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PAPER

Broadband Equalizer Design with Commensurate Transmission
Lines via Reflectance Modeling

Metin ŞENGÜL†a), Nonmember and Sıddık B. YARMAN††, Member

SUMMARY In this paper, an alternative approach is presented, to
design equalizers (or matching networks) with commensurate (or equal
length) transmission lines. The new method automatically yields the
matching network topology with characteristic impedances of the com-
mensurate lines. In the implementation process of the new technique first,
the driving point impedance data of the matching network is generated by
tracing a pre-selected transducer power gain shape, without optimization.
Then, it is modelled as a realizable bounded-real input reflection coefficient
in Richard domain, which in turn yields the desired equalizer topology with
line characteristic impedances. This process results in an excellent initial
design for the commercially available computer aided design (CAD) pack-
ages to generate final circuit layout for fabrication. An example is given to
illustrate the utilization of the new method. It is expected that the proposed
design technique is employed as a front-end, to commercially available
computer aided design (CAD) packages which generate the actual equal-
izer circuit layout with physical dimensions for mass production.
key words: broadband matching, equalizer design, impedance modeling,
fixed point iteration, commensurate transmission lines

1. Introduction

In designing high frequency communication systems, as the
wave length of the operation frequency becomes compara-
ble with physical size of the lumped circuit elements, usage
of distributed elements are inevitable.

Therefore, at Radio Frequencies (RF) or for wireless
communication systems, design of wideband matching net-
works or so called equalizers with distributed elements or
commensurate transmission lines have been considered as
an important problem for engineers [1]. In this regard, an-
alytic theory of broadband matching may be employed for
simple problems [2], [3]. However, it is well known that
beyond simple problems, this theory is inaccessible. There-
fore, for practical applications, it is always preferable to em-
ploy CAD techniques, to design equalizers with transmis-
sion lines. In this approach, designers must supply a circuit
topology and initial element values [4]–[6]. All the com-
mercially available CAD techniques, optimizes the matched
system performance. It should be mentioned that perfor-
mance optimization is highly nonlinear with respect to line
impedances and delay lengths, and therefore selection of
initial values is crucial for successful optimization, since
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the convergence of the optimization depends on these ini-
tials. Therefore, in this paper, a well-established calcula-
tion methodology of good initial values is introduced, to de-
sign matching networks with equal length or commensurate
transmission lines. These lines are also called Unit Elements
(UE). The new method is based on the reflectance modeling
via fixed point iteration. In the following sections first, the
theoretical aspects of the new method is introduced. Then,
the implementation algorithm is presented. Finally, utiliza-
tion of the new algorithm is exhibited by designing a match-
ing network for a passive load.

2. Generation of the Rough Estimate for the Driving
Point Input Impedance of the Matching Network

Let us consider the single matching arrangement as shown
in Fig. 1. It is well known that the matching network [N]
can completely be specified by the Positive Real (PR) driv-
ing point impedance Z2 or by the corresponding Bounded
Real (BR) reflectance S 22 =

Z2−R0
Z2+R0

; with R0 being the stan-
dard normalization number of 50 ohms. If one generates
Z2(jω) = R2(ω) + jX2(ω) as a proper data set to opti-
mize the transducer power gain (T PG) of the matched sys-
tem, then it can be modeled as a PR impedance which in
turn yields the desired matching network via synthesis. In
fact, Carlin’s Real Frequency Line Segment Technique (RF-
LST) is known as the best method, to generate the proper
or realizable data set for Z2 [7], [8]. In Carlin’s approach,
Z2 is assumed to be minimum reactance function, and its
real part R2(ω) is represented by line segments such that
R2 =

∑m
k=1 ak(ω)Rk, passing through m-selected pairs des-

ignated by {Rk, ωk; k = 1, 2, . . . ,m}. In this regard, break
points (or break resistances) Rk are considered as the un-
knowns of the matching problems. Then, these points are
determined via nonlinear optimization of T PG, expressed
as

T PG =
4R2RL

(R2 + RL)2 + (X2 + XL)2
. (1)

Fig. 1 Single matching arrangement.

Copyright c© 2008 The Institute of Electronics, Information and Communication Engineers
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In (1), RL and XL are the real and the imaginary parts
of the load data ZL(jω) = RL(ω) + jXL(ω) respectively, and
the imaginary part X2(ω) =

∑m
k=1 bk(ω)Rk of Z2 is also ex-

pressed by means of the same break points Rk. In the above
representations, ω = 2π f is the normalized angular fre-
quency. It is noted that coefficients ak(ω) are known quanti-
ties, and they are determined in terms of the pre-selected
angular break frequencies (or in short break frequencies)
ωk which specify frequency location of the break points Rk.
Similarly, for minimum reactance Z2, coefficients bk(ω) are
also known, and generated by means of Hilbert Transfor-
mation Relation given for minimum reactance functions. In
this case, let H {◦} designates the Hilbert transformation op-
erator, then bk(ω) = H {ak(ω)}.

