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Abstract

We define a new grading, which we call the ‘level grading’, on the algebra of
polynomials generated by the derivatives uy. ; over the ring X®) of C* functions
of x,t,u,uy, ..., u, where u; = % This grading has the property that the
total derivative and the integration by parts with respect to x are filtered algebra
maps. In addition, if u satisfies the evolution equation u, = F[u], where F is
a polynomial of order m = k 4+ p and of level p, then the total derivative with
respect to ¢, Dy, is also a filtered algebra map. Furthermore, if the separant %
belongs to K, then the canonical densities p* are polynomials of level 2i + 1
and D, p? is of level 2i + 1 + m. We define ‘KdV-like’ evolution equations as
those equations for which all the odd canonical densities are non-trivial. We use
the properties of level grading to obtain a preliminary classification of scalar
evolution equations of orders m = 7,9, 11, 13 up to their dependence on x,
t, u, u; and up. These equations have the property that the canonical density
pV is (au3 + Bus + y)!/?, where «, B and y are functions of x, 1, u, uy, up.
This form of p~! is shared by the essentially nonlinear class of third order
equations and a new class of fifth order equations.

PACS number: 02.30.1k
Mathematics Subject Classification: 35Q53, 37K10

1. Introduction

The classification of evolution equations has been a long-standing problem in the literature
on evolution equations. The existence of higher symmetries or conserved densities and the
existence of a recursion operator or the Painleve property of reduced equations have been
proposed as integrability tests. Among these, we follow the ‘formal symmetry’ method of
Mikhailov—Shabat—Sokolov [8], which is based on the remark that if the evolution equation
admits a recursion operator, than its expansion as a formal series satisfies an operator equation
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that has to be solved in the class of local functions. This requirement gives a sequence
of conserved density conditions, called the ‘canonical conserved densities’ p and their
existence is proposed as an integrability test [8].

The Korteweg—deVries (KdV) hierarchy [4] consists of the symmetries of the well-known
third order KdV equation at every odd order. This hierarchy is characterized by the existence
of conserved densities that are quadratic in the highest derivative at each order. In fact the
canonical even and odd densities p?? and p®~1 have the same order, but it is well known
that even canonical densities are trivial while the odd ones are non-trivial [8]. At fifth order,
there are two basic hierarchies that start at this order; these are the Sawada—Kotera [15] and
Kaup [7] hierarchies, which are derived from a third order Lax operator, and their symmetries
give integrable equations at odd orders that are not divisible by 3. The recursion operators of
these hierarchies have order 6 and generate the flows of orders 3k + 1 and 3k 4 2 for each
hierarchy [3]. These equations are characterized by the triviality of the canonical densities of
orders divisible by 3.

The non-existence of integrable hierarchies starting at higher orders was studied by Wang
and Sanders, who proved that scale homogeneous scalar integrable evolution equations of
orders greater than or equal to 7 are symmetries of lower order equations [13]. In subsequent
papers, these results were extended to the cases where negative powers are involved [14] but
the case where F is arbitrary remained open.

The general case where the functional form of F is arbitrary was studied in the [2] and
[10]. The first result in this direction was obtained in [2], where the canonical densities p@,
i=1,2,3, 4 were computed for evolution equations of arbitrary order m. It was first proven
that, up to total derivatives, conserved densities of order n > m are at most quadratic in the
highest derivative. Then assuming that an evolution equation u, = F(x,t, u, ..., u,) admits
a conserved density p" = PuZ,_ | + Quyuy1 + R, where P, O, R are functions independent
of w1, it has been shown that for m > 7, PF,,, = 0, where F,,, = 3275 [2]. Finally, it
was shown that the coefficient P in the canonical density o, has the formmP = F,,, where
F, = % [2], hence it was concluded that evolution equations of order m > 7 that admit the
canonical density p!) are quasi-linear. In [10], the same scheme was applied to quasi-linear
equations and it was proven that if the canonical densities ,o("), i =1, 2,3 are conserved then
the evolution equation has to be polynomial in the derivatives u,,—; and u,,_,. The existence of
essentially nonlinear third order equations is well known [5, 6]. Recently we have shown that
there are also candidates for integrable fifth order equations that are not quasi-linear (work in
progress).

In these derivations we have observed that the partial differential equations leading to a
classification had a hierarchical structure with respect to the orders of the derivatives of the
unknown function u. This observation led to the definition of a graded algebra structure [9],
the ‘level grading’, which is the main subject of this paper. Roughly speaking, if a function f
depends on the derivatives of u up to order k, then its jth derivative D/ f depending on u;,
i < j has a certain homogeneity reflecting the order of differentiation j. For example, D? f is
a linear combination of w3, ugolii1, ui 1 Wht2s ui 1 Ukt with coefficients depending on
functions of u;, i < k. According to definition 3.2, the first three terms are of level 3, the next
two are of level 2 and the last one is of level 1. We have called this graded algebra structure as
‘level grading’ above the ‘base level k’. The crucial property of the level grading is its invariance
under integrations by parts which allows us to perform conserved density computations for
each level separately, starting from the higher levels that give simpler equations.

We introduce the notation and the terminology in section 2. Section 3 is devoted to the
description of level grading and the proofs of the properties that will be used in conserved
density computations. In section 4, we prove that, essentially, the canonical densities of level
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homogeneous equations are also level homogeneous and we apply this to the classification
of evolution equation of orders m = 7,9, 11, 13 admitting non-trivial conserved densities
at all orders. We obtain the dependence of these equations on u; for k > 3, i.e, up to their
dependences in x, t, u, u; and u,. We have seen that at all orders the candidates for integrable
equations are characterized by the common form of

_ aF \ V" 12
= () = (et k)"
auﬂl

where «, B and y are functions of x, ¢, u, u;, up. As discussed in section 5, this form of
,0(’1) is, up to a function of x, #, u, u;, up, the same as the form of ,o(’l) for the essentially
nonlinear class of third order equations. Furthermore, fifth order KdV-like equations with a
nonconstant separant, recently classified again up to their dependences on u, u; and u, [12],
and a non-quasi-linear candidate of integrable fifth order equation, admit the same canonical
density. We discuss these relations and possible directions for future work in section 5.

