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Abstract— We study distributed estimation of a source cor-
rupted by an additive Gaussian noise and observed by sensors
which are connected to a fusion center with unknown orthog-
onal (parallel) flat Rayleigh fading channels. The fading com-
munication channels are estimated with training. Subsequently,
source estimation given the channel estimates and transmitted
sensor observations is performed. We consider a setting where
the estimated channels are fed-back to the sensors for optimal
power allocation which leads to a threshold behavior of sensors
with bad channels being unused (inactive). We also show that
at least half of the total power should be used for training.
Simulation results corroborate our analytical findings.

I. INTRODUCTION

In a typical wireless sensor network(WSN), a large number
of sensors that each one observes the physical phenomenon
represented by a parameter ¢ are deployed randomly in
a geological zone, and transmit their observations to the
fusion center (FC) over the wireless channels. FC which has
less limitations in terms of processing and communication,
whereas sensors have limited processing and communication
capability because of their limited battery power, receives
transmissions from the sensors over the wireless channels so
as to combine the received signals to make inferences on the
observed phenomenon.

Over the past few years, research on distributed estimation
has been evolving very rapidly [1]. Universal decentralized
estimators of a source over additive noise have been con-
sidered in [2], [3]. Much of the literature has focused in
finite-rate transmissions of quantized sensor observations [1].
The observations of the sensors can be delivered to the
FC by analog or digital transmission methods. Amplify-and-
forward is one analog option, whereas in digital transmission,
observations are quantized, encoded and transmitted via
digital modulation. The optimality of amplify and forward
in several settings described in [4], [5]. In [5], amplify-
and-forward over orthogonal parallel multiple access chan-
nelsMMAC) with perfect channel knowledge at the FC is
considered, where increasing the number of sensors is shown
to improve performance.
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Unlike our work in [6] which considers no channel status
information (CSI) at the sensor side with equal power alloca-
tion among sensors, here we consider power optimization in
this estimated CSI setting, trading off feedback complexity
with MSE performance. By doing this, we follow a two-step
procedure to first estimate the unknown fading channel coef-
ficients with pilots, and use channel estimates in constructing
the estimator for the source signal with linear minimum
mean square error (LMMSE) estimators. We characterize the
effect of channel estimation error on performance for optimal
power scheduling at the sensors, and imperfect estimated
channels at the FC.

We show that increasing the number of sensors will
eventually lead to a degradation in performance for a fixed
total power. Hence, in the absence of channel information,
deploying more sensors might not necessarily lead to better
performance. We also characterize the penalty paid for
estimating the channel to be factor of at least 4 (6 dB).

II. SYSTEM MODEL AND CHANNEL ESTIMATION

In our system model, as shown in Fig. 1, we consider a
wireless sensor network with K sensors whose %" sensor
observes an unknown zero-mean complex random source
signal 6 with variance o3, corrupted by a zero-mean additive
complex Gaussian noise ng ~ CA(0,02). Since we assume
the amplify-forward analog transmission scheme, the k*"
sensor amplifies its incoming analog signal 6 + n; by a
factor of v, and transmits it on the k%" flat fading orthogonal
channel to the fusion center (FC). In Fig.1, gz ~ CN(0, Ug)
and vy ~ CN(0,02) are the flat fading channel gain and
the channel noise of the k%" channel path, respectively.
The amplification factor «j varies with respect to the CSI
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Fig. 1.

Wireless Sensor Network with Orthogonal MAC Scheme
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available at the sensor side. The k** received signal at the
FC 1s given as
yk:gkak(9+nk)+vk,kzl,...7K. )

We will consider this receive model to estimate the source
signal #. Our two-step strategy, as illustrated in Fig.2, is first
to estimate parallel channels, and then estimate the source
signal given the channel estimates. We will use a LMMSE
approach [7] for both steps. In the first phase, the sensors
send training symbols of total power F,,.,, to cstimate the
parallel channels {gk}szl. In the second phase the sensors
transmit their amplified data, which bear information about
g, with the optimally shared powers {P;}} ; among the
sensors with respect to CSI. Note that the total power in the
two phases add to Pj,;. The fusion center uses the received
signal in the second phase and the channel estimates from
the first phase to estimate the source signal #. To estimate
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Fig. 2. Training and Data Transmission Phases

the parallel fading channels {g;}& | in the training phase,
we consider pilot-based channel estimation as illustrated in
Fig.3, where cach sensor sends a pilot symbol to the FC
over its own fading channel. The receive model for a pilot
s transmitted over the k** channel is

