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1. Introduction

Let A be an abelian group and S € Asuch that 0 ¢ S and S is inverse-closed, that is, s € S if and only if —s € S. The Cayley
graph Cay (A; S) is the graph whose vertices are the elements of A with x adjacent to y if and only if x — y € S. The subset
S C Ais called the connection set for the Cayley graph CAy (A; S).

It frequently will be the case that it is more convenient to work with subsets S of abelian groups that are not inverse-
closed, and yet we want a Cayley graph to be defined in terms of S. For this reason we introduce the inverse closure of S
which is defined to be the smallest superset of S that is inverse-closed. We denote the inverse closure of S by S*.

Let X be a graph with m edges. Recall that the edge space & (X) of X is the vector space of dimension m over F,, where
we associate the coordinates of &(X) with the edges of X. Thus, the elements of &(X) are in one-to-one correspondence
with the subgraphs of X. Because we shall be working with more than one vector space in this paper, we use & to denote
binary-addition for edge spaces. If X; and X, are subgraphs of X, note that the edge set of X; @ X; is the symmetric difference
of E(Xy) and E(X3).

A cycle that spans the vertices of a graph X is called a Hamilton cycle of X. A Hamilton decomposition of a regular graph X
with valency 2d is a collection of d Hamilton cycles Hy, H,, . . ., Hy suchthatX = H{®H,®- - -®H,. A Hamilton decomposition
of a regular graph with valency 2d + 1 is a collection of d Hamilton cycles Hq, H», . . ., Hg and a single one-factor F such that
X =F®H; & ® Hy. A graph admitting a Hamilton decomposition is said to be Hamilton-decomposable. Fig. 1 depicts
a Hamilton decomposition of Cay (Z2; {(1, 1), (0, 1), (1, 0)}*), where Z§ denotes the elementary abelian 5-group of rank 2.
Alspach [1] conjectured in 1984 that Cayley graphs on abelian groups are Hamilton-decomposable. This conjecture remains
unresolved. The main result of this paper, which we prove in Section 3, provides a framework for significant progress on the
conjecture and we include several consequences with their proofs in subsequent sections.
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E-mail addresses: Brian.Alspach@newcastle.edu.au (B. Alspach), cafercaliskan@gmail.com (C. Caliskan), kreher@mtu.edu (D.L. Kreher).
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Fig. 1. Hamilton decomposition of CAy (Zﬁ; {(1,1), (0, 1), (1,0)}*).
2. Basic tools

In this section we develop some basic tools that are used throughout the rest of the paper. The first tool is an outgrowth
of a conjecture of Bermond [3] from 1978. He conjectured that the Cartesian product of Hamilton-decomposable graphs is
Hamilton-decomposable. This conjecture also remains unresolved, but there is a very useful partial result due to Stong [6].
Stong’s result includes the following theorem which we require.

Theorem 2.1. If X; is a Hamilton-decomposable graph of valency 2r and X, is a Hamilton-decomposable graph of valency 2s,
with r < s, then the Cartesian product X;0X, is Hamilton-decomposable if either of the following two conditions holds:

1. s <3r,or
2.r >3

There are two partial results on the Cayley graph conjecture we use. The first was obtained by Bermond, Favaron and
Maheo [4] in 1989. The second is a recent result by Westlund, Kreher and Liu [7].

Theorem 2.2. Every connected Cayley graph of valency 4 on an abelian group is Hamilton-decomposable.

Theorem 2.3. Every connected Cayley graph of valency 6 on an odd order abelian group is Hamilton-decomposable.

We now present two fundamental techniques used in the construction of Hamilton decompositions (see for example [5]).
The proofs are straightforward and omitted.

Lemma 2.4. If C(0), C(1),C(2), ..., C(k— 1) are pairwise vertex-disjoint cycles and C = XqYoX1Y1X2Y> - * - Xxk—1Yk—1 iS a cycle
of length 2k such that x;y; € E(C(0) @ C(1) & --- & C(k — 1)) for all i, and x;y; and x;y; do not intersect the same C(£) when
i # j, then the subgraph

Ccoecd ---dCk—-1))C

is a single cycle.

Lemma 2.5. If C is a cycle of length ¢ with orientation xox - - - X, and F is a 4-cycle uvwy such that uv, wy € E(C), vw, uy &
E(C), and (u, v), (v, w) both agree with the orientation given to C, then the subgraph C & F is a cycle of length £.

The two preceding lemmas deal with what results after performing certain edge switchings. The first is used to tie
together vertex-disjoint cycles into cycles of strictly greater length. The second is used to guarantee that certain edge
switchings do not break a given cycle into two smaller cycles. Continuing in this vein, the next lemma provides another
tool that guarantees a Hamilton cycle results from certain edge switchings.

Let T be a tree with maximum valency k and let Z : E(T) — {0, 1, ..., m} denote a proper edge coloring of T withm + 1
colors, where m > k — 1. Consider the Cartesian product TOC, of T with an r-cycle, where r > m+ 1. Let the vertices of T be
labeled uq, uy, ..., u, and let the vertices of the r-cycle replacing u; be labeled u; o, u; 1, . . ., Uj ,—1, where u; ; is adjacent to
u; j4+1 for all j and subscript calculation is done modulo r. If the edge joining u; and u; in T is colored «, let F; ; be the 4-cycle
Uj o Ui g+1Uj,a+1Uj.o- Let F denote the vertex-disjoint union

Do
where the sum is taken over all edges {u;, u;} of T. Let © denote the vertex-disjoint union of all the r-cycles in TOC.. The
graph & @ D is called the chromatic lift of T in TOC,.

