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Abstract

In this article, the effect of power and rate adaptation on the spectral efficiency of orthogonal frequency division
multiplexing (OFDM) systems using M-ary quadrature amplitude modulation (MQAM) is investigated in the presence
of frequency selective and very rapidly time-varying fading channels, under power and instantaneous bit error rate
(BER) constraints. Lower bounds on the maximum spectral efficiency of adaptive OFDM/MQAM systems with perfect
and imperfect channel state information (CSI) are obtained, together with a closed-form expression for the average
spectral efficiency of adaptive OFDM systems. The delay between the channel estimation and the actual transmission
is also considered in this article. The theoretical and numerical results show that the adaptive MQAM/OFDM systems
under fast fading channels have substantial gains in spectral efficiency over the non-adaptive counterparts with
perfect CSI or moderate imperfect CSI. The theoretical and numerical results also show that a good way to deal with
the delay CSI under very rapidly time-varying channels is to increase the subcarrier bandwidth of the OFDM system
while ignoring the impact of the cyclic prefix.
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Introduction
Orthogonal frequency-division multiplexing (OFDM) has
been shown to be an effective technique to overcome
the inter-symbol interference (ISI) caused by frequency-
selective fading with a simple transceiver structure. It has
emerged as the leading transmission technique for a wide
range of wireless communication standards [1] such as the
IEEE’s 802.16 family—better known as MobileWorldwide
Interoperability Microwave Systems for Next-Generation
Wireless Communication Systems (WiMAX)—and the
Third-Generation Partnership Project (3GPP) in the
form of its long-term evolution (LTE) project. Both
systems employ orthogonal frequency division multiplex-
ing/multiple access (OFDMA) as well as a new single-
carrier frequency-division multiple access (SC-FDMA)
format. To promote the IEEE 802.16 and LTE standards,
recently, a high mobility feature has been introduced
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(IEEE 802.16m, LTE Advanced (LTE-A)) to enable mobile
broadband services at vehicular speeds beyond 120 km/h.
In fading channels with very high mobilities, the time

variation of the channel over an OFDM symbol period
results in a loss of subchannel orthogonality which leads
to inter-channel interference (ICI) due to power leak-
age among OFDM subcarriers making the system more
sensitive to fast fading channels. ICI caused by the time
selectivity of wireless channel will degrade the spectral
efficiency of the system [2-5]. To maximize the spectral
efficiency of the system, power and bit loading algorithms
have been derived to adaptively adjust power and data
rates across subcarriers according to the instantaneous
channel state information (CSI) at the transmitter [6].
However, it is impossible to obtain perfect channel infor-
mation at the transmitter due to channel estimation error
and feedback delay. Many researchers have studied the
performance and have proposed possible solutions under
imperfect CSI at the transmitter. Bit and power load-
ing algorithms were pursued in [7-14], where partial CSI
was utilized to adapt the constellation size and/or the
power, adhering to a certain target bit error rate (BER)
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per subcarrier. However, the authors did not consider the
effect of ICI.
Some articles studied OFDM systems under carrier fre-

quency offset (CFO) [15-19]. The CFO also results in
ICI and destroys orthogonality among the subcarriers.
Cheon and Hong [15] derived the average SNR and BER
of OFDM systems in the presence of CFO. Rugini and
Banelli [16] derived the BER of OFDM systems with CFO
in frequency-selective Rician and Rayleigh fading chan-
nels. Based on [15], Nehra and Shikh-Bahaei presented the
spectral efficiency of adaptive M-ary quadrature ampli-
tude modulation (MQAM)/OFDM systems with CFO
over fading channels [17]. In [17], the upper bounds of the
OFDMunder CFO is also presented. But this scheme can-
not meet the BER constraint for every subcarrier. In [18],
Das et al. proposed adaptive bit loading in conjunction
with an adaptive subcarrier bandwidth. However, adaptive
power distribution and imperfect CSI were not consid-
ered. In [19], Wen et al. designed an optimal joint bit
loading and power allocation scheme for OFDM systems
in the presence of ICI. However, the optimal solutionmust
be achieved by an iterative method, and the imperfect CSI
was not considered.
In order to study adaptive MQAM/OFDM systems, one

should investigate first the forms of the SNR and BER
expressions in the presence of very rapidly time varying
channels. Much of the research on the performance anal-
ysis of OFDM in fast fading channels are based on an
approximation of the ICI components as Gaussian ran-
dom variables or by using the average ICI power. Such
simple closed-form expressions and bounds for the total
ICI power are presented in [11,20-22]. These have been
employed to obtain approximate expressions for the aver-
age signal-to-interference plus noise ratio (SINR) [23-25],
and error rates [3-5].
The main objective of this article is to consider extend-

ing OFDM with adaptive modulation to very rapidly time
varying channel environments. The effect of the ICI due
to the fast fading channel on the spectral efficiency of
the power and rate adapted OFDM systems is investi-
gated. Using MQAM with perfect and imperfect CSI at
the transmitter, we formulate the bit and power alloca-
tion problem and derive new analytical expressions for
optimal rate and power adaptation to maximize the spec-
tral efficiency while satisfying an average power constraint
and instantaneous BER target in the presence of the fast
fading channels. The second major role of this work is
to investigate how the imperfections in CSI, due to the
channel estimation errors as well as the delay between
channel estimation and the actual transmission, impact
the system performance and how we can improve the
performance, under again very rapidly time varying chan-
nel conditions. Note that many articles have achieved
the channel estimation by estimating the time-varying