2. Notation and terminology

Let u = u(x, t), where x and ¢ are spatial and temporal variables respectively. A function ¢ of
x, t, u and the derivatives of u up to a fixed but finite order, denoted by ¢[u], will be called
a ‘differential function’ [11]. We shall assume that ¢ has partial derivatives of all orders. For
notational convenience, we shall denote indices by subscripts or superscripts in parentheses
such as in ;) or p@ and reserve subscripts without parentheses for partial derivatives, i.e.,
foru = u(x, 1),

ou ou *u
uy = u, M‘ZE’ uxza, Mkzﬁ
and for ¢ = @(x, ¢, u, uy, ..., u,),
dg dg dg ¢
<Pz=§, ¢x=a7 wk:a_uk’ Pr,j = 8uk8uj'

We will use either the explicit form or the short form as appropriate.
Algebraic structures such as rings or modules will be denoted by calligraphic letters such
as IC or M. For such symbols, to simplify the notation subscripts will always denote indices.
If ¢ is a differential function, the total derivative with respect to x is denoted by D¢ and
it is given by

Dy = pitiz1 + ¢x. @1
i=0
Higher order derivatives can be computed by applying the binomial formula as given below

n k—1
k—1 A 3

Dlo=3"1Y" ( . )(wa,»>u,»+k j | +D g 2.2)
=0 | j=0 ~ 7/
i J

If u, = F[u], then the total derivative of ¢ with respect to ¢ is given by

Dip =Y ¢D'F +¢. 2.3)

i=0

The ‘order’ of a differential function ¢[u], denoted by ord(¢) = n is the order of the highest
derivative of u present in ¢[u]. The total derivative with respect to x increases the order by 1.
From the expression of the total derivative with respect to ¢ given by (2.3) it can be seen that
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if u satisfies an evolution equation of order m, D, increases the order by m. Equalities up to
total derivatives with respect to x will be denoted by =, i.e.,

¢ =4 ifandonlyif ¢ = + Dn.

The effect of the integration by parts on monomials is described as follows. Note that if a
monomial is nonlinear in its highest derivative we cannot integrate by parts and reduce the
order. Letk < p; < p» < ... < p; < s— 1 and ¢ be a function of x, z, u, uy, ..., u. Then
a product of ¢ and powers of u,,, denoted by u}} can be integrated by parts provided that the
power of the highest derivative is 1, as shown below

ap . o~

ai ~ ai al
QU U = D((pupl L..u )us_l,

Qust Uil ug = — fraclp + 1D(pu! . p/)ufjll.

The integrations by parts are repeated successively until one encounters a ‘non-integrable
monomial’ of the following form:

uld oouluf p> 1.

pr” pis?

The order of a differential monomial is not invariant under integration by parts, but we will
show in the next section that its level decreases by 1 under integration by parts [9]. This will
be the rationale and the main advantage of using the level grading.

3. The ring of polynomials and ‘level grading’

The scaling symmetry and scale homogeneity are well-known properties of polynomial
integrable equations. We recall that scaling symmetry is the invariance of an equation under
the transformation u — A%, x — A~ 'x, t — A 7%t If a = 0, then scale invariant quantities
may be non-polynomial and the scaling weight is just the order of differentiation. In the early
stages of our investigations we have noticed that if F is a function of the derivatives of u
up to order k, and we differentiate F j times, the resulting expressions are polynomial in
Uk41, - - - » Ukt j. Furthermore, the sum of the order of differentiations exceeding k has some
type of invariance. This remark led us to the definition of ‘level grading’ as a generalization
of the scaling symmetry for the case @ = 0, as a graded algebra structure.

We consider the ring of functions of x, ¢, u, . . . , u; the algebra generated by the derivatives
Ugs1, - ... This set up is given a graded algebra structure as described below. Let M be an
algebra over a ring /. If we can write M = @,y M;, as a direct sum of its submodules M;,
with the property that M; M ; € M, ;, then we have a ‘graded algebra’ structure on M. For
example if L = R and M is the algebra of polynomials in x and y, then the M; may be chosen
as the submodule consisting of homogeneous polynomials of degree i. In the same example,
we may also consider the submodules consisting of polynomials of degree i (not necessarlly
homogeneous) that we denote by M,. Then M, is the direct sum of the submodules M i J
ranging from zero to i. It follows that the full algebra M can be written as a union of the
submodules M ;- This structure is called a ‘filtered algebra’. The formal definitions are given
below.

Definition 3.1. Let IC be a ring, and M be an algebra over K. M is called a ‘graded algebra’,
if there exists a decomposition of M

M = @jenM; and M;M; C My,
where the M, i € N are submodules of M.
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Given a graded algebra M, we can obtain an associated filtered algebra’ M [16], by
defining M; = @;ZOMj. Then we have

./\;l = UieNMi~

If the algebra M is characterized by a set of generators, then the submodules M; can also be
characterized similarly.

We now give the setup for the definition of the level grading. Let X® be the ring of C*
functions of x, ¢, u, ..., ur, and M® be the polynomial algebra over KL* generated by the
set

S® = w1, wpsa, .. ).
A monomial in M® is a product of a finite number of elements of S®. We define the ‘level

above k’ of a monomial as follows.

Definition 3.2. Let © = “Zlﬂ‘l quHz - uill be a monomial in M®. The level of ju above k is
defined by '

levk(/”“) = aljl + a2j2 +-+ anjn~
The level of the differential operator D is defined to be 1. The level of a pseudo-differential
operator D, j € Z, is thus levi(pD’) = levi (@) + j.

Let BY be the set of monomials of level p above the base level k. Then, the module
generated by the set B is denoted by M M = K® and MP = = M;k) :
It can be seen that for any two monomials x and ji, ‘

levi (i) = levi(w) + levi(f1),

hence the ‘level above k* gives a graded algebra structure to M®. The elements of /\;ll(,k)
are called ‘polynomials of level p’ (in analogy with polynomials of a given order). If a is a
polynomial in M;"), a= Z;’:O a; where a; € M;k), is called a ‘homogeneous component’
of a of level j above k. In particular the image of a under the natural projection
7 MP > MP

denoted by m (a) is called the ‘top level part of a’.

We will now present certain results that demonstrate the importance of the level grading.
We will prove that partial derivatives with respect to u;, total derivatives with respect to x,

total derivatives with respect to ¢ and the integration by parts, hence the conserved density
conditions, are filtered algebra maps.

Proposition 3.1. Let ¢ be a polynomial of level p > 0 above k.

(i) If 82;: # 0, then the partial derivative of ¢ with respect to uy j decreases the level by j.

(ii) The total derivative with respect to x, D is a filtered algebra map /\/lg‘) — M;kll P Mfyk),
i.e, increases the level by at most 1.

Proof.
(i) If ¢ is level homogeneous above k of level p, i.e, in ./\/lfp"), then it is a linear combination
of monomials

k 2
B,(,) = { i, Wk p—1 Uit s Wk p—2Uic2, U p—2Uiyys - - - Upyy -
Clearly if 22— = 0, the effect of differentiation with respect to -2~ decreases the level
by i gy j gy j
yJ-
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(ii) Let ¢ be as above and A be a function of x, ¢, u, . . ., u, i.e, in K®. The effect of the total
derivative operator D on A(p is D(Ap) = DA(p +A Dgp If ¢ has level p, then Dy has level
exactly p+ 1 while DA = Mk+1 + auA ug+---+ —ul, hence has level at most 1. Thus

the action of D on ¥ i mcreases the level by at most 1, while its action on the generators
of MY increases the level by exactly 1.

