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the weak generalized solution, and also continuous dependence upon the data of
the solution are shown by using the generalized Fourier method. We construct an
iteration algorithm for the numerical solution of this problem.

1 Introduction
D denotes the domain

D:={0<x<1,0<t<T}.

Consider the equation

du  0%u %u

. T AL, T T LT )t’ ) 1

ot o2 Soar bW M
with the initial condition

u(x) 0) = go(x), X € [O) 1]r (2)

the nonlocal boundary condition

u(0,t) = u(l,t), tel0,T], 3)

uy(1,£)=0, tel0,T], (4)

for a quasilinear pseudo-parabolic equation with the nonlinear source term f = f(x, ¢, u1).

The functions ¢(x) and f(x, ¢, u) are given functions on [0,1] and D x (-0, o0), respec-
tively. & € [0, &¢] is a small parameter, g9 > 0.

Denote the solution of problem (1)-(4) by u = u(x, t, ¢).

This problem was investigated with different boundary conditions by various re-
searchers by using Fourier methods [1].
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In this study, we consider the initial-boundary value problem (1)-(4) with nonlocal
boundary conditions (2)-(3). The periodic nature of (2)-(3) type boundary conditions is
demonstrated in [2]. In this study, we prove the existence, uniqueness convergence of the
weak generalized solution, continuous dependent upon the data of the solution; and we
construct an iteration algorithm for the numerical solution of this problem. We analyze
computationally convergence of the iteration algorithm, as well as treating a test example.

We will use the weak solution approach from [3] for the considered problem (1)-(4).

According to [4, 5] we assume the following definitions.

Definition 1 The function v(x, t) € C?(D) is called test function if it satisfies the following

conditions:
vix, T) =0, v(0,%) = v(1, 1), vx(1,£) =0, Vte[0,T]andVx e [0,1].

Definition 2 The function u(x,t,¢) € C(D) satisfying the integral identity

r ! av 82‘/ 331/
/o /o [(5 e "Sm>”+f(x,t,u)v} dxdt

! 3%v(x,0)
+/0 w(x)[V(x,O)—ev] dx =0, (5)

for arbitrary test function v = v(x, t), is called a generalized (weak) solution of problem

(1)-(4).

2 Reducing the problem to countable system of integral equations

Consider the following system of functions on the interval [0, 1]:

Xo(x) =2, Xox-1(x) = 4 cos(2m kx), ©
6
Xor(x) = 4(1 —x)sin(2mkx), k=1,2,...,

Yo(x) = x, Yor_1(x) = x cos(2mkx), Yor(x) = sin(2m kx), k=1,2,.... 7)

The system of functions (6) and (7) arise in [6] for the solution of a nonlocal boundary
value problem in heat conduction.

It is easy to verify that the systems of function (6) and (7) are biorthonormal on [0,1].
They are also Riesz bases in L,[0,1] (see [7, 8]).

We will use the Fourier series representation of the weak solution to transform the
initial-boundary value problem to the infinite set of nonlinear integral equations.

Any solution of (1)-(4) can be represented as

U t,e) = Y wilt, ) Xa (), 6))

k=1
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where the functions u(t, ¢), k = 0,1,2,..., satisfy the following system of equations:

uo(t,e):<p0+/0fo(r)dr,

k3t 1 t _ @ak)2(-1)
Uk t’g = @yre 1+e(2mk)? + 4/‘ Hi(T)e 1+e(2mk)? dT,
Le)=¢ 1+e2nk)? Jo Su(®)

(2mk)? _ ek’
Ur1(t,€) = 1 - [P A e Llre(2mk) 9)
2%-1(8,€) <§02k 1~ P2k 1+ eQ27k)? P2k

1 ! (27k)?
e [fzk*(” i (1 i m)“— f)ﬁk“)}

_ @rk2(-1)
.e 1+£(27rk)2 df,

where
1
Wk = / @(x) Yi(x) dx,
0
1
Ji(x) = / fx, t, u)Yi(x) dx.
0

Definition 3 Denote the set

{u(t,e)} = {uo(t, ), uak(t, €), una (t,€),k =1,2,...},

of functions continuous on [0, 7] satisfying the condition

[o¢]
Orgng|u0(t,s)| + lg:(orilixT!uz/((t,eﬂ + OrgixT|u2k,1(t,e)|) < 00,
by B. Let
o0
||u(t,8) || = Or;lfﬁxT|u0(t,8)| + Z(g?%XTWZk(t’g” + OrgfﬁxT|u2k_1(t, 8)|>

be the norm in B. It can be shown that B is a Banach space [9].
We denote the solution of the nonlinear system (9) by {u(t, ¢)}.