channel impulse response by using a pilot symbol assisted
technique [26,27]. However, the channel estimation errors
in the time domain result in ICI in the frequency domain.
We analyze the effect of the imperfect CSI on the spectral
efficiency, under average power and instantaneous BER
constraints. In particular, we derive closed form expres-
sions for the achievable maximum capacity of the system
with fast fading channel from which several important
conclusions are reached concerning the system design.
The rest of this article is organized as follows: Sys-

tem model section introduces an OFDM based sys-
tem model, the time-varying wireless channel and the
ICI caused by the nature of the channel. Non-adapitve
MQAM/OFDM scheme section discusses the non-
adaptive MQAM/OFDM scheme with fast fading chan-
nels. The average spectral efficiency as well as the
maximum average capacity expressions of the adaptive
MQAM/OFDM are derived in AdaptiveMQAM/OFDM
scheme section with perfect channel information. In
Spectral efficiency of adaptive OFDM with imperfect
CSI section, the effects of both the channel estimation
error and the outdated CSI are investigated. Finally, in
Numerical results and discussion section, the simula-
tion and numerical results are presented along with some
concluding remarks.

Systemmodel
We consider an OFDM system with N subcarriers. The
time-domain transmitted signal can be written as

s(n) = 1√
N

N−1∑
k=0

dkej2πnk/N ,−L ≤ n ≤ N − 1 (1)

where L is the length of the guard interval and dk stands
for the frequency domain data symbol transmitted over
the kth OFDM subchannel. We assume that all symbols
have the same energy Es = E{| dk |2} per subcarrier, Then
the received signal at the input of the FFT takes the known
form

y(n) =
L∑

l=0
h (n, l) s (n − l) + w(n) (2)

where h (n, l) is the channel impulse response of the lth
tap at time n. We assume Rayleigh fading channels, and
a Jakes’ Doppler spectrum with maximum Doppler fre-
quency fmax = fcv/c, where fc is the carrier frequency
(Hz), v is the speed of the mobile terminal (km/h), and c
is the speed of light. Assume that the maximum channel
delay spread is less than or equal to the guard interval L,
and w(n) is zero-mean, complex additive white Gaussian
noise with variance σ 2

w. The kth subcarrier output from
the FFT can be expressed as [26]
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Yk = 1√
N

N−1∑
n=0

y(n)e−j2πnk/N

= dkHk + Ik + Wk

(3)

where

Hk = (1/N)

N−1∑
n=0

Hk(n) (4)

Ik = 1/N
N−1∑

m=0,m �=k
dm

N−1∑
n=0

Hm(n)ej2πn(m−k)/N . (5)

Hk(n) in (4) is the Fourier transform of the time-
varying channel impulse response at time n, defined
as Hk (n) =∑L−1

l=0 h (n, l) exp
(−j2π lk/N

)
and Wk = 1√

N∑N−1
n=0 w (n) exp

(−j2πnk/N
)
. The variance of Wk is

σ 2
w. Note that Hk(n) ∼ CN (0, 1) and E{Hk(n)H∗

k (n′)} =
J0
(
2π fmaxTOFDM(n − n′)/N

)
, where TOFDM = 1/�f =

N/B, and B is the total bandwidth (Hz) (we assume the
overhead due to the guard interval is ignored in this
article, but the guard interval would reduce the spec-
tral efficiency in practical OFDM systems). fmaxTOFDM =
fcvN/cB is the normalized Doppler frequency of the sys-
tem. J0(.) denotes the zeroth-order Bessel function of the
first kind.
The second term in (3) represents intercarrier interfer-

ence (ICI) caused by the time-varying nature of the chan-
nel. From (5), the ICI power of the kth OFDM subcarrier
can be obtained as

P(k)
ICI = E

{| Ik |2} =
N−1∑

m=0,m �=k
E{| dm |2}ρk,m, (6)

where

ρk,m = 1
N2

(
N + 2

N−1∑
n=1

(N − n) J0
(
2π fmax TOFDMn/N

)

× cos(2πn(k − m)/N)

)
.

Since the data on each subcarrier are uncorrelated, and
E
{|dm|2} = Es, it follows easily from (6) that the ICI

power, PkICI, is independent of the subcarrier index k and
has the following form [20,26]:

PICI=Es

(
1− 1

N2

(
N+2

N−1∑
n=1

(N−n)J0
(
2π fmaxTOFDMn/N

)))
.

(7)

To simplify the issue, the normalized ICI power PN is
adopted in this article, where PN = PICI/Es. When fc, N,
and B are constant, PICI increases with the speed v. Note
that, in a time-invariant channel, the value of v is zero

therefor PICI becomes also zero. In line with the channel
model of [10,17], we make two assumptions:

(1) Each subchannel is narrow enough that it
experiences frequency-flat fading.

(2) Hk has a complex Gaussian distribution with zero
mean and variance ρ0 for all k at each OFDM
interval [26], where

ρ0 = E
{|Hk |2

} =
(
N + 2

N−1∑
n=1

(N − n) J0

× (
2π fmaxTOFDMn/N

) )
/N2.