Tp = GkS+ Vi, (2)

where j, is the received signal over k" channel and vy, is
zero-mean additive complex Gaussian channel noise, vg ~

CN(0,02). Since the total transmiited training power is Pi,.,.,
2

we have P, = K|s|?. According to our observation model

g,
sz i -
s Cl—eg= .
£5 g )
L O N

9K

Fig. 3. Chamnel Estimation Scheme for Orthogonal MAC Channels

in (2), the linear minimum mean square error (LMMSE)
estimate §;, of the channel g is given as follows [7]

. Do e lon ] il

k= :
Bl lzel? |

where (-)* denotes the complex conjugate and the channel
estimation error variance d- is given as
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III. SOURCE ESTIMATION AND POWER ALLOCATION

After estimation of the unknown fading channels in the
first phase, in the second phase, we estimate the source
signal ¢ by choosing an LMMSE type source estimator
given the channel estimates { g, }1_, in (3), and the received
signal yy,...,yx in (1). In other words, we obtain the
source estimator 6 in the presence of channel estimation error
(CEE). The resulting MSE of source estimator will be our
figure of merit. Exploiting the orthogonality principle of the
LMMSE estimator, it is possible to give the minimum MSE
in the presence of CEE as follows [8]

e A
D=ozf1+y 2l =0 ]
= (’r/k (05 —62) + C(S“) P+ o2

1

with the following definitions:

Variance of §y, 05 = Ug 82
Observation SNR Yi=0 3 / o 31
Total training power P, =K \S|2
2 2
k" sensor data transmission power | Py := lakﬁ‘f#
Channel SNR ¢i=og/0;
~ 12
" estimated channel RN o 1 L
estimated channel power Nk (%752) EEy)
k" channel power Nk = Ug ‘(g;il')

Here, we express the channel estimator variance 4° using
(4) and Py,,, = K|s|? as

52 = (K02)/(K + CPip). ©)

Substituting (6) into (5), it is straightforward to verify that
(5) is a convex function of { I;,.,,, 1, - - - , Pk } by taking the
second derivative. For the purposes of optimization of the
MSE in (5) with respect to {Pgp, P1,-- -, P}, it suffices
to work with

N

BN

= (i (02 = 0%) +¢6%) P+ 02

The above function is a general form of the convex objective
functions considered in the sequel. We will work with special
cases of (7) to obtain MSE expressions both in the presence
and absence of CEE. Before we optimize the training power,
we will briefly review the perfect CSI case.

A. Perfect CSI Case

With perfect CSI both at the I'C and sensor side, the
variance of the CEE is zero, 6> = 0, and the normalized
estimated channel powers are equal to the normalized chan-
nel powers 7, = 1y Vk. By substituting 6% = 0 and #j;, = 7y
in (7), the optimization problem for the perfect CSI case is
obtained as follows

K
. Y i Pr
min — re——
Py, Px P T]kpk +1
Fig
8.4 Zpk S Ptot
k=1
PkZO » k:1727"':f{: (8)
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where the optimization is with respect to the transmit powers
at the sensors. This problem is considered in [5] for the best
linear unbiased estimator (BLUE). Adapting to the LMMSE
case, the optimum powers are given by

(Ptot +>

mEA Tm

Pr= ) — = g > TP (9)

mXE:A Vi

where A 1= {m|n,, > 7%} is the set of active semsors
whose data transmission powers are positive (i.e. Py > 0 or
equivalently 7, > 7)), and the threshold value 7#*7) is
given by

; 2

A e

R e
Pt + 3 o
mEA

(10)

The sensors whose channel powers are below the threshold
level are turned off in the data transmission phase.