We now study the effect of integration by parts. The subset of the generating set S ](,k) of
the module M;,"), consisting of the monomials that are nonlinear in the highest derivative and
the submodule that it generates are denoted by S;,“ and /\;lg‘), respectively. If a monomial is
nonlinear in its highest derivative it cannot be integrated. If it is linear, one can proceed with
the integrations by parts until a term that is nonlinear in its highest derivative is encountered.
By virtue of the propositions above, these operations will be filtered algebra maps.

Proposition 3.2. Let o be a polynomial in /\;ll(,"). Then [« = B — [y where B belongs to
./\;l;k_)l and y belongs to ./\;l;,k).

= a] az uj / ] .. / . / / CEEEY / . . —_—
Proof. Let.pL = Ul Wiy - Ui ?1 > iy > > ij, iay + ay + +ija; = p. We have
the following three mutually exclusive cases.

(i) When a; > 1, the monomial is not a total derivative and u € SI(,kg We cannot proceed
with integration by parts.
(i) When a = 1 the term ¢ where ¢ € K® can be integrated. For i, < i; — 1

_ ai a aj
/‘Wv = /¢“k+i1”k+iz o Uy
— ai a aj ai a aj
= QU Wiy - Wi /uk+i1—lD((puk+iz : "”k+i,-)-
(iiil) Whena = 1buti, = i; — 1 then

= ul . u? . ul u;’
pu = 2 k+11 k+ip—1 k+l3 © o Tkt
ar+1

ar+1
k+ii—1 a3 aj k+ii—1 as 4j
= —u, . ..U — D(ou,’ . ...u' ).
a + 1 k+i3 k+ij a+ 1 ( k+i3 k+l»,)

In (i) and (ii), the level of the term that has been integrated decreases by 1 while the terms
under the integral sign have levels p or lower. (]

We will now give an example that illustrates the effect of total derivatives and integration by
parts.

Example 3.1. Let R = gug + Yusus + nu;, where ¢, ¥, n € K be a polynomial in M.
It can easily be seen that DR is a sum of polynomials in /\/lf) and M§5)
DR = [puy + (¢5 + ¥)usus + Yi5 + (s + 3n)ugug + nsig]

+ [(atts + -+ - + @ ug + (Yaus + - - - + Y)ugue + (aus + - + no)ug |
where the first and second groups of terms in the brackets belong to Mis) and Mgs)
respectively. Note that the projection to Mf) depends only on the derivatives with respect to

us. In order to write down compactly the effect of integration by parts, we define the operator
Dy by Do = Do — @ruy4 to denote the part of Dy depending on lower order derivatives. It

6
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follows that D> = Ol + (pk,ku,%H + (Do@)iur+1 + Do(Dog) is a sum of level 2, level 1
and level O terms. The integration by parts of R gives

1 1 1
/Rdx = |:¢M7 + 5(1/, — @s)ut — Dofﬂué] +/ |:§<P5,5 - 51//5 - 77:| uy

1 1
+ [EDofps - EDol/f + (Dofﬂ)s:l u? -+ Do(Dog)us,
where the first term in the bracket belongs to Mf) while the integrand belongs to M§5)_

Now we deal with time derivatives. Given u, = F(x, t, u, ..., u,,) where F is of order m,
if p = p(x,t,u,...,u,) is a differential polynomial of order n, then clearly, D, p is of order
n + m. A similar result holds for level grading.

Proposition 3.3. Let u; = Flul, where F is a differential polynomial of order m and of level q
above the base level k. Then D, is a filtered algebra map ./\/l;,k) — ./\/l](,]jiq.

Proof. Let p be a differential polynomial of order n and of level p above the base level k. Then

k n—k
Dip=pi+ ) piD'F + ) piyDF.
i=0 j=1

Note that p; has level at most p. Similarly, the level of p; for i < k, is at most p hence
each of the terms in the first sum are of levels at most p 4+ g + i, and the sum has level at
most p + q + k. In the second sum, pyy; has level p — j, hence the level of p ;DFT/F is
pP-—D+k+)D+qg=p+q+k O

We will now prove a very useful proposition stating that the top level depends only on the
dependence of the coefficients on uy.

Proposition 3.4. Let p be a differential polynomial in M;,k). Then the projection m (D’ p)
depends only on the dependence of the coefficients in p on u.

Proof. Let p = ), ;P where ¢; € K® and P, € M1(7k) Without loss of generality we may
assume that p = @P where ¢ is of level zero and P = u?}‘ . ulan

k-1
Dp = (Dg)P + ¢(DP) = [gox + D Qi + gokukﬂ} P +¢DP

i=0

1
= |:§0x+ E wi”i+li|P+‘Pkuk+1P+(ﬂDP. 3.1)
N —_———
= M,
M® !
¢

It follows that the projection 7 (D/p) is independent of ¢; for j < k and independent of ¢,.
It follows that in the conserved density computations, if p and F[u] are level homogeneous,
then p, up to total derivatives is also level homogeneous. ]

We will use the level grading structure in the conserved density computations for
the classification of evolution equations. A crucial implication of the level grading is
proposition 4.2, which states that the canonical densities of level homogeneous equations
are level homogeneous. Thus, we may write the form of the canonical densities without the
burden of computing them explicitly. In the next section we shall obtain the classification of
evolution equations of orders m = 7, 9, 11, 13, up to their dependences on u, u; and u,, under
the assumption that there are non-trivial conserved densities of all orders.
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4. Preliminary classification of KdV-like evolution equations of orders m = 7,9, 11, 13

In this section we will study the classification of scalar evolution equations of orders
m = 7,9, 11, 13 using the level grading structure. In [10] we have shown that if FF = u,
is integrable in the sense of admitting a formal symmetry, then it is of the form

w,=F =ad"u, + Buy,_ 1o + Cuf’”_2 + Euyy + Gu,zn_2 +Hu,_» + K, “4.1)

where a, B, C, E, G, H and K are functions of x, t, u, u;, i < m — 3, i.e. they belong to Km=3,
Note that F is a sum of level homogeneous terms of levels 3, 2 1 and 0 above the base level
k = m — 3. We shall assume that the conserved densities o=, p(" and p® are non-trivial.
We recall that a non-trivial conserved density should be nonlinear in the highest derivative. We
have checked that p(! is always non-trivial, but the cases where at least one of the canonical
densities p=", p® is trivial is not treated in this paper. We characterize such equations as
‘KdV-like’. It is well known that the canonical densities of even order are trivial, hence we
give the definition as below.