(8)

Assuming that the transmitted symbols are mutually
uncorrelated, the instantaneous effective SINR for the kth
subcarrier with fixed power allocation can be written as
[15],

SINRk = |Hk |2 γ
/
(PNγ + 1) = γ [k]

/
(PNγ + 1) (9)

where |H|2k γ = γ [k] is the instantaneous SINR for the
kth subcarrier and γ is the average SNR when there is no
ICI. The average effective SINR is then defined as

SINRk = E
{|Hk|2

}
γ

PNγ + 1
= γ ρ0

PNγ + 1
. (10)

From (10), it follows that SINRk decreases as the
speed increases when γ is fixed. Figure 1 shows the
average effective SINR as a fuction of γ . As can be
seen from Figure 1, the received average SINR increases
with the average transmitted SNR. When the velocity
equals 100 km/h, it changes almost linearly as function
of the average SNR. However, when the velocity reaches
500 km/h, the trend of the increase in the SINR is no
longer linear due to the fact that the ICI also increases
with speed.

Non-adapitve MQAM/OFDM scheme
We now consider, as a first case, a non-adaptive modu-
lation scheme where β (γ [k]) = β is a constant for all
k. Assuming M-ary QAM symbols are transmitted over
each subchannel of an OFDM system, the number of
bits/symbol sent over the kth subchannel is β (γ [k]) =
log2M (γ [k]). The instantaneous BER for the kth subcar-
rier is approximated by [28]:

� ([k]) ≈ 2
β (γ [k])

(
1 − 1√

2β(γ [k])

)
erfc

×
(√

1.5
γ [k](

2β(γ [k]) − 1
)
(PNγ + 1)

) (11)
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Figure 1 Average SINR versus average SNR.

Since (11) can not be easily invertible, we consider a dif-
ferent BER approximation formula with these properties
[28].

� ([k]) ≈ C1 exp
( −C2γ [k]
(2β(γ [k])−1)(PNγ+1)

)
(12)

where C1 = 0.2, C2 = 1.6.
Assuming that the subchannel Hk is a complex Gaus-

sian random variable and all Hk have identical distribu-
tions with E

{|Hk |2
}
given by (8), the average BER can be

approximated as

�
′ ≈ ∫∞

0 C1 exp
( −C2vγ
(2β−1)(PNγ+1)

)
pv (v)dv

= C1
(

C2ρ0γ
(2β−1)(PNγ+1) + 1

)−1 (13)

where pv(v) = 1/ρ0 exp (−v/ρ0) and ρ0 is defined by (8).
Assuming ε is the target average BER, the maximum bit

load, given the average BER constraint is

β = log2
[

C2ρ0γ
(C1/ε−1)(PNγ+1) + 1

]
. (14)

Figure 2 shows the tightness of the simplified average
BER approximation for MQAM, according to (12), with
different bit rates for velocities 100 and 500 km/h, respec-
tively. It is evident that the simplified approximation
nearly predicts the BER expression of (11). It also shows
that the BER performance degrades with an increase in
vehicle speed when the bit rate is fixed. In order to guaran-
tee BER performance, the bit rate must be reduced under
high mobility.

Methods
AdaptiveMQAM/OFDM scheme
For adaptive OFDM, different power levels and modula-
tion bit load are allocated to different subchannels. The
instantaneous BER of each subchannel is

� ([k]) ≈ C1 exp

(
−C2γ [k] s(γ [k])S

(2β(γ [k])−1)
(
P(k)
N γ+1

)
)

(15)

where the transmit power s (γ [k]) and β (γ [k]) are
adapted with γ [k], subject to the average power S, and
the instantaneous BER constraints � ([k]) = ε. P(k)

N is
the normalized ICI power (variance) of the kth subcarrier.
From (6) it follows that

P(k)
N = ∑

m=0,m �=k

s(γ [k])
S ρk,m (16)

Note that it is very difficult to determine the exact P(k)
N ICI

when all the transmit powers carried by the subcarriers
are not the same. However, we can obtain an upper bound
in terms of the largest transmit normalized power smax =
maxm

{
s (γ [m]) /S

}
,
∑N−1

m=0 s (γ [m]) /S = 1, for all the

subcarriers, as will be explained shortly. Consequently,
employing the upper bound on the normalized ICI vari-
ance of all subcarriers, determined by smax, the upper
bound of the instantaneous BER for each subchannel can
be expressed as

� ([k]) ≤ C1 exp
[ −C2γ [k] s(γ [k])S

(2β(γ [k])−1)(smaxPNγ+1)

]
(17)
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Figure 2 Average BER versus average SNR.

where PN is the normalized ICI power when all the sub-
channels carry the same average power, determined from
(6) as PN = ∑N−1

m=0,m �=k ρk,m. According to (17), the
maximum bit load size for each subchannel is obtained as

β (γ [k]) ≤ log2

[
1 + (−C2/ ln(ε/C1))γ [k] s(γ [k])S

(smaxPNγ+1)

]
. (18)

The maximum bit load in (18) is a lower bound for
each subchannel because of the largest ICI power. Accord-
ing to Assumption 2 for the channel model, it can be
shown that the average capacity of an adaptive OFDM sys-
tem does not depend on the system parameters or the
specific power delay profile of the wide sense stationary
uncorrelated scattering (WSSUS) mobile channels [17].
Tomaximize the average capacity of an adaptive OFDM

system, the following constrained optimization problem is
considered next:

max
s(γ [k])

∫
β (γ [k]) pγ [k] (γ [k]) dγ [k] (19a)

subject to

Eγ [k] {s (γ [k])} ≤ S ∀k ∈ N (19b)

s (γ [k]) ≥ 0 ∀k ∈ N (19c)