Lemma 2.6. Let T be a tree with maximum valency k and let Z : E(T) — {0, 1, ..., m} denote a proper edge coloring of T
with m + 1 colors, where m > k — 1, and all colors are used at least once. If r > m + 1, then the chromatic lift of T in TOC; is a
Hamilton cycle.
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Proof. Let the vertices of T be ordered uy, u,, ..., u, so that for each i satisfying 2 < i < n, u; has precisely one neighbor
in {uy, uy, ..., ui_1}. (Such an ordering exists for every tree and it need not be unique.) Let C(1;) = u;olli1 - - - Uir—1Uio
denote the r-cycle in TOC, with fixed coordinate u;. Let # denote the 2-factor composed of the n vertex-disjoint r-cycles
C(uq), C(uy), ..., C(up). If the edge joining u; and u; is colored k, then in the chromatic lift of T, the edges uq xu; x+1 and
Uy kU k+1 are replaced by the edges uy yuy x and uy g+1uz r+1. The effect of this is to produce a single cycle spanning the
vertices of C(u1) U C(uy). Moving to us, there is an edge from uj3 to either u; or uy. This edge is colored k' where k' # k. Thus,
we remove the edge us y i3 41 from C(u3) and the corresponding edge from either C (u1) or C(u3), and replace them with the
edges at levels k' and k' + 1 joining the two cycles. This produces a single cycle spanning the vertices of C(u1) UC(uy) UC(u3).

It is easy to see that as we work along the tree in the specified order, the resulting graph is the chromatic lift of T in TOC;
and is a single cycle by Lemma 2.6. Thus, the result follows. O

We now introduce several more concepts required for the forthcoming proofs.

Definition 2.7. If Hy, H, Hs, . . ., Hy is a Hamilton decomposition of the graph X, then a matching M of dk edges is a chordal
set of density k for Hy if M NE(H;)| = kforallj = 1,2, ..., d. The edges in a chordal set are called chords. They are chords to
the cycle Hy. A vertex is a chordal vertex if it is incident to a chord in M. A subpath of Hy @ M is internally chordal vertex-free
if no internal vertex of the subpath is a chordal vertex. A maximal internally chordal vertex-free subpath necessarily begins
and ends with a chordal vertex.

Proposition 2.8. If Hy, Hy, Hy, ..., Hy is a Hamilton decomposition of the graph X and |X| > 4dk, then X has a chordal set of
density k for Hy.

Proof. Let k' be maximal such that X has chordal set M of density k. We may assume k' < k, otherwise we are done.
Further suppose ¢ is maximal such that there are edges e; € H;, i = 1,2, ..., £ extending M to a larger matching M’ =
MU/{eq, ey, ..., e;}. Consider the edges of H,, 1. Exactly k" of these edges are included in M" and at most 4(k'(d — 1) +£) + 2k’
of them are adjacent to an edge in M. This leaves at least one edge of H,,; unaccounted for, contrary to the choice of ¢
andk. O

Proposition 2.9. Given integer n > 2, if Hy, Hy, Ho, . .., Hy is a Hamilton decomposition of the graph X and |X| > 2dkn, then
X has a chordal set M of density k for Hy and Hy has an internally chordal vertex-free path of length at least n.

Proof. Because n > 2, then |X| > 4dk and we can apply 2.8 to obtain a chordal set M of density k for Hy. The chordal vertices
divide Hy into 2|M| = 2dk paths. The average length of such a path is
1X| 1X] 2dnk
_— = > =

2IM| ~ 2dk — 2dk

Definition 2.10. A subset S of an abelian group A is inverse-free if whenever s € S eithers = —sor —s & S.

Definition 2.11. Let A be an abelian group and let X = Cay (A; S*), where S = {s, 51, ..., Sq} is inverse-free. If Y is any
subgraph of X, then for an odd integer p > 3 and a mapping « : S — Z,, we define LIFT, , (Y) to be the subgraph of the
Cayley graph LIFT, o (X) = CAY (A X Zp; {(s, a(s)) : s € S} U {(0, 1)}*) with edges

{{, i), v, i+ a()} : {u, v} €E(Y), i € Zp, ands = v — u}.

The lift of Kjs, the graph with no edges, is LiFT, o (Kj5) = CaY (A x Zy; {(0, 1)}*) which consists of |A| vertex-disjoint
p-cycles.

Definition 2.12. The switch determined by an edge uv of X, with color z = Z(uv) € Z,, is the 4-cycle

o(Z;uv) = (u,2)(u,z+ (v, z + 1)(v, 2)
inLIFT, o (X).Ifuv is an uncolored edge, thatis, Z(uv) is undefined, then o (Z; {u, v}) is the edgeless graph. If Y is a subgraph
of X, then o (Z; Y) = Pecp(y) 0 (Z; ©).
Definition 2.13. A properly edge-colored spanning tree T of X with coloring Z : E(T) — Z, is a (p, o)-switching tree T for
the Hamilton decomposition Hy, Hy, Ho, . .., Hg of X if

LIFT, o (Ho) @ 0(Z; Ho), LiIFTy (Hy) ® 0(Z; Hy), ..., LIFTy, (Hg) ® 0(Z; Hy), LiFT,, (Kja) ® 0(Z;T)
is a Hamilton decomposition of LIFT, , (X). Note that Z(e) remains undefined for edges e that are notin T. Thus 6 (Z; T N
Hi) = 0(Z; Hy).
Proposition 2.14. If 6 is an automorphism of the abelian group A, then 6 is an isomorphism from Cay (A; S*) to CaY (A; 6(S)*)
forany S C A.
Proof. If xy is an edge of CAy (A; S*),thenx — y = sfor some s € S*. Thus9(x) —6(y) =0(x —y) = 6(s) € S*. O
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Fig. 2. The graph G; = Gy ® 0 (Z; v1v,) is the union of n vertex-disjoint paths. Here we have assumed «(s) = 0, for all s € S.
3. Proof of the main theorem
We now state and prove our main result.

Theorem 3.1. Let X = CAy (A; S*), where A is abelian and S is inverse-free. Given an odd integer n > 3 and a mapping
o : S — Zy, if X has a Hamilton decomposition Hy, Hy, . .., Hy, with chordal set M of density n — 1 for Hy such that Hy
has an internally chordal vertex-free path of length n, then LiFT, o, (X) is also Hamilton-decomposable.

Proof. Let Q be a maximal internally chordal vertex-free path on Hy. Then Q has length at least n and begins and ends with
a chordal vertex. We show that Hy @ M contains a cubic (n, «)-switching tree T and hence X’ = LiFt, o, (X) is Hamilton-
decomposable.