In the new technique proposed in this paper, the Real
Frequency Line Segment Technique is simply omitted, and
data for Z2 are generated without optimization in a straight
forward manner as follows.

For a desired shape of T PG = T (ω) which can even
be specified as a set of data points, the ratio defined by
α = R2/RL can directly be computed under the perfect can-
cellation condition of the imaginary parts (i.e., X2 = −XL).
Actually, this assumption is a practical one, which maxi-
mizes T PG of the matched system over the band of opera-
tion.

On the other hand, it is well known that existence of the
load network will lower the ideal flat gain from T (ω) = 1,
down to a level Tflat < 1 in the pass band. Furthermore, T PG
must decrease monotonically out side of the band. In this
case, one can always select a reasonable-realizable shape for
T PG, such as Butterworth or Chebyshev forms, and then,
generates the ratio specified by α = R2/RL under the perfect
cancellation condition. Thus, the data set for the driving
point impedance Z2 given by

Z2(jωi) = R2(ωi) + jX2(ωi) (2)

is computed over the angular frequencies ωi of the load net-
work.

Let us now derive the ratio α = R2/RL when perfect
cancellation occurs on the imaginary parts. In this case,
T PG is given by

T PG =
4R2RL

(R2 + RL)2
(3)

or

α =
R2

RL
=

2 − T PG + 2μ
√

1 − T PG
T PG

(4)

where μ = ∓1 is a uni-modular constant and lands itself
while taking the square-root of (1 − T PG). Obviously, α is
derived as a function of the transducer power gain. Hence,
for a selected-suitable gain form, the impedance Z2 = R2 +

jX2 is approximated as

R2 = αRL, (5)

X2 = −XL. (6)

Fig. 2 Selection of the sign of μ.

At this point, it is crucial to choose the form for T PG,
to describe the matched system performance. In this regard,
it may be desirable, to have an equal ripple gain shape within
the pass band as desired in many practical problems. Then,
the following Chebyshev form may be used for T PG,

T PG =
Tmax

1 + ε2T 2
n (ω)

(7)

where ε is the ripple factor and Tn is the nth order Cheby-
shev polynomial. The degree n specifies the total number of
elements in the equalizer topology. T PG takes its maximum
value Tmax at the zeros of the Chebyshev polynomial Tn(ω).
It is minimum (T PG = Tmin) when Tn(ω) = 1. Obviously, ε
is specified by

ε2 =
Tmax − Tmin

Tmin
(8)

and the average (Tav) gain level is determined as

Tav =
Tmax + Tmin

2
(9)

Based on the gain-bandwidth theory [1]–[3], as the to-
tal number of elements (n) in the equalizer goes to infinity,
T PG approaches to its ideal (or maximum) flat (or constant)
value Tflat over the passband. In this case, it may be suffi-
cient to approximate Tflat as

Tflat ≈ Tav. (10)

Beyond simple matching problems, it is almost impos-
sible to determine the ideal value of Tflat. However, it may
be assessed by trial and error as in (10).

It is interesting to note that selection of the sign of the
uni-modular constant μ of (4) is important, to end up with
realizable driving point impedance Z2. In this regard, it is
appropriate to flip the sign of μ along the frequency axis
as transducer power gain fluctuates around the mean value
Tflat within the pass band. For example, when working with
Chebyshev forms of (7), it is known that T PG changes its di-
rection of movement up and down at the roots of the Cheby-
shev polynomial Tn(ω2). Starting with μ = −1, the sign of
μ is flipped as the frequency ωi of α(ωi) moves between the
roots of Tn(ω2) of (7) as shown by Fig. 2.

Once, the data for the driving point impedance Z2(jω)
is generated, then it is modeled employing the reflectance
based fixed point iteration method presented in the follow-
ing section. Finally, the reflectance model is synthesized
yielding the desired equalizer topology with initial element
values. Eventually, performance of the matched system is
further optimized utilizing the commercially available CAD
packages.
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3. Reflectance Based Data Modeling

In this section, the reflectance data specified by S 22 =
Z2−R0
Z2+R0

are considered as the input reflection coefficient of a loss-
less equalizer [N], and it is modeled as a BR rational scat-
tering coefficient in Belevitch form in terms of the so-called
Richards variable λ = Σ+ jΩ = tanh(pτ) where τ designates
the equal or unit delay in seconds of the transmission lines,
and p = σ + jω is the classical complex frequency variable.
If the equalizer topology is constructed with equal length
transmission lines or called Unite Elements (UE), then the
input reflection coefficient can be expressed as

S 22(λ) =
h(λ)
g(λ)

(11)

or by setting Σ = 0,

S 22(jΩ) =
h(jΩ)
g(jΩ)

= S R(Ω) + jS X(Ω) (12)

where Ω = tan(ωτ).
On the transformed angular real frequency axis (or in

short “frequency”), let the numerator polynomial be

h(jΩ) = hR(Ω) + jhX(Ω) (13)

and the denominator polynomial be

g(jΩ) = gR(Ω) + jgX(Ω). (14)

Then, at a selected frequencyΩi, one can readily obtain
hR and hX as

hR =
[
gRS R − gXS X

]
(15)

and

hX = − [gXS R + gRS X
]
. (16)

The above equations indicate that, if the denominator
polynomial g(jΩ) = gR(Ω) + jgX(Ω) is known, then the nu-
merator polynomial h(jΩ) = hR(Ω) + jhX(Ω) can readily be
obtained. In fact, this way of thinking constitutes the crux
of the fixed point iteration method in the following manner.