Theorem 4
(1) Assume the function f(x,t, u) is continuous with respect to all arguments in
D x (—00,00) and satisfies the following condition:

[f(t,x, u) —f(t,x, it)| < b(t,x)|u - ul,

where b(x, t) € Ly(D), b(x,t) > 0,
(2) f(x,t0) € C*[0,1], t € [0,1],
(3) p(x) € C*[0,1].
Then the system (9) has a unique solution in D.
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Proof For N =0,1,..., let us define an iteration for the system (9) as follows:

t 1
e =l we [ [ (5 <2”5’N)“’8’
0o Jo

+4 Z(ug;([)(t,s)(l —&)sin2w k& + u(zl;([zl(r,a) cos 2nk§))>:§ dé dr,

k=1

1 —271/( tr)
u21>(1+1)(t g) = u2k (t 8)+ 27‘[/()2/ / e l+e(2mk)? (é: T, <2u0 (t,¢)

+4 Z(u(;,\(/)(r, )1 - &)sin2wkE + u(zl;gl(r, £) cos 2nk“§)>>

k=1
-sin2mw k€ dé dt,
(N+1) U ke ™)
Uy (€)= uzk (&, 8) + m/ / e 1*””“ f &7, | 2u '(7,¢)
+ 4 Z(u(;;([)(t,e)(l —&)sin2w k& + u(zl;(lzl(r,e) cos 2nk$)>> (10)
k=1

1 _@r (t-t
'Ec0s2nkéd5dr+ (271]()2‘/ / e (1+Ek2ﬂ’< ) (é 1:,<2u0 (7)

+4 Z(ug}f)(r)(l — £)sin27wkE + uzk 1(t) cos 2nk€))>

k=1

<(t—1)sin2mwké dé dt
1 —@rk?(-1) r) (27rk)2 N)
1+e(2mk)2 )T, 2
T l+e 2nk / ,/ ¢ 1+e(27'rk)f 57 uo (z.€)

+4 Z(”zk (r,8)(1 - &)sin2wkE + uzk_l(r,e) cos 2nk$)>>

k=1

- (t — ) sin2wké d& dx,
where, for simplicity, we let

N(g,7,e)

= 2ME)N)(‘C, €) +4 Z(ug}({)(r, &)1 —&)sin2mkE + u(ﬁgl(r, &) cos 2rk§),
k=1

¢l
ug\[+1)(t,s)=u§)0)(t,s)+/ /f(S’TfA”(N)(f’7’8))5‘15”’17’

27r/< (t— r)

M(ZI]\(I+1)(t,8)=M(2(;()(t,8)+ 2nk /fe Tre (k) 5 7, AuW (€»T,8))

-sin 2w k& dE dr, (11)
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(N+1)
u2k+1 (t) = “2k (8€)

271k t—r)
/ / e ek f(g,7, AuN (£, 7,))E cos 2mkE dE dt
1 +&( 2nk

211/(
1+8(27Tk //e Mznk étAu (S’t’g))

- (t — 1) sin 2w k& d§ dt

_ @rk2(-1) 27‘[/()2
L+e(2mk)2 JT,A (N) T,
1+8(27‘[k)2/ / e 1+8(27Tk)2f(§ T, Au(§,T 8))

- (t — t)sin 2w k€& d& dr,

(27k)?t
0 0 “TreoanZ 0 2mk)?
where ul)(t,€) = @o, ul)(t,6) = pae 07, 4D (t,6) = (pox1 — pox + lfazrzﬂ)k)z Pak) X

_ rk?e
e 1+Q2mk)? |

From the condition of the theorem we have #)(¢, ) € B. We will prove that the other
sequential approximations satisfy this condition.
Let us write N = 0 in (11).

¢
”5)1)(t,8)=uéo)(t;8)+/o /0f(é,t,Au(O)(E,r,s))dsdr.

Adding and subtracting fot fol f(&,7,0)dé dt to both sides of the last equation, we obtain

t 1
Vit e) = ul(t,e) + / / [£ (£, 7, A €, 7,8)) - £ (£, 7,0)] dE d
0 0

+/Ot/01f(‘§,t,0)d§d‘[.

Applying the Cauchy Inequality to the last equation, we have

1

t % t 1 2 2
’ug)(t,s)‘ <ol + (/ dl’) (/ {/ [f(é,r,Au(O)(“g‘,t,e)) -f(&,7,0)] d*g‘} dt)
0 o UJo
t % t 1 2 %
+</ d‘L’) (/ {/ f(S,I,O)déE} d‘L’) .
0 o Lo
Applying the Lipschitzs Condition to the last equation, we have

t 1 2 %
(e, 8)|<|<P0|+\/—(/ {/ b(s,r)|Au(°>(s,r,e)|ds} dr)
0 0

A [ronmaf )’

Let us use

’Au(o)(f,r)| < ‘u(o)(r,s)‘.
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Taking the maximum of both sides of the last inequality yields the following:

ma [u6,6)| < ol + V[ 0], [106 )] + V10,

O @kt @rk)? (- 1'
Uy (t,€) = pore 140 4 Tie an / / e e f(&,7,Au”(£,7,¢))
-sin2w k& dé dr.

_ @rh2(-1)
Adding and subtracting m fot fol e @2 f(£,1,0)sin2m k& d& dt to both sides of

the last equation, we obtain

W __@rl?t
Uy (t,8) = poge 1+eCr?