Write Ho as the cycle V1V2V3 -+ * UNUN41 * * - V4 U1 such that Q = UNUN+1UN+42 * * - V4| V1, and set P = HO (&) {leﬁ} to be
the path P = vyv,v3 ... vju. Then N is the index of the last chordal vertex on P. The subgraph Gy = LIFT, o (P) of LIFT, o (X)
consists of the n vertex-disjoint paths. We process the vertices of P in the order vy, v;, vs, ... to build the (n, o)-switching
tree T, with coloring Z : E(T) — Zj.

Vertex v, is a chordal vertex and is incident to a chord e € M. We include e in T and set Z(e) = 1. We also include the
edge viv, in T, set its color Z(viv,) = 0 and let G; = Gy @ o(Z; v1v2). Then Gy consists of n vertex-disjoint paths. (See
Fig. 2.)

Let P; = vqv, - - - v;. Suppose for 1 < i < N, that every chord incident with a vertex of P;,_; has been colored and belongs
to T, and that every edge e € P; is either uncolored or included as an edge of T with Z(e) specified. Further suppose

i
Gi-1 =Gi2 ® 0 (Z; vi—iv)) = Gy D @U(Z; Vj—1vj)
=2

is the union of n vertex-disjoint paths. Consider the edges in P; @ M that are incident to v;. There are three situations to
resolve.

I: v; is a chordal vertex and the chord c; incident to v; has been colored. In this situation the edge e = v;v;;4 is not included
in T and consequently does not require coloring. Hence o (Z; e) is the empty graph and G; = G;_; @ 0(Z; e) = Gj_1 is
the union of n vertex-disjoint paths.

II: v;is achordal vertex and the chord c; incident to v; has not been colored. In this situation we first include the edge e = v;v; 1
in T. The two edges (vi, X) (vi+1, X) and (v;, x+1) (viy1, X+ 1) belong to the same path if and only if (v}4;, X) and (vja), x41)
are ends of the same path. Hence we let L C Z, be the set of colors x such that (v}, X) and (v, X + 1) are ends of the
same path in G;_;. (If vi_1v; was colored x, then (v}, X) and (vj), X + 1) are path ends of G;_;.) Then |L| < [n/2], and
hence there aren — [n/2] = [n/2] > 2 colors notin L. Letz € Z, \ L, set Z(e) = z and G; = G;_; @ o (Z; e). It is easy
to see that G; is the union of n vertex-disjoint paths. The chord ¢; € M N E(H;), for some j, and possibly the other n — 2
edges in M N E(H;) have been colored. One of the remaining two colors, say z/, is not z. We set Z(c;) = z’ and include ¢;
inT.

Ill: v; is not a chordal vertex. In this situation we include e = v;v;y1 in T. To determine a color for e, let L be the set of
colors x such that (vjs}, x) and (vja), x + 1) are ends of the same path in G;_;. Then |L| < |n/2], and hence there are
n—|n/2] = [n/2] > 2colorsnotinL.Letz € Z, \ L, set Z(e) = z and G; = G;_1 @ o (Z; e). It is easy to see that G; is
the union of n vertex-disjoint paths.

We conclude this process at the last chordal vertex, i.e. ati = N, obtaining a graph Gy consisting of n vertex-disjoint paths, a
tree T and an edge-coloring Z. We complete T by including the edges of the path vyvn41 - - - vj4). From P one edge adjacent
to each chord has not been included in T and all the chords have been included in T. Thus T is a spanning tree of X. So far no
two adjacent edges of T have been assigned identical colors and there are distinct colors on all the edges in M; = M NE(H;),
foreachi =1, 2, ..., d. It remains to color the edges of the path vyUn1UN42 - - - Vja. HOwever, coloring these edges has no
effect on LiFT, o, (H;)) @ 0(Z; H;), i =1,2,...,d.Because the n — 1 matching edges of H; receive n — 1 distinct colors, it is
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clear that LiFt, , (H;) @ 0(Z; H;) is a Hamilton cycle fori = 1, 2, ..., d. Moreover, because of Lemma 2.6, no matter how
these edges are colored, we have that LIFT, (m @ o(Z; T) also is a Hamilton cycle. Thus, the scheme we describe for
coloring the aforementioned edges is designed to guarantee that LIFT, , (Ho) @ o (Z; T) is a Hamilton cycle.

Let W be the n-matching {0, 1,2, ..., n — 1}0{vsv1}. Then LiFT, o (P) ® W = LiFTyq (P @ {vjav1}) = LIFT o (Ho) and
hence

N—1
GN DW= LIFTn,a (Ho) D (@ O'(Z; vjvjﬂ))
j=1
consists of k < n vertex-disjoint cycles Gy, G, ..., Cy.
If k = 1, then LiFT, 4 (P @ {vja v }) already is a Hamilton cycle and we omit the next step. If k > 1, then we choose k — 1
distinct colors X1, Xo, . . ., Xk—1 € Z, from the set

{x: {(A], %), (A, x+ 1} Z V(C)), forallj=1,2,...,k},

where X1 # Z(c) and c is the chord incident to vy, and then setting Z(vn4j—1Un4j) = Xj, j = 1,2, ..., k—1,it follows that

N+k—2
C = LIFTy 4 (Ho) ® ( P oz vjvm))

j=1
is a Hamilton cycle. We now color the remaining |A| —N —k—1 edges one at a time such that each switch produces a Hamilton
cycle. Suppose we wish to color the edge vjvj,1.1fj = N (thatis, k = 1), then only the chord incident with vy has been colored
some color x. This implies that the current Hamilton cycle C uses all of the edges M of the form {0, 1, ..., n — 1}0{vyvN+1},
the edge vy xUn x+1 and no other edges on the n-cycle replacing vy. Hence, upon orienting the edges of C, the edges vy xUn+1.x
and vy x+1VUn+1,x+1 have opposite orientation. Thus, there is some y # x for which vy yun1,y and vy y+1Un41,y+1 have the
same orientation, because n is odd. Hence, if we color the edge vyvy41 with y, then the corresponding switch produces a
Hamilton cycle by Lemma 2.5. The same argument applies to vjvj;1, j > N, because only one edge incident with vj is colored
in this procedure. This completes the proof of the theorem. O

Putting Theorem 3.1, Propositions 2.9 and 2.14 together we arrive at Corollary 3.2.