From (11), one can write

h(λ) = S 22(λ)g(λ) (17)

or employing the concept of interpolation, at a given single
frequency Ωi, the following equation must be satisfied

h(jΩi) = S 22(jΩi)g(jΩi). (18)

Since S 22(λ) = h(λ)
g(λ) belongs to a lossless-reciprocal

two-port, which is specified by the given data, then rest of
the scattering parameters of [N] are also represented in Bele-
vitch form as

S 12(λ)=S 21(λ)=
f (λ)
g(λ)
, S 11(λ)=− f (λ)

f (−λ)
h(−λ)
g(λ)

(19)

satisfying the losslessness condition of

gg∗ = hh∗ + f f∗ (20)

where “*” designates the complex conjugate (or para con-
jugate) of the given complex valued quantity. Thus, on the
real frequency axis, |S 21|2 is given by

|S 21|2 = 1 − ρ2 =
| f |2
|g|2 =

| f |2
g2

R + g
2
X

. (21)

It should be noted that the numerator polynomial f (λ)
of S 21(λ) includes transmission zeros of the matching net-
work to be designed. For example, if the equalizer topology
consists of nC number of cascaded UEs, then,

f (λ) = (1 − λ2)nC/2. (22)

This means that for a given BR reflection coefficient
S 22 = S R + jS X , one can readily compute the amplitude
square of the denominator polynomial g, by selecting the
form of f . Thus,

|g|2 = g2
R + g

2
X =

| f |2
1 − ρ2

. (23)

Hence, (23) describes a known quantity over the spec-
ified frequencies with pre-selected f . In this case, the Hur-
witz polynomial g(λ) can be constructed by means of well
established numerical methods [9].

Briefly, data points given by (23) for
∣∣∣g(jΩ)

∣∣∣2, describe
an even polynomial such that

G(Ω2) = G0 +G1Ω
2 + . . . +GnΩ

2n > 0; ∀Ω. (24)

Coefficients {G0,G1, . . . ,Gn} can easily be found by
linear or nonlinear interpolation or curve fitting methods.
Then, replacing Ω2 by −λ2, one can extract g(λ) from
G(−λ2) = g(λ)g(−λ) using explicit factorization techniques.
At this point, the roots of G(−λ2) may be computed, and
then g(λ) is constructed on the left half-plane (LHP) roots
of G(−λ2) as a strictly Hurwitz polynomial.

Once g(λ) is generated, then gR = Re
{
g(jΩ)

}
and

gX = Im
{
g(jΩ)

}
are computed which in turn yields the nu-

merical pair of {hR, hX} by means of (15) and (16). Let
h(λ) =

∑n
k=0 hkλ

k designate the numerator polynomial of
S 22(λ) = h(λ)

g(λ) . In this representation {hk; k = 0, 1, 2, . . . , n}
are the arbitrary real coefficients, and n specifies the total
number of elements in the matching network.

Thus, data points corresponding to the real and the
imaginary parts of h(jΩ) are given by

hR(Ω) =
m∑
0

(−1)kh2kΩ
2k (25)

where m = n
2 if n is even. m = n−1

2 if n is odd, and

hX(Ω) =
m∑
1

(−1)k−1h2k−1Ω
2k−1 (26)
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where m = n
2 if n is even. m = n+1

2 if n is odd.
Then, one can immediately determine the unknown

real coefficients {hk; k = 0, 1, 2, . . . , n} by means of straight
linear interpolation over the selected frequencies.

At this point it is crucial to point out that polynomi-
als g(λ) and h(λ) must satisfy the losslessness condition of
g(λ)g(−λ) = h(λ)h(−λ) + f (λ) f (−λ) rather than on the fre-
quencies selected for interpolation. Therefore, herewith, an
iterative approach which is named as the “Interpolation via
Fixed Point Iteration” is introduced which yields the con-
sistent triple of {h(λ), g(λ), f (λ)} satisfying the losslessness
condition.

3.1 Fixed Point Interpolation of h(λ)

In this section, let us first briefly review the fixed point it-
eration technique, as it is described in classical numerical
analysis text books such as [10].