Definition 4.1. An evolution equation u, = Flu] is called ‘KdV-like’ if the sequence of odd
numbered canonical densities is non-trivial.

When we substitute the form of F given by (4.1) in the canonical conserved densities p” and
we integrate by parts we can see that the canonical densities are of the form given below

D) — 4!

0
oV = PO2 L+ 0DV, + RD
p® = P2 4+ 0%t L+ ROW 4+ 5D, + TV, + VO, (4.2)

where the coefficients are differential functions belonging to ®.

4.1. Level homogeneity of the canonical densities

We will now prove a proposition stating, essentially, that if the evolution equation is level
homogeneous above a base level k and its separant belongs to K=, then its canonical
densities are also level homogeneous.

Let R be a recursion operator of order n for the evolution equation #, = F. We can express
R as a formal series in inverse powers of D, i.e,

R=RwD"+Ro-1yD"' +---+RyyD+ Ry +R_yD™' +R_yD* +....
R satisfies the operator equation
R +[R, F]=0, (4.3)

where F is the Frechet derivative of F. We will first prove the following proposition on the
relation of the levels of F and of the coefficients R;).

Proposition 4.1. Let R be a recursion operator of order n for the evolution equation u, = F,
where F is of order m = k + p. If F is in ./\/l;,k), and if its separant belongs to K, then the

coefficient of D' in R, R(j), is in /\;ll(lk_)j
Proof. Let R be a recursion operator of order n. The operator equation (4.3) is of order n+m— 1

and gives an infinite sequence of partial differential equations. Note that the commutator [R, F ]
is of order n4m — 1 while R; is of order at most n. Thus the first m equations are independent of

8
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the time derivatives of the functions R;). In finding R, we solve these equations sequentially,
starting from the top order. The coefficient of D"+~ gives

mDR F,, = nDF, R . 4.4)
Using the fact that the separant belongs to the base, we solve (4.4) as
R(n) = R(n,o) (Fm)n/m (45)

where DR,y = 0. If we introduce the notation a = F!/™, and take R, , = 1 (assuming no
explicit time dependence), we have R, = a”", which belongs to /C &) Then, the coefficient of
D™= is an expression of the form

n—1DF,
DR—1) = 7 Ra-n+G

m
or

Da
DRy = (n— 1)7R(n—l) +G (4.6)

where G depends on the F; and R, only. Equation (4.6) is a first order ordinary differential
equation that can be integrated easily as

Ru1y = Rp1.0d" " +a"! f a "G, 4.7

after making use of the fact that F,, = ™. Here also DR,_1, = 0 and we take this
integration constant as R(,—1,, = 0. This integrand belongs to /\;lgk), provided that a belongs
to K®. Tteratively, for each R, one obtains first order differential equations whose right-
hand sides are level homogeneous. Thus provided that a belongs to K*) the solutions belong
to ./\;lflli) j O

It is well known that the nth root of R and its powers also satisfy the same operator
equation, hence they are also recursion operators. Thus by taking roots and powers we can
obtain recursion operators of all orders. The canonical density p¥) is defined to be the
coefficient of D! in a recursion operator of order j. We now prove the following proposition.

Proposition 4.2. Let u; = F be an evolution equation of order m = k + p. Assume that F is

in ./\;l;,k) and its separant belongs to K. Then the canonical density p') belongs to /\;lﬁi)]

Proof. In any commutator of pseudo-differential operators, the coefficient of the term D~ is a
total derivative (Adler’s theorem) [1], hence the coefficient of D~! in R should be a conserved
density. The coefficient of D~ in a recursion operator of order j is denoted as p'/). Since the
coefficient of D/ belongs to K®), the level of a recursion operator of order j is just j. By the

previous proposition the coefficient of D! belongs to /\;l;kf(fl ) ie., /\/l; +)1. O

4.2. Classification up to the dependences on x, t, u, uy, u,

We will outline below the steps leading to the classification of the top level parts of the
integrable evolution equations of odd orders m = 7, ..., 13 for scalar evolution equations
admitting non-trivial conserved densities p~", p™M, p® . In particular the non-triviality of
0@ will be crucial.

Recall that conserved densities can be given up to total derivatives. Thus a generic
conserved density of order k + j is a polynomial in the monomials /\/l(l;.), as given in

9
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appendix B. Over any base level k > 3, the top level parts of these conserved densities
will be of the same form:
D — 4!

P ,

pM P(l)uk-q-lv

p(3) >~ p®y, 2 Q(3)“k+1 (4.8)
We outline below the solution procedure form =7, ...13. The generating sets for the modules

Mﬁk) that are referred to below are given in appendix B. At each step, the level part of F is
denoted by the projection 7 (F') (see proposition 3.4).

Stepl. k=m—-3,m=7,9,11, 13. Note that~(4. 1) is a polynomial of level 3 above the base
level k = m — 3. Hence it belongs to M§m73), i.e, it is a polynomial in the generating
sets of /\/l(].m*‘”, j=3,2, 1,0, with coefficients in K=3) The top level part of F is

7 (F) = dPugis + Bugour + Cuy, (m=>17). (4.9)

Form = 17,9, 11, 13, we compute the conserved density conditions (4.8), integrate by
parts and collect the top level terms. The solutions of these equations determine the
coefficients B and C as functions of a and the derivatives of a with respect to u; of
various orders and finally we find that a is independent of u;. It follows that the top
level part of F consists of the linear term a™u,, only. Since a is independent of 1, the
linear term is of level 4 above the base level k = m — 4. Then, we use the dependence
of a on u,,_4 to prove that F' is a polynomial in u; and its level is at most 4 above the
base level m — 4. It follows that F belongs to M.

Step2. k=m—4,m=17,9, 11, 13. The generic form of the evolution equation for k = m —4

is a polynomial in the generators of /\/l;.m_4), for j = 4,...,0, with coefficients in
K™ The top level part is
7 (F) = d" s + Bugysusr + Cupyy + Euggoupy + Guiyy,  (m > 7). (4.10)

The conserved densities have the same form (4.8). Computing the top level parts of the
conserved density conditions and integrating by parts we obtain systems of equations
for the coefficients in the top level part of F. Form = 7, k = m — 4 = 3 and we see
that a satisfies the third order differential equation
as 3z — 9a3,3a3a + 12613 2 =0. 4.11)

For m > 7 we obtain a,,_4 = 0 and the top level part of F reduces to the linear term
au,,, which is of level 5 above k = m — 5. As in the first step, we use the dependence
of a on u,,_s to prove that F is polyn0m1a1 m uk and of level at most 5 above the base
level m — 5. It follows that F belongs to /\/l "

Step3. k=m—-5m=9,11,13. Fork=m—35 the generic form of the evolution equation
is a polynomial in the generators of M;miS), j=135,...,0. The top level part is

7 (F) = dPugys + Bugaugrr + Cugssitiy + Euggsug,
+ Fui s + Guouiy, + Hug y, (m > 9). (4.12)
We repeat the computations as desc~ribed above to obtain a,,—s = 0 and to prove that
form =9, 11, 13, F belongs to is Mé’”%).
Step4. k=m—6,m =29, 11, 13. For k = m — 6 the generic form of the evolution equation
is a polynomial in the generators of ./\/l;m_f’), j=06,...,0. The top level part is
7 (F) = d"upi6 + Burysuisr + Citgpattirr + Eugai + Gui,
+ Hugsstgsaticrt + K3y g + Ly + Mg puy + Nutgoidy
+Pul,, m>=09. (4.13)

10
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We repeat the computations as described above and for m = 9, surprisingly we find
that a satisfies the same equation as (4.11). For m > 9 we find that a,,_¢ = 0 and we
show that F' is polynomial in u; and belongs to /\;lgm_ﬁ.