27r/<
1+5(27rk (0) _
1+82nk //e /(& 7,Au®(E,7,8)) - f(§,7,0)]
-sin 2w k& d& dt

2nk
1+8(27Tk)2/ / e l+s(2nk f(g’l. 0 Sln27rk$d“§d7;

Applying the Cauchy Inequality to the last equation, we have

’L‘Zk (t6)|

t_20rk?(-1) 3
< |lgak! + (/ e Lwerh? dt)
0
t 1 1 2 %
. </0 {m/o [f(g’ T’AM(O)(%_»T,S)) —f(g, 7,',0)] sin 2w k& d&} dr)

t _2(271k)2(t—2r) 3 t 1 1 2 3
1+e(2mk) T, : 2 .
+(/(;e dr) (/0{1+8(2nk)2/0f(510)sm nkédé} d‘[)

Taking the summation of both sides with respect to k and using the Holder Inequality

yield the following:

1
2

t£)|

; Z |par] + (; kZ(W)Z)
(%
1 (& 1 %
T ovan <kz K 1+e<2nk>2>2>

t X 1 2
(/0 ;{/0 f(f»r,O)sinanEdS} d‘[) .

1
2

2
{/ ‘g‘ r,Au(O)(é,r,e)) —f(é,r,O)] sin 2w k& dS} d'()
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Using the Bessel Inequality in the last inequality, we obtain

i Ut,e)| < Z|m|+ (/Oki{/ [f (6.7, AU e, 7,0)) ~ £(6,7,0)]

2 \?
- sin 2w k€ d& } dt)

1 t 1 ) 2 %
+m</o kzl:{/of(é,r,o)sm2nk$d§} d‘[) )

Applying the Lipschitzs Condition to the last equation and taking the maximum of both
sides of the last inequality yield the following:

[o¢] [o¢]
0 1 ©
EO?EXTW%(LS” < kXﬂ: l@ak| + Wi b, 0) ||L2(D) |4 (5 0)] 5

1
Wz If 2,0, )

(2mk)? _ (271k)2t2
M t £) = 1 - + —¥ e l+e(2mk)
2/< 1( )= <§02k 1=t T k2 <ﬂ2k)

271k
D) k)zf / et f(&,7,Au®(&,7,8))& cos 2mké dt d
E\LTT

_ @rk2(-t
1ve0 k)Z/ / e f{e, 7, A6 7.)
+ E\LTT

- (t—t)sin 2w k& dE dt

2rr/< (t 7) (27.[/()2
Tre(2rk)2 , ,A (0) T,
Cl+e 27rk ,/ / e 1+g(2nk)zf(§ T, Au” (&, T s))

- (t—1)sin2w k& dé dr.

Adding and subtracting

27'rk
1+s(2nk)2/ / e 1”(2’”‘ f(f 7,0)€ cos 2 k€ dE dt,

27r/<
/ / e 1+s(2nk f(g 7,0)(t — 7)sin 2w k& dé dt,
1+&( 2nk

et (i
1+£(27rk)2/ / e k? T+ e@n k)zf(r;&: 7,0)(t — T) sin 27 k& dE dt

to both sides of the last equation and applying the derivative to ¢o, we obtain

1 (2 k)? __@rk?t
W ,
Uy (L,€) = (§02k—1 ey Do + 1+ e(2rk) @y |e 1reeTk?

1 —27zk)2L r
1+8(2nk)2/ / e 1 [f(5,7,Au” (€, 7,8)) - £(€,7,0)]
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- & cos2mké dE dt

1 - 271k)2 (t— r
1+e(2mk)2
1+827‘[k / / e f(&,7,0)& cos 2w ké dE dt

1 72nk)22 7)
1+8(27rk)2/ / e ek [f(&,7,Au” (¢, 7,e)) ~ f(£,7,0)]
- (t—1)sin2w k& d€ dt

1 —27rk)22 t
v k)2f f e 1ert” f(g,7,0)(t — 1) sin2ké d§ de
+ E\LTT

1 —nk? Lo (27k)?
1+e(2mk)
1+s(2nk>2/ / ¢ 1+ e(rk)?

: [f(S,T,Au (E¢T’8)) —f(é, T, 0)](t— ‘L') Sill27'[k§ d‘E dt

1 —@rk?(-1) r) 271]()2
1+s(27‘[k
e s(znk)z / / ¢ 1+ e@rk?

-f(&,7,0)(t — 7) sin 2w k& d& dr.

Applying the Cauchy Inequality to the last equation, we have the following:

|"‘2/< (& 8)|

1 1
+ —
K71+ e(2mk)? 12

1
t 22rk2(-1) 2
+</ e 1+e(2mk)2 d‘[)
0

t 1 1
' (_/0 {m/o [f(E,T,Au(O)(&‘E,a)) —f(%',f,())]

1

2

1
< e —o
= |(p2k 1| A72K2 |<P2

2
- & cos2mwké d&} dr)

1

t 22rk2(-1) % t 1 2 3
+<f e 1+s(2rk)? dr) (/ {/f(é,r,O)écosanEdé} dt)
0 o LJo
([ )
0
t 1 1
([0 {m/{) [f (&7, 4u® (€, 7, 0)) - (£,7,0)]

2 \}
-(t—r)sinanédé} d‘[)
t2enen 3
+</ e 1+e(2mk)2 df)
0
t 1 1 2 )
' T A\ 3 10 t— i 2 k d d
(/o {1+e(2nk)2/of(s 7 0)(¢ - 7)sin2mkg g} T)
£ 20rk%(-1) %
+ (/ e 1+e(2k)2 d‘f)
0
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t 1 1 (2 k)z
- [) { 1+e(2mk)? ./0 1+ SJ(Tan)z [f (&7, 4u0, 7,8)) - (£,7,0)]

—

2
-(t—1)sin2wké dé} dr?