� ([k]) ≤ ε ∀k ∈ N (19d)

where Ex {·} denotes expectation with respect to x.
Then, the Lagrangian for the optimization problem can be
defined as

J {s (γ [k])} =
∫

log2

⎡
⎣1 + (−C2/ ln (ε/C1)) γ [k] s(γ [k])

S
(smaxPNγ + 1)

⎤
⎦

× pγ [k] (γ [k]) dγ [k] − λ

×
(∫

s (γ [k])pγ [k] (γ [ k] )dγ [k] − S
)
(20)

where λ is the Lagrange multiplier. The optimal power
adaptation must be nonnegative and satisfy

∂J{s(γ [k])}
∂s(γ [k]) = 0 s (γ [k]) ≥ 0 β (γ [k]) ≥ 0. (21)

Solving (21) yields the optimal power adaptation

s(γ [k])
S = 1

λ ln(2) S − smaxPNγ+1
(−C2/ ln(ε/C1))γ [k] (22)

where the value of the Lagrange multiplier λ can be
obtained from the average power constraint using numer-
ical methods. The optimal rate adaptation is then given
as

β (γ [k]) = log2

[
(−C2/ ln(ε/C1))γ [k](
λ ln(2)S

)
(smaxPNγ+1)

]
bps/Hz. (23)
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In practice, however, only an integer value of the rate is
acceptable. Therefore, the rate is truncated to the nearest
integer value.
The maximum average capacity of an adaptive OFDM

system is determined by averaging β(γ [ k] ) over the prob-
ability distribution of γ [ k]. Consequently, it is computed
from

Capmax = ∫∞
γ 0 log2

[
(−C2/ ln(ε/C1))γ [k](
λ ln(2)S

)
(smaxPNγ+1)

]
pγ [k](γ [k]) dγ [k]

(24)

where γ0 = (smaxPNγ+1)λ ln(2)S
(−C2/ ln(ε/C1))

is the optimized threshold
for γ [k] below which the channel is not used. Note that
this threshold can be found from (22) so that s(γ [k])

S ≥ 0.
To find a closed-form expression for (24), we use the pdf
of pγ [k] (γ [k]) given by

pγ [k] (γ [k]) = exp
(
−γ [k]/γ [k]

)
γ [k]

(25)

were, γ [k] = γE
{|Hk|2

}
is the average received SNR

when there is no ICI. As can be seen from (8), E
{|Hk |2

}
is independent of the subcarrier index k. Therefore, γ [k]
can be substituted by ρ0γ . As shown in Appendix 1, (24)
can be evaluated as

Capmax = − 1
ln(2)Ei

(
− γ0

ρ0γ

)
(26)

where Ei(·) denotes the exponential integral [29].
In order to evaluate smax in (20), we employ the instan-

taneous BER expression (15) for each subchannel k where
the normalized ICI power for that subchannel is com-
puted. However, the resulting constrained optimization
problem stated by (19a)–(19d) to find the optimal average
capacity of the kth subchannel in an adaptive OFDM sys-
tem needs the knowledge of the other subchannel powers,
s (γ [m]) /S,m = 0, 1, . . . ,N − 1(m �= k) which makes
the solution computationally intractable. One feasible way
to solve the problem is to assume that the normalized
ICI power of the kth subchannel is determined by its
own power, that is, P(k)

N−ICI ≈ s (γ [k]) /S × PN . How-
ever, the BER performance, in this case, cannot meet the
constraint (19d) since the transmit powers of the adja-
cent subcarriers are larger than that of the kth subcarrier.
The fact that Hk being the best subchannel implies that
s (γ [k]) /S as well as P(k)

N−ICI, determined by s (γ [k]) /S,
take their maximum values resulting in the constraint
(19d) satisfied. Consequently, smax can be determined as

smax = limγ [k]→∞ s (γ [k]) /S. We can obtain an upper
bound from (22) as

smax = lim
γ [k]→∞

(
s(γ [k])

S

)
= 1

λ ln(2) S (27)

For the worst case, the ICI is determined by the largest
power, when γ [k] = ∞ and a lower bound on the
maximum spectral efficiency in adaptive OFDM/MQAM
systems is obtained.

Spectral efficiency of adaptive OFDMwith imperfect CSI
In practice, it is impossible to obtain perfect channel infor-
mation due to noisy channel estimation and the unavoid-
able delay between when channel estimation is achieved
and when the estimation result is used for actual transmis-
sion. We will consider imperfect CSI in this section and
study the performance degradation in spectral efficiency
resulting from these CSI errors.

Effect of imperfect CSI
In a practical system, the channel estimator at the receiver
provides the channel gains estimates H ′

k(n), which are
assumed as H ′

k(n) = Hk(n) + εk(n), where εk(n) rep-
resents the channel estimation error that is independent
of the true channel gain Hk(n) and is distributed accord-
ing to CN (0, σ 2

ε ) [30]. Consequently, the distribution of
H ′
k = (1/N)

∑N−1
n=0 H ′

k(n) becomes CN (0, ρ0 + σ 2
ε /N)

where ρ0 = E{| Hk |2} and is given by (8). Suppose the
estimated channel gain H ′

k is the only known information
about the current CSI for the kth subcarrier. Since the
instantaneous BER of each subcarrier, � ([k]), depends
on the value of the true channel Hk , through γ

′[ k]=
γ | H ′

k |2 which is assumed unknown, it is not pos-
sible to fix �

′
( [k]) to be the target value. However, we

can define the average BER given H ′
k for the kth tone, as

explained below.
As shown in Appendix 2, the instantaneous BER of each

subchannel under imperfect CSI can be expressed as

�
′
( [k]) ≤ C1 exp

⎡
⎢⎣−C2γ [k]

s
(

γ
′
[k]
)

S(
2β
(
γ

′ [k]
)
−1
)

φ

⎤
⎥⎦ (28)

where φ = s′maxPNγ + s′maxγ (N − 1) σ 2
ε /N + 1.