Step5. k=m—7,m = 11, 13. At this step, F is a polynomial in the generators of M®P,
j=17,...,0 with coefficients in K™= We omit the explicit expressions here. The
conserved density conditions imply that a,,_¢ = 0 and F belongs to /\;lé’"_g) .

Step 6. k = m—8,m = 11, 13. F is now a polynomial in the generators ofM;k),j =38,...,0.
The conserved density conditions imply that for m = 11, a satisfies the equation above
(4.11) and for m > 11, a,,_g = 0. We find that m > 11, F belongs to M(m_g)

Step7. k = m —9, m = 13. F is a polynomial in the generators of /\/l(k), j=9...,0
The conserved density conditions imply that a,,_¢ = 0 and we find that F belongs to
M0,

Step 8. k =m — 10, m = 13. F is a polynomial in the generators of M;k), j=10,...,0.For
m = 13, a satisfies that equation above (4.11).

In sections 4.3 and 4.4 we will outline the solution procedures in some detail for m = 7
and m = 9. The final results for m = 11 and m = 13 will be given in appendix C.

4.3. Detailed computations form =7

For m =7, the explicit form of the evolution equation and its canonical densities are

Uy =a7u7 +Bu5u6+Cu§+Eu6+Gu§+Hu5 + K, 4.14)

P = g

,0(]) gp(l)u2+Q(l)u +R(l)

p® = P2 4+ 0yt £ RO+ 52 + TOus + v, (4.15)
where B,C,...K and PW, ..., V(3) are functions of x,f,u,...,us. According to
proposition 3.4, the top level term in Dt,o("), i = —1,1,3 depends on the us dependence

of all coefficients. At the top level we have

7 (Dip ") = (a™)aD*F

7(Dp") =2PVyusD’F

n(D;p?) = 2PPusDF + 40P uiD’F. (4.16)
We use the symbolic programming language REDUCE for our conserved density
computations. For top level computations we declare dependences on u4 only for the functions

above and integrate by parts D,p" and D,p®. Assuming that PV = 0 and P® # 0, the
coefficients of {u3us, u3, u3ueus} in D;p" and the coefficients of {udus, uius} in D;p™ give

7
B = 14a4a6, C=a |:5a4,4a+21ai:|, (1) 7 P(l) (3) 9 P<3),

and finally we obtain a4 = 0, hence B = C = 0. At order 7, the computations are slow but
still feasible even if we keep dependences in lower order derivatives. We compute D, o~ and
from the coefficients of {uﬁ, ”57 "‘57 } we obtain

9’E G ’H K
— =0 —=0, ——5=0, —=
31442 8M4 8M43 8u45
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hence all coefficient functions are polynomials in uy. It follows that i, is of the form below
where E) denotes the coefficient of u} in E and so on:

U = [a7u7 + E(l)u6u4 + G(O)ug + H(Z)u5uﬁ + K(4)ui] + [E(O)uf, + H(l)u5u4 + K@)ui]
+[HPus + KPuz] + KVuy + K9 (4.17)

u, = F is a sum of level homogeneous terms over the base level k = 3. We can repeat the
same type of computations to determine the dependence on u3. Here we present only the top
level part
u, = a'uy + 14aza®uguy + %agaﬁug +a (%awa + 63a§) usuf1
403 21,2\ 4
+aza (%a”a — Ta3) Uy,

where a satisfies the equation (4.11).

4.4. Detailed computations form = 9
We start with the form

u, = a’ug + Bujug +Cu§+Eug+Gu3+Hu7+K. (4.18)
At the top level, the evolution equation and the canonical conserved densities are

u, = a’uo + Buqug + Cu%

7 (o) = py2

7(p®) = PPul + 0Pul. (4.19)

The top level parts of the conserved density conditions are used to express B and C in terms
of the derivatives of a with respect to us and finally we get

as=0, B=0, C=0.
We integrate by parts D;p"" = D, (a™") to get
IE 3¢ PH K

31462 ’ 8M6 ’ 8u63 ’ 81465
hence these functions are polynomial in ue.
We re-parameterize u, as

’

u; = a’uo+ Bugug +Cu%+Eu7ué+Gug+Hug +1uqug +Jug+l(u7 +Lu§+Mu6 +N, (4.20)
and consider the top level parts of the equation
u; = a’uo + Bugug + Cu% + Eumé + Gué. 4.21)

At this step, we also use the conserved density conditions to compute the coefficients B, C, E, G
as functions of the derivatives of a with respect to us, and finally we obtain

as=0, B=0, C=0, E=0, G=0.

Then, we integrate by parts D, p~" and use the explicit expressions of o1 and p® to obtain

9’H _o T _ aJ PK 0 L 0 *M _o N
81452 - 3145 7 3145 - 31453 - 81152 v 81454 - 8u56 -
Thus we prove that 4, = F is a sum of level homogeneous terms of levels 5, 4, ..., 0 above

the base level uy.

12
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We collect level homogeneous terms and rename to obtain
= [agug + Bugus + Cujug + Eu7u§ + Fuéus + Guﬁug + Hug]
+ [Tug + Jugus + Kué + Luf,u% + Mu;‘] + [Nuj + Ougus + Pug]
+[Qus + Ru3] + [Sus] + T. (4.22)
Top level computations give
aa=0, B=0, C=0, E=0, F=0, G=0, H=0

and lower level computations using the explicit expressions of the canonical densities p,
j=—1,1,3 imply that

321 oJ oK PN 3%0 oP
—:—:—:L:M:O, = :—:O’
dus?2  Ouy  Ouy Qusd  us?  Ouy
84Q 83R 3°S _ T _
3144 81,{4 ’ 8u45 S 3”47
At top level the explicit form of the equation is
U, = ugd® + 27ugusaza® + 5Tuqusaza® + u7u4a7 (105a3 3a+ 255a3) & uéa;ag

+ 3u6u5u4a7 (6361373(1 + 284613) + 3301/!6”4613(1 (4(13 3a + (l3)
+u§ 7 (9—1a3 3a + 199a§) + uéuﬁaw (1”87a 3a + 1023a§)
+ usuja’® (6689%1% 1a* + 11385a;3 3d3a — @ag)

+ u4a sa (39325 aZ a + 9295 22 g5, 3(1%& 37895 a;l)

where a satisfies (4.11).