1
t20rk2(-0) 2
+</ e 1+e(2mk)2 df)
0

‘ 1 U @mky? 2 \?
(/0 {1+8(2ﬂk)2/0 1_fgj(TZ;k)2f(§,r,0)(t—t)sin2nk§-‘d§} d‘L’) .

Taking the summation of both sides with respect to k and using the Holder, Bessel, and

Lipschitzs Inequalities yields the following:

oo

Z Zk 1(t ‘9) Zl‘ka 1| + (4\/_ \/_> k2:;|(pgk|

k=1
4—\/§(/Otfolbz(é’f)|u(0)(f,8)|2déd1>2
t 1 !
%([G /sz(é,r,O)dgdf)

1 3
/bz(’;‘,r)|u(0)(r,a)|2dédr)
0

x\

( /lfz(s,r,O)derf
(f f V€, 1) |u(z,¢)| dsﬁ)
o el (f /fz(s,r 0) dgdr) .

Taking the maximum of both sides of the last inequality yields the following:

s!

o0
D max [us(t,¢)]
k=1
1+4
<Z|<P2k1|+< ] >Z|<ﬂ

1
(0)
* m L WL Al
IT| ||
7 ||b(x, t) “LQ(D) ||u(0)(t,£)||B + A Hf(x, L 0)||L2(D)

IIb( 20) 1 |14 te)HB IV(xn 01,0
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Finally we have the following inequality:

||u (t, 8)||B =2 max !uo)(t 8)| +4Z(max |u (¢, 8)| + max |u2k (& 5)|)

> 1+4
52|<po|+42(|¢2k|+|¢2k1|)+( A )Z|¢

k=1

(2T 4 BRI (] a0

I

Hence u"(t,¢) € B. In the same way, for a general value of N we have

o]

”u(N te), =2 [max |u0 )| +4Z<max |M(N) (te)| +0mtaxT|u(21,21(t,8)|>
<t<

> 1+47%\ —
<200l +4 Y (loul + loaxaal) + ( NG ) > les
6 k=1

k=1

T+ ——5 [5G0 )[4 E )] )

<2J_ V3 (1+2fn)~/_|T|)

+(2f V3 (1+2ﬁn)ﬁ|T|>(

T —— ) IF&s0l,,y

considering the induction hypothesis that #N-(t,¢) € B, we deduce that u™)(t,¢) € B,

and by the principle of mathematical induction we obtain
{u(t,e)} = {uo(t, &), us(t, €), uria1(t,€),k = 1,2,...} € B.
Now we prove that the iterations #N*(t, £) converge in B, as N — co. We have

(1)(tr 8) - M(O)(tr 8)

oo

=2(ug (t,6) =g (6,6)) + 4 ) _[ (g (1) = g (6 €)) + (g, (t,6) = 1), (€))]

k=1

1 - 27rk
= 2/ / e 1+ znkﬂ f(&, 7, Au(E,7,8))E dE dt
1 _@rk?(- z)
/ / e 1l f(g,1, AuO (£, 7,))E cos 2mkE dE dv
1 +&( 27rk

1 7271/( tr)
Tlre2 k)2/ / e ween? f(&, 7, Au (&, 7,¢))(t - T)sin 27 kE dE dt
e(2m

1 —@rk?(-1) r) (2nk)2
1+s(271k) , ,A (0) T,
1+ 8(271’/()2 / / ¢ 1+ g(zﬁk)zf(g T, Au” (€, 7,¢))

- (t—t)sin2wké d& dr.
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Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and
the Bessel Inequality to the right side of (11), respectively, we obtain

|u(1)(t, &) —u(t, s)|

oo
< 2|u§)1)(t,5) - ug))(t,s)| +4 Z(|M(21k)(l’,8) - u(z(;()(t,e)| + |u(21k)_l(t,e) - u(z(;()_l(t,s)D
k=1

< <2ﬁ+ ¥, M) (/t/IbZ(E,r)dé’ dr>7|u(°)(t,£)\
3 3 o Jo

+(2ﬁ+§+(1+2\/§n)\/§|T|)(/t/1f2(§,r,0)d$df)2.
3 o Jo

3
Let
t pl 3
AT=[(2«/T+§+M)(/ / bz(g,z)dgdr) [u®(2,¢)|
VB @+ 2VEIOVAITI ([t [* :
+ (2ﬁ+ 5 + f) (/0 /0 fz(f;‘,r,O)dEdr> :|,

u?(t,e) — uP(,¢) = Z(Ltf)z)(t, g)— ugl)(t, £))

+4) [(u5 (10) - us)(1,0)) + (uy, (8 6) — w1 (,6))]-

k=1

Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and
the Bessel Inequality to the right hand side of (9), respectively, we obtain

‘u(z)(t, &) —uV(z, 8)‘

<2[ul(t,e) - ul(t,¢)|

oo

+4) (| () — (6 )| + |uy (1 6) — 1y, (1 €)])
k=1
V3 (+2v20)EITIN ([ [ :
5(2ﬁ+?+f)(fo /0 b%g,ﬂdgﬁ) Ar,

u®(t,e) - u®(t,6) = 2(ul) (t,6) - ul (. €))