Consider the special case when Hk given H ′
k is complex

Gaussian with mean μ and variance σ 2. It follows that
z = |Hk | conditioned onH ′

k has a Ricean distribution [10].
Then the average BER for the kth subcarrier is defined
as � ([k]) = Ez|H′

k
{� ([k])}. Taking the expectation
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over the Ricean distribution, the average BER can be
expressed as

� ([k]) =
∫ ∞

0
C1 exp

⎡
⎢⎢⎣ −C2z2γ

s
(
γ

′ [k]
)

S(
2β
(
γ

′ [k]
)

− 1
)

φ

⎤
⎥⎥⎦ 2z

σ 2

× exp

{
−z2 + |μ|2

σ 2

}
I0
(
2z |μ|
σ 2

)
dz

(29)

where I0(·) is the zeroth-ordermodified Bessel function of
the first kind. Taking the integral in (29), we obtain the the
average BER:

� ([k]) = C1f
(
γ

′ [k]
)
exp

(
−|μ|2

σ 2

[
1 − f

(
γ

′ [k]
)])
(30)

where f
(
γ

′ [k]
)
is defined as

f
(
γ

′ [k]
)

=
⎛
⎝1 + C2s

(
γ

′ [k]
)−
γ σ 2

−
S
(
2β
(
γ

′ [k]
)
−1
)

φ

⎞
⎠

−1

. (31)

Let f
(
γ

′ [k]
)
be the appropriate function in (30) such

that it will set an upper bound ε for the instantaneous
BER, that is, � ([k]) ≤ ε. Consequently, from (30) we have

C1f
(
γ

′ [k]
)
exp

(
−|μ|2

σ 2

[
1 − f

(
γ

′ [k]
)])

= ε. (32)

Note that in (30), f (.) cannot be solved in a closedmath-
ematical form. However, f

(
γ

′ [k]
)
can be approximated

by ϕ
(
γ

′ [k]
)
[31]:

ϕ
(
γ

′ [k]
)

= 1 + σ 2

|μ|2 log (ε/C1) (33)

Closeness of the approximation ϕ
(
γ

′ [k]
)
to f

(
γ

′ [k]
)

is shown in Figure 3, over the entire range of |μ|2/σ 2.
The following relation between the power and rate of

the kth subcarrier can be derived from (31)

β
(
γ

′ [k]
)

= log2

⎡
⎢⎢⎣ s

(
γ

′ [k]
)
C2γ σ 2

−
S φ

(
1

f
(
γ

′ [k]
)−1

) + 1

⎤
⎥⎥⎦ . (34)

To solve the optimization problem for power adap-
tation, its Lagrangian for the optimization problem is
defined as

J
{
s
(
γ

′
[k]
)}

=
∫

log2

⎡
⎢⎣ s
(
γ

′ [k]
)
C2γσ 2

−
S φ
(

1
f (γ ′ [k]) − 1

) + 1

⎤
⎥⎦pγ

′ [k]

×
(
γ

′
[k]
)
dγ

′
[k] + λ1

(∫
s
(
γ

′
[k]
)
p

γ
′ [k]

×
(
γ

′
[k]
)
dγ

′
[k] − S

)
.

(35)

The value of Lagrangian multiplier λ1 can be found
from the average power constraints by using numerical
methods, subject to the same constrained optimization
problem presented in (19b). Following the same analytical
derivations as that of (22), the optimal power adaptation
is obtained as

s
(
γ

′ [k]
)

−
S

= − 1

λ1 ln(2)
−
S

−
φ

(
1

f
(
γ

′ [k]
)−1

)

C2
−
γ σ 2

, (36)

from which the corresponding optimal rate adaptation is
found as

β
(
γ

′ [k]
)

= log2

⎡
⎢⎢⎣− C2γ σ 2

φ

(
λ1 ln(2)

−
S
)(

1
f
(
γ

′ [k]
)−1

)
⎤
⎥⎥⎦ . (37)

Finally, the maximum average spectral efficiency can be
expressed as

C
′
apmax =

∫ ∞

γ
′
01

log2

⎡
⎢⎢⎢⎢⎣− C2γ σ 2

φ

(
λ1 ln(2)

−
S
)(

1
f
(
γ

′ [k]
) − 1

)
⎤
⎥⎥⎥⎥⎦

× p
γ

′ [k]

(
γ

′
[k]
)
dγ

′
[k]

(38)

where γ
′
01 is an optimized threshold below which the

channel is not employed. It can be determined from

fε(γ
′
01) =

⎡
⎣1 − C2γ σ 2

λ1 ln(2)
−
S φ

⎤
⎦

−1

where fε(.) = f (.) which satisfies (32).
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Figure 3 f
(
γ

′ [k]
)
and ϕ

(
γ

′ [k]
)
as a function of |μ|2/σ 2.

