to 1 if K is sufficiently large. Therefore, for any € >

0, exp ( Jgr’é) < exp (—242) (1 + €) for sufficiently large

K. Substituting into (13) we have a bound which is useful to
prove both Theorem 1 and part (2) of Theorem 2:

(13) we get exp(—

log Pout
14

<z +—log/fnk

+ exp( ify)(l—l- )]

For Theorem 1, we choose v = K and g = K~ 3 for <i<
1. Substituting this choice, and taking the limit as K — 00,

(14)

Proof : We begin with a lower bound on the outage in (9).
Since i/ (nk + ¢) < /¢,

K
Nk
Pou = P — S z
k=1
K C
>1’Zm§]
k=1

1 5
= m / .’I3K71€71/<d$ y (17)
0

where the right-hand side follows since Zszl Ny is a x? ran-
dom variable with 2K degrees of freedom. We further lower

bound (17):

1 /z” K—1_-x/¢ e ¢ /z’:K—l
—_— T e ¥dr > ——rr T
CET(K) Jo CET(K) Jo

K
zc
)(7) ’

" KCKT(K

Y

_zc
e ¢

(18)

so that the right-hand side of (18) lower bounds P,,;. Using
this, taking logarithms of both sides, and normalizing with
— K log K we have

_ log Pout < logT(K)  Klog(¢
Klog K KlogK KlogK
—log K — Z5 + Klog £
o ¢ 0i (19)
Klog K
Due to Stirling’s formula, we can express the T'(-) as
2 x 1
r(x):,/l(f) <1+O<>> . (20)
x \e x

the right-hand side goes to —oo which implies that —log Pyor/ K “Taking the limit as K — oo, the first term on the right-hand

oo. This establishes the Theorem.

Intuitively, Theorem 1 maintains that P,,; goes to zero
faster than exp(—C1 K) for any fixed constant C; > 0. That
is, the exponent of the outage grows faster than any linear
function of K. In the next theorem, we show that the expo-
nential rate cannot be faster than K log K.

Theorem 2 For any v > 0and z > 0, if P;oy = K Py, then
1.
log P,
lim — —otout < (15)
K—oo KlogK
2. and if 2 < (YPy)/(yo} + 1), then
log P, 241
lim Og out _ YOg + (16)
K—o0 KlogK Py
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side of the inequality in (19) converges to 1 due to (20). The
second and third terms in (19) clearly go to zero. This com-
pletes the proof of (15).

We refer to [10] for the proof of Part (2) of Theorem 2.

Part(2) shows that P,,; < exp[—(1 — W@H z)K log K1, for

sufficiently large K. This is useful only when z < (vPo)/(voi+

1), which guarantees that the right-hand side of (16) is posi-
tive. This can be fulfilled if the per-sensor power F is chosen
sufficiently large.

Combining the two results of Theorem 2, we can roughly
state that P,,; ~ exp(—C2K log K') where the constant sat-
isfies 1 — z(yo3 + 1)/(Poy) < Cy < 1. If the lower bound
on C} is negative, which might happen when P, is not large
enough, then we cannot guarantee P,,; ~ exp(—C2 K log K),
for a positive Ca. However, we are still assured by Theorem
1 that P,,; < exp(—C1K) for any constant C if K is suffi-
ciently large.

Note that the results in Theorem 1 and Part (1) of Theorem
2 do not depend on . In other words, the outage probability



for a fixed v > 0 goes to zero at least as fast as exponentially
in K, and not faster than exp(—K log K), independently of
the value of ~.

5. NUMERICAL RESULTS

We consider the case where the power per sensor P is fixed
and show how the outage probability behaves as K increases.
We assume that Py = 10 and vy, = +y is fixed and equal. Fig.
2 shows the values of —log P,,;/K as a function of K for
several cases with different choices of z and 7. From Fig.
2, we see that all curves continue to grow as K increases,
which verifies Theorem 1. Fig. 3 plots — log P,/ K/ log K
versus K when z = 4 and v = 1. The upper bound and
the lower bound are given by the right-hand side of (15) and
(16), respectively. As expected, the simulation results fall be-
tween the upper bound and the lower bound as K increases.
This verifies that K log K is an asymptotical tight bound for
log Pout if 2 < (vPy) /(o2 + 1).

6. CONCLUSION

We focus on the scaling law of the outage for distributed esti-
mation over orthogonal fading channels where instantaneous
channel SNRs are random and the sensing SNRs are deter-
ministic. In this analysis, we considered a natural scenario
where the per-sensor power is fixed with increasing the num-
ber of sensors. Our results show that the outage goes to zero
more rapidly than exponentially in the number of sensors, and
slower than exp(—K log K).
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Fig. 2. Illustration of Theorem 1
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