5. Results and discussion

In this paper, we introduced a new grading, which we called the ‘level grading’, on the algebra
M® of polynomials generated by the derivatives u j»Jj =1,2,... over the coefficient ring
K® of C* functions of x, ¢, u and u;, i = 1,2, ..., k. We proved that this grading has the
property that the total derivatives with respect to x and ¢ and the integrations by parts are
filtered algebra maps. We also proved that if u satisfies an evolution equation u, = F[u] of
order m = k + p and F belongs to a submodule /\;lg‘), then the canonical densities belong to
M;'ﬁzm We applied this ‘level homogeneity’ property to the classification of scalar evolution
equations of orders m = 7,9, 11, 13 admitting non-trivial conserved densities of all orders,
and we obtained their explicit expressions up to their dependences on u,, u; and u. It was a
remarkable fact that at all orders a = (Fm)l/ " satisfies the same equation

X 9a3,3a3a + 12@3 2 =0. 5.1
We note that the substitution a = Z~'/? leads to Z3 33 = 0, hence
a= (auj + Bus + )/)_1/2, (5.2)

where «, 8, y are functions of u, u#; and u; in general.

The occurrence of the same form for a strongly suggests that these equations belong to a
hierarchy. In fact we have shown that the same form of a has occurred in the classification of
fifth order equations [12]. These equations seem to be intrinsically related to the class of fully
nonlinear third order equations [13],

u=F = (au% + Buz + y)_l/z(Zozu3 + B) +8.
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In this equation, when we compute % we find that

aF\'/? _
(—> = P(ozug + Bus + y) ]/2,
81/!3

where P = (2ay — 1%)"/3. This result suggests that the equations that we have obtained
possibly belong to a hierarchy starting at the fully nonlinear third order equation, and that the
hierarchy is possibly generated by a second order recursion operator.

As afinal remark, we emphasize that our results on the classification of evolution equations
are only preliminary. We recall that in [10], we have proved that arbitrary (non-polynomial)
evolution equations of orders m are of the form (4.1). Here, assumingthat E = G=H =K =0
and p~" and p® are non-trivial, we prove that for m = 7,9, 11, 13 the expressions that we
obtain are unique up to the dependence of the functions «, § and y in x, ¢, u, u;, us.

To obtain a complete classification, first of all we should study the cases where p(—"
and/or p® are trivial. The triviality of o is the common property of the Sawada—Kotera/Kaup
equations and of the fifth order equation [2]

3
U = _E(Aus-i-B)_z/‘% +C As=Bs=0C=0.

Thus we expect that higher order equations characterized by the triviality of p©® will be
symmetries of these fifth order equations. The equations characterized by a nonzero but trivial
Y turn out to be harder to analyze. We note that the nonlinear third order equation given

(81,
u =F = (Au3 +B) > +C, A3=B3=C, =0,

has the property that (g—i) v is linear in u3. We may thus suspect that higher order
equations with trivial p~" are related to the equation above. The second assumption,
E =G =H = K = 0, is of a more technical nature. At order m = 5 we have included
an almost complete classification of KdV-like equations including lower order terms [12], but
this turned out to be practically impossible at higher orders. Although it would be possible to
force computational power, we are hoping to prove that the top level part determines integrable
evolution equations up to certain transformations to be discussed below.

The last problem with the incompleteness of our classification is related to the dependences
of the functions «, § and y on x, t, u, uy, up. In preliminary computations we have seen that
there seem to be identities among the derivatives of these functions, hence one has to possibly
use analogues of contact or Miura transformations in order to eliminate the arbitrariness. The
situation is more or less the same with the constant separant case, where at third order a large
number of the equations are reduced to the KdV or the Krichever—Novikov equation.

Appendix A. Conserved densities

If the evolution equation u, = F[u] is integrable, it is known that the quantities
p TV =F1" p = Fyt/Fy,

where

oF oF
= s En—l =
u,y, Ollpy—1

Fy,
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are conserved densities for equations of any order [8]. Higher order conserved densities are
computed in [2] as below, with the following notation

mei

a:Fnym, Qi) = ,i:1»27374

Fy
D = a7 (Da)* - 12 Dao1y +a 12 ol — 24 o
o= mm+ 1) oW mm+ DO mm =@ |

p® = a(Da) | Da PPV S a
)] T m—1) ()

+24° —ioﬁ +;a o —;a
R S I I B Y R S

60 1
3 — 4(Da): — 2p2aD) 1 1pm
0 a(Da) m(m+1)(m+3)a a a(1)+4a (Da)
+30a(Da)? MDD pygy + —— 2 2
A mm+ Dm+3) O T 2 m+ ) O T w2 — 1)@

ayDa(y + (m — 3)Da )

120 2Da [_ (m—1)(m—3)
m

T = D+ 3)
(m-1)@m=3) 5  6m—2
B %“?l) + mT“<1)a(2> - 60!(3)}
60 5[ m—1)
T —Dm+3” |
(m—l)(2m—3) o (2m—3) 5

oy — —m2 a(])a<2>+—a<1>a<3)

4
(Dagy)* — — Do)

m3

4 , 8
T T

(m — 3)(:((4)

Appendix B. Submodules and their generators

The submodules Mfk) and their generating monomials where: i = 1,2,3,...,13 and the
base k = m — 3, m — 4, ..., 3. The generating monomials of the quotient submodules (the
monomials that are not total derivatives) are shown in bold. The generators of a submodule
M;") can be obtained by using the partitions of the integer p into a sum of integers, as
for example in 4 = 440 =34+1=242=24+14+1=14+14+1+4+1o0r
5=54+40=44+1=34+2=34+14+1=2424+1=24+1+14+1=1+14+1+1+1.