B. Estimated CSI Case

In the estimated CSI case, we assume that parallel chan-
nels {gx}# , are estimated at the FC and the channel
estimates are fed back from the FC to sensors in order to
perform the optimal data power allocation strategy. So, after
training, the remaining power Fi,y — Fy., 18 optimally
shared among the sensors. Therefore, substituting (6) into
(7) we get the objective function of the following comnvex
optimization problem

K

. C Py P
min _ Z _ ¥ o & Pirn Pl
Pumsbrorn P A 5GP B+ KQPy = CPor + K
K
st P, + Z P, < Py
k=1
Ptrn 2 0
P,>»0 , k=12... K. (11

Now we solve the problem in (11). The Lagrangian function
is given by

K ~
Z F}/nkCPtrnPk
1 CPtTﬂPk+KCPk+CPtTTL+K
K K

_Al(PtOt_Pt_zpk)_AQPtfﬂ,_Z,u’kPk 3

and the following Karush-Kuhn-Tucker conditions are de-
rived from the Lagrangian function [9]:

K ; (L
N o Y C(CF: +1) Py =

(i CPrrn P + KCPy 4 ¢ Pinn + K

H

N Y (CPor + K) Pir 2)

il 5 0 vk,
K (3) (4) K (5)

M(Piot —Pion = P)=0 . M 20, P> Pr<Py
k=1 k=1

(€) (M) (8)
AEPt'rn:O y A? 2 0 > Ptrn 2 ]

©) (10)

Py = 0¥k | up 20 Vk

(1)
PoZ20vE . (1D
where (12.1) and (12.2) are obtained by 8L /8F;,,, = 0 and
AL/8F, =0, respectively. We will assume 0 < Py, < Pyt
which means Ao, = 0 as seen from the condition (12.6). From
conditions (12.9) and (12.11) active sensors with P > 0
have corresponding Lagrange multipliers pz = 0. We now
want to determine how much optimum data transmission
power has to be allocated for each active sensor. The condi-
tion (12.2) can be rewritten for active sensors (i.e, Py > 0

and pp = 0) as
14 & W (1 + =5
CPirn C‘”‘ 4/ P >0, (13)
1

e R
Using (13), it follows that for active sensors (P > 0) we
have #, > = (1 + ng
the follomng threshold

A K
(est) — A 1 )
T + ,
Y ( CPtrn

the k** sensor will be activated in the data transmission
phase. In the equations {13) and (14), the Lagrange multiplier
Aq still needs to be determined. Let the active sensor set be

P+

. This means that 7 if exceeds

(14)

defined as B := {£|f; > 7} for the estimated CSI case.
Recalling > F; = Fiot — Pirrn, we sum both sides of (13)
i€B
14— /e {1+ pm
Ptot Ptrn""Z CPtrn - Z g i . (15)

EEBW"'R - licz et Ptm

Solving for Ay in (15) and substituting into (13) and (14)
the optimal data power P} and the threshold level 7l=2t) are

obtained asg
Enk «
* 13 +Ptrn 1 + CFten
Pk = _\/a Ptot Ptrn + -~ K
o Py s v
e Tete,
1+ A&
7?’? +CP};71 , Vﬁk -~ T(est) (16)
k Pren
and
r 2
K ?]z
I+ ez 42;8 I
rlest) = , (17)

Ptotfpt'rn“r(l‘i’gptrn)g; ng-l—l—

Fiop

respectively. As seen from (16) and (17), the optimum data
transmission power per sensor and the threshold depend on
the training power Pi.,. We now want to find the optimum
training power P} . Substituting (12.2) into (12.1), we get
the following equation,

Pi:* : t*
Bl By pilyor,
£ER EEB

(18)
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and note that the total optimal training power F; depends
on the power of active sensors, F; . Equations (16) and (18)
show that P} and F};, depend on each other and the channel
realizations. Since the total training power Fi., must be
selected without knowing the channel realizations, we would
like to bound it with a value that is not channel dependent.

Toward this goal, we use Cauchy-Schwartz inequality,
) 2
2
S E (zpe) - (za) R
2e8 £€8 £€8

where |B| is the cardinality of the set of active sensors.
Substituting the above lower bound into (18), and using

5 B = P, — Ff, on the right hand side, we obtain the
f=p=
following lower bound on the optimal training power F7 :
P
Bz 5", (20)

which establishes that the total training power should be
chosen at least half of the total power.