Using the Gaussian error assumption, it can be shown
that Hk given H ′

k is complex Gaussian with mean and
variance given by [10],

μ1 = ρ0
ρ0+σ 2

ε /NH ′
k , σ 2

1 = ρ0(σ 2
ε /N)

ρ0+σ 2
ε /N . (39)

Replacing μ and σ 2 in (38) with μ1 and σ 2
1 , respectively,

we can obtain the average spectral efficiency,

C
′
apmax =

∫ ∞

γ
′
01

log2

⎡
⎢⎢⎢⎢⎣− C2γ σ 2

φ

(
λ1 ln(2)

−
S
)(

1
f
(
γ

′ [k]
) − 1

)
⎤
⎥⎥⎥⎥⎦

× p
γ

′ [k]

(
γ

′
[k]
)
dγ

′
[k]

= − 1
ln(2)

(
ε

C1

) σ2ε (ρ0N+σ2ε )
ρ20N

2
Ei
(
�

′)
(40)

where�
′ = −λ1 ln(2)φ ln

(
ε
C1

) (
ρ2
0N

2 + 2ρ0Nσ 2
ε + σ 4

ε

)
/(

N2ρ3
0C2
)
.

Evaluation of s′max in (28) is similar to the deriva-
tions for the evaluations of smax presented in Adaptive
MQAM/OFDM scheme section. For the worst case, the
ICI is decided by the largest power. We can obtain the

largest power if γ
′[ k]→ ∞. A lower bound on the max-

imum spectral efficiency in adaptive OFDM/MQAM sys-
tems is then obtained as

s′max = lim
γ

′ [k]→∞

(
s(γ ′ [k])

S

)
= − 1

λ1 ln(2) S (41)

Delay in CSI
We now investigate the performance degradation in
power and rate adaptation caused by the delay trans-
mitting CSI from the receiver to the transmitter. We
assume perfect CSI. However, the channel estimate at the
transmitter due to the transmission delay is expressed as
H ′
k(n) = Hk(n − �n), where τD = �nTOFDM is the time

delay, in seconds, between the time at which the chan-
nel estimation is performed and the actual transmission.
It follows from (5) that the correlation betweenHk(n) and
H ′
k(k) is

r = E{H†
kH

′
k} = 1

N2

N−1∑
n=0

N−1∑
n′=0

E{H†
k (n)H

′
k(n)}. (42)

Based on the assumption that the channel has a WSSUS
model, it can be shown that [26]

E{H†
k (n)H

′
k(n)} = J0

(2π fmaxTOFDM
(
n − n′ + �n

)
N

)
.
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Then, (42) can be expressed as

r = 1
N2

(
NJ0

(
2π fmaxTOFDM�n

N

)
+

N−1∑
n=1

(N − n) J0

×
(
2π fmaxTOFDM (n + �n)

N

)
+

N−1∑
n=1

(N − n) J0

×
(
2π fmaxTOFDM (n − �n)

N

))
.

(43)

Since Hk and H ′
k ∼ CN (0, ρ0), it follows from (4) that

the conditional distribution of Hk given H ′
k is complex

Gaussian with mean and variance μ2 = (r/ρ0)H
′
k and

σ 2
2 = ρ0 − r2/ρ0, respectively. Similar to the previous

derivations, the average BER �([ k] ) for the kth subchan-
nel can be determined from (32) with μ = μ2 and σ 2 =
σ 2
2 . The instantaneous BER of each subchannel is

�′ ( [k]) ≤ C1 exp

⎡
⎢⎣ −C2γ

′ [k]
s
(

γ
′
[k]
)

S(
2β
(
γ

′ [k]
)
−1
)(

s′′maxPNγ+1
)
⎤
⎥⎦ (44)

Going over the same steps starting from (28), as previ-
ously done for noisy channel estimation, we can obtain the
maximum spectral efficiency as

C′′apmax = − 1
ln(2)

(
ε
C1

) ρ20−r2

r2 Ei

(
ln
(

ε
C1

)
(ρ0PN−ρ0λ2 ln(2))

C2r2

)

(45)

where λ2 is a Lagrangian multiplier and its value is deter-
mined from the average power constraint.
The evaluation of s′′max in (44) is similar to the deriva-

tions for the evaluations of smax presented in Adaptive
MQAM/OFDM scheme section. For the worst case, the
ICI is decided by the largest power. We can obtain the
largest power if γ

′ [ k]→ ∞. A lower bound on the max-
imum spectral efficiency in adaptive OFDM/MQAM sys-
tems is then obtained,

s′′max = lim
γ

′ [k]→∞

(
s(γ ′ [k])

S

)
= − 1

λ2 ln(2) S (46)

Numerical results and discussion
In this section, we examine the performance of the solu-
tion for the power and rate adaptation derived in the
previous sections. In all simulations presented here, we
assume the total bandwidth B is 15.36MHz, the num-
bers of subcarriers are N = 1024, N = 512 or N =
256, and the corresponding subcarrier bandwidths are
�f = 15KHz, �f = 30KHz or �f = 60KHz, fc =
2.5GHz, v = 100 and 500 km/h. The BER require-
ment is 10−3. In Figure 4, the adaptive power control
scheme s (γ [k])/S is plotted as a function of the aver-
age SNR. The figure shows similar trends with respect
to γ [k] for different mobilities. It also indicates that
higher speeds yield larger cutoffs and transmit powers
as γ [k] → +∞ mainly due to fact that the ICI power
also gets larger. Higher transmit power at higher speeds
as γ [k] → +∞ is also due to the average power con-
straint.
In Figure 5, the bit rate adaptation β (γ [k]) is plotted as

a function of the average SNR.We conclude from Figure 5
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1.4
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500km/h