MY = (i)

M( )= (“k+2’ “k+1)

M = (w3, ot r, Uy )

M(k) (uk+4, Uy 3U 1, “k+2”/%+1a “ﬁ+2v “:4-1)

ME = (urys, U attigr, wessttgsn, uk+suk+1, Uk 2U3 s Up Ukt U q)

MP = (uk+6, U S 1> Uks 4l 2y Ut dll g | s Wiy 3Ukp2 Uit 15 Uit 3Up sy Ukp2llf

3 2 2 6
uk+3’ Uy, Wy oW1y, uk+1>
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M§k) = <Mk+7, Up+6Uk+1, Uk+5Uk+2, Mk+5“i+17 Uk+4Uk+3 5 Uk+aUk+2Uk 1, Mk+4uz+1 s
“k+3”%+2v ”k+3”k+2“%+1v ”k+3“2+1 ) ”k+2“2+1v “i+3“k+lv “i+2uk+1a
ui+2ui+l’ ULJ
Mék) = <Mk+8, Uk 7Uk+15 Uk+6Uk+2, uk+6u%+1 s Wk 5UK43 5 Uk 5UR2 Uk 1 uk+5uz+1 ’
Ui Ui 3 Uk 15 Uil Wi Ui U 1 Wi U 1 U 3UG o Ui 1 Ui 3 U2}
”‘k+3”2+1’ uk+2”2+1 ) “ﬁ+4v “i+3uk+2’ ui+3“i+1’ uﬁ+2, ui+2“i+1v “i+2uﬁ+1v “ﬁ+1)
Mék) = (Mk+9, Uje- 8 UK 15 Uk+TUK425 uk+7141%+ 1> Wk-6Uk+3 Up+6Ui4-2Uk+1, Mk+6ui+ 1> Wk4-5Uk+4,
Up4-5Uk3Uk+15 Uk45 M%Jrz, Ujt5 Mk+2ui+1 s Mk+5ui+ 1> Uk+aUk4-3UK42 5 Uk 4UK43 M%H s
Ur+4 M%Jrgukﬂ > Uk+4 Mk+2ui+ 1> Uk+4 MZH > Mk+3ui+z, Ur+3 ui+2ui+ 1> Uk+3 Mk+2u2+ 1
Wi 3 U4y U2 U]y 1 “ﬁ+4uk+ls “iw “ﬁ+3“k+2“k+17 “ﬁ+3“i+ls uﬁ+2uk+1, “i+z“i+1
uﬁ+2u|5<+1 > “§+1>
MYB) = (Uk+10» U+9Uk+15 Uk+8UK+2, Mk+8bti+1, U7 U435 Ukt TUR 2 U1 Uk7 Miﬂ, Uk+6Uk+4,
U+6Uk+3UkK+15 Mk+6bti+2, ”k+6uk+2ui+1a uk+6u2+19 Uk 5Uk+aUjt 1 Uk-5UKL3 UKL,
Up+5UK+3 u]%+1 > Ukts Mi+zuk+1, Ukts uk+2u}3+1 s U5 bti“ > Mk+4ui+3, Uk aUj 13Uk 2 U115
Mk+4uk+3uz+1, Mk+4bt}z+2, Mk+4ui+2bt;%+1, ”k+4uk+2u2+17 Mk+4u2+1, U3 M}Z+2uk+1,
Uk+3 M@zuiﬂ, Ui+3 ”k+2”2+19 Up+3 ”ZH’ ”k+2”1§+19 “i+57 “ﬁ+4uk+21 ui+4“i+1’ “i+3uk+17

2 2 2 2 2 .4 5 4 2 3 .4 2 6 10
Uy 3y s Uy 3Uk2Ug g, Wy 3y g, U, Uy ol g, Uy Uy g, U ol g, “k+1>-

Appendix C. Results for m = 11, m = 13

We present the top level parts of F' computed as described in section 4.2, Steps 1-8, form = 11
and m = 13.
Scalar integrable evolution equations of order m = 11 have the form:
u = a“un + Boujous + Biuous + Bzugui + Bzugug + Baugusuy + B5u8u2
+ 8614% + Brujuguy + Bgu7u§ + Bgu7u5uﬁ + Bloumj + By uéu5
+B12M§Mi + B13M6M§u4 =+ Bl4u6u5ui + B[suﬁui + B]@I,{g =+ B]7u2ui
+ Byguduy + B19M5MZ + Baout

where

By

44a3a", B) = 121a3a", B, = @’ (Blas3a + 726a3) , By = 209a3a"’,

B4 198a9(3a3,3a + 17a§), Bs = aza® (98267 asz3a+ 3432a3) Bg = @aw 0

By = 66a’(14a3 3a + 75a3), By = a’ (2a;3 30 + 3333a3)

By = aza® (wag 3a + 17 160a§) ,

Bip=a (395(3”911% ,a* + 7893643 3a3a — %ag)

B,=d (%49613,3(1 + 4026a§) , B =aza (wa 3a + 9867a§)

B 858a3a8(67a3 sa + 26a3), B = a’ (11843 ;0 + 552981a3 3a3a — 376 66243) ,
Bis = a3a® (IB2243 ya” + 465 465a3 3a3a — 738 30943) ,

Bis = a3a8 (54gs3a a+ 8437 g)

Bjy =a’ ({8343 4% + 385 242a3 3a3a — 28070943) ,
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6 407 2 2 10401 105 4
Bis = asa® (2840742 3a + 1571 85603 3a3a — 129%H1%a3) |

— 5 (1210495 3 18214911 2.2 4236375 4 6180031 6
B9 =a ( 63 3a + —a3 ya3a = a33a30 — T 3)

— .t (28717403 3 86866923 2 2.2 89492403 45%8677 6
BZ() = asza (T Cl + Cl3 3aza- — 3—2613 a3a + = 3) .

Scalar integrable evolution equations of order m = 13 have the form:

u, = a“uy3 + Bouroug + Byuyus + Bauyyuy + Bauious + Bauiousug + Bsuyou
+ Beguouy + Bruguguy + Bgugug + Bgu9u5uﬁ + Blouguj + B”ué + Biyuguquy
+ Bisusugus + Biaugugiy + Bisusuiug + Bigususu + Biyusui + Bisudus
+ Blgl/t%l/ti + Bzoumé + Byiuqugusig + Bzgum@tf1 + Bg3u7u;’ + Bg4u7u§uf1
+ stu7u5ui + 326147u?1 + Bz7ugu4 + Bzgu§u§ + Bzgu§u5ui + B30M%Mi
+ B31u6ugu4 + B32u6u§ui + B33u6u5ui + B34u6u1 + B35M§ + B36u‘51u?t
+ B37u2u3 + B3gu§u2 + B3gu5u§ + B40u}10

where

By = 65aza'?, By = 22laza?, By = a"' (a3 3a + 1664a3), By = 494aza'

By = 130a'! (11a3 3a + 76a3), Bs = 260asa'’(53a; 3a + 62a3), Bs = 793aza'?