Corollary 3.2. Let S = {so, S1, 52,53, . . ., Sq} be an inverse-free subset of the odd order abelian group A and let n be an odd
integer. Givenxg, X1, Xa, . . . , X4 € Zy and generator g of Z, let S' = {(s;, %) : i=0,1,2,...,d}U{(0, g)}.If |A| > 2d(n*—n)
and CAY (A; §*) is Hamilton-decomposable, then CAY (A x Z,; S'*) is Hamilton-decomposable.

This corollary can be extended to Corollary 3.3.

Corollary 3.3. Let S = {so, 51, $2, S3, . .., Sq} be an inverse-free subset of the odd order abelian group A and let B = Z,, x
Zn, X -++ X ZLn, be a rank r odd order abelian group, where n;|n,_1|n._»| - - - |ny, with basis G = {g1, %, ..., &} Given
X0, X1,X2,...,Xg € BletS" = {(si,x) : i =0,1,2,...,d}U{©0,8) : i = 1,2,...,r}If |A| > 2d(n} — ny)* and
Cay (A; S*) is Hamilton-decomposable, then CAY (A x B; S') is Hamilton-decomposable.

Proof. Write x; = (x; 1, X2, ..., Xir), Where x;; € Ly;, fori = 0,1, 2,...,d. There is a group automorphism 6 of B such
that 6(g;)) = ¢, = (0,0,...,0,1,0,...,0). Thus by Proposition 2.14 we may assume without loss that g; = e; for all
i=1,2,...,r.Because |A| > 2d(n% —n4)?, we apply Corollary 3.2 obtaining a Hamilton decomposition of Cay (A x Zn,; S1),
where

S1={Gi,x1): i=0,1,2,...,d}U{(O, D}.

Now [AX Zy, | > |A| > 2d(n§—n;)? > 2d(n%—n,)?. So we may again apply Corollary 3.2 to obtain a Hamilton decomposition
of CAY (A X Zpn, X Zp,; S2), where

Sy ={Gi, xi1,%2):1=0,1,2,...,d}U{(0, 1,0), (0,0, 1)}.
Iterating this process k times we obtain a Hamilton decomposition of CAY (A X Zy, X Zp, X -+ X Zy,; S), where
Sk = {(5i, X1, X2, ..., X)) 1 1=0,1,2,...,d}U{(0,1,0,...,0),(0,0,1,0,...,0),...,(0,0,...,0, 1)}.
Because S’ = S,, the desired result is obtained on the r-th iteration. O

We now explore some consequences of Theorem 3.1 and its corollaries.
4. Elementary abelian groups

We now focus on the elementary abelian group A = Zg which we also consider as the vector space of dimension n over
the field F, = Z,. Alspach, Bryant and Dyer [2] established the following lemma in 2010.

Lemmad4.1. If S = {s1,s,,...,S:} is a set of linearly independent vectors in Z[, then the components of the Cayley graph
CAy (Z1; S*) are all isomorphic to the Cartesian product of t p-cycles.
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Fig. 3. Hamilton decomposition of CAy (Z%; {(1, 1), (1,0), (0, 1)}*).

It has an interesting corollary which also appears in [2].

Corollary 4.2. If S is a basis of Z, then the Cayley graph Cay (Z; S*) has a Hamilton decomposition.

The remainder of this section establishes Theorem 4.5 which is a generalization of Corollary 4.2. Namely we will show
thatifthe setS C ZZ has |S| = n+ 1 and rank n, then Cay (Z}; S*) is Hamilton decomposable. First in Section 4.1 we reduce
to where S has a row reduced echelon form. In Sections 4.2-4.4, and 4.4, we settle the problem for dimension n = 2, and
also for n = 3 when p = 3. These are the initial ingredients needed for an inductive proof using Corollary 3.2.

4.1. Reduction

The automorphism group of Z; is GL,(p) the group of n by n invertible matrices over Zp. If M € GLq(p), then it is easy
to see that the mapping x + Mx on Z; is a graph isomorphism from Cay (Z;; S*) to CAy (Z;; MS*). In particular if S of
cardinality n is a linearly independent subset of Z", then the matrix M whose columns are the elements of S is invertible
and hence M € GL;(p). It follows that CAy (Z]; S*) is isomorphic CAY (Z; {e1, ea, ..., e;}*), where {eq, e, ..., e,} is the
standard basis for Zg. That is

¢;=1[0,0,...,0, 1,0,...,0].
j—th

Thus if p is a prime and S is a rank n cardinality n + 1 inverse-free subset of Z}, we may assume that X = Cay (Z}; S*) has

S={r,e, ey ..., en},
withr # Fej, forallj = 1,2, ..., n. Also because we may multiply any coordinate by —1 and preserve S*, we may assume
the entries of r are each less than or equal to (p — 1)/2. Moreover we may put the entries in r in descending order, because
permuting the coordinates fixes the set {eq, e, ..., e,}. We record these observations with the following lemma.

Lemmad4.3. Let p be an odd prime. If S < Z; has cardinality n + 1 and rank n, then Cay (Z;; S*) is isomorphic to
Cay (ZZ; {r,ei, ey, ..., en}"), wherer # e, forallj = 1,2,...,n, each entry of r is at most (p — 1)/2 and the entries
of r are in descending order.

42. p=3,n€e {2,3}

Applying Lemma 4.3 we see that all 6-valent Cayley graphs on Z2 whose connection sets have full rank are isomorphic
to

X3,2 = Cay (sz {(15 1)5 (]7 0)9 (Oa 1)}*)

A Hamilton decomposition of this graph is depicted in Fig. 3.
Also using Lemma 4.3 we find that there are exactly two non-isomorphic 8-valent Cayley graphs on Z'é whose connection
sets have full rank. Namely:

1. X33, = Cav (Z%; {(1, 1,0), (1,0, 0), (0, 1,0), (0,0, 1)}*)
2. X33, = Cav (Z3; {(1,1, 1), (1,0,0), (0, 1,0), (0,0, 1)}*).
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Fig. 4. Switching trees for Fig. 3.
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Fig. 5. Hamilton decomposition of CAY (Zg; {(1,1,0),(1,0,0), (0, 1,0), (0,0, 1)}*).