Zeros of a nonlinear function	(X) = F(X) − X can be
determined using the iterative loop described by

Xr = F(Xr−1). (27)

It is straight forward to prove that for any initial
guess X0, (27) converges to one of the real root Xroot =

limr→∞F(Xr) if and only if
∣∣∣ dF

dX

∣∣∣ < 1; ∀X.
For the problem under consideration, in fact, the nu-

merator polynomial h(jΩ) can be determined point by point
by means of an iterative process which may be described
employing (18) over the selected frequencies Ωi such that

hr(jΩ) = S 22(jΩ)gr−1(jΩ). (28)

In this case, one has to show that the term S 22 · g de-
scribes a function h = F(h) for which

∣∣∣ dF
dh

∣∣∣ < 1; ∀h.
In the following, first the iterative process of (28) is

described, then its convergence is proven.
After selecting f (λ), in (28), g0(λ) is generated solely

in terms of the given data S 22(jΩ) employing the explicit
factorization of (24) as described above. Then, the first loop
is started by computing h1(jΩi) = hR1(Ωi)+jhX1(Ωi) over the
chosen set of frequencies {Ωi; i = 0, 1, 2, . . . , n}, and using
(25) and (26), analytic form of h1(λ) is obtained by means
of a linear interpolation algorithm.

Employing the losslessness equation

G1(−λ2) = g1(λ)g1(−λ)
= h1(λ)h1(−λ) + f (λ) f (−λ)
= G10 −G11λ

2 + . . . + (−1)nG1nλ
2n, (29)

g1(λ) is generated on the LHP roots of G1(−λ2). Hence, the
second iteration loop starts on the computed g1(jΩi) which
yields h2(jΩi). Then, g2 is constructed yielding h3 etc. Itera-
tive loops continue until ‖hr − hr−1‖ ≤ δ. Here, δ is selected
as a negligibly small positive number to terminate the itera-
tions.

The above process describes the interpolation of h(λ)
via fixed point iteration over the selected frequencies. As

a matter of fact, the denominator polynomial g can be de-
scribed in terms of the numerator polynomial h by using
losslessness condition,

g(jΩ) = h(jΩ)
h(−jΩ)
g(−jΩ)

+ f (jΩ)
f (−jΩ)
g(−jΩ)

= h(jΩ)S 22(−jΩ) + f (jΩ)S 21(−jΩ). (30)

Using (29) and (30) in (28) one obtains

h(jΩ) = h(jΩ)ρ2 + S 22(jΩ) f (jΩ)S 21(−jΩ) (31)

where ρ =
∣∣∣S 22(jΩ)

∣∣∣, and it is specified by the given data.
In short, right hand side of (31) describes a function F in h
such that F(h) = hρ2 + S 22 f S ∗21.

Therefore, h = F(h) describes a convergent fixed point
iteration process provided that

∣∣∣ dF
dh

∣∣∣ < 1. In fact, S 21(jΩ) is
also specified by means of S 22(jΩ) and pre-selected f (jΩ).
Then, practically, dF

dh = ρ
2 < 1 over the entire frequen-

cies by bounded realness; except at isolated points where ρ
hits unity. Thus, for the given reflection coefficient data, the
polynomial form of h(λ) is readily obtained via fixed point
iteration of h = F(h) which in turn results in a realizable
driving point reflectance S 22(λ) = h(λ)

g(λ) .
The above results can be collected under the following

theorem, to generate the reflectance based circuit model.
Theorem: Modeling via Fixed Point Iteration
Referring to Fig. 1, let S 22(jΩi) = S R(Ωi) + jS X(Ωi) be

the input reflectance coefficient data of the lossless matching
network [N] specified over the frequency pointsΩi such that∣∣∣S (jΩ)

∣∣∣ < 1 for all frequencies. Let
{
S i j; i, j = 1, 2

}
be the

real normalized bounded real scattering parameters of the
lossless matching network [N] described in Belevitch sense.
Once, the polynomial f (λ) of S 21(λ) = f (λ)

g(λ) is selected prop-
erly, then, the iterative process hr = F(hr−1) described by
(28) is always convergent and yields the numerator polyno-
mial h(λ) of S 22(λ) = h(λ)

g(λ) satisfying the losslessness condi-
tion of g(λ)g(−λ) = h(λ)h(−λ) + f (λ) f (−λ).

Obviously, proof of this theorem follows as in above.
Depending on the modeling problem under considera-

tion, numerical implementation of the fixed point iteration
method may require some care. Therefore, in the following
section some practical issues are covered.

4. Practical Issues

4.1 Transmission Zeros

In order to end up with a successful equalizer design, the fit
between the generated reflectance data and the model must
be as good as possible. In this regard, selection of transmis-
sion zeros of the equalizer which is specified by the transfer
scattering parameter S 21(λ) = f (λ)

g(λ) is quite important.
For most practical problems, it is sufficient to select

f (λ) as

f (λ) = λk(1 − λ2)nc/2 (32)

and the denominator polynomial g(λ) is given by



ŞENGÜL and YARMAN: BROADBAND EQUALIZER DESIGN WITH COMMENSURATE TRANSMISSION LINES VIA REFLECTANCE MODELING
3767

Fig. 3 A UE in complex termination.