+4) (0 (0) — ugg (8,€)) + (g ) — gy (8,€)) ).
k=1

Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and
the Bessel Inequality to the right hand side of (9), respectively, we obtain

!u(s)(t, ) —u?(z, 8)|

o0
< 2|u§)3)(t, g)— ugz)(t,e)| + 4 Z(|u(23k)(t,e) - u(22k)(t,s)| + \u(;k)_l(t,s) - u(zzk)_l(t,s)i)
k=1
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t pl %
< (24 /T + é + M) (/ / bz(f,r)|u(2)(t,s) _ u(l)(t,s)|2d§ dr)
3 o Jo

3
2
< <2ﬁ+ ? + 7(1 * an)ﬁ> Ar

- [/()[/Olbz(g,r)(/or /olbz(&,rl)dél dn) de drr

VB A+2vZOENE LT[, 2
5<2ﬁ+?+f) AT\_EK/O /0 b(s,r)ds;dr)] )

In the same way, for a general value of N we have

[NV (t,e) - u(t, 6)]|

<2|ul"V(t,e) - ul (. 6)|

+4~Z(|MN+1 (t,s)—u%(t,s)! |uzl;(”11 (¢ €) - “2k 1(t e)|)
k=1
V3 @+2Vam)VBITNY Ar [( (' 1), ak
§<2ﬁ+?+ 3 ) W[(/;/; b(E,t)dédt)]

V3 (1+2427)V3|T N
< <2ﬁ rogt 3 ) T 1ZE] s (12)
Then the last inequality shows that the u™*V(¢, £) converge in B.

Now let us show limy_, oo #™N*V (¢, &) = u(t, &). Noting that

(6,7, Au(g, 7, e)] - f[&, T, Au™N (&, 7, ¢)] |6 dE dT

1 - 2nk)2 (t— r
e 1+e(2mk)2
1 +&( 271/(

. {f[f;‘, 7, Au(g, 'C,S)] —f[S, 7, Au™M (¢, T,S)]} sin2mw k& d& dt

1 - 271/()2 (t-1)
e 1+5(2nk
1 +&( 2nk

. {f[é, 7, Au(g, t,s)] —f[fg’, 7, Au™ (¢, t,s)]}é‘ cos 2w k& dE dt

1 - 27rk)2 (t— t
e 1+€(271k
1 + 8(27Tk)2 / /

(- r){f[é, T, Au(g, ‘L',S)] —f[&, 7, Au™M (€, I,s)]} sin2mw k& d& dt

1 _@rk?(-1) r) (271,/()2
1+e(2mk)?
<1 +s(27tk)2/ / ¢ 1+ e(2nk)?
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(- r){f[é, T, Au(g, T,e)] —f[&, 7, Au™M (&, T,s)]} sin2mw k& d& dt

- (zﬁ+ ? N M) 6|

LD) [u(z, &) — u®

it follows that if we prove limy_, o [|lu(t, &) — u™(7,€)||3 = 0, then we may deduce that
u(t, &) satisfies (9).

To this aim we estimate the difference ||u(¢, €) — u™*D (¢, £)|| 5; after some transformation
we obtain

|M(t7 8) - M(N+1)(t: 8)‘

=2|uo(t,€) - ul (¢, ¢)|

+4> (|ux(te) - ul (k8| + uza(t 8) - uSy Yt e)])
t pl
52‘/ f (/6 7 Auts, 1,0 - f[5, T, 4w (&, 7, 0) |} dt d
o Jo
1 —@rk(-1) r
/ / e 1+e(27k)2
1 +é&( an
.{f[E:T,AM(%‘,T,S)] _f(s’t’Au(N)(g»T:S)]}Sin2nk§;d§dt
1 _@rk?(- f
1+e nk
1+8 2nk / / e 1
Af[E T A, T 6)] —f[E T, AuN(E, T, 6)] J& cos 2mkE dE d
I _@rk?(- o)
1+F27T/(
1+8(27Tk)2/ / e 1t
' (t_r){f[E’T»AM(E,T,E)] _f[E’T’AM(N)(srT;S)]}SiHZNk%'dg dr
o
1+8(27rk)2/ ./ ¢ 1+e(2mk)?

(t— r){f[é, t,Au(E,r,s)] —f[é, t,Au(N)(S,r,a)]} sin2w k& d& dt|.