Figure 4 s(γ [k])
S for MQAM (BER = 10−3, γ [k] = 35dB).
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Figure 5 β (γ [k]) for MQAM (BER = 10−3, γ [k] = 35dB).

that it is possible to transmit more bits per second as γ [k]
increases and that the higher speed yields the larger cutoff.
It also shows that the lower speed has a larger bit rate than
its higher speed counterpart when γ [k] is fixed. As can
be seen in Figure 4, the higher speed case yields a lower
bit rate than that for the lower speed case, even with a
larger transmit power, because of the larger ICI variance
obtained at higher speeds.
Figure 6 shows the average spectral efficiency of adap-

tive OFDM systems as well as of non-adaptive OFDM
for different speeds. It also indicates that a higher speed
result in lower average spectral efficiency, mainly due to
the fact that it induces larger ICI power. As can be seen in
Figure 6 the adaptive OFDM scheme can achieve higher
gains in spectral efficiency compared with non-adaptive
OFDM under different velocities. However, they both
experience error floors at high SNR values in the average
spectral efficiency. We also observed that the spectral effi-
ciency of the system cannot be improved beyond a certain
level; this is mainly due to the contribution of the average
SNR to the ICI power. The average spectral efficiencies
of truncated integer rate adaptive OFDM are also given
in Figure 6. In spite of the fact that its spectral efficiency
is close to that of adaptive OFDM, we observe that there
is still a gap between them, since the optimal parameters
are obtained in the rate-domain.
The performance of adaptive OFDM systems with

imperfect channel estimation at speeds 100 and 500 km/h
are shown in Figures 7 and 8, respectively. The value of
σ 2

ε is a measure of the quality of the channel estimation
technique employed. The smaller the value, the better
the channel estimation; σ 2

ε = −∞ indicates that we have

perfect CSI. From Figures 7 and 8, we can conclude that as
the channel estimation becomes poor, the average spec-
tral efficiency decreases, almost independently from the
user mobility. The fact that the effect of noise resulting
from imperfect CSI will be dominant compared to the ICI
effect. For example, when σ 2

ε = −20 dB, the performance
is worse than the non-adaptive for some values of SNR,
as seen from Figure 7. However, Figure 8 shows that the
performance loss is moderate when the channel esti-
mation error is less than −40 dB. For the same channel
estimation error, the performance loss incurred for low
speed systems are greater than for high speed systems,
since the low speed systems rely on more accurate CSI
to improve the system performance. Consequently, we
conclude that good channel stimulation is very essential
in adaptive modulation schemes to improve the average
spectral efficiency performance. The results also show
that the closed-form expressions for adaptive OFDM
systems with imperfect channel estimation is valid.
There is no impact of delay on the non-adaptive sys-

tems. However, for adaptive schemes, an unavoidable
delay occurs between the times at which the channel
estimation takes place and when the estimation result is
employed for actual transmission. It is very important
and necessary to investigate this issue, especially for high
mobility systems. In Figure 9, we assume N = 1024, fc =
2.5GHz, �f = 15KHz, v = 100 and 500 km/h, the delay
τD = 1/�f means a duration of one OFDM symbol. In
this article, we assume that the overhead due to the guard
interval is ignored by simply assuming the cyclic prefix
(CP) is equal to zero. Figure 9 shows that the higher the
velocity, the worse the performance. Because the higher
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Figure 6 Average spectral efficiency versus average SNR.

mobility results in a larger variation of the channel within
oneOFDM symbol duration, the highermobility results in
decreasing channel correlation. We observe from Figure 9
that the adaptive scheme operating with a velocity equal
to 100 km/h, it can resist the same delay (one OFDM
duration) better than system with a velocity of 500 km/h.
Consequently, under the high mobility condition, in order
to mitigate the impact of delay, an effective and simple
scheme is to reduce the OFDM symbol duration if the
maximum path delay is not large.
Figure 10 shows the average spectral efficiency of an

adaptive OFDM system with different delays and with

different numbers of subcarriers. The velocity is chosen to
be 500 km/h. From this figure we conclude that in order
to mitigate the impact of delay, we need to increase the
OFDM subcarrier spacing when the total bandwidth B
is constant. We assume the CP is ignored. Clearly, for a
fixed total bandwidth B, the OFDM symbol duration with
N = 512 is half of that when N = 1024 and consequently,
the impact of delay would be reduced when N = 512.
Figure 10 shows that the OFDM system with N = 256
is less affected by the delay. Meanwhile, increasing the
subcarrier spacing of the OFDM system will also reduce
the ICI effect when the velocity is constant. In practice, if
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Figure 7 Average spectral efficiency for adaptive OFDMwith imperfect CSI for velocity equals to 100 km/h.
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Figure 8 Average spectral efficiency for adaptive OFDMwith imperfect CSI for velocity equals to 500km/h.

the subcarrier spacing of an OFDM system is increased,
the average spectral efficiency would be reduced when the
maximum path delay is constant. So there is a tradeoff.

Conclusion
In this article, a power and rate adaptation scheme has
been studied to maximize average spectral efficiency of
MQAM/OFDM systems in a fast fading channel with per-
fect and imperfect CSI. Especially when dealing with high

mobility and imperfect CSI, the banded structure of the
channel matrix in the frequency domain has been taken
into account. Under imperfect CSI, the effect of chan-
nel estimation errors and the delay in CSI on the spectral
efficiency of the system were investigated. In order to
exploit the impact of the ICI due to high mobility, new
BER expressions were obtained for adaptive modulation
in the presence of fast fading channels with perfect and
imperfect CSI.