Fig. 4 Shorted UE stub.

Fig. 5 Open-ended UE stub.

g(λ) = g0 + g1λ + . . . + gnλ
n. (33)

In the above equations, integer k is the count of multi-
ple transmission zeros introduced at DC (i.e., Ω = 0) and nc

is the total number of commensurate transmission lines (or
UE) in cascade connections, the integer n∞ = n − (nc + k) is
the count of multiple transmission zeros placed at infinity

4.2 Realization of Transmission Zeros and the Unit Ele-
ments in Cascade Connection

Real frequency transmission zeros of a structure consist of
UEs may be realized by means of open and short circuited
UE stubs as follows.

Referring to Fig. 3, the driving point input impedance
of a UE which is terminated in arbitrary complex impedance
ZC is given by [8]

Z(λ) = Z0
ZC + Z0 tanh(pτ)
Z0 + ZC tanh(pτ)

= Z0
ZC + Z0λ

Z0 + ZCλ
. (34)

In (34), if ZC = 0 (shorted UE) then, the stub Z(λ) =
Z0λ acts as an inductance introducing a transmission zero at
infinity in series configuration (Fig. 4). The same stub can
be used in shunt configuration introducing a transmission
zero at DC. On the other hand, if ZC = ∞ (opened UE) then,{
Z(λ) = 1

Y0λ
; with Y0 =

1
Z0

}
acts as a capacitor, introducing a

transmission zero at DC or at infinity, in series or in shunt
configuration, respectively, (Fig. 5).

4.3 Synthesis of the Reflection Coefficient S 22(λ)

Richards’ Theorem provides the synthesis of the distributed
structures made up of cascaded UE sections of differ-
ent characteristic impedances in a sequential fashion [8],
[11]. Referring to Fig. 6, consider the reflectance func-
tion and the corresponding input impedance at the begin-
ning of the sequential synthesis process as S 22(λ) = S (0)

1 =

Fig. 6 Cascaded connection of UEs.

h(λ)
g(λ) and z1(λ) =

1+S (0)
1 (λ)

1−S (0)
1 (λ)

, respectively.

Then, at step (i), sequential cascaded extractions can be
described by

S (i)
i+1(λ)=

S (i−1)
i (λ) − S (i−1)

i (1)

1 − S (i−1)
i (1)S (i−1)

i (λ)

1 + λ
1 − λ ; i=nc−1 (35)

zi+1(λ)=zi(1)
zi(λ) − λzi(1)
zi(1) − λzi(λ)

; i= nc−1 (36)

where S (i)
i+1(λ) and zi+1(λ) are reduced degree (degree of nc−

i) (BR) and Positive Real (PR) reflectance and impedance
functions, respectively. (36) yields the normalized line char-
acteristic impedances ri = zi(1).

On the other hand, transmission zeros at DC and at in-
finity may easily be extracted by continuous fraction expan-
sion of the PR impedance function when appropriate (i.e.,
usual long division of zi+1(λ)).

Alternatively, Fettweis’ decomposition method can be
employed for the extraction of all the transmission zeros and
cascaded UE [12]. Also the algorithm and formulae pre-
sented in [13] and [14] can be used to synthesize the cascade
connected UEs, respectively.

4.4 Normalizations

In the course of design process, numerical stability is main-
tained by means of frequency and impedance normaliza-
tions. In other words, all the computations must be carried
out in the normalized domain. Eventually, de-normalization
is performed on the unit delay τ, and the line characteris-
tic impedances of the matching network. In this regard, it
may be appropriate, to normalize the frequencies at the up-
per edge of the frequency band. For the impedance normal-
ization, standard R0 = 50 ohm termination may be utilized.
The normalized unit delay τ is fixed by means of

ωeτ =
2π
κ

(37)

where ωe = 2π fe is selected as the edge of the stop band in
the normalized angular frequency domain. 2π corresponds
the full wave length and κ designates the fraction of it, mea-
sured at the frequency fe.

For example if the normalized angular cut-off fre-
quency of the passband is fixed at ωc = 1 and if ωe = 1.5ωc

is chosen with the normalized line delay τ corresponding
quarter wavelength (i.e., κ = 4 is chosen) at fe then, it
is found that normalized delay τ = π

1.5·2 = 1.04719. For
de-normalization, if fe = 10 GHz then, actual line delay is
τ = 1

4 fe
= 0.025 nsec.

On the other hand, throughout the computations, one
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deals with the BR scattering parameters normalized with re-
spect to standard normalization number R0 = 50 ohms and
eventually, actual line characteristic impedances are com-
puted as Zi+1 = R0 · zi+1.