Adding and subtracting f(£,7,AuN*V(&,7,¢)) under the appropriate integrals to the
right hand side of the inequality we obtain

ult, ) ~uN (1, 0)| < (zﬁ EN M)
- 3

3

t pl %
: {/ / VA&, ) u(r, &) - uN (e, 6)[" dt dt}
0 Jo

Page 13 of 22


http://www.advancesindifferenceequations.com/content/2014/1/277

Baglan and Kanca Advances in Difference Equations 2014, 2014:277
http://www.advancesindifferenceequations.com/content/2014/1/277

T+

t pl i
-L/ ]1bﬁéﬂjd$dr} [« (e, e) - (g, 8) || 5.
0 0

Applying the Gronwall Inequality to the last inequality and using inequality (11), we have

. (2f ? N (1+2~/§3ﬂ)«/§|T|>

e, e) - u¥ D e,

(N+1)
=< /%AT(Z\/T+ \/?§ + —(1 Bl 2ﬁ§)ﬁ|T|) Hb( L 1) || N+1)

V3 (1+2v27)V3IT?
(2ﬁ+ Y + f)

-exp (LX) (13)

For the uniqueness, we assume that problem (1)-(4) has two solutions «, v. Applying
the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and the Bessel
Inequality to the right hand side of |u(t, €) — v(¢, €)|, respectively, we obtain

‘u(t,e) - v()f,s)!2

(2ﬁ \/_ w>//bzér rs)—v(t,8)|2d‘§dt,

applying the Gronwall Inequality to the last inequality we have
u(t,e) = v(t, e).
The theorem is proved. O

3 Solution of problem (1)-(4)
Using the solution of the system (9) we compose the series

o0
2ug(t, &) + 4 Z[MQk(t, &)1 —x)sin 2w kx + uqi_1(¢, &) cos 2nkx].
k=1
It is evident that the series converges uniformly on D. Therefore the sum
o0
ult,t,8) =2uy(t,8) +4 Z[uzk(r,s)(l — &) sin2w k& + ugr_1(z,€) cos 271/(5],

k=1

is continuous on D. We have

t
u(&,7,8) =2up(t,8) +4 Z[uy((t, &)1 - &) sin2mw k& + usp_1(t, &) cos anf;‘]. (14)
k=1

From the conditions of Theorem 4 and from

llim u(&,t,e)=uE,t,¢),
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it follows that

Jim f(,7,(t,6,2)) =f (6,7, u(6,7,2)).
Using

u(&,7,¢)

and

!
©i(x) =2¢9 + 4 Z[(pgk(l — x) sin 27w kx + @o4_1 COS anx], x €[0,1],
k=1

on the left hand side of (5) we denote the obtained expression by J;:

T 1 9 82 83
I = /0 /0 [(a—: + a—x‘;gm‘;t)u(;)(x, 5,€) +f (% £, ug) (%, 8, €))v(x, t):| dxdt
1

3%v(x,0
+/0 <ﬂ(l)(x)|:v(x,0)_g%:| .

(15)
Applying the integration by parts the formula on the right hand side, the last equation,
and using the conditions of Theorem 4, we can show that

lim ]1 =0.
>0
This shows that the function u(x, t, ) is a generalized (weak) solution of problem (1)-(4).
The following theorem shows the existence and uniqueness results for the generalized

solutions of problem (1)-(4).

Theorem 5 Under the assumptions of Theorem 4, problem (1)-(4) possesses a unique gen-
eralized solution u = u(x,t) € C(D) in the following form:

oo

u(x, t,e) = 2ug(t, &) + 4 Z[uzk(t, &)1 - x) sin 2w kx + uoi_1 (¢, €) cos 27rkx].
k=1

4 Continuous dependence upon the data
In this section, we shall prove the continuous dependence of the solution u = u(x,t,¢)
using an iteration method.

Theorem 6 Under the conditions of Theorem 4, the solution u = u(x, t, &) depends contin-
uously upon the data.

Proof Let ¢ = {p,f} and ¢ = {@,f} be two sets of data which satisfy the conditions of The-
orem 4. Let u = u(x, t, &) and v = v(x, £, €) be the solutions of problem (1)-(4) corresponding
to the data ¢ and ¢, respectively, and

V(txxr 0) _f(t;x) O)| S &1 fOr 51 Z 0.
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The solution v = v(x, £, ¢) is defined by the following forms, respectively:

V()(t,{;‘) = EO +£ fO(r)dT:

_ (2nk)2t2 ¢ k)2 (- )
V2k(t 8) =@y He@rk? 4 (‘c)e 1+e(2k)2 d‘[
&)= Pk 1+e@rk)? J, S

(2mk)? _ ke 1 ECLT LI
Vo1&, €)= | Oorg — Pop + ——————@. e l+eQ@uk)s 4 — e l+e(27k)
-1t €) (‘sz 1= P+ T k)’ ka) PPETE /0

_ 27 k)? -
. [f2k_1(t) - <1 - u(;ziz;k)zy“ r)ka(r)] dr,
where

1 _ 1_
¢k=/ D(x) Yi(x) dx, fk(x)=f St u)Yi(x) dx.
0 0

For simplicity, let us write

o]

N(g, 1) = ZVE)N)(T, £)+4 Z(Vg,\([)(t, &)1 - &)sin2m k& + v(;;([zl(r) cos 27rk?,—'),
k=1

t 1_
v (1, e) = V0 (4,) + f /f(s,r,AVW)(g,r,g))gdgdr,
0

0

2

(N+1) (0 1 —@rk?(@-1) f
Vor (L,8) = vy (L, €) + (2 o2 ), e 1+e2rh?
T

fE T, AN E, r,s)) sin 2w k& dE dr,

1 —271/()2[ '[
t,e) = V t,e)+ —— e lte (2wh?
( )= Vare 1( ) 1+ 5(27'[/( / /

f (& 1, AN(E, 7,8))E cos 2mkE dE dt

4k Lt M—
e e l+e(2mk) s ‘L’,AV(N) y T, €
1+(2mk)? /(; 0 f(é ¢ ))