C. Comparison of Perfect and Estimated CSI Cases

In subsection, we want to find the relationship between
total power of the perfect and estimated CSI cases, P,:(p =r)

and Pt(ﬁt) that would ensure that the MSE in the two cases
would have the same distribution, for a fimite number of
sensors and large total power. More concretely, our goal
is to determine the ratio of the total powers of the perfect
and imperfect CSI cases for identical distributed MSEs while
total power goes to infinity. Since Ff,., > Fi: /2 from (20),
when F.,; — oc, the optimum training power Ff  — oo
which means that channel estimation error variance goes to
zero (3% — 0) as seen from (6). Eventually, the estimated
channel powers approach to the true channel powers 7%, —
fp Vk since channel estimates approach to true channels
g — g vk. Additionally, with large total powers, all the
sensors become active, for both perfect and estimated CSI
cases because threshold levels in (10) and (17) go to zero
as the total powers goes to infinity. Under these conditions,
we wish to make the objective functions for perfect and
estimated CSI cases in (8) and (11) equal which ensures
that the resulting solutions will be the same. The objective
functions in (8) and (11) are equal if and only if

K  (, K 11
Ptrn Cpt'rn Pk(ESt) B Pk(per) ’

where Pk(*””) and P, (e5t) are the powers allocated to the k%"
sensor in the perfect and imperfect channel cases, respec-

tively. Keeping in mind Z p o) = plren) multiplying

(21

both sides of (21) by P, (?’m) and summing, we can reexpress
(21) as

E_ p,lren)

peen) ( 1 1 )
ot} =+ 1.
Ptrn K C-Ptfn kZ:; P]C(E'St)

(22)

Multiplying both sides of (22) by Pt(fft) / Pt}J =) and inverting
both sides of the equatlon we have the following expression
for the power ratio Ptgff / Ptfft)

-1

P, lper)
e es P(:St) K “(per)
Pt(ﬁi ) _ Pt( ? 1 1 1 }gt:-n Z pt(opt ) (23)
est est ast
t(ot ) Birn K Cpt ) b= Pk((sst))
]Jtot
Recalling Pt(ier) — oo together with Pt(fft) — o0, from (9)

and (16) we obtain the limit of the &% summation term in
{23) as follows

p,teer)
lim Pt = ! -
P By Tl A
Pt(f; ) Py oo
1
- 24
17 (24)

where we used 7, — 7z, and r is defined as the asymptotic
ratio between the training and the total powers of the
estimated CSI case as follows

lim P

PP P

tot TR

= (25)

For a given r, substituting (24) and (25) into (23) and taking
the limit, the asymptotic power penalty ratio between the
total powers of perfect and estimated CSI cases that make
the MSEs identical is obtained as

R(gptsr) 1 1 -1

P(est) - ( + —'f') _T(]‘_T) y (26)

limn St
Pt(;;t)%oo tot r

It is clear from (26) that the maximum ratio is obtained as

p(?BT’) 1
lim t(est) =3 (27)
Pt(f;t) — e Ptot

when r = 1/2 (50% training power). We can thus conclude
that for large total transmit powers, the penalty paid for not
knowing the channel is 6 dB, which is achieved when F;,.,
is half the total power.

IV, NUMERICAL RESULTS

In Fig.4, we illustrate that there is an optimum number
of sensors that minimize the MSE. We also observe that
the number of sensors that minimize the MSE increases as
the total power F,.; increases for the estimated CSI case
with a 60% training power ratio. Fig.4 confirms that the
MSE performance in the estimated CSI case is exhibiting
a degradation beyond an optimum number of sensors.

In Fig.5, the power penalty ratios on the horizontal axis
can be read off when the average MSEs are equal (the y-axis
is one), and the power penalty ratio PE /P2 s seen
to be about 0.24 for the MSE performances of perfect and
imperfect channel cases to be equal with r = F,.,. / t(fﬁt) =
60% when the sensor powers are optimized.
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The cwrves in Fig.6 are plotted for various training
power ratios for the estmated CSI case. In this figure,
we observe that the asymptotic ratios of total powers are
roughly PL2e™/pLest) — .25 0.24,0.21 and 0.16 for r =
HM/Pt((fftg = 0.5,0.6,0.7 and 0.8, respectively, which 1s
predicted by (26).

V. CONCLUSIONS

In this work, we study the effect of fading channel
estimation error on the performance of distributed estimators
of a source #. A two-phase approach was employed where in
the first phase, the fading coefficients are estimated, and in
the second phase, these estimates and the received signal are
used to estimate the source #. The optimum training power
in this setting was shown to be greater than half the total
power. In assessing the loss in total power due to channel
estimation n this optimized sensor power setting, we used an
asymptotic analysis where the total transmit power was large.
Tt was found that the power penalty ratio between perfect and
imperfect CSI cases was about 6 dB.
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Fig. 4. Average MSE vs. number of sensors for the estimated CSI case
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