0o 1 2 0 1 2

LiFt3.0, (Ho) ® 0(Z2; Ho)  Lirt g, (Hy) @ 0(Zo3 Hy)  Lirts g, (Hy) ® 0(Z23 Hy)  Lirts (E) ®o(ZnT)

Fig. 6. Hamilton decomposition of Cay (Z3; {(1, 1, 1), (1,0, 0), (0, 1, 0), (0, 0, 1)}*).

Defining functions
_((,1) (1,00 (0,1
“ 1=\ o 0 0

and

1,1 (1,0) (0, 1)
“2:< 1 0 0 )

2,2 4 2,2 o
1,2 q 1,2
0,2 0,2
2,717 2,71
1,1 1,1
0,1 0,1
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it is easily verified for i = 1 and 2 that the Z3-labeled tree T; with coloring Z; depicted in Fig. 4 is a (3, «;)-switching tree for
the decomposition given in Fig. 3. The resulting decompositions of X3 5, i = 1, 2, are provided in Figs. 5 and 6, respectively.

(The vertex in row y, z and column x has coordinates (x, y, z).)

It is also easy to verify that M; and M, given below are chordal sets of density 2 for LiFT3 o, (H1) @ 0(Z;; Hy), i = 1

and 2.

My = {{(1,0,0),(2,0,0)},{(1,1,1), (2,1, 1}, {(0,2,2), (2,2,2)}, {(0, 1,2), 2, 1, 2)},
{(1,1,0), 2, 1,0}, {(1,0, 1), (2,0, D}}
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M, = {{(0,0,1), (0,1, D}, {2, 1,1), (2,2, 1}, {(0, 1,2), 2, 1,2)},{(0,2,2), (2, 2,2)},
{(1,1,0), (2,1,0)}, {(1,0,0), (2,0,0)}}.

Chordal vertices are blackened in Figs. 5 and 6. An internally chordal vertex-free path of length 3 in LiFT3 o, (H1) @
0(Z;Hy),i=1or2,is

P=(1,1,2)(1,0,2)(0,0,2)(2,0,2).

43. p=5,n=2

Applying Lemma 4.3 we see that there are exactly 4 non-isomorphic 6-valent Cayley graphs on Zg whose connection sets
have full rank. For each we provide a Hamilton decomposition (Hq, H, H3), a chordal set M = M; U M3 of density 4 for H,
and an internally chordal vertex-free path P of length 5 in H, + M. Chordal vertices have been blackened.

4
3
2

- 1
0

g 01 2 534
{(0,3), (1,4)}, {(4,1), (4, 2)},

_ J10,2), (1, 3)}, _ _ J{4.3), (4, 4)},
Mi= 1101 (1.2). P=(1,02,03,06 13,263 M= 1"4" 3 4)

{(1,0), (1, D} {(2.2),(2.3)}

4.3.1. Cay (Z2; {(1, 1), (1,0), (0, D}

4.3.2. Cay (Z2;{(2,0), (1,0), (0, D}")

4 4 4

3 o 3 3

2 o — 2 2

H, = | H, = ) H; = )

TSy Q= I3 :4 052~ 4

paey aay
1,2), (1,3)}, B 1@, 0), 4, 9)).
M; = (1. 1), 3. ). P=(0,0)(1,0)(2,0)(2, 1)(2,2)(3,2) M3 = ((4.1). (4.2)).
{(0,3), (2, 3)} {(3,3), 4, 3)}

4.3.3. Cay (Z2;{(2, 1), (1,0), (0, D}")

4 4
3 3
H. : H :
27 37
0 0
53 4 09T % 3%
{(0,0), (2, D},

{(4, 1), (4,2)},
{(1,3), (1,4},

(0,3), 2, 4),

v - J10.2.2.3)),
1T e . 2. 2))
(1,0, (1, 1) ((4.3), 4, 4)

P=(1,0)(2,0)(3,0)(3, 1)(3,2)(3,3) M; =



B. Alspach et al. / Discrete Mathematics 313 (2013) 1475-1489 1483

4.34. Cay (Z2; {(2,2), (1,0), (0, D)}*)

4 4
3 3
2 2
Hy = Hy, = . H; = .
0 0 1 4 0 0O 1 2 3 4
{(0,0), (0, 1)}, {(4,0), (4, 1)},
M= ey | PGB IEACICHCY M= ‘iﬁéi 2.(0.3)
{(4,2), (4,3)} {(2,0), (3,0)}

44. p>5n=2
Letp > 5 be a prime and lete; = (1, 0), e; = (0, 1). Choose any r = (a, b) € ZIZ, \ {e1, e2}*. In this section we consider
the Cayley graph
X = Cay (7135§ {r,eq, e}

and construct a Hamilton decomposition Hy, H,, H3 of X and a chordal set M of density p — 1 for H,, such that H, & M
has an internally chordal vertex-free path P of length p. The existence of the Hamilton decomposition of X guaranteed by
Theorem 2.3 need not yield a decomposition with the desired chordal set.

To begin we start with the edge partition

Hj = Cay (Z}; {r}"),  Hy=Cav(Z);{e1}"),  Hj=Cav (Z): {ez}").

An example when p = 7 is given in Fig. 7.

6 6
5 5
4 4
F 3 3
DRIRY R
A "‘\\..\ p L 2 2
A7 N '\‘\" TP
»\1»‘“,.? 1 1
0 0
o 1 2 3 4 5 6 0o 1 2 3 4 5 6
H) H

Fig. 7. Cay (Z%{(2,5), (0, 1), (1,0)}*).