4.5 Selected Forms of T PG

It has been experienced that utilization of monotone roll-off
Chebyshev transfer functions are useful, to generate match-
ing networks with initial element values. For low-pass pro-
totypes, T PG is given by

T PG =
Tmax

1 + ε2
[
cos(n cos−1(ω))

]2 . (38)

The above form results in an equal ripple monotone-
roll-off transfer function over the frequency band −1 ≤ B ≤
+1. For bandpass problems described by ω1 ≤ B ≤ ω2, first,
the frequency band dictated by (38) must be normalized, to
yield the desired band width over −ωc ≤ B ≤ ωc such that
ωc =

B
2 =

ω2−ω1
2 , and then it is shifted by an amount of B

2+ω1

to obtain the required shape of the T PG in the frequency
interval specified by ω1 ≤ B ≤ ω2. This process replaces
the frequency ω of (38) by

ω⇒
[
ω −
(B

2
+ ω1

)]
/ωc. (39)

It is important to note that the above mentioned Cheby-
shev forms are only utilized, to generate a meaningful trace
for the ratio α of (4). However, the designer is free, to
choose any shape for T PG which yields reasonable solu-
tions for the equalizer under consideration.

For the sake of clear understanding, let us now sum-
marize the details of the proposed design procedure in the
following algorithm.

5. Algorithm: Construction of Lossless Matching Net-
works without Optimization

This algorithm outlines the procedure, to construct lossless
equalizers for single matching problems without optimiza-
tion.

Inputs:

• Measured load data in the form of impedance
{RL(ωi), XL(ωi); i = 1, 2, . . . , l} where l designates the
total sample points.
• Desired form of the transducer power gain T PG =

T (ω) over the entire frequency band: It should be noted
that this form can be input either in closed form as in
(7) or as sample points. In this manner, monotone-roll-
off Chebyshev forms is recommended as in above sec-
tion.
• Realizable gain levels Tmax and Tmin over the pass band:

In this regard, Tmax and Tmin are selected with practi-
cal considerations. For example, a lowpass matching
network which is free of ideal transformer, demands
Tmax = 1. On the other hand, Tmin may be selected as
the allowable minimum gain level in the passband.

• Lower ( fLE or f1) and the upper ( fUE or f2) edges of
the passband.
• Desired unit delay τ (in sec.).
• Normalization frequency fNorm (or fe).
• Impedance normalization number R0 in ohms.
• n: Desired number of elements in the equalizer.
• nc: Desired number of UE in the equalizer.
• k: Total number of transmission zeros introduced at

DC.
• Selected form of the numerator polynomial f (λ) of the

transfer scattering parameter S 21.
• δ: Stopping criteria selected to terminate the fixed point

iterations. Note that if the computations are run on PC,
δ is usually selected as 10−5 ≤ δ ≤ 10−3.

Outputs:

• Analytic form of the input reflection coefficient of the
lossless equalizer given in Belevitch form of S 22(λ) =
h(λ)
g(λ) =

h0+h1λ+...+hnλ
n

g0+g1λ+...+gnλn . It is noted that this algo-
rithm determines the coefficients {h0, h1, . . . , hn} and
{g0, g1, . . . , gn}.
• Circuit topology of the lossless equalizer with char-

acteristic impedances of the UEs and stubs. The cir-
cuit topology is obtained as the result of the synthe-
sis of s22(λ) using Richards’ procedure [11] or decom-
position technique of Fettweis [12]. Alternatively, the
methods presented in [13] and [14] can be used.

Computational Steps:
Step 1:
(a) Normalize the measured frequencies with respect

to fNorm and set all the normalized angular frequencies ωi =

fi/ fNorm.
(b) Normalize the load impedance with respect to nor-

malization number R0 and RL = RL/R0; XL = XL/R0 over
the entire frequency band.

Step 2: Employing Tmax and Tmin, compute the ripple
factor ε2 = Tmax−Tmin

Tmin
as in (8).

Step 3: Compute the real roots of the Chebyshev poly-
nomial in ascending order −ωRn < . . . < −ωR1 < . . . <
ωR1 < . . . < ωRn for the given degree n.

Step 4: Using the positive roots, constitute fre-
quency intervals Ik such that I1 = {ω1 ≤ ω < ωR1}, I2 =

{ωR1 ≤ ω < ωR2}, I3 = {ωR2 ≤ ω < ωR3}, . . ., In+1 =

{ωRn ≤ ω < ω2}.
Step 5: Compute α using (4). In the course of compu-

tations set μ = (−1)i when ω ∈ Ii.
Step 6: Compute the real part R2 = αRL point by point

and extrapolate it beyond the given frequencies. At this step,
it may be suitable to fix R2 = 1 at DC (i.e., ω = 0) and
R2 ≈ 0 for ω > 1.5ωe for low pass designs (i.e. when f (λ) =
(1 − λ2)nc/2; where ωe designates the upper edge of the stop
band.

Step 7: Generate the reflection coefficient S 22 =
(αRL−jXL)−1
(αRL−jXL)+1 = S R + jS X over the frequencies ωi.

Step 8: Employing the fixed point iteration method,
model the reflection coefficient as S 22(λ) = h0+h1λ+...+hnλ

n

g0+g1λ+...+gnλn .
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Stop the fixed point iteration process when ‖hr − hr−1‖ ≤ δ.
Step 9: Synthesize the modeled reflectance function

and obtain the desired equalizer.
Step 10: Draw the obtained and desired T PG curves.