- (t—1)sin2w k& d§ dr,

k)2t © @ k)

0 — _ -
where VE) )(t) =@, v(zk)(t) = @ye 1+C? ) (8) = (P — 4 kgy)e +@0% | From the

condition of the theorem we have v¥)(t,¢) € B. We will prove that the other sequential

approximations satisfy this condition. First of all, we consider uV (¢, &) — vW(¢, ):
e, e) - vW(t,e)

=2(uf(t,e) = v (6,0)) +4 Y [ (s (t8) v (t,€)) + (b, (£,2) = v (£.2))]
k=1

t 1
— (g0 -B9)+2 /0 /0 [F(6, 7, AU, 7, ) —F (5,7, AVOE, 7, €)) & dt dt

+4(por — ¢2k)e—(2nk)2t
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—@rk)?(t-1)

t ol
+4f / [f(&, 7, AU, 7,0)) - f(&, 7, AWV, 7,8)) |e 1Ca0” sin2ké dE dt
0 Jo

(an)
+ (4(p2u-1 = Do) — 167 k(or — Pop) )€ Lre@nh?

+4,// (&7, AUV, 7,0)) - (5,7, AVE, 1,0))

—@rk) (- r

e @0 £ cos2mkE dE dt
—1671/(/[(15 D (61, AuVE, 1,8)) - F (£, 7, AV, 7,¢)) ]

—@rk)2(t-1)

- e @0 sin 2w kE dE d.

Adding and subtracting

2/£/lf(~§,t,0)§d“§dr, 2/0t/()1f(§,r,0)§d§dr,

271/()2 (t— 1:)
-/ /f(é,f 0)e +@0* sin2wkE dE dr,

—@rk)2 (- r)
/ ff £,7,0)e #0707 sin2mwké dE dt,

—@rk(t-1)
/ f(;-‘ 7,0)e 1+@h* £ cos 2mkE dE dr,

—@rk)? (- r)
/ / F(E,7,0)e 1Cak? £ cos 2 kE dE d,
Z7r/< 7)
—1671/([ ff £,7,0)e 1+ 2”’02 sin 2 k€ dé€ dr,
27rk 7)
—167'[k/ /f(&,r 0)e 1+ 2"k>2 sin 2w k& d& dv

to both sides of the last equation.
Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and
the Bessel Inequality to the right side of (11), respectively, we obtain

|u(1)(t, ) — v, 8)|

1 1
<2|ul(t,6) -t s)|+4Z uS)(t,8) =Vt €)| + [l (6, 6) =V (8, €)])
[o.¢]
<2max |go — ol +4 Y max @y — G| + max | @1 — Pyl
k=1
2V6IT| .
L Z max|<p2’k - i

k=1

t ol 3
<2ﬁ+§+w>(/o /0 bZ(g,f)dsdr> AR
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t pl 3
+ <2ﬁ+ é + M) (/ / Ez(E,T)df d‘[) |v(0)(t,8)|
3 o Jo

3
+(2ﬁ+?+(1+2\/§; |T|>(//f E’T 0) f(g}.’: O)dgd.[) ,
llo -l = 2max |go — @, + 4Z[max |92k — Dok + max | ga 1 — Poyl]
k=1

() E 5

Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and
the Bessel Inequality to (¢, &) — v (¢, &), respectively, we obtain

u?(t,e) - v (t,¢)|

o0
<20ul(te) - v (t,e)] + 4 Y (Jus(t,e) = Vi (6 )| + |y, (6,2) = vy 1 (8, )])
k=1

<2ﬁ V3 wa/ngz)dgdr)l

t 1 3
+(2ﬁ+§+%)(/0 /0 Ez(é,t)dsdr) Ar

Applying the Cauchy Inequality, the Holder Inequality, the Lipschitzs Condition, and

the Bessel Inequality to #® (¢, &) — v®) (¢, &), respectively, we obtain
|M(3)(t’ 8) - V(?’)(t’ 8)|

o0
< 2|uf)3)(t, g) — vE)S)(t, 8)} +4 Z(}u(zsk)(t, g)— v(zsk)(t, 8)| + |u(23k)71(t, g)— v(;}()fl(t, €) |)
k=1

V3 (1+2427)V3|T]
= (2«/7+ 3 + f)

t pl %
: (/ / P2, 7)|u®(t,6) v (t,6)| dE dr)
0 Jo

N <2ﬁ+§+ (1+2«/§37r)«/§IT|)

t pl %
. (/ / Ez(%‘,t)’u(z)(t,e)—v(z)(t,s)yzd“g‘ dr)
o Jo

2
- <2ﬁ+§+ (1+2ﬁ;r)d§|T|) Ay

. [/Ot/OIbZ(g,z)(/or /ole(gl,n)dgl drl) de dr:|%

2
+ <2ﬁ+ ? + —(1 i 2«/5;1)«/§|T|) Ar
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. [/Ot/;bz(g,z)qor /olzz(gl,n)dgl dq) de dl':|%