Let C be the cycle defined by the length 2p alternating r, —e, sequence
(wlv W2, ..., wzp) = (rv —€y, T, —€z,...,T, _eZ)

and the vertex (0, 0). That is

j
C:((0,0)+Zw,~:j:O,1,2,...,2p—1>.

i=1

This is a cycle of length 2p, because r and e, are linearly independent. The edges of C alternate between edges of H{ and
Hj. The r-edges of C join the cycles of H} and the e,-edges of C join the cycles of H;. Thus by Lemma 2.4 the symmetric
differences H; @ C and H; @ C are Hamilton cycles. (See Fig. 8.) It is not difficult to see that the e,-edges used in the cycle C
are

S = {(ka, —k(1 — b)), (ka, 1 — k(1 — b))},

wherek =0, 1,2,...,p — 1. We may assume a # 0. There are three cases to consider.
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6 6
5 5
4 4
3 3
2 2
1 1
0 0
o 1 2 3 4 5 6 o 1 2 3 4 5 6
HeC H) HijeC
A Hamilton cycle p p-cycles A Hamilton cycle

C =1(0,0)(2,5)(2,4)(4,2)(4,1)(6,6)(6,5)(1,3)(1,2)(3,0)(3, 6)(5,4)(5,3)(0, 1)

Fig. 8. Symmetric difference with the cycle C.

6
5 ¢
4
3
2
1
o O
0O 1 2 3 4 5 6
Hj HeZ HieZ
p p-cycles A Hamilton cycle p — 3 p-cycles and one 3p-cycle

Z=FQ3,00+F2,1)+F(3,2)+ F2,3)+ F(3,4)+ F(2,5)

Fig. 9. Symmetric difference with zig-zag Z marked with e.

q o o o o 0 6 6

N s g Ny
REKIK -

NOREK D> 33 3

N “ 2 ‘,{_—‘g 2

o 1 2 3 4 5 6 o 1 2 3 4 5 6
HeC HeZ Hie(Ceo2Z)
A Hamilton cycle A Hamilton cycle Two cycles

Fig. 10. Symmetric difference with C and Z.

Case 1,b ¢ {0, 1}: Settingx = kaandz = —(b — 1)~ 'a we find the e,-edges used in the cycle C are:
S={{&x.—z7'%), x, 1-z7'%)} :x € Z,}. (1)
If the edge s, = {(x,y1), (x,¥2)} € Sandy, = y; + 1, then we call y, the top of s, and y; the bottom of
Sx; otherwise yq is the top and y; is the bottom. Let F,, where x € Zﬁ, be the 4-cycle defined by the sequence

(e1, e2, —e1, —e;) and the vertex x, that is, Fy is the subgraph with edge set

E(F) = {{x,x+ e}, {x+ei,x+e; +ex}, {x+e;+ex,x+ e}, {x+ey,x}}.
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6

5

4

3 »

2

1

0O 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

H =H ®&(C®D) Hy=H,®Z Hy=H,®@(C®Z®D)
A Hamilton cycle A Hamilton cycle A Hamilton cycle

Fig. 11. Symmetric difference with C, Z, and D = (4, 3)(4, 4)(6, 2)(6, 1).

Then focusing on s, = {(z, —1), (z, 0)} we define the zig-zag to be

7= {F(zl,o) + Feay +Feo12)+ Fasy + -+ Fe1p- if[z"']iseven;
Feo) +Feo11) + Fz2) +Fo—13 + -+ Fep-2 if [z7"]is odd,

where [z7!] is the unique integer such that 0 < [z7!] < pand [z7'] = z~' (mod p). It should be observed that
SNE(Z) = ¥.The zig-zag Z is alength 4(p— 1) closed trail with edges alternating between H} and Hj. Thus applying
Lemma 2.4 we find that the e,-edges of Z join the cycles of H, and consequently the symmetric difference H; & Z
is a Hamilton cycle. The e;-edges of Z span only the cycles of Hj that have first coordinate among z — 1, z and
z + 1, thus these cycles are joined by Lemma 2.4 into a cycle of length 3p in the symmetric difference H; @ Z. The
remaining vertices are in cycles of length p. An example when p = 7 is given in Fig. 9. Consequently the symmetric
differences H{ @ C and H} @ Z are Hamilton cycles whereas H; @ (C @ Z) may not be. (See Fig. 10.) We now show
that H; @ (C @ Z) is either a Hamilton cycle or consists of exactly two vertex-disjoint cycles. The 3p-cycle of e;-
and e,-edges formed by the symmetric difference H; @ Z is broken into three paths when the edges s,_1, s, and
s;41 are removed by the symmetric difference H} @ (C @ Z). These three paths of e;- and e,-edges are

the top of s, to the top of s,_; path Py,
the bottom of s,_; to the top of s,..; path P,, when [z71] > [-z71]
the bottom of s, to the bottom of s, path Ps,

or

the top of s, to the top of s, path Py,
the bottom of s, 1 to the top of s,_ path P, when [z71] < [-z71].
the bottom of s,_; to the bottom of s, path Ps,

Eachr-edge in H;® (C@Z) is adjacent to exactly two edges in S; it is adjacent to one at the bottom end and another
at the top end. When traversing the cycle containing an r-edge {(x —a, y, —b), (x, y2)}, wherex € {z—1,z,z+ 1},
then it follows the path

&y + DX y2+2)- - X y2 + k) - X, y2 = 1)

and then exits on the r-edge {(x, y» — 1), (x+a, y» — 14+a)}. Hence it enters at the top of s, and leaves at the bottom
of s. It follows that the cycles containing P, P, or P; must join their top ends to bottom ends. Hence because P has
two top ends, P, has a top and bottom end and P5 has two bottom ends, then we can only complete the traversal
of cycles by either

1. Joining P; and P; with intermediate edges into a cycle and simultaneously joining P; with intermediate edges
into a cycle, thus obtaining two cycles.

2. Joining Pq, P, P3 with intermediate edges into a single cycle.

In the second case as mentioned earlier the graph X has been successfully decomposed into the Hamilton cycles:
Hi =H;®C,H, =H,®Z,and H; = H; @ (C @ Z). In the first case let K; and K; be the two cycles. Then because
vertices with first coordinate x are joined by an r-edge to vertices with first a coordinate x + a, there must exist
anx € Z, \ {z} where all of the edges {(x 4 a, i), (x 4+ a, i 4+ 1)} are edges of K, except the edge s,., and an edge
{(x,y), (x,y + 1)} in K; where {(x + a,y), (x + a,y + 1)} # Sytq. Let D be the 4-cycle

@& y+DHx+ay+1+bEx+ay+Db).
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The edges of D alternate between H; @ C and K; + K; = H; @ (C @ Z). Also when the edges of the Hamilton cycle
H; @ C are traversed, parallel edges are traversed in the same direction. Consequently, applying Lemma 2.5, we see
that H; @ (C @ D) and H; @ (C ®Z @ D) are Hamilton cycles (see Fig. 11). Now X has been successfully decomposed
into the Hamilton cycles: Hy = H; @ (C® D), H, = H,; ®Z,andH; = H; & (C & Z & D).