If the obtained one is not good enough, go to the next step.
Otherwise, stop the algorithm.

Step 11: Compute the imaginary part of R2 as X2 =

H {R2} over the frequencies ωi, where H {◦} denotes Hilbert
transformation. So Z2 = R2 + jX2 will be minimum reactive
impedance data.

Step 12: Generate the reflection coefficient S 22 =
(R2+jX2)−1
(R2+jX2)+1 = S R + jS X of the minimum reactive part of the
equalizer over the frequencies ωi.

Step 13: Employing the fixed point iteration method,
model the reflection coefficient as S 22(λ) = h0+h1λ+...+hnλ

n

g0+g1λ+...+gnλn .
Stop the fixed point iteration process when ‖hr − hr−1‖ ≤ δ.

Step 14: Synthesize the obtained reflection function
and form minimum reactive part of the equalizer.

Step 15: Compute the Foster data as XF = −(XL + X2)
over the frequencies ωi.

Step 16: Obtain the Foster function of XF data by using
the methods described in [9], [15].

Step 17: Synthesize the Foster function, and connect it
between the minimum reactive part obtained in Step 14 and
the load. Stop the algorithm.

Eventually, the above algorithm can be integrated with
a commercially available CAD package, to further improve
the performance of the matched system via optimization
[4]–[6].

Let us now present an example, to design a practical
equalizer for a passive load.

6. Example

In this section, a matching network design is presented. The
normalized load impedance data are given in Table 1.

It should be noted that the above load data can easily
be modeled as a capacitor CL = 4 in parallel with a resistor
RL = 1 (i.e. RL//CL type of load). In this case, using Fano’s
or Youla’s relations [1]–[3], the ideal flat gain level Tflat is
computed as

Table 1 Given normalized impedance data.

ω RL XL

0.0 1.00 0.0000
0.1 0.86 −0.3448
0.2 0.60 −0.4878
0.3 0.41 −0.4918
0.4 0.28 −0.4495
0.5 0.20 −0.4000
0.6 0.14 −0.3550
0.7 0.11 −0.3167
0.8 0.09 −0.2847
0.9 0.07 −0.2579
1.0 0.06 −0.2353

Tflat = 1 − exp(−2π/RLCLωc)

= 1 − exp(−2π/1 · 4 · 1) = 0.7921.

Let us design the equalizer over the normalized pass
band of 0 ≤ B ≤ 1. Thus, a low-pass Chebyshev transfer
function of (7) can be utilized, to generate T PG trace for
the matched system under consideration. In this manner, let
us choose Tmax = 1 and Tmin = 0.7921, then the ripple factor
ε2 is found as

ε2 = (Tmax − Tmin)/Tmin = (1 − 0.7921)/0.7921

= 0.2625.

To ease the physical implementation, let us employ
only four UEs in the minimum reactive part of the equalizer.
Thus, selecting nc = n = 4, k = 0, pre-selected form of T PG
is found as T PG = 1

1+ε2T 2
4 (ω)

with T4(ω) = 8ω4 − 8ω2 + 1.

Using the above inputs, the proposed algorithm yields
the trace of T PG, the ratio α, the real part R2 of Z2, the
imaginary part X2 = H {R2} and the Foster part XF as listed
in Table 2.

Eventually,

• choosing the normalized cutoff frequency at ωc = 1,
• upper edge frequency at ωe = 2.4ωc,
• equal line delays of UEs as τ = 2π

4ωe
= 0.6545 yielding

a quarter wave length (λe/4) at ωe,

the back-end reflectance S 22(λ) = h(λ)
g(λ) of the minimum re-

active part of the equalizer is determined via fixed point it-
eration algorithm as

h(λ) = −46.6935λ4 − 16.3815λ3 − 17.2858λ2

− 3.0477λ − 0.6492,

g(λ) = 46.7042λ4 + 29.4148λ3 + 23.6290λ2

+ 6.8694λ + 1.1922.

Then, the Foster data is modeled as a series shorted
stub with ZF = 0.7787, τ = 0.6545.

Finally, S 22(λ) is synthesized, and the Foster part is
connected between the equalizer and the load yielding the
complete equalizer topology with initial element values as
shown in Fig. 7.

Table 2 Trace of T PG, α, R2, X2 and XF .