2 t 273
§<2ﬁ+£+M) Ayt [(/ /le(S,T)dsdr> }
3 o Jo

3 V2
V3 @+2V2m)VEITI\, 1 Ll 212
+<2ﬁ+?+f> ATE[</O /(; b (§,T)d§d‘t>:| .

In the same way, for a general value of N we have

’M(N+l)(t,8) _ V(N+1)(t,8)’

<2ul"V(t,e) - vy V(26|

[09)
+4) (i V6 ) vy V)| + [uy Y (6 6) — v Y (6 €)])
k=1

(I

N
2

3

¥ (2ﬁ+ ? + (1+NE”)ﬁ'T')N;‘%[(/Ot/ol#(g,r)dg dr)Z]

Nz

3

V3 @+2v2n)V3ITI\Y, 1
< (2T L WD) ol

V3 @+22m)BITNY 1 -
+<2ﬁ+?+ 230 )ATm“b(x,t)Hg(m

<Ar-an=an(le¢ -9l + Ct) + Mif —f1))

where

ax - (2ﬁ+ ? . (1+2ﬁn)J§|T|)N\/L_![</O:/01b2(§,r)dédr>2}

Nz

3

(avr L R EERY ([ [ Peiacar)

N
2

and

N
M; = <2ﬁ+ \/Tg + —(1+2ﬁ;)ﬁ|T|) .

(The sequence ay is convergent; then we can write ay < M, YN.)
It follows from the estimation [1] that imy_, oo #™*D(¢) = u(¢); then let N — oo for the

last equation,
|u(t) - v(8)] < Ml -2l + Mallf - £II,

where My = M - My If ||f —f|| < e and ||¢ — @|| <&, then |u(t, &) — v(t,&)| <e. a
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5 Numerical procedure for the nonlinear problem (1)-(4)
We construct an iteration algorithm for the linearization of problem (1)-(4) for ¢ = 0:

ou™ 92y

" 52 =f(xt,u" D), (x,t)eD, (16)
u™0,6) =u"(1,t), tel0,T], (17)
u"(1,t)=0, tel0,T], (18)
u"(x,0) = p(x), x€l0,1]. 19)

Let u" (x,t) = v(x, t) and f(x, £, u""D) ::f(x, t). Then problem (16)-(19) can be written as
a linear problem:

v v ~

o "3 =W, wHeD, (20)
v(0,8) =v(1,1), tel0,T], (21)
v,(1,H)=0, te(0,T], (22)
v(x,0) = p(x), x€[0,1]. (23)

We use the finite difference method to solve (20)-(23).
We subdivide the intervals [0,1] and [0, T] into M and N subintervals of equal lengths,
1 T
h=iandt =g,
Then we add the line x = (M + 1)k to generate the fictitious point needed for the second

respectively.

boundary condition.

We choose the implicit scheme, which is absolutely stable and has a second order accu-
racy in /2 and a first order accuracy in 7.

The implicit monotone difference scheme for (20)-(23) is as follows:

Vij+1 = Vij

a ~
- = ﬁ(Vi—l,jH - 2Vz’,j+1 + Vi+1,j+1) +fi,j+lr

Vio = Qi Vo, = VM, Vi =0,

where 0 <i <M and 1 <j <N are the indices for the spatial and time steps, respectively,
v;; is the approximation to v(x;, t;), fij = f (i, t), @i = (%), x; = ih, t; = jT [10].
At the t = 0 level, adjustment should be made according to the initial condition and the

compatibility requirements.

6 Numerical examples
In this section, we will consider an example of numerical solution of the nonlinear problem
(1)-(4).
These problems were solved by applying the iteration scheme and the finite difference
scheme which were explained in Section 4. The condition
n+1) (n)

error(i, j) := ||ufl —uj; (I

with error(i,j) := 1073 was used as a stopping criterion for the iteration process.
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Figure 1 The exact and numerical solutions of
u(x, 1). The exact and numerical solutions of u(x, 1) for
& =0, the exact solution is shown with a dashed line.

2.5

0 0.‘2 0.‘4 016 0‘.8 1
X
. . . 2. T T T T
Figure 2 The exact and numerical solutions of °
u(x, 1). The exact and numerical solutions of u(x, 1)
for & = 0.05, the exact solution is shown with a
dashed line.
» ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
X
. . . 25
Figure 3 The exact and numerical solutions of

u(x, 1). The exact and numerical solutions of u(x, 1),

(=) fore =0, (--) fore =0.05, (.) for e = 0.1, the exact
solution is shown with a dashed line.

Example 1 Consider the problem

d 02 03
B_Ltl - E)_xL; - EWI/;I: = (1 +(27)* 1+ 8))Lt +(1+ 8)(47‘[ cos(2mx) exp(t)),

u(x,0) = (1-x)sin27x, x¢€[0,7],

u(0,t) =u(l,t), tel0,T], uy(1,6)=0, tel0,T].

It is easy to check that the analytical solution of this problem is

u(x,t) = e'(1 — x) sin 2.
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The comparisons between the analytical solution and the numerical finite difference
solution for different ¢ values when T =1 are shown in Figures 1 and 2.

We show in Figure 3 the analytical solution for ¢ = 0 and the numerical solution for
e=0,6=0,1,¢=0,05.
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