To construct a chordal set of density p — 1 for H,, we use the set S given in Eq. (1). Set

My =S\ {s;} = {{(x, —z7'%), (x, 1 =270} : x € Z, \ {z}}.

Then M; is a matching in H; that has a unique e,-edge with first coordinate x for each x € Z, \ {z}. Letx € Z,.If
x & {z — 1,z,z + 1}, the only e,-edge with first coordinate x that is not in Hs is s, = {(x, —z~'%), (x, 1 — 27 'x)}.
Hence there are p — 3 e;-edges in H; with first coordinate x that are not adjacent to s,. At most one of these was
used by D. Thus there remains at least (p — 3) — 1 > 1 edges in H3 with first coordinate x that are non-adjacent to
anedge in M. If x =z — 1orx = z 4 1, there are (p — 1) /2 e,-edges with first coordinate x used by Z and at most
one was used by D. There remains atleastp — (p — 1)/2 — 1 = (p — 1) /2 > 3 ey-edges in H3 with first coordinate
x. Of these at most two are adjacent to s, and hence there is at least one that is non-adjacent to s,. Therefore we
may choose a coordinate y, for eachx € Z, \ {z} such that M3 = {{(x, yx), (x,yx+ 1)} : x € Z, \ {z}} is a matching
in H; vertex-disjoint from M;. Consequently, M = M; U M3 is a chordal set of density p — 1 for H,. An internally
chordal vertex-free path of length p in H, + M is

P=(z—-1,0)(z,0)(z, )(z,2)---(z,p—1).

Case 2, b = 1: In this case the e,-edges used in the cycle C are:

S:{{(X, 0)7(X7 1)} XEZD}~ (2)
Similar to Case 1 we employ the zig-zag
Z =Fo.0 +Fay +Foz +Faz + -+ Fop-2-

Only the 4-cycle F(0, 0) has non-empty intersection with S. Thus, F (0, 0) alternates edges between H; @ C and HJ,
whereas the edges of the other 4-cycles in Z alternate between H;, and H} @ C. The e,-edges of Z join the cycles of
H} and thus by Lemma 2.4 H, = H} @ Z is a Hamilton cycle. Furthermore, because parallel e;-edges of H; @ Z have
the same orientation it follows by Lemma 2.5 that H; = Hj} @ (Z — F(0, 0)) is a Hamilton cycle. Also the edges
{(0,0), (0, 1)} and {(1, 0), (1, 1)} have the same orientation in H; @ C so it follows that H; = H; & (C ®F(0, 0)) is
a Hamilton cycle. Thus X has been successfully decomposed into the Hamilton cycles: Hy, H, and H;. An example
is provided in Fig. 12.
To construct a chordal set of density p — 1 for H, we use the set S given in Eq. (2). Set

M; = S\ {{(0,0), (0, D}, {(1,0), (1, H}} U {{(0, 0), (1,0)}}
= {{x,0),x, 1)} :x=2,3,4,...,p— 1} U{{(0,0), (1,0)}}
Ms = (S +(0,2))\ {{(0, 2), (0, 3)}, {(1, 2), (1, 3)}} U {{(0, 1), (0, 2)}}

{{(x,2), x,3)} :x=2,3,4,...,p— 1} U{{(0, 1), (0,2)}}.

Then M,; is a partial matching in H;, i = 1, 3 and M; and M3 are vertex disjoint. Consequently M = M; U M3 is
a chordal set of density p — 1 for H,. An internally chordal vertex-free path of length p in H, + M is

P=(1,00(1,1D(1,2)---(1,p—1(O,p—1).

In the Fig. 12 example chordal vertices have been blackened.
Case 3,b = 0: Here we must find a Hamilton decomposition, chordal set and an internally chordal vertex-free path for

Cay (Zy; {(a, 0), (1,0), (0, DY),
forallp >3and1<a<(p—1)/2.
e Let F, be as defined in Case 1. That is F; is the 4-cycle with edge set
E(F) ={{x,x+ei},{x+er,xter+ e}, {xt+ei+exyx+e} {x+ex}}.

e Forr = (a, 0) let G,, where x € ZIZ,, be the 4-cycle defined by the sequence (r, e;, —r, —e,) and the vertex x
that is Gy is the subgraph with edge set

EG) ={{x,x+rh {x+r,x+r+e}, {x+1+e,x+e), x+exx}}.

o LetF =Foo0 +Fan+ -+ Fp-ap-a + Fp-3p-3 + Fp-2p-2)-
o Letg =Gpo +Gan+ -+ Gp-2p-4 + Gp-1p-3 + Go,p-2)-
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5
4
3
2

NWwW R

2 3 4 0 1 2 3 4 5 6
Hy=H;®(Ce& F(0,0)) H=H,&Z H; = H,®(Zo F(0,0))

Fig. 12. Cay (Z%; {(2, 1), (1,0), (0, D)}*).

Then it is routine to see that Hy = H} & §, H, = H, ® ¥, H; = H; @ (¥ & §) are Hamilton cycles and thus
Hy, Hy, H3 is a Hamilton decomposition of X. An example is provided in Fig. 13.
To construct a chordal set of density p — 1 for H,, we set

Mi={C+xx),2+x,x+ 1D}, {2+a+xx),2+a+x,x+1}:x=1,...,(p—1)/2}
Mz ={{(x,0),(x,p—1}:x=0,1,2,3,4,...,p—2}.