ω T PG α R2 X2 XF

0.0 0.7921 0.3737 0.3737 0 0
0.1 0.8180 0.4019 0.3465 −0.0607 0.4056
0.2 0.8881 0.4987 0.3041 −0.0844 0.5722
0.3 0.9697 0.7036 0.2884 −0.0832 0.5750
0.4 0.9985 1.0801 0.3034 −0.0889 0.5384
0.5 0.9384 1.6601 0.3320 −0.1249 0.5249
0.6 0.8427 2.3144 0.3424 −0.1965 0.5515
0.7 0.7924 2.6743 0.3025 −0.2823 0.5990
0.8 0.8427 2.3144 0.2059 −0.3395 0.6242
0.9 0.9862 1.2666 0.0907 −0.3327 0.5905
1.0 0.7921 0.3737 0.0220 −0.2787 0.5139
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Fig. 7 Equalizer topology with line characteristic impedances: Z1 =

0.7207, Z2 = 0.1267, Z3 = 1.1041, Z4 = 0.1238, ZF = 0.7787, τ = 0.6545,
RS = 0.2949.

Fig. 8 Performance of the matched system.

Resulting transducer power gain of the matched sys-
tem is depicted in Fig. 8. Close examination of this figure
indicates that, current equalizer design yields a reasonable
initial solution with minimum gain of Tmin � 0.54 and max-
imum gain of Tmax � 0.96 (or the average gain of Tav =

0.75±0.21). This rough estimate is used to improve the per-
formance of the matched system utilizing the commercially
available design package called “Advanced Design System
(ADS)” of Agilent Technologies via optimization [6]. Thus,
the final normalized characteristic impedances of the UEs
are found as Z1 = 0.5204, Z2 = 0.1657, Z3 = 0.8837,
Z4 = 0.1307, ZF = 0.8288 with τ = 0.6545, RS = 0.3395
yielding Tmin � 0.73 and Tmax � 0.79 (or the average gain
of Tav = 0.76 ± 0.03). For comparison purpose, both initial
and the final performances of the matched system are shown
in Fig. 8.

As it is seen from above results, ADS’s optimizer
operates as a nice trimming tool on the characteristics
impedances (initial Z1 = 0.7207 vs. final Z1 = 0.5204, initial
Z2 = 0.1267 vs. final Z2 = 0.1657, initial Z3 = 1.1041 vs.
Z3 = 0.8837, initial Z4 = 0.1238 vs. final Z4 = 0.1307, ini-
tial ZF = 0.7787 vs. final ZF = 0.8288), reducing the ripples
of the transducer power gain in the passband as expected
(Tav(initial) = 0.75 ± 0.21 vs. Tav( f inal) = 0.76 ± 0.03),
preserving the flat gain level about Tflat = 0.75.

7. Conclusion

Actual design and realization of broadband equalizers (or
matching networks) demands the utilization of distributed

elements in the network topology. In this regard, com-
mercially available computer aided design tools (CAD-
Tools) are employed with properly chosen equalizer topol-
ogy. Once the matching network topology is provided with
good initials, these packages are excellent tools to optimize
the system performance by working on the physical dimen-
sions of the circuit components such as lengths and widths
of the transmission lines. From the practical point of view,
the width of a transmission line section is associated with
line characteristic impedance (Zi). The length of a section
introduces a time delay in (τi) seconds. At this point, se-
lection of the equalizer topology and initialization of (τi,
Zi) become very crucial, since the system performance is
highly nonlinear in terms of these quantities or equivalently
physical sizes. Therefore, in this paper, a new design pro-
cedure is proposed to construct lossless equalizers consist
of commensurate transmission lines (or equal length lines)
for matching problems. The new procedure includes three
major steps. In the first step, for a pre-selected transducer
power gain form, input reflectance data of the equalizer is
generated over the real frequencies. Then, the computed
data is modeled as a realizable-bounded real-reflectance
function via fixed point iteration method. Finally, this func-
tion is synthesized as a lossless two-port as cascade connec-
tion of UEs, open and short UE stubs in resistive termina-
tion, yielding the desired equalizer topology with transmis-
sion line-characteristic impedances. Eventually, the actual
performance of the matched system is improved utilizing
any commercially available CAD tool which in turn results
in the physical layout of the matching network to be manu-
factured as a microwave monolithic integrated circuit.

An example is presented to construct matching net-
works with UEs. It is exhibited that the proposed method
provides very excellent initials for the commercially avail-
able CAD packages to further improve the matched system
performance by trimming the values of (τi, Zi) for each sec-
tion. Therefore, it is expected that the proposed design pro-
cedure will be utilized as a front-end for the commercially
available CAD packages to design practical matching net-
works for wireless or in general, microwave communication
systems.
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[9] B.S. Yarman, A. Kılınç, and A. Aksen, “Immitance data modeling
via linear interpolation techniques: A classical circuit theory ap-
proach,” Int. J. Circuit Theory Appl., vol.32, pp.537–563, 2004.

[10] R.L. Burden and J.D. Faires, Numerical analysis, 7th ed., pp.61–63
and pp.605–608, Brooks/Cole, Thomson Learning, 2001.

[11] P.I. Richards, “Resistor-transmission-line circuits,” Proc. IRE,
vol.36, pp.217–220, Feb. 1948.

[12] A. Fettweis, “On the factorization of transfer matrices of lossless
two-ports,” IEEE Trans. Circuits Theory., vol.CT-17, no.1, pp.86–
94, Feb. 1970.
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