Figure 9 Average spectral efficiency for adaptive OFDMwith delay CSI for different velocities.
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Figure 10 Average spectral efficiency for adaptive OFDMwith different subcarrier bandwidth for velocity equals to 500 km/h.

Considering a BER constraint for every subcarrier, a
lower bound was derived and closed form expressions
were obtained for the average spectral efficiency of adap-
tive OFDM systems under fast fading channel with perfect
and imperfect CSI. We concluded that the spectral effi-
ciency of the proposed adaptive system under fast fading
channels tends to have an average floor depending on the
ICI and the average SNR. On the other hand, we observed
that under imperfect CSI, the proposed adaptive system
has an average floor for the spectral efficiency, depend-
ing on the imperfection in the CSI. Since very rapidly
time varying channels lead to larger ICI, we have shown
that the average spectral efficiency was seriously degraded
under high mobility.
We have concluded from the theoretical results and

the computer simulations that adaptive OFDM sys-
tems in fast fading channel have considerable gain over
non-adaptive counterparts as a function of the chan-
nel estimation errors. Therefore, more accurate CSI has
yielded better performance. Otherwise, the performance
of the adaptive system would have degraded substan-
tially and become worse than that of a non-adaptive
system.
For adaptive OFDM system, high mobility causes

inevitable delay between the channel estimation and the
actual transmission at the transmitter. One of the impor-
tant conclusions of this work was that increasing the spac-
ing between the OFDM subcarriers mitigates the impact
of delay on the spectral efficiency. Theoretical and numer-
ical results have indicated that the impact of delay on
the spectral efficiency of the system would be mitigated

by increasing the spacing between the OFDM subcarri-
ers, when the CP is neglected. Consequently, increasing
the subcarrier bandwidth would decrease the duration
of the OFDM symbol. Consequently, the time selectiv-
ity of the channel would be decreased as the frequency
selectivity increasing. There exists an optimal subcarrier
bandwidth when the CP is constant. Our future work
is to find the optimal subcarrier bandwidth under some
constraints.

Appendices
Appendix 1: Derivation of (24)

Capmax = ∫∞
γ 0 log2

[
(−C2/ ln(ε/C1))γ [k](
λ ln(2)S

)
(smaxPNγ+1)

]
pγ [k] (γ [k]) dγ [k]

Assume ξ =−C2/ ln (ε/C1), η=λ ln(2)S, ψ =smaxPNγ+1.

Capmax=∫∞
γ 0 log2

[
ξγ [k]
ηψ

]
pγ [k] (γ [k]) dγ [k]

= 1
ρ0γ

∫∞
γ 0 log2

[
ξγ [k]
ηψ

]
exp (−γ [k] /ρ0γ ) dγ [k]

For t = γ [k] − γ0, we can express the above integral as
follows

Capmax= 1
ln(2)ρ0γ

∫∞
0 ln

[
ξ(t+γ0)

ηψ

]
exp (− (t + γ0) /ρ0γ ) dt

By means of the integral formula [29]

∫∞
0 ln (χ t + 1) exp (−ut) dt = − 1

u exp
(
u
χ

)
Ei
(
− u

χ

)
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We obtain the final result as follows

Capmax = − 1
ln(2)Ei

(
− γ0

ρ0γ

)
(47)

Closed form expressions of (40) and (45) can be
obtained by a similar approach.

Appendix 2: Derivation of (28)
Suppose the estimated channel H ′

k(n) is the only known
information about the current CSI for the kth subcarrier.
We will obtain the ICI power based on H ′

k(n).

E
{∣∣∣I ′

k

∣∣∣2} = 1
N2

N−1∑
m=0,m �=k

E
{|dm|2} N−1∑

n1=0

N−1∑
n2=0

E
{
H

′
m (n1)

× H
′
m (n2)

}
exp

[
j2π (n1 − n2) (m − k)

N

]

= 1
N2

N−1∑
m=0,m �=k

E
{|dm|2} N−1∑

n1=0

N−1∑
n2=0

E {(Hm (n1)

+ εm (n1)) (Hm (n2) + εm (n2))∗
}

× exp
[
j2π (n1 − n2) (m − k)

N

]

= 1
N2

N−1∑
m=0,m �=k

E
{|dm|2} N−1∑

n1=0

N−1∑
n2=0

E {Hm (n1)

× Hm (n2)} exp
[
j2π (n1 − n2) (m − k)

N

]

+ 1
N2

N−1∑
m=0,m �=k

E
{|dm|2}Nσ 2

ε = EsPN

+ Es (N − 1) σ 2
ε /N

where Es = E
{|dm|2}, PN =

(
1− 1

N2

(
N+2

∑N−1
n=1 (N−n)

× J0( 2π fmaxTOFDMn
N

))
.

We obtain the instantaneous BER of each subchannel
under imperfect CSI as follows

�
′
([k]) ≤ C1 exp

⎡
⎢⎣−C2γ [k]

s
(

γ
′
[k]
)

S(
2β
(
γ

′ [k]
)
−1
)

φ

⎤
⎥⎦ (48)

where

φ = s′maxPNγ + 1 + s′maxγ (N − 1) σ 2
ε /N
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