Then M; is a matching in H;, i = 1, 3 and M; and M3 are vertex-disjoint. Consequently M = M; U M3 is a chordal
set of density p — 1 for H,. Chordal vertices of H, are blackened in Fig. 13. An internally chordal vertex-free path
of length p in H, @ M is for example:

P=(p—-1p-2)0,p-2)A,p-2)2,p—-2)3,p—2)---(p—=3,p=2(-3,p—-3HP—-4p—3).
In the Fig. 13 example chordal vertices have been blackened.
We summarize with the following theorem.
Theorem 4.4. For every odd prime p and (a, b) € Z,, the Cayley graph
Cay (Zy; {(a, b), (1,0), (0, D)

has a decomposition into Hamilton cycles Hy, H,, H3 and a chordal set M of density p— 1 for H, such that H, +M has an internally
chordal vertex-free path P of length p.
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e —————— = 6
e ————— = >
o= ¢ 4
M ————— = 3
R ———— = B 2
R —————=_ !
M 0
0 1 2 3 4 5 6 0o 1 2 3 4 5 6 0O 1 2 3 4 5 6
H H; H’
61;@@ So—t—e—o——3 6
5 — 5@:1 5
4 o< bom—o—s o 4 d
3 S . Je—o—9 — 3 > AE
2 2 o= —o e 2
P 1 S S —— 1
0 . OI:m 0
0 1 2 3 4 5 6 0O 1 2 3 4 5 6 0O 1 2 3 4 5 6
H =H &G H,=H,©F Hy;=H,®(F ©6)

Fig. 13. Cay (Z2; {(3,0), (1,0), (0, 1)}*).
4.5. Key result

We close this section with a key result.

Theorem 4.5. Let B be a basis of Z}, p an odd prime, and let r be any non-zero vector of Zg \ B*. Then the Cayley graph
X = Cay (V; (8 U {r})*) has a Hamilton decomposition.
Proof. As discussed in the introduction to Section 4, we may assume S = {r,ej, ey, ..., e,}, withr # =e;, for all
j=1,2,...,n.Setrj = (r1,12,...,17), where r, = r, and let X; = CAY (Z; S;), where S; = {rj, e, €2, ..., ej}.

If n = 2 we may use Theorem 4.4 to obtain a Hamilton decomposition Hy, Hy, H, of X, and a chordal set M of density

p — 1for Hy such that Hy has an internally chordal vertex-free path of length p.
If p = 3 and n = 3, we can use the construction given in Section 4.2 to decompose Xs. If n > 3, then

IXa| = p" > 2pn(p — 1) = 2n(p* — p)

and we may apply Proposition 2.9 to any Hamilton decomposition Hy, Hy, ..., H; of X, and obtain a chordal set M of
density p — 1 for Hy such that Hy has an internally chordal vertex-free path of length p. Then taking g = 1 and defining
a:(SU{r_1}) > Zybya(e) =0,i=1,2,...,n—1and a(r,—1) = r, — 1, we can apply Corollary 3.2. (We assignn to d
and p to n.) Using Corollary 3.2 we have by induction that X, = Cay (V; {S,*}) is Hamilton-decomposable for all n and odd
primesp. O

Theorem 4.5 is our extension of Corollary 4.2 and is key to the Sub-Paley graph Hamilton decomposition problem, which
we settle in the next section.

5. Sub-Paley graphs

We are interested in a particular family of Cayley graphs on abelian groups we call the Sub-Paley graphs. Let F, denote
the finite field of order q. For even m dividing q — 1, let R(q, m) be the unique multiplicative subgroup of Fg \ {0} of order m.
We define the Sub-Paley graph P(q, m) of order q as the Cayley graph on I, with connection set R(q, m). Hence, the vertices
of P(q, m) are labeled with the elements of the field and there is an edge joining g and h if and only if g — h € R(q, m).
The reason we insist that m be even is because then {1, —1} is a subgroup of R(q, m) and thus we have g — h € R(q, m) if
and only if h — g € R(q, m). Because multiplicative subgroups of Fy \ {0} are cyclic, R(q, m) = {1, 8", g2, ..., g™ '} for
some B € Fy. Let Ry(q, m) = {1, B', B2, ..., B™?1}. Then either g € Ry(q, m) or —g € Ry(q, m), but not both. Hence,
[Rn(q, m)| = m/2 and Rn(q, m)* = R(q, m).

Note that if ¢ = 1(mod 4), then R(gq, (g — 1)/2) is the set of quadratic residues and P(q, (q — 1)/2) is the Paley graph of
order q. In [2] all Paley graphs were shown to be Hamilton-decomposable.



B. Alspach et al. / Discrete Mathematics 313 (2013) 1475-1489 1489

Theorem 5.1. Let ¢ = p", where p is an odd prime, and let m > 2n? be an even divisor of q — 1. If the sub-Paley graph
X = Cay (Fg; R(q, m)) is connected, then X is Hamilton-decomposable.

Proof. Let g(X) be the minimum polynomial for 8 over I, and let d = deg(g(X)). Then
Ao =1{1,8,8%...,87")

considered as vectors over F, is a maximal linear independent set in R,(q, m). If the graph X is connected, then R,(q, m)
must span I, and therefore in this case d = n. Thus writing m/2 = tn 4 r, where 0 < r < n, we partition R;(q, m) into the
linearly independent sets

Ao, A1, ..., A
where

A= (B Ay = (B, i1, . plid-1)
i =012..,t—1andA = {7 g™ "2 . B> L. Nowt = |2| > n > r. Thus we may apply
Theorem 4.5 to A; U {7}, for j = 0,1,2,...,m/2 — tn — 1, decomposing Cay (Fg; A; U {87} into Hamilton

cycles, forj = 0,1,2,...,m/2 — tn — 1. We apply Corollary 4.2 to decompose CAyY (IF4; A;) into Hamilton cycles for
t=m/2—-tn,m/2—tn+1,...,t—1. O

The result of Alspach, Bryant and Dyer on Paley graphs in [2] can be obtained as a simple consequence of Theorem 5.1.

Corollary 5.2 (Alspach, Bryant, Dyer, 2010). All Paley graphs are Hamilton-decomposable.

Proof. Ifg = p" = 1(mod 4), where pis a prime and n a positive integer, then (—1)/2 > 2n?, except when g = 9. Applying
Theorem 5.1 we obtain the result. For ¢ = 9, the Paley graph is 4-regular and is Hamilton decomposable by Theorem 2.2. O

Theorem 5.1 leaves open the sub-Paley graphs X = Cay (Fy; R(q, m)), where gisodd and 2n < m < 2n? or where q is
even.
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