By =273a" (11az 3a + 71a3), Bs = a"' (%2as3a +1285743),

Bg = asa 10 (Mawa + 114 062(1%) s

_ 9 (147147 2 2 699 855 2 241917 4
Bi = @’ (S5 a3,0" + 533050 — #7Ha)

By = Za3a", By, = 134" (330a3 30 + 2077a3), Bz = 13a' (638a33a + 3351a3),
By = aza" (2 a3 30 + 183937a3) , Bis = aza'® (24% a3 30 + 22077943)
By = 39a” (489543 ya* + 88 88243 3a3a — 39 70443),

8 (8620989 2 2 7607925 2 9264099 4
Biy = asa’ (570 a3 30° + B2 as 3030 — 2052 d)

Big = a" (*Y%a3 30 +2606543) ,

Bio = a3a"’ (3253 30 4 107900a3) , By = a'' (23245 3a + 3165543)
B,y = 13a3a'"(73438a3 3a + 4537943),

By, = 1954°(1529a3;a> + 27 189a3 3a3a — 1328643),

By; = aza'® (wa 33a+ 113 269a§) s

By = a’ (BS2243,4° 4 11068 27843 3030 — 6059 39143) ,

8 (94273959 2 2 77468235 2 102276369 4
Bys = aza® (2224 33a + P20 43 3050 — 12210592 43))
_ 7 (11510785 .3 195575055 2 2 2 765765 4 82683835 6
By = a’ (11843 ya’ + PP 43 saza a3 3a3a — 255243)

By = 91a3a'"(2239a3 3a + 1222a3), Bos = aza'® (22 a5 30 + 184 63943)

By = a’ (22843 a® + 14017 107a3 3a3a — 810478543)

8 (120547323 2 96 860 985 2 130949793 4
B3y = aza (—6 a + == >az3a3a — T%)

3

B31 — a7(629485 883ag’3a3+52293893161%.30%612 _ 593722313613’353161 — 427213 332612) ,
By = a’ (B¥82143 ,a® + 13011 531a3 3a3a — 8261 65643) ,
By = aza® (2225743 1a* + 13092062143, 3a§a — 18578055643)

Biy = aza® (M ; sa’ + T80 42 aZa® — 409 150 560a3 3a5a — 36 30035543) ,

4
9 (457743 2 1813227 2 1244997 4
Bys = a’ (243 ja* + B2 g5 3050 — 282 43)
_ 8 242491587 2 176827183 2 263231553 4
B3 = aza (—16 a3y3a + g G3zaza — T a3),
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B37 =a (14941266277 3 + 2445881] 641613 3(12(12 _ 227830613a3,3a43¥a _ 9723;270502) ,
Big = (13(16 (540543120879ag Sa; + 1894816697 131 (13 361%612 _ 16438;17 359(13’3(12[1 _ 455 737 ZSIag) ,
B39 — a5 (141010181 603 4 a 4 2339829765 3 + 9914229507 \2!3 gaZ
_70906220355 as3 a a-+ 13 1273824983 a%) ,
B4() — (1304 (8400235762435 4 a + 3249 8337 045 g 3(1%(13 _ 1934432268 125 %3(1431612
— 3278936 115(1373(13(1 + 1452117658 615 g) .

Itisa remarkable fact that at all orders m > 7, the separant a satisfies the same equation (4.11).

Acknowledgment

We wish to thank all the anonymous referees for their constructive comments.

References

(1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
(10]

(11]
[12]

[13]
[14]
[15]

[16]

18

Adler M 1979 On a trace functional for formal pseudo-differential operators and the symplectic structure of the
Korteweg—de Vries type equations Invent. Math. 50 219-48

Bilge A H 2005 Towards the classification of scalar non-polinomial evolution equations: quasilinearity Comput.
Math. Appl. 49 1837-48

Bilge A H 1993 On the equivalence of linearization and formal symmetries as integrability tests for evolution
equations J. Phys. A 26 7511-9

Gardner C S, Green J M, Kruskal M D and Miura R M 1967 Method for solving the Korteweg-de Vries equation
Phys. Rev. Lett. 19 1095-7

Heredero R H, Sokolov V V and Svinolupov S I 1995 Classification of 3rd order integrable evolution equations
Physica D 87 32-6

Heredero R H 2005 Classification of fully nonlinear integrable evolution equations of third order J. Nonlinear
Math. Phys. 12 567-85

Kaup D J 1980 On the inverse scattering problem for cubic eigenvalue problems of the class ¥y + 60y +
6RY = Ay Stud. Appl. Math. 62 189-216

Mikhailov A V, Shabat A B and Sokolov V V 1991 The symmetry approach to the classification of integrable
equations What is Integrability? ed V E Zakharov (Berlin: Springer)

Mizrahi E 2008 Towards the classification of scalar integrable evolution equations in (1 4+ 1) dimensions PhD
Thesis Istanbul Technical University

Mizrahi E and Bilge A H 2009 Towards the classification of scalar non-polynomial evolution equations:
polynomiality in top three derivatives Stud. Appl. Math. 123 233-55

Olver P J 1993 Evolution Equations Possessing Infinitely Many Symmetries (Berlin: Springer)

Ozkum G and Bilge A H 2012 On the classification of fifth order quasi-linear non-constant separant scalar
evolution equations of the KdV type J. Phys. Soc. Japan 81 054001

Sanders J A and Wang J P 1998 On the integrability of homogeneous scalar evolution equations J. Differ.
Egns 147 410-34

Sanders J A and Wang J P 2000 On the integrability of non-polynomial scalar evolution equations J. Differ.
Eqgns 166 132-50

Sawada K and Kotera T 1974 A method of finding N-soliton solutions of the KdV and KdV-like equation Prog.
Theor. Phys. 51 1355-67

Varadarajan V S 1974 Lie Groups, Lie Algebras, and Their Representations (New York: Springer)


http://dx.doi.org/10.1007/BF01410079
http://dx.doi.org/10.1016/j.camwa.2004.09.014
http://dx.doi.org/10.1088/0305-4470/26/24/024
http://dx.doi.org/10.1103/PhysRevLett.19.1095
http://dx.doi.org/10.1016/0167-2789(95)00140-Y
http://dx.doi.org/10.2991/jnmp.2005.12.4.10
http://dx.doi.org/10.1111/j.1467-9590.2009.00451.x
http://dx.doi.org/10.1143/JPSJ.81.054001
http://dx.doi.org/10.1006/jdeq.1998.3452
http://dx.doi.org/10.1006/jdeq.2000.3782
http://dx.doi.org/10.1143/PTP.51.1355

	1. Introduction
	2. Notation and terminology
	3. The ring of polynomials and ‘level grading’
	4. Preliminary classification of KdV-like evolution equations of orders
	4.1. Level homogeneity of the canonical densities
	4.2. Classification up to the dependences on
	4.3. Detailed computations for
	4.4. Detailed computations for

	5. Results and discussion
	Appendix A. Conserved densities
	Appendix B. Submodules and their generators
	Appendix C. Results for
	Acknowledgment
	References

